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Experiments show that waves propagating through the earth’s crust experience
frequency-dependent attenuation. Three regimes have been identified with specific
attenuation properties: the low-, mid-, and high-frequency regimes with attenuation
in general increasing with frequency. This paper shows how the observed behavior can
be explained via theory for waves in random media. It considers multiple scattering
of waves propagating in non-lossy one-dimensional random media with short- and/or
long-range correlations. Using stochastic homogenization theory it is possible to show
that pulse propagation is described by effective fractional damping exponents. The
damping exponents are related to the Hurst parameters of the random media which
are characteristic parameters of the correlation properties of the fluctuations of the
random media. This description is the link in between the random medium prop-
erties and the observed damping behavior. In particular a simple binary medium is
shown to reproduce well the experimental attenuation properties in the low-, mid-,
and high-frequency regimes.

Keywords: acoustic waves, attenuation and dispersion, random media, self-similar
processes

1. Introduction

When a wave propagates through the earth’s crust it is scrambled by scattering
associated with the microstructure. In fact this scrambling may appear as an at-
tenuation of the wave front as energy of the wave front is transformed into small
scale coda waves. This transformation depends on the “roughness” of the medium
fluctuations and it has been characterized as “apparent attenuation”. In compli-
cated sections of the earth’s crust we cannot hope to identify perfectly the medium
parameters at each point, however, by looking at well data outcrops for instance
we may be able to describe the statistics of the microstructure. This is the point of
view taken in this paper, we model the medium as being random and then we ask
the question how can we describe the apparent attenuation. That is we model the
medium fluctuations, the microstructure, as being random, in fact, a realization of
a stochastic process. A main point is that by doing so we describe wave propaga-
tion in a wide class of media, because, as it turns out only the covariance of the
medium fluctuations is important in order to characterize the apparent attenuation
phenomenon. We will here consider wave propagation in the context of a specific
medium model, a piecewise constant medium, but hasten to add that the results
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are general in the sense of characterizing the apparent attenuation phenomenon in
all media whose covariance has similar properties as the ones we discuss below for
our example medium.

Experimental observations show that the attenuation coefficient Q−1 defined
through the transmission coefficient by

|T (ω, z)|2 = exp
(
− |ω|
c0
Q−1(ω)z

)
has a frequency dependence of the form

Q−1(ω) ≈ |ω|α, (1)

where α ∈ (−1, 1) is a parameter that is characteristic of the medium and obtained
through a fitting of measured data. In particular, it is reported for body waves an
exponent α ' 0.4 for very low frequencies < 10−3Hz [22], α ∈ (−0.4, 0) in the range
(10−3, 1)Hz [8, 30], and α ' −1 for higher frequencies > 1Hz [8, 10]. We will return
to this picture in Section 3.7. In this paper we show how such a picture can be
explained in terms of scattering by a multiscale medium with short- and long-range
correlation properties and show that such a medium can produce these types of
behaviors. In particular we propose a simple binary random medium model (i.e.
a medium made of two materials) that can reproduce simultaneously the three
frequency-dependent power laws observed experimentally in the low-, mid- and
high-frequency bands.

2. Acoustic Wave Propagation in One-Dimensional Random Media

2.1. Acoustic Wave Equations

We present here a stochastic model for the acoustic wave equations in the presence
of random fluctuations of the medium with short- or long-range correlations. The
one-dimensional acoustic wave equations are given by

ρ(z)
∂u

∂t
+
∂p

∂z
= 0 , (2)

1

K(z)

∂p

∂t
+
∂u

∂z
= 0 , (3)

where t is the time variable, z the one-dimensional space variable, p is the pressure
field, and u is the velocity field. For simplicity we assume that the density of
the medium ρ is a constant equal to ρ0. The bulk modulus of the medium K is
assumed to be randomly varying in the region z ∈ [0, L] and we consider the weakly
heterogeneous regime [14], in which the fluctuations of the bulk modulus are small
and rapid (compared to the propagation distance):

1

K(z)
=

{ 1
K0

(
1 + ν(z)

)
, z ∈ [0, L] ,

1
K0
, z ∈ (−∞, 0) ∪ (L,∞) ,

(4)

ρ(z) = ρ0 for all z . (5)

The effective impedance and speed of sound are ζ0 =
√
K0ρ0 and c0 =

√
K0/ρ0,

respectively. The random process ν is assumed to be stationary and to have mean
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zero. Its covariance function is denoted by

φ(z) = E[ν(z′)ν(z′ + z)] , (6)

where E stands for the expectation with respect to the distribution of the random
medium. The function φ(z) is bounded, even, and maximal at zero (φ(0) is the
variance of the fluctuations). Its local regularity or smoothness at zero and its
asymptotic behavior at infinity characterize the short- and long-range correlations
of the random medium, as we discuss in the next subsection. As we will see below
the properties of the covariance function are the ones that give the “apparent”
attenuation properties of the scattering due to the microstructure.

2.2. Random Medium Properties

Wave propagation in random media is usually studied when the process ν modeling
the medium fluctuations has mixing properties [14]. Mixing means that the random
values ν(z′ + z) and ν(z′) taken at two points separated by the distance z become
rapidly uncorrelated when z →∞. More precisely we say that the random process
ν is mixing if its covariance function φ(z) decays fast enough at infinity so that it
is integrable: ∫ ∞

0
|φ(z)|dz <∞ . (7)

The mixing property of the medium may be thought of as characterizing the large
scale features of the medium. The local behavior or regularity is also important.
Regarding the local or small-scale behavior it is usually assumed that the covariance
function is Lipschitz continuous, ie, there is a constant K so that for all z

|φ(z + ∆z)− φ(z)| ≤ K|∆z| .

In the case of a piecewise constant medium Lipschitz continuity of the process cor-
responds to that there is at most one jump within a small interval (no accumulation
of jumps). In the context of the random process ν we say here that it is regular
(Lipschitz continuous) if its covariance function satisfies:

φ(z)
|z|�`c' φ(0)

(
1− d1/2

∣∣∣ z
`c

∣∣∣+ o
(∣∣∣ z
`c

∣∣∣)) , (8)

where d1/2 > 0 and `c > 0 is a length.
We remark that if in fact the process ν is stationary and differentiable, so that

we have a smooth random medium, then

φ(z)
|z|�`c' φ(0)

(
1 +O

(∣∣∣ z
`c

∣∣∣2)) . (9)

However, here we shall consider media with jumps and thus non-smooth random
media.

These are the usual assumptions for random media, under which the theory
is well established. The O’Doherty-Anstey theory then describes the propagating
pulse in these regimes. The effective equation for the wave front has been obtained
by several authors [5, 6, 9, 14, 23, 24, 32]. The pulse propagation is characterized
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by a random time shift and a deterministic spreading. The random time shift is de-
scribed in terms of a standard Brownian motion, while the deterministic spreading
is described by a pseudo-differential operator.

Wave propagation in multiscale and rough media, with short- or long-range fluc-
tuations, has recently attracted a lot of attention, as more and more data collected
in real environments confirm that this situation can be encountered in many differ-
ent contexts, such as in geophysics [11, 29] or in laser beam propagation through
the atmosphere [12, 15, 31].

Qualitatively, the long-range correlation property means that the random process
has long memory (in contrast with a mixing process). This means that the corre-
lation degree between the random values ν(z′ + z) and ν(z′) taken at two points
separated by the distance z decays only slowly when z →∞, or equivalently that
the covariance function has a slow decay at infinity. More precisely we say that
the random process ν has the H ′-long-range correlation property if its covariance
function satisfies:

φ(z)
|z|�`c' φ(0)rH′

∣∣∣ z
`c

∣∣∣2H′−2
, (10)

where rH′ > 0 and H ′ ∈ (1/2, 1). The parameter H ′ is sometimes referred to as
the Hurst exponent. Here `c is the critical length scale beyond which the power
law behavior (10) is valid. Note that the covariance function is not integrable since
2H ′ − 2 ∈ (−1, 0), which means that a random process with the H ′-long-range
correlation property is not mixing.

Qualitatively the short-range correlation property means that the random pro-
cess is rough at small scales. This means that the correlation degree between the
random values ν(z′ + z) and ν(z′) taken at two points separated by the distance z
has a sharp decay at zero. It corresponds to the fact that the covariance function
decays faster than an affine function at zero. More precisely we say that the ran-
dom process ν has the H-short-range correlation property if its covariance function
satisfies:

φ(z)
|z|�`c' φ(0)

(
1− dH

∣∣∣ z
`c

∣∣∣2H +O
( |z|
`c

))
, (11)

where dH > 0 and H ∈ (0, 1/2). Here `c is the critical length scale below which the
power law behavior (11) is valid. Additional technical hypotheses on the differen-
tiability of φ are necessary for the mathematical proof (see Appendix B [17]). We
simply mention here that these technical hypotheses are satisfied by the models
presented in the next subsection.

2.3. Binary Random Medium Models with Short- and/or Long-range
Correlation Properties

In this section we present the random processes ν that model the random medium
fluctuations as function of position z ∈ (0, L). Indeed we are interested in char-
acterizing the apparent attenuation and the central quantity that characterizes
this phenomenon is the covariance of this random process, therefore we here dis-
cuss this medium covariance in detail. The random process modeling the medium
fluctuations that we will be considering corresponds to a binary medium which
means that the process ν is stepwise constant and takes values ±σ over intervals
with random lengths. In fact how these lengths are modeled statistically is what
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is important and is what will differentiate the three regimes. We again remind the
reader that we use a specific model for the medium fluctuations to illustrate but
that the results that we will present below are general and valid in fact for all
media that the share the same correlation properties as the ones we are about to
present.

Binary medium with mixing and regular properties. Here we construct
a process corresponding to a binary medium so that the process ν takes values
±σ over intervals with random lengths. We denote by (lj)j≥0 the lengths of these
intervals and by (nj)j≥0 the values taken by the process over each elementary
interval. The process ν(z) is defined by

ν(z) = nNz
where Nz = sup {n ≥ 0, Ln ≤ z} , (12)

with L0 = 0 and Ln+1 = Ln + ln. The random variables nj are independent and
identically distributed (i.i.d.) with the distribution

P(n1 = ±σ) =
1

2
. (13)

The random variables lj are i.i.d. with the exponential distribution whose proba-
bility density function (pdf) is

pl1(z) =
1

`c
exp

(
− z

`c

)
1[0,∞)(z) . (14)

Note that it is very easy to simulate the random variable l1, since −`c lnU has
the pdf (14) if U is uniformly distributed over [0, 1]. The random process ν(z) is a
stationary jump Markov process and its covariance function is

φ(z) = σ2 exp
(
− |z|
`c

)
, (15)

which shows that it is a mixing process. Moreover, the covariance function satisfies

φ(z)
|z|�`c' σ2

(
1− |z|

`c
+ o
( |z|
`c

))
, (16)

which means this is a regular process.

Our interest is now how the medium fluctuations affect and transform the wave
as it propagates. As we discuss in Section 3 this transformation can be described
in terms of the covariance function φ(z). Thus, different media with the same
covariance function would lead to similar transformations of the wave. In particular
the random variables nj describing the medium fluctuation in section j could be a
general zero mean random variable, not necessarily a discrete random variable, and
in this case σ2 in (16) would be the variance of this random variable. We remark
that we actually could have used (continuous) fractional processes, like fractional
Ornstein-Uhlenbeck processes, to create short and long range correlations.

Binary medium with long-range correlation property. The long-range
correlation property for a binary medium corresponds to the existence of intervals
much longer than the average interval length. We again consider the process defined
by Eq. (12) corresponding to a binary medium where the random variables nj are
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i.i.d. with the distribution (13) and the random variables lj are i.i.d. with the
distribution with the Pareto pdf

pl1(z) = (3− 2H ′)
`3−2H′

c

z4−2H′ 1[`c,∞)(z) , (17)

where H ′ ∈ (1/2, 1). Note that the decay of the pdf is of power law form rather than
exponential as in (14), this is sometimes referred to as a “heavy-tailed” distribution.
Note that it is very easy to simulate the random variable l1, since `cU

−1/(3−2H′)

has the pdf (17) if U is uniformly distributed over [0, 1]. The average length of the
random interval is

E[l1] =
3− 2H ′

2− 2H ′
`c , (18)

while the variance of l1 is infinite. A salient aspect of this model is that very long
intervals (i.e. much longer than E[l1]) can be generated, which are responsible for
the infinite variance of the length of the interval and for the long-range correlation
property of the random medium. Moreover, as H ′ increases from 1/2 to 1 we see
that the long range character becomes relatively stronger with the pdf decaying
slower. The process ν is bounded, it has mean zero and variance σ2. Using renewal
theory [13, Eq. (4.6)], the distribution of the process (ν(x+ z))z≥0 converges to a
stationary distribution when x→∞ and the covariance function of ν satisfies

E[ν(x)ν(x+ z)]
x→∞−→ φ(z) = σ2

∫ ∞
z

P(l1 > s)

E[l1]
ds .

The covariance function

φ(z) = σ2
[ 1

3− 2H ′
`2−2H′

c

|z|2−2H′ 1[`c,∞)(|z|) +
(

1− 2− 2H ′

3− 2H ′
|z|
`c

)
1[0,`c)(|z|)

]
, (19)

satisfies the H ′-long-range correlation property (10) for |z| ∈ [`c,∞) with rH′ =
1/(3 − 2H ′). We show a realization of ν in Figure 1 in the top plot for H ′ = .75
and the corresponding covariance function in the bottom plot.

Binary medium with short-range correlation property. The short-range
correlation property for a binary medium corresponds to the accumulation of in-
tervals with lengths much smaller than the average length. We again consider the
process defined by Eq. (12) corresponding to a binary medium where the random
variables nj are i.i.d. with the distribution (13) and the random variables lj are
i.i.d. with the distribution whose pdf is

pl1(z) =
1− 2H

(`i/`c)2H−1 − 1

`1−2H
c

z2−2H
1[`i,`c](z) , (20)

where H ∈ (0, 1/2) and 0 < `i < `c. Here the inner scale `i is introduced in order to
obtain a well-defined and normalized pdf and it will be taken to be much smaller
than `c later on. We introduce the ratio

δ =
`i
`c
, (21)
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Figure 1. Realization of a binary medium with long-range correlation property, top plot. The covariance
function is shown in the bottom plot.

that belongs to (0, 1). Note that it is very easy to simulate the random variable l1,
since `i[1 − (1 − δ1−2H)U ]−1/(1−2H) has the pdf (20) if U is uniformly distributed
over [0, 1]. The average length of the random interval is

E[l1] =
1− 2H

2H

1− δ2H

δ2H−1 − 1
`c , (22)

and its variance is finite. A salient aspect of this model is that it exhibits an accu-
mulation of very small intervals (i.e. much smaller than E[l1]) which corresponds to
very rapid changes in the medium properties. Using renewal theory the distribution
of the process (ν(x + z))z≥0 converges to a stationary distribution when x → ∞
and the covariance function of ν satisfies

E[ν(x)ν(x+ z)]
x→∞−→ φ(z) , (23)

where

φ(z) =
σ2

1− δ2H

(
1− 1

1− 2H

|z|2H

`2Hc
+

2H

1− 2H

|z|
`c

)
1(`i,`c](|z|)

+σ2
(

1− 2H

1− 2H

δ2H − δ
1− δ2H

|z|
`i

)
1[0,`i](|z|) . (24)

If δ � 1 (i.e. `i � `c), then, for `i ≤ |z| ≤ `c, we have

φ(z) ' σ2
(

1− 1

1− 2H

|z|2H

`2Hc
+

2H

1− 2H

|z|
`c

)
, (25)

which satisfies the H-short-range correlation property (11) for |z| ∈ [`i, `c] with
dH = 1/(1− 2H).
We show a realization of ν in Figure 2 in the top plot for H = .25 and the
corresponding covariance function in the bottom plot.
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Figure 2. Realization of a binary medium with short-range correlation property, top plot. The covariance

function is shown in the bottom plot.

Binary medium with short- and long-range correlation properties. We
again consider the process defined by Eq. (12) corresponding to a binary medium
where the random variables nj are i.i.d. with the distribution (13) and the random
variables lj are i.i.d. with the distribution with the pdf

pl1(z) =
(

1− aδ1−2H
) 1− 2H

δ2H−1 − 1

`1−2H
c

z2−2H
1[`i,`c](z)

+aδ1−2H(3− 2H ′)
`3−2H′

c

z4−2H′ 1[`c,∞)(z) , (26)

where H ∈ (0, 1/2), H ′ ∈ (1/2, 1), a ∈ (0, 1), and 0 < `i < `c. The statistical
distribution of the length of the elementary interval is a mixture of the two dis-
tributions introduced above in Equations (17) and (20), which means the pdf is
supported in (`i,∞), it has a power law decay of the form z2H−2 for z ∈ [`i, `c] (with
2H−2 ∈ (−2,−1)) and of the form z2H′−4 for z ∈ [`c,∞) (with 2H ′−4 ∈ (−3,−2)).
The pdf is continuous at `c if we choose a as

1

a
=

3− 2H ′

1− 2H
− 2δ1−2H 1 +H −H ′

1− 2H
, (27)

however this is not required in our analysis, we may choose any number in (0, 1).
The pdf is plotted in Figure 3.

As a result we have both accumulation of very small intervals (much smaller than
the mean E[l1]) and generation of very long intervals (much larger than the mean
E[l1]). Here the mean is

E[l1] =
(

1− aδ1−2H
)1− 2H

2H

1− δ2H

δ2H−1 − 1
`c + aδ1−2H 3− 2H ′

2− 2H ′
`c (28)

`c�`i'
(1− 2H

2H
+ a

3− 2H ′

2− 2H ′

)
δ1−2H`c .
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Figure 3. The pdf of the length of the elementary interval for a binary medium with short- and long-

range properties, with both accumulation of small intervals and existence of large intervals. Here H = 0.25,
H′ = 0.75, `i/`c = 0.0001 and a is chosen as in (27). The figure shows `cpl1 by the solid black line (as

function of z/`c), the corresponding short interval length pdf by the red crosses and the long interval pdf
by the dashed blue line.

The (continuous) covariance function has both H-short-range and H ′-long-range
properties:
- if |z| ≥ `c, then

φ(z) =
σ2`ca

E[l1](2− 2H ′)
δ1−2H `2−2H′

c

|z|2−2H′ (29)

`c�`i' aσ2

(2− 2H ′)
(

1−2H
2H + a3−2H′

2−2H′

) `2−2H′

c

|z|2−2H′ ,

which shows it has the H ′-long-range property in the range |z| ∈ [`c,∞) with

rH′ =
a

(2− 2H ′)
(

1−2H
2H + a3−2H′

2−2H′

) .
- if `i ≤ |z| ≤ `c, then

φ(z) =
σ2`c
E[l1]

δ1−2H
{
a
(3− 2H ′

2− 2H ′
− |z|
`c

)
+

1− aδ1−2H

1− δ1−2H

[ 1

2H

(
1− |z|

2H

`2Hc

)
−
(

1− |z|
`c

)]}
(30)

`c�`i' σ2(
1−2H

2H + a3−2H′

2−2H′

){(a3− 2H ′

2− 2H ′
+

1− 2H

2H

)
+
(
1− a

) |z|
`c
− 1

2H

|z|2H

`2Hc

}
,

which shows it has the H-short-range property in the range |z| ∈ [`i, `c] with

dH =
1

2H
(

1−2H
2H + a3−2H′

2−2H′

) .
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Figure 4. Realization of a binary medium with long- and short-range correlation property, top plot. The
covariance function is shown in the bottom plot.

- if |z| < `i, then

φ(z) =
σ2`c
E[l1]

{
δ
(

1− |z|
`i

)
+ aδ1−2H

(3− 2H ′

2− 2H ′
− δ
)

+δ1−2H 1− aδ1−2H

1− δ1−2H

[ 1

2H

(
1− δ2H

)
−
(
1− δ

)]}
(31)

`c�`i' σ2
{

1− 1(
1−2H

2H + a3−2H′

2−2H′

)
δ1−2H

|z|
`c

}
,

which shows it has the regular property in the range |z| ∈ [0, `i]. We show a real-
ization of ν in Figure 4 in the top plot for H = .25, H ′ = .75 and the corresponding
covariance function in the bottom plot. Note the coexistence of long and accumu-
lation of short intervals.

3. Analysis of the Effective Transmission Coefficient

For the type of random medium fluctuations introduced in the previous section
we want to discuss how this gives rise to an apparent attenuation. We discuss
this in terms of the binary medium we have introduced, but hasten to add that
it is the behavior of the medium covariance function, its decay at infinity and its
singular behavior at the origin that are important, in respectively the low- and high-
frequency regimes. Thus, the results that we present next carries over to general
media with a covariance function having the properties introduced in Section 2.2.

3.1. Apparent Attenuation in Wave Propagation

Let us discuss briefly the notion of apparent attenuation and its parameterization.
The time-harmonic wave equation or Helmholtz equation deriving from the acoustic

10



November 18, 2014 Waves in Random and Complex Media 1410apparent

equations Eq. (4) is

∂2û

∂z2
+

(
ω

c0

)2

(1 + ν(z))û = 0 ,

We now state some fundamental results that characterize the effective wave prop-
agation through a random medium. In a certain parameter regime we can associate
the wave propagation with an effective (time-harmonic) transmission coefficient
that indeed depends on only the covariance function of the medium fluctuations
ν. Note that this transmission coefficient is in fact a random quantity. The pre-
cise sense in which we have convergence to an effective transmission coefficient is
addressed in [14] and here simply state that the transmission coefficient is, up to
a random phase of the form iωτ(z) corresponding to a random time shift, of the
form

T (ω, z) = exp
(
− γc(ω)ω2

8c2
0

z − iγs(ω)ω2

8c2
0

z
)
. (32)

where

γc(ω) = 2

∫ ∞
0

φ(z) cos
(2ωz

c0

)
dz , (33)

γs(ω) = 2

∫ ∞
0

φ(z) sin
(2ωz

c0

)
dz . (34)

The term exp[−iγs(ω)ω2z/(8c2
0)] is a frequency-dependent phase modulation and

γs(ω) is conjugate to γc(ω). This shows that the transmitted wave front when cen-
tered with respect to the random travel time correction propagates in a dispersive
effective medium with the frequency-dependent wavenumber given by

k(ω) =
ω

c0
− γs(ω)ω2

8c2
0

. (35)

Moreover, there is a frequency-dependent attenuation

|ω|
c0
Q−1(ω) =

γc(ω)ω2

4c2
0

, (36)

that is always nonnegative by Bochner’s theorem because γc(ω) is the power spec-
tral density of the fluctuations ν(z) of the random medium. We also introduce the
dispersion function

ω

c0
D(ω) =

γs(ω)ω2

4c2
0

(37)

that is the conjugate of the attenuation factor.
Regarding the parametrization in terms of the “quality factor” Q we remark that

if we consider the damped wave equation, the analogue of the damped harmonic

11
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oscillator with damping ratio Q−1:

∂2û

∂z2
+

(
ω

c0

)
Q−1∂û

∂z
+

(
ω

c0

)2

û = 0 ,

then in the underdamped case we have

|T (ω, z)|2 = exp
(
− ω

c0
Q−1z

)
. (38)

We introduce next a reference and a normalized frequency v by:

ωc =
c0

`c
, v =

|ω|
ωc

,

and find that in normalized coordinates the attenuation factor Q−1
e and dispersion

function De can be written:

Q−1
e (v) = Q−1(vωc) =

v

2

∫ ∞
0

φ(`cu) cos(2vu)du , (39)

De(v) = D(vωc) =
v

2

∫ ∞
0

φ(`cu) sin(2vu)du . (40)

Below we discuss how the attenuation factor is affected by the correlation properties
of the medium fluctuations. We review first the classic cases of mixing and regular
media before we turn our attention to our main cases of interest: media with long
and short correlations.

3.2. Random Media with Mixing Properties

In this subsection we consider the case of a mixing random medium. We assume
that the wavenumber ω/c0 is such that v � 1. This condition means that the
typical wavelength is longer than `c and in this case we find that

Q−1
e (v) =

v

2

∫ ∞
0

φ(`cu)du , De(v) = 0 , v � 1 , (41)

which shows that we have an effective attenuation of the form of Eq. (1) with α = 1
and no effective dispersion. Note that here we considered the low-frequency regime
so that only the integrated medium covariance function is important. In the regime
of relatively high frequencies the behavior of the covariance function at the origin
becomes important and we consider this case next.

3.3. Random Media with Regular Properties

We consider the case of a random medium with the affine decay behavior at zero:

φ(z)
|z|�`c

= φ(0)
(

1− d1/2
|z|
`c

+ o
( |z|
`c

))
, (42)

with d1/2 > 0. The affine decay (42) of the covariance function is typical of a Markov
process, such as the binary medium process in the case in which the lengths of the

12
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intervals have an exponential distribution. This behavior is in fact fairly general.
For instance the affine decay (42) holds for the binary medium process in the case in
which the lengths of the intervals have positive finite expectation. If we assume that
the wavenumber ω/c0 is such that v � 1, which means that the typical wavelength
is smaller than `c, then we have (see Appendix A [17])

γc(ω)ω2

c2
0

=
φ(0)d1/2

2`c
,

γs(ω)ω2

c2
0

=
φ(0)ω

c0
, (43)

so that

Q−1
e (v) =

1

v

φ(0)d1/2

8
, De(v) =

φ(0)

4
, v � 1 ,

which shows that we have an effective attenuation of the form of Eq. (1) with
α = −1 and no effective dispersion.

These two cases (mixing and regular) are the ones observed with standard models
of random media and they have been extensively studied [2, 14]. As we will see
in the next subsections, the picture becomes more interesting when non-mixing or
rough random media are considered.

3.4. Random Media with Long-range Correlation Properties

This is the regime in which the random medium has the H ′-long-range correlation
property, H ′ ∈ (1/2, 1). We first consider the binary medium model described in
(17-19). We find using Eq. (19) and [19, formula 3.761] that

σ−2Q−1
e,l (v) =

v2−2H′

22H′(3− 2H ′)
Γ(2H ′ − 1) cos((H ′ − 1/2)π)

+
v

2(3− 2H ′)

(
sin(2v)

2v
+ (1−H ′)sin2(v)

v2

)
− v

2(3− 2H ′)

∫ 1

0
z2H′−2 cos(2vz)dz , (44)

or equivalently:

σ−2Q−1
e,l (v) =

1−H ′

4(3− 2H ′)

1

v
− 1−H ′

4

1

v

∫ ∞
1

z2H′−4 cos(2vz)dz . (45)

The first form is useful to get an expansion for small v, the second form is useful
to get an expansion for large v.

The effective damping function is shown in Figure 5 for several H ′ values, top
plot. In the figure H ′ = .55, .75, and .95 correspond respectively to the dashed
blue, solid black, and dash-dotted red lines.

13
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The dispersion function can be expressed as

σ−2De,l(v) =
v2−2H′

22H′(3− 2H ′)
Γ(2H ′ − 1) sin((H ′ − 1/2)π)

+
v

2

(
2− 2H ′

3− 2H ′

(
cos(2v)

2v
− sin(2v)

(2v)2

)
+

sin2(v)

v

)
− v

2(3− 2H ′)

∫ 1

0
z2H′−2 sin(2vz)dz , (46)

or equivalently

σ−2De,l(v) =
1

4
− 1−H ′

4v

∫ ∞
1

z2H′−4 sin(2vz)dz . (47)

The effective dispersion function is shown in Figure 6 for several H ′ values, top
plot. In the figure H ′ = .55, .75, and .95 correspond respectively to the dashed
blue, solid black, and dash-dotted red lines.

We remark that when we only consider low frequencies that probe mainly the
tail of the covariance function of the medium we find:

σ−2Q−1
e,l (v) ' v2−2H′ Γ(2H ′ − 1) cos((H ′ − 1/2)π)

22H′(3− 2H ′)
, v � 1 ,

σ−2De,l(v) ' v2−2H′ Γ(2H ′ − 1) sin((H ′ − 1/2)π)

22H′(3− 2H ′)
, v � 1 .

Thus, in this regime the damping exponent α in Eq. (1) is 2 − 2H ′ ∈ (0, 1). We
compute the damping and dispersion exponents:

α(v) =
v∂v

[
Q−1

e (v)
]

Q−1
e (v)

, β(v) =
v∂v [De(v)]

De(v)
, (48)

via a numerical approximation and plot them in Figure 5 and 6 bottom plots. Note
that in the high-frequency regime the wave probes the affine (regular) decay of the
covariance function at the origin corresponding to a damping exponent of −1. This
can be seen from the alternative representations (45) and (47):

σ−2Q−1
e,l (v) ' 1−H ′

4(3− 2H ′)

1

v
, v � 1 ,

σ−2De,l(v) ' 1

4
, v � 1 .

We finally remark on the general long range model in Eq. (10). We have for
1/2 < H ′ < 1 (using [19, formula 3.761]):

Q−1
e,l (v) ' v2−2H′ rH′Γ(2H ′ − 1) cos((H ′ − 1/2)π)

22H′−2
, v � 1

De,l(v) ' v2−2H′ rH′Γ(2H ′ − 1) sin((H ′ − 1/2)π)

22H′−2
, v � 1 .

14
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Figure 5. The normalized damping factor σ−2Q−1
e,l (v), top plot, and the damping exponent α(v), bottom

plot. Here H′ = .55, .75, and .95 correspond respectively to the dashed blue, solid black, and dash-dotted

red lines.
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Figure 6. The normalized dispersion function σ−2De,l(v), top plot, and the dispersion exponent β(v),
bottom plot. Here H′ = .55, .75, and .95 correspond respectively to the dashed blue, solid black, and

dash-dotted red lines.

The binary medium model described in (17-19) is just one particular model with
long-range correlation properties for which the following behavior can be observed.
Wave propagation in a random medium with long-range correlations exhibits
frequency-dependent attenuation that is characterized by a power law of the form
of Eq. (1) with the exponent α = 2− 2H ′ ranging from 0 to 1 in the low-frequency
regime. Moreover, the propagation is associated with a dispersive effect.
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3.5. Random Media with Short-range Correlation Properties

This is the regime in which the random medium possesses the H-short-range corre-
lation property, H ∈ (0, 1/2). We first consider the binary medium model described
in (20-24). We denote δ = `i/`c. From Eq. (24) we find

σ−2Q−1
e,s (v) =

v

2(1− 2H)(1− δ2H)

{
−
∫ 1

δ
z2H cos(2vz)dz +

sin(2v)

2v
−H sin2 v

v2

−δ2H+1 sin(2vδ)

2vδ
+Hδ2H+1 sin2(vδ)

(vδ)2

}
,(49)

or equivalently:

σ−2Q−1
e,s (v) =

H

4(1− δ2H)v

{
−
∫ 1

δ
z2H−2 cos(2vz)dz +

δ2H−1 − 1

1− 2H

}
. (50)

The first form is useful to get an expansion for small v, while the second form is
useful to get an expansion for large v.

For this model we can now differentiate three regimes: (i) v � 1: the low-
frequency regime, (ii) 1 � v � 1/δ: the mid-frequency regime, (iii) the high-
frequency regime v � 1/δ.

Consider first the low-frequency regime, we have

σ−2Q−1
e,s (v) ' v H(1− δ1+2H)

2(1 + 2H)(1− δ2H)
, v � 1 .

Consider next the mid-frequency range, then we can write

σ−2Q−1
e,s (v) ' v−2H Γ(1 + 2H) sin(Hπ)

22+2H(1− 2H)(1− δ2H)
, 1� v � 1/δ . (51)

Consider finally the high-frequency regime, in this case:

σ−2Q−1
e,s (v) ' v−1 H(δ2H−1 − 1)

4(1− 2H)(1− δ2H)
, v � 1/δ .

The effective damping function is shown in Figure 7 for several H values, top
plot. In the figure H = .05, .25, and .45 correspond respectively to the dashed
blue, solid black, and dash-dotted red lines and in all cases δ = 10−4. The bottom
plot shows the corresponding damping exponents α(v). In the figure we can clearly
identify the three regimes.

The effective dispersion function is given by

σ−2De,s(v) =
1

4(1− 2H)(1− δ2H)

{
− 2v

∫ 1

δ
z2H sin(2vz)dz + 2H

(sin(2v)

2v
− 1
)

−
(

cos(2v)− 1
)
− 2Hδ2H

(sin(2vδ)

2vδ
− 1
)
+δ2H

(
cos(2vδ)− 1

)}
,(52)

or equivalently by

σ−2De,s(v) =
1

4
− H

4(1− δ2H)v

∫ 1

δ
z2H−2 sin(2vz)dz . (53)
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Figure 7. The normalized damping factor σ−2Q−1
e,s (v), top plot, and the damping exponent α(v), bottom

plot. Here H = .05, .25, and .45 correspond respectively to the dashed blue, solid black, and dash-dotted
red lines, and in all cases δ = 10−4.
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Figure 8. The normalized dispersion function σ−2De,s(v). Here H = .05, .25, and .45 correspond respec-

tively to the dashed blue, solid black, and dash-dotted red lines, and in all cases δ = 10−4.

In the low-frequency regime, we have

σ−2De,s(v) ' v2 H(1− δ2+2H)

6(1 +H)(1− δ2H)
, v � 1 .

In the mid- and high-frequency ranges, we have

σ−2De,s(v) ' 1

4
, v � 1 .

The effective dispersion function is plotted in Figure 8 for several H values. In the
figure H = .05, .25, and .45 correspond respectively to the dashed blue, solid black,
and dash-dotted red lines, and in all cases δ = 10−4.

The binary medium model described in (20-24) is only one particular model
amongst the media who possess the short-range correlation property. It is shown
in Appendix B [17] that the power law scaling for the attenuation is valid for
general covariance functions of the form in Eq. (11) with 0 < H < 1/2 satisfying
certain regularity properties in the high-frequency regime v = |ω|`c/c0 � 1: As

17
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shown in Appendix B [17] we have for the general model Eq. (11)

σ−2Q−1
e (v) ' v−2H dHΓ(1 + 2H) sin(πH)

22H
, v � 1 , (54)

σ−2De(v) ' v−2H dHΓ(1 + 2H) cos(πH)

22H
, v � 1 , (55)

corresponding to Eq. (51) with here σ2 = φ(0). The above shows that wave propa-
gation in random media with short-range correlation properties exhibits frequency-
dependent attenuation that is characterized by a power law of the form of Eq. (1)
with the exponent α = −2H ranging from −1 to 0 in the high-frequency range.

3.6. Random Media with Short-Range and Long-Range Properties

Let us consider a medium with both short-range and long-range correlation prop-
erties, such as the binary medium addressed in Subsection 2.3. In this case we
can distinguish three frequency bands for which the exponent of the power-law
frequency-dependent attenuation takes values α ∈ (0, 1) for the low-frequency band
(or large wavelengths beyond the outer scale `c), α ∈ (−1, 0) for the mid-frequency
band (or wavelengths within the inertial range between `i and `c), and α = −1 for
the high-frequency band (or wavelengths below the inner scale `i):
- For relatively low frequencies such that v � 1, the H ′-long-range correlation
property gives an exponent α = 2− 2H ′ ∈ (0, 1).
- For relatively high frequencies such that 1� v � 1/δ, the H-short-range corre-
lation property gives an exponent α = −2H ∈ (−1, 0).
- For very high frequencies such that v � 1/δ, the regular property gives an expo-
nent α = −1.

Consider the particular case of the binary medium described in (26-32). We can
write the resulting damping function as:

σ−2Q−1
e,ls(v) = σ−2

{
(1 + C)−1Q−1

e,l (v) + (1 + C−1)−1Q−1
e,s (v)

}
,

for

C = C(a, δ,H,H ′) =
(1− 2H)(2− 2H ′)(1− aδ1−2H)(1− δ2H)

a2H(3− 2H ′)(1− δ1−2H)
,

which is an order one mixing factor. For instance, if a is given by (27) and δ � 1,
then C = (1 − H ′)/H. Note that Q−1

e,l (1)/Q−1
e,s (1) is an order one factor and we

have indeed that the damping exponent is: α = 2 − 2H ′ for v � 1; α = −2H for
1� v � 1/δ, and α = −1 for v � 1/δ. More exactly, if δ �1, we have:

σ−2Q−1
e,ls(v) ≈



v2−2H′ Γ(2H ′ − 1) cos((H ′ − 1/2)π)

22H′(3− 2H ′)(1 + C)
, v � 1 ,

v−2H Γ(1 + 2H) sin(Hπ)

22+2H(1− 2H)(1 + C−1)
, 1� v � 1/δ ,

v−1 Hδ2H−1

4(1− 2H)(1 + C−1)
, v � 1/δ .

(56)

We show Q−1
e,ls in Figure 9 for (H,H ′) being (.05, .55), (.25, .75), and (.45, .95)

by the dashed blue, solid black, and dash-dotted red lines respectively, moreover
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Figure 9. The normalized damping factor σ−2Q−1
e,ls(v), top plot, and the damping exponent α(v), bottom

plot. Here (H,H′) are (.05, .55), (.25, .75), and (.45, .95) for respectively the dashed blue, solid black, and
dash-dotted red lines, and in all cases δ = 10−4.

δ = 10−4. In the figure we can clearly identify the three frequency regimes separated
by “transition zones”.

3.7. Observed Damping Exponents

Summarizing the above we see that our modeling naturally leads to three regimes
of propagation: high-, mid- and low- frequency ranges with associated damping
factors and characteristic frequency exponent scaling for these. We stress that
here we have considered apparent attenuation only. In real media, to what extent
observed attenuation is intrinsic or apparent is in many cases still an open question.

In [28] the authors discuss propagation in the mantle and motivate there the use
of a one-dimensional model for the microstructure. As mentioned, they quote an
exponent about α ≈ .4 for very low frequencies below .001 Hz, corresponding to
long range dependence and H ′ = .8. Moreover, a mid frequency range of .001-1 Hz
with α ranging from -.4 to 0 depending on the type of wave mode, corresponding
to 0 < H < .2. Finally, somewhere above 1 Hz they report a corner past which the
exponent is close to -1. This picture is consistent with the quantitative results seen
in Figure 9.

In [25] some typical values for the damping exponent for sound propagation in sea
water and air are quoted, corresponding to α ≈ 1 for low frequencies, α ≈ −.5 for
medium frequencies, and α ≈ −1 for high frequencies, which in turn is consistent
with the picture in Figure 7 and H = .25, see [1, 3].

An important motivation for studying frequency-dependent attenuation is to
understand attenuation in human tissue. In [4] such attenuation is discussed in
the context of photoacoustic tomography, moreover, it is discussed how one can
correct for it to enhance medical imaging technology. The authors report a damping
exponent in the range .31 to .36 in fat tissue just under the skin. Moreover, in [21]
a damping exponent close to 0 was measured in the context of different types of
organ tissue and it was hypothesized that the differentiation of damping exponent
with tissue type could be used for classification.

19



November 18, 2014 Waves in Random and Complex Media 1410apparent

Finally let us mention that the multiscale and turbulent atmosphere corresponds
to H = 1/3 (Kolmogorov’s scaling law) in the internal range, the scale range
delineated by the inner out outer scales. In this case the low-frequency regime is
referred to as the scales beyond the “outer scale”, the mid-frequency regime as
the “inertial range” and the high-frequency regime as the scales below the “inner
scale”. Atmospheric turbulence data was analyzed in [27] giving an estimate of
H ≈ 1/3 in an inertial range, an inertial range that actually may vary somewhat
with location.

We stress that the theoretical results quoted above were derived in a layered or
one-dimensional medium, however, some aspects of this theory carry over to 3D
wave propagation [16] and more details on this will be reported elsewhere.

4. Conclusion

In this paper we have shown that wave propagation is a randomly scattering
medium can lead to effective properties that exhibit power-law frequency depen-
dence of the attenuation coefficient with an exponent in the range (−1, 1).

(i) In a random medium with a covariance function that decays for |z| larger than
`c as |z|2H′−2, H ′ ∈ (1/2, 1), the attenuation has a power law frequency-dependence
of the form Q−1(ω) ≈ ωα with α = 2 − 2H ′ ∈ (0, 1) for low frequencies (smaller
than c0/`c).

(ii) In a random medium with a covariance function that behaves like 1−dH |z|2H ,
H ∈ (0, 1/2), in an interval |z| ∈ (`i, `c), then the attenuation has a power law
frequency-dependence of the form Q−1(ω) ≈ ωα with α = −2H ∈ (−1, 0) for mid
frequencies (in the range (c0/`c, c0/`i)).

(iii) In a random medium with a covariance function that decays like 1− d1/2|z|
for |z| smaller than `i, then the attenuation has a power law frequency-dependence
of the form Q−1(ω) ≈ ωα with α = −1 for high frequencies (larger than c0/`i).

A random medium can possess the multiscale behavior (i-ii-iii) as for instance the
simple binary medium described in Subsection 2.3, which gives different exponents
for different frequency bands, and one can naturally get the same power depen-
dences of the frequency-dependent attenuation as in the experimental observations.
The fact that simple medium models reproduce accurately the complex frequency
behavior of the apparent attenuation observed for seismic waves propagating in
the mantle can be interpreted in favor of the hypothesis that the observed seismic
attenuation comes from multiple scattering [28].

In all cases a special frequency-dependent phase is associated to the frequency-
dependent attenuation and it ensures that causality and Kramers-Kronig relations
are respected. Effective fractional wave equations can be written that have the
form of equations studied in the literature in the context of wave propagation in
lossy media [7, 17, 20, 33].
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