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1 Introdu
tionIn Part I [1℄, we presented a hybrid adaptive mesh algorithm using unstru
-tured triangles in 2-D and unstru
tured tetrahedra in 3-D. The algorithm isa generalization to volume domains of the adaptive surfa
e remeshing algo-rithm developed by Cristini et al. [11℄ in the 
ontext of deforming interfa
esin two and three dimensions. Here, we present an implementation of theunstru
tured adaptive remeshing algorithm in �nite-element/level-set sim-ulations of droplet and 
uid-
uid interfa
e intera
tions and 
oales
en
e inmultiphase 
ows. Finite element methods are best suited to handle 
om-plex domain geometries and unstru
tured 
omputational meshes. We im-plemented an eÆ
ient MINI element Stokes solver[2℄ and a Navier-Stokessolver based on a new modi�ed proje
tion method, that uses a few iterationsin the proje
tion step to handle the nonlinear term and ensures divergen
efree 
ow. This method also ensures fast 
al
ulation of the 
uid pressure byborrowing a s
heme previously used only in �nite-di�eren
e 
al
ulations [17℄.To 
apture the evolving deformable 
uid-
uid interfa
es, we use a level-setfun
tion, that is, the signed distan
e to the interfa
es. The level-set methodautomati
ally handles topologi
al 
hanges, su
h as 
oalesen
e and breakup.Another advantage is that it provides easy and a

urate 
al
ulation of nor-mal ve
tors to the interfa
e, and thus a

urate surfa
e tension evaluation,whi
h is 
ru
ial to the dynami
s.The level-set fun
tion also provides, in our implementation, the link be-tween the �nite-element/level-set method and the adaptive remeshing. The
omputational mesh is adapted, at every time step of simulation, based on alo
al length s
ale that is linearly proportional to the magnitude of the level-set fun
tion. Thus, the regions around interfa
es are most resolved. We �ndthat this provides a means to 
ontrol the numeri
al error during a simulation.The wide range of length s
ales 
hara
terizing deforming 
uid/
uid interfa
esand thinning 
uid �lms between drops in near-
onta
t motion are eÆ
ientlyand a

urately resolved as demonstrated by 
omparison to experiments, toexa
t solutions and to sharp-interfa
e (boundary-integral) results. In parti
-ular, simulations of the inertia driven impa
t and rebound of a liquid dropletfrom a liquid interfa
e are presented and 
ompared to re
ent experimentsfor the �rst time, to our knowledge, using an interfa
e-
apturing (level-set)method.The �nite-element/level-set method implementation on the adaptive, un-stru
tured mesh is des
ribed in Se
tion 2. Two- and three-dimensional nu-2



meri
al simulations of droplet and 
uid interfa
e breakup and 
oales
en
eare presented in Se
tion 3 and are 
ompared to experiments, exa
t solutionand boundary-integral numeri
al results. Con
lusions and future work are inSe
tion 4.2 Level-set models of 
uid/
uid interfa
esWe present a �nite-element dis
retization of the Stokes and Navier-Stokesequations for deformable 
uid-
uid interfa
es using the level-set method to
apture the evolving interfa
es. We dis
uss the 
oupling of these algorithmswith the adaptive mesh re�nement s
heme presented in Part I [1℄ and addresseÆ
ien
y of the 
oupled algorithms.2.1 The Stokes/Level-set EquationsWe begin with the Stokes equations whi
h govern zero-Reynolds-number 
uiddynami
s. We 
onsider a two-phase 
ow, e.g., dispersed droplets of one 
uidin another matrix (ambient) 
uid. The 
ontinuum surfa
e stress (distribu-tion) form of the equations is [6, 20℄�r � (�(ru+ruT )) +rp = r � (�Æ� (I� nn)) + F (1)r � u = 0; (2)where � is vis
osity, u and p are 
uid velo
ity and pressure �elds, � is surfa
etension between the two phases, Æ� is the surfa
e delta fun
tion, n is thenormal to the interfa
e �, I is the identity matrix, (nn)ij = ninj and F isa body for
e (e.g. gravity, F = �g). Note that sin
e we use the 
ontinuumsurfa
e stress formulation, the 
urvature of � does not expli
itly appear inEq. (1).The interfa
e � is de�ned as the zero-set of the level-set fun
tion �, i.e.�(t) = fxj �(x; t) = 0g. The interfa
e moves with the 
uid���t + u � r� = 0; (3)and the geometri
 quantities are de�ned as n = r�=jr�j and Æ� = Æ(�)jr�jwhere Æ is the one dimensional delta fun
tion. The material properties arede�ned as� = �1H(�) + �2(1�H(�)) and � = �1H(�) + �2(1�H(�)) (4)3



where H is the Heaviside fun
tion and �1, �2, �1, �2 are the vis
osities anddensities of the 
omponents respe
tively. The initial data �(x; 0) is the signeddistan
e from the point x to the interfa
e � [28, 26, 6℄, thus j�(x; 0)j =d�(x; 0). The level-set fun
tion is reinitialized at every time step (see se
tion2.1.2) to be the signed distan
e fun
tion to the evolving interfa
e.The boundary 
onditions for Eqs. (1)-(2) on the 
omputational domain
 (typi
ally a square domain in 2D and a sphere in 3D) are as follows. Wepartition the 
omputational domain boundary �
 = �
D [ �
R. On �
D,we impose a Diri
hlet 
ondition:uj�
D = U; (5)to pres
ribe a fully developed external 
ow U (e.g., shear, or no-slip: U = 0).On �
R, free-slip (Robin-type) boundary 
onditions are used [19℄:u � nj�
R = 0; (r� u)� nj�
R = 0; (6)where n is the normal to �
R. For the 2D drop-interfa
e impa
t simulationspresented in this paper, �
D (with U = 0) in
ludes the top and bottomsegments of �
 and �
R the two sides. For all other simulations presented,�
D = �
.2.1.1 The MINI element Stokes solverTo solve Eqs. (1)-(2) numeri
ally, we use a mixed �nite-element methodtogether with our unstru
tured, adaptive triangulated mesh in 2D and tetra-hedral mesh in 3D. The equations are re
ast in weak form for the unknowns(uh; ph) 2 Vh �Qh:Z
 �(ruh + (ruh)T ) : rvh dx� Z
 phr � vh dx = < f ;vh >Z
 qhr � uh dx = 0 (7)for all test fun
tions (vh; qh) 2 Vh � Qh (see below), where the notationL : M = LijMji, and the for
ing term in
ludes the singular surfa
e stressand the body for
e integrals< f ;vh >= � Z
 � (I� nn) : rvh Æ� dx+ Z
F � vh dx: (8)4



For 
ompleteness, a derivation is presented in Appendix (see also Ref. [19℄).We 
onsider a partition Th of 
 into triangle or tetrahedral elements, onwhi
h we 
hoose the MINI element dis
retization [2℄:Vh = fv 2 (H1(
))dj v 2 (P 1(K))d � (B(K))d; 8K 2 Th;vj�
D = 0;v � nj�
R = 0g;Qh = fq 2 L2(
)jq 2 P 1(K); Z
 q = 0g;where d = 2, 3 is the dimension, P 1(K) is the set of pie
ewise linear fun
tionson the element K and B(K) is the bubble fun
tion [2℄. In 2D, B(K) is asubspa
e generated by �1�2�3, and in 3D, B(K) is generated by �1�2�3�4,where the basis fun
tions �i are bary
entri
 
oordinates in the triangles andtetrahedra respe
tively. The MINI element dis
retization involves the leastnumber of unknowns of all mixed methods that use triangular/tetrahedralelements and satisfy the Brezzi-Babuska inf-sup (stability) 
ondition [2, 18℄.For the sake of brevity, we have presented above the dis
retization for drop-interfa
e impa
t simulations on a square 2-D 
omputational domain. For allother simulations presented in this paper, analogous dis
retizations 
an bestraightforwardly derived by imposing the appropriate boundary 
onditionsfor velo
ity.The integrals in Eqs. (7) and (8) are dis
retized using a 7-point Gaussianquadrature rule in 2D whi
h is exa
t for polynomials of degree 5, and a 5-point rule in 3D whi
h is exa
t for polynomials of degree 3, given in Table A.4on page 343 and Table A.5 on page 344 of Ref. [5℄, respe
tively, where thevalues of the integrands at the Gaussian points are obtained either throughinterpolation of nodal values or through exa
t evaluation where appropriate.To evaluate the surfa
e stress integral in Eq. (8), the surfa
e deltafun
tion Æ� = Æ(�)jr�j is repla
ed by a smoothed version Æ"(�)jr�j whereÆ"(�) = dH"=d� and H" is the smoothed Heaviside fun
tion [38℄H"(�) = 8<: 0 if � < �"12 �1 + �" + 1� sin(��" )� if j�j � "1 if � > " (9)where the parameter " is taken to be 2 to 4 times the smallest pres
ribedmesh size h1. The Heaviside fun
tion in Eq. (4) is also repla
ed by thesmoothed version above. We note that other alternatives to the smootheddelta and Heaviside fun
tions with possibly better 
onvergen
e properties5



have re
ently been analyzed by Tornberg and Engquist [40℄ and Calhounand Smereka [4℄ on stru
tured Cartesian meshes.It is possible to evaluate the surfa
e stress integral in Eq. (8) withoutregularization by redu
ing the volume integral to an integral along the in-terfa
e pres
ribed by the zero level-set in a mesh element. While this wasfound to be quite a

urate, regularization is ne
essary to maintain stabilitythrough a topology transitions su
h as pin
ho� and re
onne
tion.To evaluate the normal ve
tor n to the interfa
e �, we use a quadrati
�t of the level set fun
tion through ea
h node and its nearest neighbors onthe triangular/tetrahedral mesh.We use the Uzawa method [18℄ to solve the dis
retized Stokes equations(1)-(2). The most time 
onsuming part of the solution pro
ess is the inver-tion of the velo
ity Lapla
ian matri
es. We use SSOR pre
onditioned CGmethod (SSORCG) [21℄ when the dimension of the matrix is small; we usethe In
omplete Cholesky fa
torization pre
onditioned CG method (ICCG)[21℄ otherwise (e.g., in 3D). For these pre
onditioned sparse symmetri
 sys-tems, the 
ondition number is O(h�11 ) where h1 is a measure of the smallestedge length [3, 44℄. It follows that the CPU 
ost for the Uzawa algorithm in2D is O(N1:25) and in 3D is O(N1:17), where N is the total number of nodes[23℄.Remark 1. Although we do not present a formal proof, numeri
al eviden
estrongly suggests that the elements K in the 2D and 3D adaptive, unstru
-tured meshes [1℄ are quasi-regular. That is, HK=hK � 
 where 
 > 0 is a 
on-stant independent of the mesh andHK = minBfdiam(B) j B is a ball 
ontaining Kgand hK = maxBfdiam(B) j B is a ball 
ontained in Kg. Quasi-regular meshesare important for 
ontrolling the 
ondition number of the sti�ness matri
esthus allowing eÆ
ient and a

urate �nite element solutions.Remark 2. Although r�u should be zero analyti
ally by the in
ompressible
ondition, this is not true numeri
ally even in weak sense (see ref. [19℄ fordetails). However, as the mesh size tends to zero, r � u 
onverges to zero.2.1.2 The dis
ontinuous Galerkin methodThe level-set adve
tion equation (3) is reformulated as�t +r � (u�) = �r � u; (10)6



and is solved using the Runge-Kutta Dis
ontinuous Galerkin method (RKDG)[8, 9℄. Here, we use pie
ewise linear elements P 1(K) and a 2nd order Runge-Kutta time integration s
heme. The algorithm is formally 2nd-order a

urateboth in time and spa
e, with CFL number 1/3, i.e.�t = 13 minnode i2�N himinjujimax ; (11)where himin is the minimum adaptive mesh size around node i, and jujimax isthe maximum speed at nodes in a neighborhood �N of node i.We use the lo
al level-set [30℄/narrow-band approa
h [7℄ so that Eq. (10)is solved only in the neighborhood of the interfa
e �. De�ne �1 (the 1-tube)as the 
losure of all the elements that are 
rossed by the interfa
e and allthe nodes, edges (and also fa
es in 3D) belonging to the these elements. ForN � 2, the N-tube �N is de�ned as the 
losure of �N�1 and its neighbouringelements, as well as all the nodes and edges (and also fa
es in 3D) belongingto all these elements. That is, �N is a narrow layer about the interfa
e withthi
kness approximately equal to N triangles/tetrahedra. Then, the level-setequation (10) is solved in the N-tube �N with N = 3 or 4.2.1.3 Re-initializationAfter every time step of evolution, we re-initialize the level-set fun
tion fol-lowing [36℄ to ensure that the level-set fun
tion � still des
ribes the signeddistan
e from the interfa
e �. A

ordingly, we integrate the �rst-orderHamilton-Ja
obi equation�d�� + sgn(�)(jrdj � 1) = 0;d(0) = �: (12)After a few iterations in the arti�
ial time � , d � d�, the distan
e fun
tion(jrd�j = 1), and we reset � = d. In a numeri
al implementation, we onlyneed to re-initialize the level-set fun
tion in the narrow band �N with N = 3or 4. We integrate (12) using a �rst-order in spa
e and se
ond-order in timeExpli
it Positive CoeÆ
ient (EPC) method [39℄.In order to over
ome the numeri
al diÆ
ulties asso
iated to the re-initializationof the level-set fun
tion: loss of mass 
onservation and arti�
ial displa
ement7



of the interfa
e, we treat the set �1 of all triangles 
rossed by the interfa
e(where � 
hanges sign) in a separate fashion. The level set fun
tion in �1 isreset to be � = d� +�dwhere d� is dire
tly 
al
ulated in �1, and the uniform displa
ement �d is
hosen to 
onstrain the mass R�1 H(d� + �d) = R�1 H(�), the mass beforere-initialization. Note that sin
e the mass is a monotoni
 fun
tion of thedispla
ement �d of the interfa
e, it follows that �d is unique. We use these
ant method to �nd �d. In our simulations, we found that �d� h1, themesh size in �1, thus ensuring that arti�
ial displa
ements of the interfa
eare negligible. The re-set level-set values in �1 are taken as the boundary
ondition to Eq. (12) whi
h is then solved in the remaining region �Nn�1.2.1.4 Interpolation on the adapted meshSin
e the 
omputational mesh is adapted in time, it is ne
essary to interpo-late all the quantities from the old mesh to the new mesh. For simpli
ity, weuse a pointwise interpolation (Figure 1). That is, for ea
h evaluation pointPnew whi
h is a node on the new mesh, we �rst lo
ate the element Kold, in theold mesh (a triangle in the skemati
 of Fig. 1), su
h that Pnew 2 Kold. Thenthe value of a quantity w at Pnew is obtained from the lo
al representationfor w on Kold. In the 
ase of the level-set fun
tion, an additional step isperformed sin
e the fun
tion is dis
ontinuous. The level-set fun
tion is �rstproje
ted (in the L2 sense) into the spa
e of 
ontinuous fun
tions (also pie
e-wise linear) before interpolation is performed. To eÆ
iently lo
ate Kold, thefollowing strategy is used. For the �rst node P1;new, a one-dimensional sear
his performed to �nd the 
orresponding element K1;old where the sear
h dire
-tion is obtained via a steepest des
ent type algorithm (always pro
eed in thedire
tion of the most negative bary
entri
 
oordinate of P1;new with respe
tto the old elements). The next interpolation point P2;new is a neighboringnode to P1;new. The sear
h for the 
orresponding K2;old starts from K1;old andalso follows the steepest des
ent algorithm. This pro
edure is repeated untilall the new nodes are lo
ated on the old mesh elements. The 
omputational
ost of the sear
h algorithm s
ales linearly with N , the total number of nodeson the new mesh. Typi
ally, only 2 or 3 sear
h steps are needed for ea
h newnode. 8
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Figure 1: Skemati
 (2-D) illustrating the mapping relation between old andnew meshes during interpolation.2.2 Extension to the Navier-Stokes/Level-set equationsThe 
ontinuum surfa
e stress (distribution) form of the Navier-Stokes equa-tions for �nite Reynolds number is [6, 20℄� (ut + (u � r)u) = �rp+r � ��(ru+ (ru)T )�+r � (�Æ� (I� nn)) + F; (13)r � u = 0: (14)Herein, we 
onsider the Boussinesq approximation for simpli
ity. That is, onthe left hand side of Eq. (13) we take � = �ambient while on the right handside, we take F = ��g; where �� = �� �ambient and � is obtained from Eq.(4). The boundary 
onditions are the same as used in the Stokes system.2.2.1 A �nite element proje
tion methodTo solve Eqs. (13) and (14), we use a �nite-element proje
tion method. Theproje
tion method, des
ribed below, requires signi�
antly less 
omputational
ost to solve the Navier-Stokes equations 
ompared to the Uzawa methodused in the Stokes solver.The proje
tion s
heme is based on an iterative solution of a Crank-Ni
olson time dis
retization of Eqs. (13) and (14). Iteration is used tomore a

urately handle the nonlinear adve
tion term and the in
ompress-ibility 
ondition (14). For brevity, we present our s
heme for the followingsimpli�ed equations (�ambient = 1):ut + (u � r)u = r � [�(ru+ (ru)T )℄�rp+ f(�); (15)r � u = 0; (16)9



where f(�) 
ontains the surfa
e tension and body for
es. Let the supers
riptn denote time steps and k denote iterations within one time step. Then, the(spatially 
ontinuous) proje
tion method isu�;k+1 � un�t + (un+1=2;k � r)un+1=2;k = �rpn;k + f(�n+1=2;k)+r � ��n+1=2;k(ru�;k+1 + (ru�;k+1)T )� =2+r � ��n+1=2;k(run + (run)T )� =2; (17)where u�;k+1 is an intermediate velo
ity �eld and un+1=2;k = (un+1;k + un)=2and un+1;0 = un (the initial guess for all variables u, p, �, � and � is the valuefrom the previous time step). Further, the vis
osity �n+1=2;k = �(�n+1=2;k)and is obtained from Eq. (4) and�n+1=2;k = �n + �n+1;k2where�n+1;k = �n ��t �r � �un+1=2;k�1�n+1=2;k�1�+ �n+1=2;k�1r � un+1=2;k�1� ;(18)whi
h is the midpoint time integration rule applied to Eq. (10). The for
ingterm f(�n+1=2;k) is obtained analogously. The updated velo
ity iterate isobtained by solving u�;k+1 = un+1;k+1 +�trqn+1;k+1; (19)r � un+1;k+1 = 0; (20)whi
h also yields the pressure in
rement qn+1;k+1 (Neumann boundary 
on-ditions are applied for q). The pressure is then updated bypn+1=2;k+1 = pn+1=2;k + qn+1;k+1 ��t�n+1=2;kr2qn+1;k+1: (21)This form of the pressure update is inspired by the idea in Ref. [17℄ (equation(13) in that paper), in whi
h an analogous update was used to obtain 2ndorder 
onvergen
e for pressure in a �nite di�eren
e 
ontext with 
onstantvis
osity. In our 
ase, however, there are interfa
es a
ross whi
h the vis
osity(and pressure) is dis
ontinuous. As a 
onsequen
e, we did not observe 2ndorder 
onvergen
e of pressure in the L1 norm (we do obtain 
onvergen
e in10



the L2 norm). Nevertheless, we �nd that this pressure update speeds up the
onvergen
e of the iteration method. Typi
ally 4 or 5 iterations are enoughto a
hieve 
onvergen
e.The initial values (k = 0) of the velo
ity and level-set iterates are givenby un+1=2;0 = un and �n+1=2;0 = �n respe
tively. When n=0, the initial guessfor pressure p is zero. Thereafter, pn;0 is set to be pn�1=2, the pressure of lasttime step.The spatial dis
retization of Eqs. (13)-(14) is performed by solving theweak form of the proje
tion equations using ve
tor-valued pie
ewise quadrati
fun
tions for velo
ity P 2(K) and pie
ewise linear fun
tions P 1(K) for pres-sure (see [23℄ for details). This yields a more a

urate solution of the equa-tions than the MINI element method. Indeed, the overall s
heme is 2nd ordera

urate for both the velo
ity and pressure in the L2 norm. The weak formu-lation and treatment of boundary 
onditions analogous to that used in theStokes system.Finally, the dis
ontinuous Galerkin method with pie
ewise linear fun
-tions P 1(K) is used to dis
retize the level-set Eq. (18) in spa
e.Remark. Some authors [35℄ 
laimed that, sin
e velo
ity and pressure arede
oupled in the proje
tion method, the inf-sup 
ondition is not required andequal-order �nite element spa
es 
an be used. We �nd that while 
onvergen
eis a
hieved in one-step proje
tion method using equal-order �nite elementspa
es, a

ura
y is redu
ed, espe
ially for pressure, 
ompared to a inf-sup-satisfying method. In parti
ular, in the initialization step where pressuremust be solved for, whi
h is fundamentally a Stokes problem, the inf-sup
ondition is required for 
onvergen
e.2.3 Desired lo
al length s
ale for adaptive mesh re�ne-mentNumeri
al solution of the Stokes and Navier-Stokes level-set equations forinterfa
ial 
ows require high resolution of the 
omputational domain in aneighborhood of the interfa
e. We thus seek a 
omputational mesh of trian-gles (2D) and tetrahedra (3D) with a lo
al element size pres
ribed by Eq.(7) in Part I [1℄, whi
h resolves the mesh a

ording to the distan
e to theinterfa
e. Therefore, we set:L(x; t) = L� = min(h0; h1 + sj�(x; t)j) (22)11



sin
e after reinitialization, the level-set fun
tion � approximates a signeddistan
e fun
tion to the interfa
e �. In Eq. (22), h1 is the imposed linear sizeof the 
omputational elements in the sub-domain �1 of elements that 
ontainthe interfa
e �, and the slope s is set to smoothly in
rease the element sizefrom h1 to the uniform size h0 away from �. This typi
ally ensures a

uratereinitialization and 
al
ulation of the normal ve
tor.To a

urately a

ount for the lo
al 
urvature � of the interfa
e � (whi
his not needed by our �nite element solvers) additional re�nement would bene
essary. Further, if multiple interfa
es are in near 
onta
t, it is ne
essaryto resolve the 
ow in the gap between the interfa
es. In Stokes 
ows, thesetwo length s
ales are suÆ
ient to resolve a

urately the 
ow-�eld. Wheninertia is present, high vorti
ity regions away from the interfa
e may formand need to be resolved. In this 
ase, the length s
ales asso
iated to vorti
ityand/or the velo
ity gradients should also be dire
tly resolved by the mesh.All these e�e
ts 
an be in
orporated into our algorithm by taking the desiredlo
al length s
ale to be the minimum of the relevant lo
al length s
alesL(x; t) = min(L�; L�; Lgap; Lru); (23)where L� � 1=�, Lgap and Lru � juj=jruj are the length s
ales asso
iatedwith the interfa
e 
urvature, gap-width between interfa
es and velo
ity gradi-ents respe
tively. The desired length s
ale L used by the adaption algorithmneeds to be a smooth fun
tion of x and t [11℄. For simpli
ity, in this paper weadapt the mesh only based on L�. Note that using L� alone we 
an in fa
tresolve all the lo
al relevant s
ales by adjusting h1 and s appropriately. Of
ourse, this is not as eÆ
ient as implementing Eq. (23). The implementationof Eq. (23) is underway.2.4 EÆ
ien
y of adaptive mesh re�nement for interfa-
ial 
owsThe most important advantage of adaptive mesh re�nement is that the equa-tions are solved using an optimal number of 
omputational nodes. For ex-ample, suppose the lo
al length s
ale to be resolved is L�. Then, the totalnumber of 
omputational nodes N required s
ales with the extent of inter-fa
e in 
ontrast to non-adaptive meshes where N s
ales with the extent ofvolume. In 2D, � is a line and in 3D a surfa
e, thus, on the adaptive meshN = O(h�11 ) in 2D and N = O(h�21 ) in 3D. In the table below, the total num-ber of 
omputational elements and the CPU time s
alings are summarized for12



2D and 3D meshes using adaptive and non-adaptive �nite elements (the en-tire volume is dis
retized) and 
omparing to those using boundary-integrals(only the interfa
e � is dis
retized).Table 1. Number of 
omputational elements and CPU time for adaptiveand non-adaptive �nite-element and for boundary-integral simulations in2D and 3D.N (2D, 3D) tCPU (2D, 3D)non-adaptive FEM O(h�21 ); O(h�31 ) O(h�7=21 ); O(h�9=21 )adaptive FEM O(h�11 ); O(h�21 ) O(h�9=41 ); O(h�10=31 )boundary-integral O(h�11 ); O(h�21 ) O(h�31 ); O(h�51 )Note that for the non-adaptive �nite-element mesh the mesh size is uni-form and equal to h1. For the boundary-integral mesh, formula (22) doesnot apply and we have denoted with h1 the linear size of the 
omputationalelements dis
retizing the interfa
e. The CPU time asso
iated to solving equa-tions (1)-(2) at ea
h time step using the �nite-element method des
ribed inx2.1 s
ales with the total number of 
omputational elements with an expo-nent 5/4 in 2D and 7/6 in 3D; for the boundary-integral method, typi
allythe solver s
ales O(N2) (using dire
t summation). An implementation ofthe boundary-integral method using a fast summation te
hnique would s
alelike O(N log(N)). The CFL-like 
onstraint (11) implies that the CPU timeasso
iated to time stepping s
ales like h�11 . The total CPU times for simula-tions summarized in the above table follow from these 
onsiderations. Theses
alings demonstrate that the adaptive �nite-element method is the most
omputationally eÆ
ient for a given resolution of the interfa
e �.Remark. Note that the O(N5=4) (2D) and O(N7=6) (3D) above s
alingsapply to the MINI element Stokes solver. The 
omputational 
ost of theP2/P1 Navier-Stokes solver is likely to be higher. However, in the latteronly few iterations are needed in the proje
tion method, so the overall 
ostis a

eptable.
13



3 Numeri
al results3.1 A

ura
y: Steady drops in shear 
owTo test our adaptive �nite element/level-set numeri
al algorithm we simulatethe Stokes 
ow (zero inertia) dynami
s of 2D and 3D deformable drops ina steady shear 
ow. The dynami
s depend on the drop-to-matrix vis
osityratio � and the 
apillary number whi
h measures the relative strength of thevis
ous stress and the surfa
e tension stress: Ca = � _
a=� where � is matrix
uid vis
osity, a is drop radius, � is surfa
e tension, and _
 is the shearrate. For Ca � Ca
, a 
riti
al value (that depends on the number of spatialdimensions), an initially undeformed drop deforms and rotates until it rea
hesa steady-state morphology. For Ca > Ca
, the drop is unsteady and willdeform 
ontinuously. Here, we 
ompare our level-set/�nite-element resultsto highly a

urate boundary integral simulations to examine the 
onvergen
eof our numeri
al method. We fo
us on the sub
riti
al 
ase Ca � Ca
.The steady-state drops and 
orresponding adaptive meshes are shown inFig. 2(a)-(
) together with the history of deformation (d) and a demonstra-tion of numeri
al 
onvergen
e (e). The initial drops are unit 
ir
le/sphere(a = 1), the vis
osity ratio � = 1, the 
apillary numbers Ca = 0:5 in 2Dand Ca = 0:3 in 3D are sub-
riti
al. In 2D, the equations are solved in asquare domain. The drop-to-domain size ratio is 1/32 to minimize boundarye�e
ts. In 3D, a spheri
al mesh is used (drop-to-domain size ratio 1/20).At the boundary of the 
omputational domain, the velo
ity is set to be theundisturbed linear shear 
ow. The mesh is adapted a

ording to the lo
allength s
ale in Eq. (22) with: h0=a = 2:0, h1=a = 0:02 and s = 0:2 in 2D;and with: h0=a = 3:5, h1=a = 0:076 and s = 0:4 in 3D. In Fig. 2(a)-(
),the plots on the left (2D) and on the right (3D) show the full 
omputationaldomains (a) and 
lose-ups of the steady drops (b,
). In 3D, a 
ross-se
tion(drop mid-plane) of the adaptive mesh is shown together with the proje
tionof the elements onto the plane of the page that 
rosses them. Also shown for
omparison are the interfa
e lo
ations obtained using boundary integral sim-ulations in free-spa
e using the algorithms from Ref. [42℄ in 2D (symbols)and from Ref. [11℄ in 3D (dashed line). There is agreement between thelevel-set and boundary integral simulations in 2D. The larger dis
repan
y in3D is within the pres
ribed errors set by h1 and s.In Fig. 2(
), the 
omputational mesh has been blown-up around theinterfa
e by the fa
tor h0=h1. Observe that on this s
ale, the mesh elements14



around the interfa
es are of approximately the same size and quality (i.e.,nearly equilateral) as those elements at the domain boundaries in (a). This
on�rms that adaptivity and other desirable mesh properties are retainedthrough dynami
 spatial adaption [1℄. At steady state there are N = 5312and N = 9869 
omputational mesh nodes in 2D and 3D respe
tively. The2D and 3D simulations take approximately 9 and 27 hours respe
tively torun on a Dell workstation (Xeon 2.4 GHz pro
essor). For 
omparison, non-adaptive simulations with the same e�e
tive resolution would require N =(32=0:02)2 = 2:56�106 andN = (20=:076)3 = 1:82�107 
omputational nodesin 2D and 3D respe
tively. A

ording to the s
alings dis
ussed in se
tion 2.4the non-adaptive simulations would require 2.3 (2D) and 37.3 (3D) years to
omplete.

15



(a)
(b)
(
)Figure 2: Stationary drops in shear 
ow from adaptive level-set/�nite-element simulations (vis
osity ratio � = 1). Left: 2D, square domain, Ca =0:5, drop-to-domain size ratio 1/32, and remeshing parameters h0=a = 2,h1=a = 0:04, s = 0:5. Right: 3D, spheri
al domain, Ca = 0:3, size ratio1/20, and h0=a = 3:5, h1=a = 0:076, s = 0:4. Full 
omputational domains(a). Close-ups of the drops (b). Blow-up (
) by a fa
tor h0=h1 demonstrat-ing adaptivity and mesh quality invarian
e. Zero-level-set interfa
e (solid
urves). Boundary integral results in 2D (symbols) [42℄ and 3D (dashed)[11℄. 16
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In Fig. 2(d), the half-length of the drops is plotted as a fun
tion of time.The symbols denote the 
orresponding boundary integral results. There area number of parameters that 
ontrol the error. These in
lude the domain size(in 
ontrast the boundary-integral results 
orrespond to an in�nite domain),the minimum grid size h1=a, the maximum grid size h0=a and the slope s.Here, we present 
onvergen
e with respe
t to h1=a and s sin
e these are foundto dominate the error for the values of h0 and domain size used. In Fig. 2(e),the stationary drop half-length is plotted as a fun
tion of slope s for severalvalues of h1 as labelled. The boundary integral results are also reported. Thee�e
t of de
reasing s is to in
rease the mesh density around the interfa
ewhile leaving the smallest mesh size h1 un
hanged. Numeri
al 
onvergen
eto the boundary-integral results is demonstrated. The slight os
illations ofthe 
onvergen
e 
urves are likely a 
onsequen
e of nonuniformity in the meshre�nement due to the toleran
e values used during lo
al mesh restru
turingand dynami
 node displa
ement [1℄.3.2 Resolution of multiple s
ales: Coales
en
e eventsin emulsionsCapturing the dynami
s of deformable 
uid-
uid interfa
es in 
lose hydro-dynami
 intera
tion is an extremely diÆ
ult 
hallenge for any numeri
almethod be
ause of the 
riti
al role played by the very thin near 
onta
t lu-bri
ation zone between the interfa
es. In this region, large pressures developand resist 
oales
en
e sometimes preventing it altogether. A la
k of numer-i
al resolution results in ina

urate 
al
ulation of the lubri
ation pressureand in erroneous predi
tion of premature 
oales
en
e. To our knowledge,no 
ontinuum-based algorithm (e.g. level-set, volume-of-
uid, immersed-boundary, front-tra
king) has been 
apable of a

urately des
ribing near-
onta
t hydrodynami
 intera
tions. Adaptive mesh re�nement algorithmshave been su

essfully used in 2D and 3D boundary-integral 
al
ulations[11℄.3.2.1 Drop impa
t onto a 
uid interfa
e under gravityWe present simulations of the impa
t of a drop onto a 
uid interfa
e undergravity. The 
uid below the interfa
e is the same as the drop 
uid. Zero-Reynolds-number 
onditions are assumed and thus, the 
ow is 
hara
terizedby the drop-to-matrix vis
osity ratio � and the Bond number whi
h measures18



the relative strengths of the gravitational and surfa
e tension for
es: Bo =��ga2=� where �� is the di�eren
e in densities of the drop and matrix 
uids,and g is the a

eleration of gravity.Consider the lubri
ation 
ow in the thin gap between an approa
hingundeformed 2D drop and a planar 
uid interfa
e. At gap widths w � a, asingular pressure p � F=(aw)1=2 per unit length arises in a near-
onta
t re-gion of extent (aw)1=2 to resist the external for
e F � ��ga2 that pushes thedrop onto the interfa
e. Under the assumption of fully mobile undeformedinterfa
es [16℄ 
onservation of mass and momentum in the thin gap give re-spe
tively: �dw=dt � (aw)1=2 � uw and pw � �u, where u is the averagevelo
ity asso
iated to the squeezing of 
uid out of the gap between the ap-proa
hing interfa
es. By introdu
ing the dimensionless variables �w = w=a,�t = t=(�a=�) (
apillary relaxation time), we obtaind �wd�t � �Bo �w (24)that is, the gap thins exponentially in time. Note that this 2D result di�ersfrom the �nite 
oales
en
e time obtained for undeformed interfa
es during3D (axisymmetri
) drainage [16℄. In 2D, it is more diÆ
ult to squeeeze 
uidout of the gap thus, 
oales
en
e requires an in�nite time.Snapshots from an adaptive �nite-element/level-set simulation are shownin �gure 3(a) for parameters � = 1 and Bo = 0:8. For the 
uid parameters
hosen, there is little deformation of the drop and interfa
e. The mesh isre�ned a

ording to Eq. (22) with parameters h0=a = 0:5, h1=a = 0:0125and s = 0:3. During the dynami
s, the mesh is 
ontinually re�ned/
oarseneda

ording to the motion of the interfa
es su
h that the mesh tra
ks the inter-fa
e throughout the evolution and the mesh size is small a
ross the interfa
esand smoothly in
reases away from the interfa
es. Note that taking the de-sired mesh lengths to be related to the distan
e to the interfa
e automati
allyensures re�nement of the near-
onta
t region between the interfa
es as far asthe gapwidth w > h1. In our simulations we found that as the minimum gapw between the interfa
es de
reases, numeri
al a

ura
y is lost when w � 4h1leading to erroneous predi
tion of 
oales
en
e for w < 4h1. It follows thatthe more re�ned the mesh, the smaller is the minimum gap that is a

uratelyresolved.The history of approa
h is reported in �gure 3(
) 
orresponding to severalnumeri
al resolutions set by the mesh parameter h1. For the simulation inFig. 3(a) 
oales
en
e o

urs around time t = 55�a=�, and the minimum19



gap a

urately resolved is w=a � 0:05. Taking a 
oarser mesh (see �gure3(b)), for example, with h1=a = 0:05 results in 
oales
en
e at the earliertime t = 15�a=� 
orresponding to a minimum a

urate gap w=a � 0:2. Therapid drop-o� in the 
urves in �gure 3(
) indi
ates numeri
al 
oales
en
ethat o

urs at w � 4h1 where the pres
ribed a

ura
y be
omes inadequateto des
ribe the 
ow in the narrow gap. The dashed straight-line marksexponential gap thinning a

ording to Eq. 24. Our results show numeri
al
onvergen
e, as the mesh size h1 ! 0, to the thinning rate and in�nite
oales
en
e time predi
ted by lubri
ation theory and demonstrate that meshadaptivity allows the simulation error to be 
ontrolled [1℄.

20



(a)

Figure 3: 2D simulation (a) of drop impa
t in Stokes 
ow onto an interfa
eunder gravity (� = 1, Bo = 0:8). Mesh parameters h0=a = 0:5; s = 0:3,h1=a = 0:0125. Drop-to-domain size ratio 0.1. Time �t = t=(�a=�) = 0, 5,10, 15, 40, 55. Bottom: 
lose-up at �t = 55, the onset of 
oales
en
e.21



(b)

Figure 3: Same as (a) but for mesh parameter h1=a = 0:05 
orresponding toa 
oarser mesh (b). Time �t = 0, 5, 10, 15, 20 and 25. Rapid 
oales
en
e iserroneously predi
ted.
22
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e �w = w=a between the drop and interfa
e (
) fordi�erent mesh resolutions as a fun
tion of time (initially, �w = 0:5). Solid:From left to right, simulations for h1=a = 0:05 as in (b), 0:035, 0:025 and0:0125 as in (a). Dashed: exponential gap thinning behavior from lubri
ationtheory (24). As h1 is de
reased, the simulation is more a

urate and agreeswith the theory down to smaller gap thi
knesses w = O(h1).
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3.2.2 Coales
en
e events in large systems of dropsWe simulate 10 drops sedimenting onto a 
uid interfa
e under zero-Reynolds-number 
onditions and for vis
osity ratio � = 1. The simulation in Fig. 4(a)
orresponds to a large Bond number Bo = 80. The drops have two sizes,
orresponding to drop-to-domain size ratios either 0:1 or 0:09. The meshis re�ned a

ording to Eq. (22) with parameters h0=a = 1, h1=a = 0:075(where a is the larger drop radius) and s = 1.Be
ause the surfa
e tension for
e is weak 
ompared to the gravitationalfor
e, the interfa
es undergo large deformations during sedimentation. Thisleads to the 
omplex morphologies visible in the �gure. A 
as
ade of drop/dropand drop/interfa
e 
oales
en
e events results in the 
oales
en
e of all thedispersed phase with the interfa
e. Note that the adaptive mesh follows thedrop surfa
es and interfa
e through the 
omplex dynami
s and multiple 
o-ales
en
e events. As explained in the previous se
tion, 
oales
en
e in �nitetime is a 
onsequen
e of the loss of mesh resolution at gapwidths w = O(h1).Further, the 
omplex drop morphologies are 
onsistent with re
ent experi-ments on drop/drop and drop/interfa
e 
oales
en
e in dispersions at largeBo or low surfa
e tension (Prof. E. Longmire, University of Minnesota, Per-sonal 
ommuni
ation), where similar "tree-like" stru
tures of 
oales
ed dropswere observed. At later times �t = t=(�a=�) > 1 (not shown), the 
oales
edinterfa
e retra
ts under 
apillarity and be
omes 
at.In Fig. 4(b), a simulation of the same system under low Bond number
onditions Bo = 0:8 is shown. When the Bond number is small, surfa
etension is important and thus drop deformation is smaller and the 
oales
en
etime s
ale is longer 
ompared to that observed at high Bond number (a).

24



(a)

Figure 4: Sedimentation under gravity and 
oales
en
e (a) of a system of10 drops of 
uid 1 onto a 
uid/
uid interfa
e separating 
uid 2 (above theinterfa
e) from a reservoir of 
uid 1 below the interfa
e. The drops haveslightly bidispersed sizes. Bond number Bo = 80 (based on the larger dropsize) and vis
osity ratio � = 1. Mesh parameters h0=a = 1, h1=a = 0:075and s = 1. Times t=(�a=�) = 0; 0:01; 0:05; 0:1; 0:15; 0:2 (left to right, topto bottom). 25



(b)

Figure 4: Same as in (a) ex
ept the Bond number Bo = 0:8 (b). Timest=(�a=�) = 0; 2:5; 5:0; 7:5; 10:0; 10:5.26



3.3 3D drop breakupDrop breakup has been extensively studied using 3D numeri
al simulations[10, 15, 12, 22, 14, 29, 13, 32, 25, 33, 34, 45, 31, 24, 11, 41, 37℄. In parti
ular,highly a

urate adaptive 3D boundary-element algorithms have been used[13, 10, 11, 12, 14, 29, 22℄.In Fig. 5, the breakup of an extended drop under surfa
e tension drivenStokes 
ow is shown together with a 
ross-se
tion of the 3D adaptive tetra-hedral mesh. Those tetrahedra that pass through the 
ross-se
tion are vi-sualized. The ambient 
uid is quies
ent and the previously elongated dropbreaks up due to a Rayleigh instability. The dynami
s is 
hara
terized by thevis
osity ratio � = 1 and also depends on the initial elongated drop surfa
e.The radial position of the drop at time t = 0 was set to ber = (py2 + z2 = a2 + Æ2 
os(2�x=18); jxj � 18;p(x� 18)2 + y2 + z2 = b2; jxj > 18:where a = 1, Æ = 0:38 and b = 1:06. Thus the initial drop is a perturbed
ylinder with rounded end 
aps. The mesh is adapted a

ording to Eq. (22)with h0=a = 4:24, h1=a = 0:0627 and s = 0:4. The 
omputational domain isa sphere of radius R=a = 24.As the drop retra
ts, as shown in Fig. 5(a), bulbs form at the drop-tipsand the drop ne
ks down. At time �t = t=(�a=�) = 240:5, the bulbs pin
h o�forming two satellite drops separated by an extended daughter drop. Surfa
etension then drives the newly produ
ed drops to be
ome spheri
al. As 
anbe seen in the �gure, and in Fig. 5(b), where a blow-up of the drop surfa
eand volume mesh is shown, the mesh size is small near the interfa
e andgradually in
reases away from the interfa
e. Further, the mesh tra
ks thenewly-
reated interfa
es through the topology transition.
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(a)

Figure 5: Drop breakup under a Rayleigh instability in a quies
ent matrix
uid. The drop surfa
e and a sli
e of the 3D volume mesh (tetrahedralelements 
rossed by the sli
e) are visualized (a). The tetrahedra inside thedrop are not visualized. Vis
osity ratio � = 1 and mesh parameters h0=a =4:24, h1=a = 0:0627, s = 0:4. Times �t = t=(�a=�)= 0, 110.4, 188.9, 232.17,240.5, 255.2, 271.9, 349.3 (left to right, top to bottom).
28



(b)
Y
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ZFigure 5: Blow-ups (b) of drop surfa
e and 
omputational mesh from (a) attimes 232.2 (top) and 240.5 (bottom).
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3.4 A 2D numeri
al investigation of the impa
t andrebound of a drop onto a 
uid interfa
e with iner-tiaWe present simulations of a drop impa
ting onto a 
uid interfa
e at �niteReynolds number in 2D. The dynami
s is governed by the nondimensionalparameters: drop-to-matrix vis
osity and density ratios and the Reynolds,Weber and Froude numbers. The Weber number We = �ambientU2a=� mea-sures the relative strength of the inertial and surfa
e tension for
es (U is thedrop's terminal velo
ity). The Froude number Fr = <�> U2=(��ga), where<�>= (�drop + �ambient)=2 and �� = �drop � �ambient, measures the relativestrength of the inertial and gravitational for
es. Note that the Bond numberBo = We=Fr.In Fig. 6(a), the drop and interfa
e are shown at a sequen
e of timesduring the evolution. The dimensionless parameters are mat
hed with thosein the experiment in Ref. [27℄: � = 0:33, �drop=�ambient = 1:189, Re = 68,We = 7 and Fr = 1. Initially, a 
ir
ular drop with radius a = 0:5 is pla
eda distan
e �w = w=a = 2:5 away from a 
at interfa
e. The initial velo
ityis the divergen
e-free proje
tion of the ve
tor �eld (0;�1)U inside the dropand equal to zero elsewhere in the domain. The 
omputational domain is thesquare [�D;D℄2 with D = 5 so that the drop-to-domain size ratio a=D = 0:1.The adaptive mesh is re�ned a

ording to Eq. (22) with mesh parameters:s = 0:4, h0=a = 2; h1 is de
reased in time from h1=a = 0:02 at time 0to h1=a = 0:002 at the �nal time shown. In the insets, snapshots from theexperiment in Ref. [27℄ are also reprodu
ed. Note that here we are 
omparingour 2D simulation with a fully 3D (nearly axisymmetri
) experiment.In 
ontrast to vis
osity-dominated low-Reynolds-number impa
t, the dropand interfa
e deform signi�
antly during the evolution. Due to the 
ombi-nation of inertial e�e
ts and surfa
e tension, the drop shape os
illates as itfalls. The initial impa
t between the drop and interfa
e 
auses the drop todeform the interfa
e downwards. The drop elongates in the verti
al dire
-tion (time from impa
t: �t � �ti = 2:9, where time is nondimensionalized as�t = tU=a). In fa
t, the upper surfa
e of the drop falls below the originalposition of the 
at interfa
e, as also shown in Fig. 6(b). The drop then re-bounds and both the drop and interfa
e travel upwards before nearly 
omingto rest. The rebound is an inertial e�e
t. Our 2D results are in qualitativeagreement with the experiment although the numeri
ally predi
ted drop de-30



formations are somewhat larger. This may be due in part to the fa
t thatin 
ontrast to the experiment, in our simulation the initial separation be-tween the drop and interfa
e was not suÆ
iently large for the drop to rea
ha terminal shape. Preliminary axisymmetri
 
al
ulations indi
ate that theBoussinesq approximation does not introdu
e any additional error.In Fig. 6(b), the upper and lower drop surfa
e positions are reportedtogether with the interfa
e position along the midline of approa
h as a fun
-tion of time. The positions are measured relative to the initial position ofthe 
uid interfa
e and time is measured relative to the impa
t time, de�nedas the time at whi
h the lower surfa
e of the drop rea
hes the initial positionof the 
uid interfa
e. The upper drop surfa
e position de
reases below theinitial position of the 
at interfa
e and has two minima indi
ating that theupper surfa
e of the drop has a small os
illation in time. The rebound of thedrop and interfa
e is seen by the fa
t that the positions of the lower dropsurfa
e and interfa
e de
rease to a minimum and in
rease thereafter. Ob-serve that the distan
e between the lower drop surfa
e and interfa
e remainsnearly 
onstant in time after the minimum is a
hieved. The experimentsdemonstrated that after the rebound, the drop may rest on the interfa
efor some time (even on the order of minutes) before 
oales
en
e o

urs [27℄.During the approa
h of the drop towards the interfa
e (time from impa
t�t� �ti < 0), the 2D terminal (impa
t) velo
ity is smaller than in 3D resultingin a delayed impa
t. Interestingly, after shifting the numeri
al results bya dimensionless time �1:1 to a

ount for this delay, the results reported inthe inset of Fig. 6(b) demonstrate that the interfa
e near-
onta
t dynami
sin 2D and 3D are similar. The numeri
al (2D) and experimental (3D) datareported in inset for the interfa
es in near-
onta
t (lower drop interfa
e and
uid interfa
e) virtually overlap during the intera
tion (experimental timefrom impa
t 1:3 < �t � �ti < 2:3). This result perhaps follows from the 
on-sideration that the drop-interfa
e minimum separation o

urs, in 3D, in a
ir
ular axisymmetri
 rim 
entered around the axis of approa
h and 
hara
-terized by a 
ir
umferen
e O(a), the undeformed drop radius, and by a rimthi
kness � a. Thus at this length s
ale the lo
al near-
onta
t geometryand 
ow are well approximated in our 2D simulations, where the minimumseparation o

urs in two in�nitely long, symmetri
 se
tions of the drop and
uid interfa
es of thi
kness � a (e.g., see Fig. 7(
) bottom left, where thethi
kness of the minimum separation region is roughly the size of the box).31



(a)
experiment

experiment experiment

Figure 6: Interfa
e positions during impa
t of a drop onto an interfa
e(a). Solid: 2D simulation; Insets: 
ontours from experiments (3D) in Ref.[27℄. Dimensionless parameters Re = 68, We = 7, Fr = 1, � = 0:33,�drop=�ambient = 1:189. Mesh parameters: h0=a = 2; h1=a is 
ontinuouslyde
reased during the simulation from 0.02 to 0.002. Left to right, top tobottom, times �t � �ti = (t � ti)U=a = -4.7, -2.8, -0.8, 0, 1.2, 2.2, 2.9 (1.8 inexperiment), 3.7 and 4.3 (3.2 in experiment) measured from impa
t time.32
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(b)Figure 6: Time evolution of the upper and lower positions of the drop surfa
eand of the position of the 
uid interfa
e (b). Solid: 2D simulation; symbols:experiment (3D). The 2D terminal (impa
t) velo
ity (labeled) is smaller thanin 3D resulting in a delayed impa
t. Inset: the numeri
al results have beenshifted by a dimensionless time �1:1 demonstrating that the interfa
e near-
onta
t dynami
s in in 2D and 3D are similar.As a test of re�nement, in Fig. 7(a), we plot the minimum distan
e�w = w=a between the drop and interfa
e as a fun
tion of time for severalresolutions 
orresponding to mesh parameters; h1=a = 0:01, 0:015, 0.02 (ea
hheld �xed during the evolution) and for the 
ase shown in 6 where h1=a isvaried from 0:02 to 0:002. The rapid drop o� in the 
urves (a) indi
atesnumeri
ally indu
ed 
oales
en
e due to insuÆ
ient resolution. In 
ontrast,in the simulation where the parameter h1=a is 
ontinuosly re�ned, no 
oales-
en
e is (
orre
tly) predi
ted. De
reasing the parameter h1=a in time duringa simulation allows to resolve the lubri
ation 
ow in the near-
onta
t re-gion. Work is underway, following Ref. [11℄, to in
orporate a gap-dependentlength s
ale into the mesh density fun
tion to more eÆ
iently resolve thenear 
onta
t region.Numeri
al a

ura
y depends 
riti
ally on the resolution of the near-
onta
t33



region. Here, rebound and no 
oales
en
e is 
orre
tly predi
ted from purehydrodynami
s. In Fig. 7(b), the total number of mesh nodes is shownas a fun
tion of time throughout the simulation where h1=a is 
ontinuouslyde
reased from 0:02 to 0:002. The times at whi
h h1=a is de
reased are in-di
ated. The number of mesh points in
reases by a fa
tor > 10 throughoutthe simulation from N � 2:5� 103 at time 0 to N � 3:26� 104 at the �naltime.In Fig. 7(
), the mesh is visualized at time �t = 9:15. The mesh is highlyre�ned near the interfa
e (h1=a = 0:002). Ea
h of the �rst 3 plots in (
) hasa boxed region that is magni�ed in the next �gure (top-to-bottom, left-to-right). The lower right plot 
orresponds to a magni�
ation by a fa
tor h0=h1.Note that the magni�ed triangles near the interfa
e are approximately of thesize and quality as the outer boundary triangles in the upper left �gure
on�rming adaptivity a

ording to Eq. (22) and that the quality of the meshis maintained under re�nement [1℄.
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e. Simulations with lowerresolution (0:02 � h1=a � 0:01) erroneously predi
t 
oales
en
e.35



(
)

-4 -2 0 2 4
-5

-4

-3

-2

-1

0

1

2

3

4

5

-1 -0.5 0 0.5 1
-4

-3.75

-3.5

-3.25

-3

-2.75

-2.5

-2.25

-2

-0.75 -0.7 -0.65 -0.6 -0.55
-3.4

-3.35

-3.3

-3.25

-3.2

-0.655 -0.65 -0.645 -0.64
-3.29

-3.285

-3.28

-3.275

Figure 7: Computational mesh (
) from the simulation shown in Fig. 6 attime �t = 9:15. There are 32601 nodes. Ea
h of the �rst 3 �gures has a boxedregion that is magni�ed in the next �gure (left to right, top to bottom).Note that the minimum drop-interfa
e separation o
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In Fig. 8, the streamlines are shown for the drop impa
t simulationfrom Fig. 6. Initially, two small vorti
es are lo
ated in the drop interiornear the upper surfa
e. As the drop 
ontinues to move downwards, theupper drop surfa
e deforms and be
omes 
on
ave. The vorti
es travel to theleft and right. In addition, a strong wake region forms in the matrix 
uidupstream from the drop. As the drop shape undergoes an os
illation, twoadditional vorti
es form near the drop's upper surfa
e (time �t � �ti = �0:8).Su
h additional vorti
es are present whenever the drop shape undergoes anos
illation (e.g. �t � �ti = 2:2, 2.9 and 3.7) and the resulting 
ow inside thedrop is quite 
omplex. As the drop approa
hes the interfa
e, the wake regionintensi�es and then dissipates on
e the drop begins to rebound. In addition,the vorti
es lo
ated at the drop-edges travel towards the lower drop tip andextend out of the drop a
ross the near 
onta
t region and into the regionbelow the interfa
e (same 
uid as the drop 
uid). Finally, as the drop 
omesnearly to rest on the interfa
e, the vorti
ies near the upper drop surfa
e movetoward the drop 
enter and dissipate. This evolution mat
hes qualitativelythat observed in the experiment [27℄. Vorti
al stru
tures o� the interfa
eare not well resolved by the 
urrent 
hoi
e of length s
ale L� de�ned in Eq.(22) that ensures adequate resolution only near the interfa
e �. Resolutionof the wake region and other vorti
al features (parti
ularly a�e
ting inertialdynami
s) 
an be a
hieved by using a lo
al length s
ale asso
iated withvelo
ity gradients, e.g. Lru � juj=jruj, or L! � juj=j!j where ! = r�u isthe 
ow vorti
ity, in Eq. (23). This is 
urrently under development.
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Figure 8: Flow streamlines for the 2D simulation of drop-interfa
e impa
tshown Fig. 6(a).
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4 Con
lusionsWe have illustrated the performan
e of an implementation of the adaptiveremeshing algorithm developed in Part I [1℄, in �nite-element/level-set sim-ulations of deformable droplet and 
uid-
uid interfa
e intera
tions, breakupand 
oales
en
e in multiphase 
ows with and without inertia. We have 
om-pared our simulation results to experiments and to theoreti
al and sharp-interfa
e (boundary-integral) numeri
al results, demonstrating that the widerange of length s
ales 
hara
terizing the dynami
s are a

urately resolved,while the 
omputational 
ost is found to be 
ompetitive even with respe
t toboundary-integral methods. For the �rst time using an interfa
e-
apturing(level-set) method we su

essfully simulated the inertia driven impa
t andrebound of a liquid droplet from a liquid interfa
e and found agreement withre
ent experimental results. This is made possible by the adaptivity of the
omputational mesh to the small s
ales 
hara
terizing the 
uid motion andlubri
ation pressure asso
iated to 
uid interfa
es in near 
onta
t.In the simulations presented here for simpli
ity we have pres
ribed alength s
ale proportional to the distan
e from the interfa
es, thus using thevalue of the level-set fun
tion to set the lo
al size of the mesh elements. Thisapproa
h is rigorously valid in Stokes 
ow simulations (zero inertia) wherethe 
ow features are 
ompletely determined by the instantaneous boundary.Our simulations with inertia have shown that additional 
ow features maydevelop in this 
ase away from the interfa
es, su
h as vorti
es in the wakepast a sedimenting drop. We are developing a more 
omplete length-s
alefun
tion that a

ounts for this and other e�e
ts (e.g., 
on
entration gradientswhen surfa
tants are present on the interfa
es and in the bulk 
uids). Inparti
ular, a parameter spa
e investigation of the impa
t of a drop onto a
uid interfa
e is underway. We have also applied our adaptive remeshingalgorithm to multiphase 
ow simulations using a 
ombined level-set/volume-of-
uid method [43℄.A
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es.Appendix: Derivation of the weak form for-mulationEinstein summation 
onvention is used. Also, �i = �=�xi. From (2), wehave: ��j(�(�iuj + �jui)) + �ip = fi i = 1; d (25)where fi; i = 1; d is the for
e on the RHS of (2) and d=2,3 is number ofspatial dimensions. Multiply (25) by a smooth fun
tion v, integrate over 
,using the divergen
e theorem, get:Z
 �(�iuj + �jui)�jvi � Z
 p�ivi � Z�
 �(�iuj + �jui)njvi + Z�
 pvini =< fi; vi >(26)By using formula (n � r)u = n � (ru) + (r� u)� n, getnj�juivi = nj�iujvi + ((r� u)� n)ivi: (27)Take v = 0; u = 0 on �
D, and v � n = 0; u � n = 0; and (r� u)� n = 0on �
R, and �
R 
at and parallel to the Cartesian axes. It follows thatnj�iujvi = 0 on �
R and the boundary integrals in (26) vanish. Thus weobtain the weak formulation:Z
 �(�iuj + �jui)�jvi � Z
 p�ivi =< fi; vi > : (28)Referen
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