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Lecture 1

The Pigeonhole Principle

Dimitar Grantcharov
UC Riverside

1.1 Introduction

The Pigeonhole principle asserts: If we must put N+1 or more pigeons in N pigeonholes,
then some pigeon hole must contain two or more pigeons. Although it might look nothing
much than common sense, this principle is very useful in various types of problems. It
allows us to sometimes draw quite unexpected conclusions in situations, when it even seems
that we do not seem to have enough information.

The Pigeonhole principle is also called the Dirichlet drawer principle, after the
nineteenth-century German mathematician Dirichlet, who often used this principle in his
work. The following examples show how the pigeonhole principle is used.

Example 1. Among any group of 367 people, there must be at least two with the same
birthday, because there are only 366 possible birthdays.

Example 2. In any group of 27 English words, there must be at least two that begin with
the same letter, since there are 26 letters in the English alphabet.

Example 3. How many students must be in a class to guarantee that at least two students
receive the same score on the exam, if the exam is graded on a scale from 0 to 100 points?
Answer: 102, because there are 101 possible scores.

Problem 1. Given 12 integers, show that two of them can be chosen whose difference is
divisible by 11.

Hint. Look at the twelve integers as pigeons and let the eleven possible remainders when
dividing by 11 to be the holes.

1.2 Some generalizations.

The General Pigeonhole Principle asserts that if we must put Nk + 1 or more pigeons
into N pigeonholes, then some hole must contain at least k+ 1 pigeons. Here is an example:
Example 4.What is the minimum number of students required in a class to be sure that
at least six will receive the same grade, if there are five possible grades, A, B, C, D, and
F?
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Answer: 5.5+1=26
Problem 2. Twenty-five crates of apples are delivered to a store. The apples are of 3
different sorts, and all of the apples in each crate are of the same sort. Show, that among
these crates there are at least nine containing the same sort of apples.
Hint. N =3, k =8.
Problem 3. Assume that in a group of six people, each pair of individuals consists of two
friends or two enemies. Show that there are either three mutual friends or three mutual
enemies in the group.
Solution. Let A be one of the six people. Of the five other people in the group, there
are either three or more who are friends of A, or three or more who are enemies of A.
This follows from the general pigeonhole principle, since when 5 pigeons are put into 2
pigeonholes, one of the holes must contain at least 3 elements. In the former case suppose
that B, C, and D are friends of A. If any two of these three individuals are friends, then
these two and A form a group of three mutual friends. Otherwise, B, C, and D form a set
of three mutual enemies. The proof in the latter case, when there are three or more enemies
of A, proceeds in a similar manner.
Problem 4. Show that in a group of five people, there are two who have an identical
number of friends in the group. Is that true for a group of six people?
Hint. There are five possible numbers of acquaintances for any person: 0,1,2,3,4. However
if any person has four friends then no person may have zero friends.

A similar but still distinct application of the pigeonhole principle is the following scheme:

1.3 Pigeons in Geometry

Problem 5. Fifty-one points are scattered inside a square with a side of 1 meter. Prove
that some set of three of these points can be covered by a square with side 20 cm.
Solution. If we divide the square into 25 smaller squares with sides 20 centimeters, the
General Pigeonhole Principle assures us that one of these squares includes at least 3 of the
51 scattered points.

Problem 6. Show that an equilateral triangle cannot be completely covered by 2 smaller
equilateral triangles

Hint. If that would be possible, at least one of these 2 smaller triangles would cover 2 of
the vertices of the bigger triangle.

1.4 Number Theory

Problem 7. Prove that there exists an integer number whose decimal representation
consists entirely of 1’s and which is divisible by 2001.
Solution. We look at the “pigeons” numbered 1,11,111,...,111...1. At least two of these are

001
going to have equal remainders when divided by 1999. Then their difference is representable

as (111...1) - 10%, and since 10* is relatively prime with 1999, the first factor should be the
number we were seeking for.

Problem 8. Show that among any n + 1 positive integers not exceeding 2n there must be
an integer that divides one of the other integers.
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Solution. Lets write each of the n + 1 integers a1, ag,..., apt1 as a power of 2 times an
odd integer. In other words, let a; = 2k; gj for 7 =1,2,...,n + 1, where k; is a nonnegative
integer and ¢; is odd. (For example 160 = 25.5;60 = 22.15,25 = 20.25) The integers g1,
q2, -, qn+1 are all odd positive integers less than 2n. Since there are only n odd positive
integers less than 2n, it follows form the pigeonhole principle that two of the integers g,
g2, ---; Gnt+1 must be equal. Therefore, there are integers ¢ and j such that ¢; = g;. Let ¢ be
the common value of ¢; and ¢;. Then, a; = 2kig and aj = 2kig. It follows that if k; < kj,
then a; divides a;; while if k; < k;, then a; divides a;.

Problem 9. Show that if five integers are selected among 1,2,3,4,5,6,7,8, there must be
a pair of these integers with a sum equal to 9.

Hint. Divide the set {1,2,3,4,5,6,7,8} into four groups: {1,8}, {2,7}, {3,5}, and {4,5}
and apply the ordinary pigeonhole principle.

Problem 10. Prove that of any 52 integers, two can always be found such that the
difference of their squares is divisible by 100.

Hint. When divided by 100, a perfect square can give only 51 reminders, since the numbers
72 and (100 — z)? give the same reminder.

1.5 Homework problems

Problem 11 How many students, each of whom comes from one of the 50 states, must be
enrolled in a university to guarantee that there are at least 100 who come from the same
state.

Problem 12. Show that in a group of 10 people (where any 2 people are either friends
or enemies), there are either 3 mutual friends or 4 mutual enemies, and there are either 3
mutual enemies or 4 mutual friends.

Problem 13. What is the largest number of kings which could be placed on a chess board
so that no two of them put each other in check?

Problem 14. Eleven students have formed five study groups in a summer camp. Prove
that two students can be found, say A and B, such that every study group which includes
student A includes B too.

1.6 More problems

Problem 15. Ten students solved a total of 35 problems in a Math Olympiad. Each
problem was solved by exactly one student. There is at least one student who solved
exactly one problem, at least one student who solved exactly two problems, and at least
one student who solved exactly three problems. Prove that there must be at least one
student who has solved at least five problems.

Problem 16. Prove that there exists a power of 3 which ends with the digits 001 (in
decimal notation).

Problem 17. During a month with 30 days a baseball team plays at least 1 game a day, nut
no more than 45 games. Show that there must be a period of some number of consecutive
days during which the team must play exactly 14 games

Problem 18. Let x be irrational number. Show that the absolute value of the difference
between jzr and the nearest integer to jx is less than 1/n for some positive integer j not
exceeding n.
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Hint. If d;j = jo — N(jz), where N(jz) is the integer closest to jz for 1 < j < n then
d; is irrational number between —1/2 and 1/2. In the case when n is even (n odd is
messier) consider the n intervals {z|j/n < z < (j +1)/n}, {z| — (j +1)/n < z < —j/n}
for j = 0,1,...,(n/2) — 1. Then we have one of the following: (1) for some j we have:
d; belongs either to {z|0 < z < 1/n} or {z| —1/n < = < 0}; (2) there is an interval
{z|k/n <z < (k+ 1)/n} containing d, and ds with r < s.

Problem 19. Eleven students have formed five study groups in a summer camp. Prove
that two students can ne found, say A and B, such that every study group which includes
student A also includes student B.



Lecture 2

Games

Dimitar Grantcharov
UC Riverside

2.1 Pseudo-games

This class of games we first examine are games that turn out to be jokes. The outcomes of
these pseudo games do not depend on the play proceeds. For this reason, the solution of
such a pseudo-game does not consist of a winning strategy, but of a proof that one or the
other of the two players will always win.

Problem 1. Two children take turns breaking up a rectangular chocolate bar 6 squares
wide by 8 squares long. They may break the bar only along the divisions between the
squares. If the bar breaks into several peaces, they keep breaking the pieces up until only
the individual squares remain. The player who cannot make a break loses the game. Who
will win?

Solution. After each move, the number of the pieces increases by one. At first, there is
only one piece. At the end of the game, when no more moves are possible, the chocolate
is divided into small squares ant there are 48 of these. So there must have been 47 moves
of which the last, as well as every other odd-numbered move, was made by the first player.
Therefore, the first player will win, no matter how the play proceeds.

Problem 2. Two players take turns placing rooks on a chessboard so that they cannot
capture each other. The loser is the player who cannot place a rook. Who will win?

Hint. After each move the numbers of rows (columns) in which it is possible to place a
rook decreases by one.

2.2 Symmetry

Problem 3. Two players take turns putting pennies on a round table, without piling one

11
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penny on the top of another. The player who cannot place a penny looses.

Solution. In this game the first player can always win, no matter how big the table may
be! To do so, he must play the first penny so that it’s center coincides with the center of
the table. After this, he replies to each move of the second player by placing a penny in
a position symmetric to the penny placed by the second player with respect to the center
of the table. Notice, that in such a strategy the positions of the two players are symmetric
after each move of the first player. It follows, that if there is a possible turn for the second
player, then there is a possible response for the first player, who will therefore win.

Problem 4. Two players take turns placing bishops on the squares of a chessboard, so
that they cannot capture each other. (The bishops may be placed on squares of any color.)
The player who cannot move loses.

Solution. Since a chessboard is symmetric with respect to it’s center, it is natural to try
a symmetric strategy. But this time, since one cannot place a bishop at the center of the
chess board, the symmetry will help the second player. It might seem, from analogy with
the previous problem, that such a strategy would allow the second player to win. However,
if he follows it, he cannot even make a second move! The bishop placed by the first player
can take a bishop placed in the symmetric square.

This example shows that in employing a symmetric strategy one must take into account
that a symmetric move can be blocked or prevented by a move the opponent has
just made. Because of the symmetry, moves made earlier cannot affect a players move. To
solve a game using a symmetric strategy, one must find a symmetry such that the previous
move does not destroy the chosen strategy. Indeed, the second player always wins if makes
moves symmetric to these of the first player with respect to the line passing between
the forth and the fifth rows (or columns). Note, that if the chess board had 9 rows
and 9 columns, there is a winning strategy for the first player similar to the one in the
previous problem.

Problem 5. Two players take turns placing knights on the squares of a chessboard, so
that no knight can take another. The player who is unable to this loses.

Hint. Since a knight always moves from a black to a white square, or vice-versa, the second
player can win, using either point or line of symmetry.

Problem 6. Two players take turns placing bishops on the squares of a chessboard. At
each turn, the bishop must threaten at least one square not threatened by another bishop.
A bishop “threatens” the square it is placed on. The player who cannot move is the loser.

Hint. The second player wins, using line symmetry with respect to the line between the
fourth and the fifth rows of the board.

Problem 7. There are 20 points on a circle. Players take turns connecting two out of
these 20 points by segments so that the new segments do not intersect segments that are
already drawn. The player who cannot draw a segment loses. Define a winning strategy.
Create similar problems with different starting numbers of points.
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2.3 Winning positions

Problem 8. On a chessboard a rook stand on square al. Players take turns moving the
rook as many squares as they want, either horizontally to the right or vertically upward.
The player who can place the rook on square h8 wins.

Solution. In this game, the second player will win. The strategy is quite simple: at each
turn, place the rook on the diagonal from al to h8. The reason this works is that the first
player is forced to move the rook of the diagonal at each turn, while the second player
can always put the rook back on this diagonal. Since the winning square belongs to the
diagonal, the second player will eventually be able to place the rook on it.

Let us analyze this solution a little more deeply. We have been able here to define a
class of winning positions (in which the rook is on the diagonal from al to h8) which enjoys
the following properties:

1. The final position of the game is a winning one;
2. A player can never move from one winning position to another an a single turn;

3. A player can always move from a non-winning position to a winning one in a single
move.

The discovery of such a class of winning positions for a given game is equivalent to
solving the game. Indeed, moving to a winning position at each move constitutes a winning
strategy. If the initial position of the game is a winning one, then the second player will
win (as in the game described above). Otherwise, the first player will win.

Problem 9. A king is placed on al square of a chessboard. Players take turns moving the
king either upwards, to the right, or along a diagonal going upwards and to the right. the
player who places the king on square h8 is the winner.

2.4 Analysis from the endgame

In this section we describe a general method which will allow us to find a set of winning
positions on many games.

We return to Problem 9, the problem about the single king on a chessboard. Let us
try to find a set of winning positions. As always, the final position of the game, with the
king in square h8 must be a winning one. We therefore place a plus sign in square h8 (see
Figure 2.1). We will place the same sign in every other square at which the king occupies
a winning position, and a minus sign in every square which is not a winning position (we
call them loosing positions).

Our next investigations (Figure 2.2)go as follows. The squares from which the king can
move to a winning square in a single move are loosing squares (g7, g8 and h7). Next, from
squares h6 and f8 we can only go to a loosing squares, so they must be winning ones.These
new winning positions lead to new losing positions; h5, g5, g6, f7, 7, and e8.
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Figure 2.1:
HITTTT1H
Figure 2.2:
_______ — SEERmC O et

We continue in analogous fashion see Figure 2.3 until we finally assign pluses and minuses
to all squares on the chess board. This completely describes the winning strategy for the
second player.

Figure 2.3:

The method of finding winning positions just described is called
. Applying it to the game with the castle (Problem 8) is not hard and and leads
to the solution from the previous section (Figure 2.4).
Problem 10. There are two piles of matches - a pile of 101 matches and a pile of 201
matches. Players take turns removing a number of matches from one pile which is equal to
one of the divisors of the number of matches in the other pile. The player removing the last
match wins. What if we have a pile of 1001 and 2000 matches?

Hint. The winning positions are those in which each pile contains oddly many matches.

2.5 Homework problems

Problem 11. Ten 1’s and ten 2’s are written on a blackboard. In one turn a player may
only erase any two figures. If the two figures erased are identical, they are replaced with a
2, if they are different, they are replaced with a 1. The first player wins if a 1 is left at the
end and the second player wins if a 2 is left.

Problem 12. A box contains 300 matches. players take turns removing no more than
half the matches in the box. The player who cannot move loses.
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Figure 2.4:

Problem 13. There are three piles of stones. The first contains 50 stones, the second
60 stones, and the third 70. A turn consists in dividing each of the piles containing more
than one stone into two smaller piles. The player who leaves piles of individual stones is
the winner.

2.6 More problems

Problem 14. The numbers 25 and 36 are written on a blackboard. At each turn, a
player writes on the blackboard the (positive) difference between two numbers already on
the blackboard - if this number does not already appear on the blackboard. The loser is
the player who cannot write a number.

Problem 15. Given a rectangular parallelepiped of dimensions (a) 4 4 4;(b)4 4 3;
(¢c)4 3 3, consisting of unit cubes. Players take turns skewering a row of cubes (parallel
to the edges of the figure), as long as there is at least one cube which is not jet in the row.
The player who cannot do so loses.

Problem 16. This game begins with the number 2000. In one turn, a player can subtract
from the current number any natural number less than it which is a power of 2 (note that
1 = 29). The player who reaches the number 0 wins.
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Lecture
1 1sibilit an emailn ers

Ludmil atzarkov
UC Irvine

We start with the following:

Theorem. Any natural number different than 1 can be uniquely represented as a product
of prime numbers of increasing order.

Also every integer  has a reminder  when divided by , ..., ,.., —1

When two numbers have the same reminder when divided by = we say that the are
congruent mod
Problem 1. Prove that the number n + 2n is divisible by 3 for any natural number n.
Problem 2. Can a number written with one hundred 0’s, one hundred 1’s and one hundred
2’s be a perfect square?

Solution NO! It is divisible by 3 and not by 9.
Problem 3. Prove that 22225555 + 55552222 js divisible by 7.

In the same way we work with a number in decimal base system we can work with them
in systems with base 2. For example the number 8 is 100 is a system with base 2. Here are
a couple of problems in this direction.

Problem 4. What is the minimal number of weights which enables us to weight any integer
number grams of gold from 1 to 100 on a standard balance with two pans putting weights
only on one of the pans.

A theorem which we would like to recall:

ermat s little Theorem Let a be an integer and is a prime number relatively prime
to a. Then a ! is congruent to 1 mod

We will prove this theorem in the next lecture. Let us consider some applications now.
Problem 5. Prove that 7'2° — 1 is divisible by 143.

Solution 143 = 11.13. (7'2)!9 — 1 is divisible by 11 as it follows from Fermat’s little
Theorem. (7'9)12 — 1 is divisible by 13 as it follows from Fermat’s little Theorem.

Homework

Problem 1. Show that every number can be represented as difference of two numbers all
of them written with 0 and 1.
Problem 2. The same as in Problem 4 but working with both pans.

17
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Problem 3. Prove that 5! —5/2! — 2 is an integer.



Lecture

Gro p Theor

Ludmil atzarkiv
UC Irviine

Let be a set. Assume that there is a binary operation on
Definition We say that there is a structure of a group on  with respect of if:

l.(a ) =a ( )) foreverya, , from - associativity low.
2. There exists an element e in  such that a e=e a = a for every a in

3. For every element a in  there exists an element ¢ in  (the inverse of a) such that
1 1

a a =a a = e.

Example 1. The integers with + form a group.

Indeed the addition is an associative operation, zero play the role of e and —a is the
inverse of a.
Example 2. The rational numbers  with + form a group.
Example 3. The rational numbers
Problem 2. Show that all permutations form a group = .
Definition A group such thata =  a forevery a, in is called abelian.
Example 4. All groups of examples 1,2,3 are abelian.
Problem 3. Show that = , is not an abelian group.
Problem 4. Prove Fermat’s little theorem.
Solution Let a be an integer and is a prime number relatively prime to a. We need to
show that ¢ ! is congruent to 1 mod

Observe that:

a.2a.3...._( —1)a=1.23..( —1)

mod . Now since 1.2.3....( —1) =1 mod we get what we want.

19
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Homework

Problem 1. Show that all nonzero reminders with respect of a prime number form a
group = .

Two groups are the same (isomorphic) if there exists one to one correspondence between
them which respects the binary operations.
Problem 2. Are the groups and  the same.
Problem 3. Show that 1.2.3....( — 1) + 1 is divisible by for a prime number

A group is called cyclic if it consists of power of just one element. For example the
integers  with + form a cyclic group.
Problem 4. Show that is a cyclic group.
Problem 5. Using problem 4 give a different prove of Fermat’s last theorem.
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mber theor Long 1 ision

Michael D. Fried
UC Irvine

Let n be an integer not divisible by 2 or 5. Then, % has a decimal expansion and it is a
pure repeating decimal. What does your hand held calculation say is the length
of the repeating part  of QL?

5.1 In estigating the periods of -

The period n has something to do with the powers of 10: Divide n successively into
10°,10%,102%,10 ,..., and let the remainders be rq, 71, r9, ... . The period is the smallest
integer £k 0 with r, = 1. These remainders are all integers with no primes in common
with n.

5.2 uler s -function

The function (n) counts the integers  between 1 and n that have no primes in common
with n.

Proposition 5.2.1. n (n) (n) n
n—1 n
5.3 asic Notation
The integers: , the nonnegative integers , the positive integers T, the real numbers |,

and if is any set,
={(s1y---,8 }|s ,i=1,..., }

Polynomials over the integers: .
1y 25---5 ks--- a listing of the primes in order.

a mod n if and only if n|a — .

21
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5.4 TA and Primes

Defining property of a

Principle 5.4.1 (The undamental Theorem of Arithmetic).

a |a L.
uestion 5.4.2. Consider the number =4 and the integers a = 8 and = 2. How does
Principle 5.4.1 support or disallow that =4 is a prime in this case?
Let 1=2, =3, =35,..., ,thenthprime,.... TA says, any positive n has a
unique expression: | 5 ... ; ... for some integers si,so,....

Example: 15 = 3-5 = 29315170110 ... This notation gives a handy way to write n-
ged(n, ) and lem(n, ).

5 Casting o t s, san T7s

Writing an integer n to the base 10 means writing it as ag+a1-104ag-10%+- - -+ a;10F with
0<a;<9,i=0,...,k. Use this to check if 9|n (if and only if 9|ag + a1 + a2 + --- + ay)
or 11|n (if and only if 9| ap — a1 + ag + --- + (=1)* - ;). Follow these hints for a check of
divisibility by 7.

(l.la) With k- 10 4+ kg = n, notice 3k + kg + 4 - (k‘ - Qko) =7- (k — 7k0)
(1.1b) Show 7 divides n if and only if it divides k — 2 - kq.

5 cli ean Algorit m

Suppose n and  are integers. How can we calculate the smallest positive integer having
the form ar +  with @ and any integers?

Example 5.4.3. What is the greatest common integer in 12121 = r; and 16027 = ry?
What does it have to do with the following process? 12121/16027 (rq ,r_o) to get quotient ¢
and remainder ro. Then, compute r9[r; to get quotient g2 and remainder r ; compute r [r9
to get quotient ¢ and remainder r ; ...
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integers

Michael D. Fried
UC Irvine

6.1 sing congruences

If f x is any polynomial with integer coe cients then, a mod  implies f(a)

f(') mod

(2.1a) az  a mod if and only if z mod /(a, ).
(2.1b) = mod 4,i=1,..., if and only if mod  q,...,

Think of x mod  as a set of integers. For example, 2 mod 3 is he set
2=1{22+324+2-3,...,2+k-3,...;2-3,2-2-3,...,2—k-3,... }.

Then, 2 5 mod 3 means the sets 2 and 5 are equal.

6.2 e isiting

The next statement tells us why the period of % divides (n). It is the case where a = 10.

Theorem 6.2.1 ( ermat s ultiplier Theorem). (a,n) =1 a ™ lmodn
T ax 1 mod
6.3 and Two abelian groups
ou can add and you can congruences. If a is an integer modulo n with (a,n) = 1,
the of @ mod n is the smallest power of a 1 mod n. So, the period of
% is the same as the order of 10 mod n. We consider these points.
(2.2a) Euler’s Theorem:If is a prime, then for some a the order of a is — 1.

(2.2b) The order of a mod n is the period of % expressed in the base a.

(2.2c) The order of 10 modulo a prime varies with . So, possible periods for
are —1,or ( —1)/2. Do these hold for infinitely many primes ?

23
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6.4 Minimal degree of a polynomial whose alues are all di-

Consider

(2.3a)
(2.3b)

Let

(2.4a)

(2.4b)

isible by
the polynomial f (z) =(z+1)(z+2)---(z+ ).

It has leading coe ent relatively prime to

For every integer k,  divides f (k).

be all polynomials f satisfying (2.3a) and (2.3b).

Suppose is a prime. Find the smallest possible degree of a polynomial in

that satisfies properties (2.3a) and (2.3b) with =

Now do the same for = 2. Hint: Guess at the right answer. Then, if f
satisfies (2.3b) (even if (2.3a) doesn’t hold) so does f(z + 1) — f(x).

Do as for part (2.4a) with = 1,000, 000.

Find the function F where F'( ) is the minimal possible degree of a poly-
nomial in for each



Lecture

Pol nomials

Mirroslav  otov

UC Irvine
1 oots of Polynomials
IETE’S FORMULAE
Theorem 7.1.1. fl Y=ay "+a ™'+
e 4 an 1 + an n f( )
n L1y 3Ty
fC)=a( —z1)---( —zn).
Note that, some of the roots may coincide (we call these ) and the poly-

nomial f( ) has the form:

fO)=al —z)" - —=z)",

where z; = x; and ny + ---ny = n. The number n; is called of x; as a root of
fO)-
Now suppose that
fFO) = a "+a "4 dan 1 tag
= ao( —=z1) - ( —zn),

where 1, ..., , are not necessarily different. Opening the parentheses we have:

fQ )=ag- "—alzi+aat- ) "+

ag(z1T0 + 12 + -+ Ty 178) -+ (=) "ag(z129- - TYH) - "

25
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In this way we proved the following
act: ( iete’s formulae)

ai az
—— = Tn1+T2t+ Ty, o =T1T2+T1T A+ + Ty 1T,
a ao
n dn
(_1) a_:$1$2+$1£€ +--txy 17,
0

In principle, knowing relations between the coe cients of the polynomial f( ), one can
find corresponding relations between the solutions of the equation f( ) = 0 (the roots of
f) and vice versa.

Examples:

1. Ifxzq,...,z, are theroots of ag " 4+a; ™ '4---+a, 1 + an, what are the roots
ofag "—a; "'+ +(=D"ap 1 +an-

2. Find ,gandr,sothat therootszi,zpandz of + 2+4q +rsatisfy zq = zo+7 .
3. Find a, and , so that +a 24+ + hasroots a, and .

4. Find the smallest positive integer a for which the polynomial with integer coe cients
a ?— 4+ has two different roots in the interval (0,1).

POL NOMIALS WITH INTEGER COEFFICIENTS

Theorem 7.1.2. fl Y=a "4+a "t4+--4a, 1 +ay
= - ) q
qlao |an - qlf(C)
Examples:
1. Find the rational roots of f( )= —6 2+15 —14.

2. Suppose f( ) is a polynomial with integer coe cients. If f(0) and f(1) are odd,
prove that f( ) has no integer roots.

MULTIPLE ROOTS

Consider the polynomial f( )=ay "+a; ™ '4---+a, 1 +a,. By definition, its
derivativeis f ( ) =nay ™ '+ (n—1)a; ™ 2+ ---+a, 1. Recall the Leibnitz’ rule:

(Ffg) C )=7C)gC )+f( g ( ).

We apply the Leibnitz’ rule to f( ) =ao( —z1)" ( —ax2)® ---( —zx)" to find:

fO)=
a( —z)" ' —w)™ e —amp)" T —me)e( —mp) 4+
ni( —z)-( —x ) —xip) (0 —m) e+
(- —x1)- (0 — k) -

Notice that nj(z; — 1) -+ (5 — zj 1)(zs — zj41) -~ (x; — zx) = 0, (assuming ¢ = j) and
that is how
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f(x;) = f (z;) = 0 if and only if z; is a multiple root of f( ).
Inductively, x; has multiplicity n; iff
fl@)=f(z)=--=f" "(z;)=0
Examples:

1. Prove that f( )= "™+4a ™ + can’t have non-zero roots with multiplicity 3.

2. Show that 1 is a root of the polynomial 2"*! —(2n+1) "t +(2n+1) "—-1=0
with multiplicity 3.

3. Show that f( ) =1+ 1+ + 5 +--- + — can’t have multiple roots.

4. Show that if f( ) has no multiple roots, then the polynomial
(f ( N2 =Ff( )f () cannot have a root of multiplicity more than (deg f — 1).

.2 Polynomial i ision
Definition 1. fO Yy=ay "4a " ly.oa, apg =0
f degreen degf =n 0
Recall the rule for multiplication of polinomials: if f( )=ag "+---+azand g( )=

o+ (degf=mn,degg= ), then

F9)( )=F( )g( )=apo 4(ap1+aro) T4t
(@ k+ar g 1+ +ag o) nky.ta,

Therefore, deg fg = deg f + deg g. The latter is true even if one of the poynomials f and g
is 0.

Theorem 7.2.1. fC ),g( )

q( ),r( ) fO) =90 )al )+r() degr( ) <
degg( )
Definition 2. r( )=0 f( ) divisible

g( ) g( ) divides f( ) g( IIfFC)
Definition 3. d( ) f() g( ) dlf
dlg d( ) greatest common divisor  f( ) g( )
h( ) FC) g0 ) RC)lgC ) RCHIFC) h( )ld( )
Proposition 7.2.2.
d( )

(fC )y9( )
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To find d( ) we use the

fO) = g0 )au( )+ri( ) degry <degg

g( ) = 7 )g( )+re( ) degra <degr
rs o ) = rs 1( )gu( )+ 7rs( ) degrs <degrs 1
Ts 1( ) = Ts( )QS—H( )

Thend( )=rs( ).

Theorem 7.2.3. d( )= (f(C )g( ))
a( ) ()

Some useful notions and results.

Ifdl )= ns =C (degd = 0) then f and g are called . Without a loss
of generality we may write that = 1, i.e., (f( ),g( )) = 1. So that, a( )f( )+

( )g( ) =1"for somea( ), ( ).

f( ) is called (or ), if f( ) has no divisors besides those of the two
trivial types: g( )= mns andg( )= -f( )-

f( ) is called monic if ag = 0.

Examples:

1. If f( ) is irreducible then (f( ),g9( ))=1or f( ).
2. If f( ) and g( ) are both irreducible then

_ fC) fO )= g )
(fC )ygC ) 1, )= g( )
(The Fundamental Theorem of the Arithmetic of ) For any f( ) there
exist unique of (monic) irreducible polynomials g1 (), ...,gx( ) and integers ny, ... ng,
so that:
fO)=a ().gp ()
Examples.
1. Suppose = . Then the only irreducible polynomials are the ones,
ie, g( ) = — . (This is the content of the “Fundamental Theorem of

Algebra”above.)

2. For = , there are two tipes of irredycible polynomials: z— ,and 2+a + ,
where a? +4 < 0. Thus,

fO)=a( —=z)" - ( —z)" ( +a + 1) --( +as + )

(Here ag, x1,...,Tk, a1,...,as and 1,..., s are all real numbers.)
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3. The case of = is very interesting and closely related to the theory of the
polynomials with integer coe cients.

Examples.
1. Prove that f( )=0iff ( — )|f( ).
2. Find the greatest common divisor of f( ) =( —1) ( +2)?( —3)and f( ).
3. Find ( ™ -1, —1).
4. Find a polynomial of lowest possible degree that gives remainder
2 , when divided by ( —1)?,
3 , when divided by ( —2) .

5. Under what conditions is 2 + + 1 divisibleby 2+ +1?
6. Show that * + k +lp...4 Fk +k ligdjvisibleby * '4 * 24...4 41
7. If f( ™) is divisible by = — 1, then it is also divisible by ™ —1.

8. Let f( ) be a polynomial with real coe cients, such that f( ) 0 for every x
Show that f( )=( ( ))?+( ( ))*> forsome ( )and ( )

.3 Polynomials with rational and integer coe cients

The theorem which connects the arithmetic of with that of is the following one
(Gauss Lemma):

Theorem 7.3.1. fO) fC)
As a corollary we get the Unique Factorization Theorem in (Note that is not a
field):
Theorem 7.3.2. fO) fiC ) i)
nyy...,Ng (4
i=1,...,k fi 1

fC)=afi( )" fa( )" oo fu( )"

The question which arises naturally now is : what are the irreducible polynomials in
? By the Gauss’ Lemma, this is equivalent to asking about the irreducibles in
In contrast with the case of = or , when = there are irreducible polynomials
of any degree. Here is a simple way to constructing such polynomials:
Examples

1. Let a1,as2,...,a, be different integers. Then the polynomial

fO )=( —a)( —a2)...( —ap)—1isirreducible over
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2. For any distinct numbers a1, ag,...,a, the polynomial
fO)=( —a)?( —a2)?...( —ap)?+1isirreducible over
There is another way of producing irreducible polynomials over . This in fact is the
very e cient su cient condition for a polynomial in to be irreducible:
Theorem 7.3.3. f( Y=ap "+a; ™ '+ ---+ap
|ao
2 |ap
|ala |a27 ; |Gn
fO)
Examples:
1. Let be a prime number. Then, for each n the polynomial "+ is irreducible over
2. For any prime number the polynomial f( )= 1y 2 4 ...+1is irreducible
over
3. A polynomial of third degree with rational coe cients is irreducible over  iff it has
no rational roots.
4. Suppose ai,as,...,a, are distinct integers, n. 7. Define ( ) =( —a1)( -
az)...( —ayp). Show that ifa 24+  +1 is irreducible over , then the

polynomial a( ( ))2+ ( ( ))+ 1 is also irreducible (over ).

ore examples.

1.

Suppose f( ) and g( ) are polynomials with rational coe cients. Then, (f( ),g( ))
1 if and only if f( ) and g( ) have a root in common.

. The polynomial f( ) has a multiple root if and only if (f( ), f ( )) is a polynomial

of positive degree.

. If f( ) is irreducible, then it has no multiple roots.

(IMO 1993) For any n 1, the polynomial ™+5 ™ !4 3 is irreducible over
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ne alities

Dimitar Grantcharov
UC Riverside

.1 What s greater

Problem 1. Prove that

1 1 4 1 1 N 1 1
2 3 4 77 99 100 5
Solution. We split the summands into pairs:
1 1 1 1 1
(§_§)+(Z_5)+“'+ﬁ'

We have a sum of positive numbers, which begins with 1 6 + 1 20 + 1 42+... Since
1/6 +1/20 1/5, we immediately have the result.
Problem 2. Which number is greater:

— —N—

10..00 . 10..01 5
10...001 10...001 °
SN—— SN——

Solution. Let us denote the number in the denominator of either fraction by z. Then the
fraction itself is a = /(102 —9)), so that 1/a = 10 — 9/x. This implies that as x increases,
a decreases. Thus the first fraction is greater.

.2 The main ine uality
The inequality of means (or the A.M.-G.M. inequality) asserts:

N _
- a , for any a, 0

This is very easy to prove:

a+ — a+ -2 a
0 —

31
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The inequality turns into an equality if and only ifa = . Another very famous inequality
(also with straightforward proof) is the following
Problem 3. (z2+ 2)/2 2z for any = and

Problem 4. Prove that 22+ 2+1 =z +z+ for any z and

Solution. 22+ 2 +1—(z +z+ )=(z—1)?+(x— )2+( —1)?)/2 0
Problem 5. Prove:
(a) +++ a d,foranya, , ,d 0.

(b) -+ a ,for any a, , 0.

Solution. (a) This version of the A.M.-G.M. inequality can be proved as follows:

a+ + +d_ 1,a+ +d, 1, — — = — —
_— = — _— — = d
1 2( 5 5 ) 2( a + d) a d a
- we just applied The A.M.-G.M. inequality twice. o
(b) Applying (a) for the four positive numbers a, , and = a , we have that:
a+ + + a . B
4 - - ?

therefore (a + + )/3 3

.3 Transformations

Problem 6. Prove the inequality (a?/4)+ 2+ 2 a —a +2 foralla, ,and .

Solution. (a?/4)+ 2+ 2—(a —a +2 )=(a/2— + )2 0
Problem 7. Ifa, , 0 prove that

20 + + ) a® +a’+d® +a’+? + 2

Hint. Usethatz + —22 —z2=(z— )(z2— %) 0.
Problem 8. Prove that for any x

zz+1)(z+2)(x+3) -1

Hint. First substitute = x+(3/2) and transform the inequality to: ( 2—(9/4))( 2—(1/4)
and after that substitute = 2— (5/4).
Problem 9. Prove that:

1 1 1 9
e _+...+_7_ .
1+ 2 3+ 4 99+ 100 2
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Hint. Apply to each summand the identity:
1 —
n+ n+l

n+1— n.

.4 Induction and ine ualities

Problem 10. If n is a natural number, prove that

Solution. The base is easy. The proof of the inductive step goes as follows:

1 1 1

14—+ —+4...

2 2 n—1

sincel/ n<2( n— n—-1)=2/( n+ n-—1).
Problem 11. If n is a natural number, prove that

1 — 1 —
+—=<2 n-14+—=<2 n,
n n

1 1 1 1
2_2+3_2+4_2+'"+ﬁ<1'
Hint. Prove by induction the stronger statement:
= + ! + ! + ...+ = <1 1
22 0 32 42 7 p2 n’

Problem 12. (Bernoulli’s inequality)
(a) If z 0 and n is natural number, prove that (1+z)" 1+ nz. (b) Ifz
n 1 is natural number, prove that (1 +z)" 1+ nz.

33

—1 and

Hint. (a) has non-inductive solution, which is clear for those acquainted with Newton’s

binomial theorem. Indeed

1
(142z)" =1+ T+ Z 224+ 2"
n n

and all the summands after the first two are non-negative.

Problem 13. The sum of the positive numbers 1, zs, ..., z, equals 1 2. Prove that

l—z11—290 1—2, 1

14z 142 142, 3

Hint. Use induction and the inequality:

l1—al- 1—(a+ )
1+a 1+ 1+a+
true for any positive numbers a and .

bl
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.5 Homework problems
Problem 14. Which number is greater: 1234567.1234569 or 123456827

Problem 15. The sum of two non-negative numbers is 10. What is the maximum and
the minimum possible value of the sum of their squares?

Problem 16. Prove that ifa, , ,d, and e 0, then

a+ + +d+e

5 a de.

Problem 17. Prove that for any =, , and
4+ + 241 2@’ -z+ +1).
Problem 18. The product of the positive numbers a1, as, ...a, is equal to 1. Prove that
(I4+a1)(1+a2)...(14+ay,) 2™

Hint. Use the idea of the prof of Problem 13.

.6 More problems

Problem 19. If g1 <as <...<apand 1 < 9<...< 4, prove that

a 1—I—a22+...—|—ann aiq 1+a22+...+ann,

where 1, 9,..., n is an arbitrary permutation of numbers 1, 9,..., 5.

Problem 20. If n is a natural number, prove that n+1— n—-1 1/ n.

Problem 21. Suppose a, , and are natural numbers such that 1/a +1/ +1/ < 1.
Prove that 1/a +1/ +1/ <41/42.

Hint. May assume that a 1. After that consider three cases: (1) = 2;(2) =
3:(3) 3.

Problem 22. Prove that if x + + z ,thenz?+ 24+ 2 g

Hint. May assume that z, , 0. After that prove that:
(1) If z 3,thenz?+ 24+ 2 (z )?/3 =z ;

(2) Ifz <27, then (22 + 2+ 2)/3 (z )2 = /3.
Problem 23. Prove that if a1,a0,a ,a 0, then

ai+a as+a a +a; a +ao
ai+as ay+a a +a ‘a +a1




MORE PROBLEMS

Problem 24. If0 <z <z9 < ... <z, prove that

Tn 1 Ip 9 Xz Iy I
+—= =+ —+..+ + =.
Tn z1 Z1 Z2 In 1 In

x x
B
Hi) x
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