SOUND PROPAGATION IN A WEAKLY TURBULENT FLOW IN A
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Abstract. We analyze sound propagation in a waveguide filled with a random medium modeled
by small amplitude spatial and temporal fluctuations of the mass density and wave speed. The time
dependence of the medium is due to a weakly turbulent flow. The analysis is based on a wave equation
satisfied by the acoustic pressure, obtained by linearization of the fluid dynamic equations about the
flow. The acoustic pressure is decomposed into modes, which are propagating and evanescent time-
harmonic waves with amplitudes that are random fields. These amplitudes model the randomization
of the sound wave due to cumulative scattering over a long distance of propagation in the random
medium. We obtain a detailed statistical characterization of the mode amplitudes and use the results
to solve two inverse problems: The first problem estimates the mean flow velocity from measurements
of the acoustic pressure at one end of the waveguide. The second problem seeks to determine, from
the same measurements, if the flow is laminar or if there is a region of turbulent flow.
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1. Introduction. We study sound propagation in a waveguide filled with a ran-
dom medium that depends on time due to a flow with velocity v(¢, x) that fluctuates
about the mean (v(x)). The medium is modeled by the time ¢ and location x depen-
dent mass density p(t,x) and sound speed c¢(t,x), which are random perturbations
of the constant values p, and ¢,. The sound wave is generated by a source F'(t,x)
located at the origin of range, denoted by the coordinate z along the axis of the waveg-
uide, as illustrated in Fig. 1.1. The goal of the paper is to analyze the wave at long
range, where cumulative scattering in the random medium is significant, and then use
the results for estimating the flow. Specifically, given measurements of the acoustic
pressure p(t,x) at a remote, stationary array of receivers, we study the estimation of
the mean flow and the detection and localization of a region of turbulent flow.

The classical theory of guided waves is for ideal waveguides filled with homoge-
neous or range independent media, and with straight and parallel reflecting boundaries
[8], where the wave equation can be solved with separation of variables. The acoustic
pressure field in such waveguides is a superposition of modes, which are time-harmonic
propagating and evanescent waves that do not interact with each other. Their am-
plitudes are constant, determined by the source excitation. In waveguides filled with
random media and/or with randomly fluctuating boundaries, the field p(¢, ) can still
be decomposed into propagating and evanescent modes, but these are coupled. Their
amplitudes are random fields which describe mathematically the effect of scattering in
the random waveguide. The mode coupling theory is developed in [2, 10, 13, 14, 15, 19]
for waveguides filled with time-independent random media, and in [3, 4, 5, 7, 16] for
waveguides with random boundaries. In this paper we extend the theory to waveg-
uides filled with time-dependent random media.

Time-dependent random waveguides arise in studies of sound propagation in the
ocean, where the motion is due to currents, synoptic eddies, tides and internal waves
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Fic. 1.1. Illustration of the setup. A stationary source emits a wave in the range direction z,
in a waveguide filled with a moving random medium. The direction of the mean flow velocity (v(x))
s along the range azxis z. The system of coordinates is x = (z, z), with cross-range z € (0, X).

[24, Section 1.3]. Typical relative sound speed fluctuation in the ocean are of the order
of 10731072 and |v|/c, is of the order of 1073. These are small variations, but they
have a significant cumulative effect over a long range of propagation [11, 17, 18]. The
estimation of oceanic flows using Doppler sonars is studied for example in [20, 27].
Other applications of waveguides with weakly turbulent flows are: investigations of
structural fatigue of flow duct systems in oil and gas industries [25], multi-phase flow
in pipes [29], monitoring drinking water quality in water distribution systems [1, 26],
sound transmission through ventilation ducts [22], sound propagation through human
airways for medical diagnosis [12], and design of musical instruments [9, 30].

In this paper we analyze, from first principles, sound propagation in a weakly
turbulent flow in a two-dimensional waveguide W = {& = (z,2) € (0,X) x R},
with diameter X. The restriction to two dimensions simplifies the analysis, but the
results can be extended to three-dimensional waveguides. In waveguides with bounded
cross-section (i.e., pipes), the extension may introduce mode degeneracy, meaning that
multiple modes may share the same phase velocity. This degeneracy can be taken into
account, using a similar analysis to that presented here, as illustrated for example in
[2] for time-independent waveguides. In waveguides with unbounded cross-section,
the guided modes are two-dimensional waves that propagate in the plane parallel
to the boundary, as shown in [4] when the medium is stationary. The recent study
[6] of wave propagation in moving random media would be relevant to understand
their behavior and address this situation. The inverse problems we have in mind are,
however, related to pipes and that is why we focus our attention on this case.

Our analysis of the acoustic pressure p(t, ) begins with the wave equation derived
in [24, Chapter 2] via linearization of the equations of fluid dynamics about the flow
with velocity v(¢,«). This has small random fluctuations about the mean (v(x)),
with amplitude quantified by the dimensionless parameter ¢ satisfying 0 < ¢ < 1.
These fluctuations induce small and statistically correlated random fluctuations of
the mass density and sound speed, with e-dependent amplitude. To analyze p(t, x),
we decompose it into propagating and evanescent modes with random amplitudes that
satisfy a coupled system of stochastic differential equations driven by the fluctuations
in the random medium. Then, we use stochastic asymptotic analysis to characterize
the statistics of the mode amplitudes in the limit ¢ — 0. We study in particular the
first two moments and show how to use them for estimating the mean flow velocity
and locating a region of turbulent flow.

The paper is organized as follows: We begin in section 2 with the wave equation
and model of the medium. Then we state in section 3 the results of the analysis of
sound propagation in the random waveguide. Their derivation is in section 5. The
inverse problems are in studied in section 4. We end with a summary in section 6.



2. Mathematical Model. The wave equation for the acoustic pressure p is [24,
Eq. (2.84)]
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where 9, is the partial derivative in ¢, V is the gradient in @ and Dy = 0;+v(t, @) - Vg
is the material (Lagrangian) derivative. The system of coordinates is @ = (x1, x9) with
cross-range r1 = z € (0, X) and range x2 = z € R, and v = (v1, v2).

Equation (2.1) is derived in [24, Chapter 2] from the linearization of the equations
of fluid dynamics about a flow, followed by simplifications based on the assumption
that |v| < ¢, and the time variations of the flow are slow with respect to the period
of oscillation of the sound wave generated by the source F'. The variable density p,
sound speed ¢ and velocity v model the random medium and the flow. They satisfy
the conservation of mass equation [24, Eq. (2.14)]

Dilnp(t,x) + Vg -v(t,x) =0, teR, zeW, (2.2)
and the relation [24, Eq. (2.19)]

0?P(t,x)
2 o )
Dict(t,x) = <8p2(t, 2) >0Dtp(t,w), teR, zeW, (2.3)

where P is the reference pressure and the index 0 means that the derivative is evalu-
ated in the reference state.

The analysis in [24] that establishes (2.1) is carried out in the whole space R3.
Here we consider flow in the waveguide W (model of a pipe) that is filled with a
random heterogeneous fluid, and has sound hard walls,

Oup(t,x) =0, teR, x€oW, (2.4)
where OW = {0, X} x R. The flow velocity satisfies the no-slip condition
v(t,x) =0, teR, €W, (2.5)
and the normal derivatives of the density and sound speed vanish at the walls,
Ozp(t,x) =0, Oypc(t, ) = 0, teR, x€oWw. (2.6)

The source F' is compactly supported in space and time, and prior to the excitation
there is no sound wave, so we have the initial condition

p(t,z) =0, t<0, zTeW. (2.7)

The no-slip condition (2.5) is typical for flow in pipes, and it arises either because
of fluid viscosity or because of rough walls [28]. In the first case, one should add
a viscous stress term in the equation of conservation of momentum in [24, Chapter
2] and note that if the viscosity is not too large, then it can be neglected in the
linearized equations that lead to model (2.3). In the second case, there is no viscosity,
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but (2.5) is an effective boundary condition due to the interaction of the fluid with
small amplitude irregularities (corrugation) of the walls. For simplicity, in this paper
we take flat walls, which means mathematically that we are in a scaling regime where
the corrugation has small effect on the sound wave. However, the analysis can be
extended to a corrugated boundary, using the techniques introduced in [3, 4, 16] for
waveguides with random boundaries.

The motivation of our analysis comes from sound propagation in flows of heteroge-
neous fluids in pipes, which may become turbulent. As mentioned in the introduction,
this is relevant for instance in the context of flow of water or oil and gas pipes [26, 1],
and it motivates one of the inverse problems considered in section 4, which seeks to
detect and localize a region of turbulent flow from measurements of the sound wave
made at a remote location in the pipe.

2.1. Model of ideal flow. The unperturbed (ideal) flow is laminar, steady and
uniform i.e., range-independent. The medium has constant density p, and sound
speed c,, and the flow velocity is of the form

v(t,x) = (v(x)) = eVme(z)e,, (2.8)

where e, is the unit vector pointing in the range direction.

Note that (2.8) is independent of range and it is divergence free, consistent with
(2.2). The transverse profile of v is modeled by the dimensionless function m,(x),
which is typically a parabola that vanishes at € {0, X} and reaches its maximum
value 1 at * = X/2 [23, Chapter 8]. The dimensionless parameter ¢ used in the
asymptotic analysis is defined so that |v|/c, ~ ¢ < 1, and V ~ ¢, is a normalized
velocity scale. The symbol “~” denotes throughout equal, up to an O(1) factor.

2.2. Model of the random flow. We consider small deviations from the ideal
flow, where the mass density p and sound speed c¢ are modeled by

p(t,x) = p,exp {\/Eup (5t, x, sz)}, c 2t x) =c;? [1 + Ve (st, T, z, 52)}, (2.9)
and the flow velocity v has mean (v) that varies slowly in range,
v(t,x) =€V [m(x, ez)e, + Ve (et x, 2, EZ):|7 (v(x)) =eVm(z,e2)e.. (2.10)

Here p,, p. and p,, are zero-mean, statistically correlated random processes. We
assume that their relative amplitude is of the order /e, because this is the scaling
that produces a non-trivial interaction between the sound wave and the flow through
equation (2.1). We will see that these small perturbations generate corrective terms in
the wave propagation that become of order one after a propagation distance of order
Ao/€, where )\, is the central wavelength defined in the next section. We allow for a
slow evolution of the flow at this long range scale, hence the dependence in T = et
and Z = ez for the random processes.

The processes p,(T,z,2,72), pe(T,x,2,2), and (T, x, z, Z) are assumed statis-
tically stationary in 7" and z. This means that the random fluctuations in (2.9-2.10)
are locally stationary in range. Along the z-axis, the length scale of the fluctuations
is of the order of A\, and the length scale of non-stationarity is of the order of A,/e.
This is captured by the Z-dependence of the random processes. The flow varies on the
time scale of order T, /e, where T, is the acoustic period defined in the next section,
whereas the time scale of non-stationarity is larger than T, /e. Since the travel time to
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a range of order \, /e is of order T, /e, we do not model these non-stationary temporal
variations.

We also assume that p,(T,x,2,2), p.(T,x, 2, 2Z) and p, (T, x, z, Z) are twice dif-
ferentiable, with bounded derivatives almost surely, and have ergodic properties in
z. We refer to appendix A for more details, which show that the model (2.9-2.10) is
compatible with equations (2.2-2.3).

2.3. Model of the source. The source F in (2.1) is located at the origin of
range. We model it as

F(t,z) = e‘““tf(it 2)3(2)e-, (2.11)
Ty

where w, is the central frequency that defines the central wavelength A\, = 27 /k,,
and k, = w,/¢, is the central wavenumber. The acoustic period is T, = 27 /w,. The
function f(-, ) in (2.11) is the envelope of the oscillatory signal emitted by the source
from the coordinate x in its cross-range support. The envelope varies slowly in time
on the time scale T /e that is of the order of the travel time of the waves to the range
of order \,/e, where Ty ~ T,.

3. Statistics of the sound wave. The analysis in section 5 shows that if the
correlation functions

Ree(r, 2,2, (, Z) = Epe(1, 2, ¢, Z)pe(0,27,0, Z)] (3.1)
RPP(T’xvxl’C7 Z)= E[MP(T z,(, )NP(Oax ,0,2)], (3.2)
Rep(r, 2,2 ,¢, Z) = Epe(7,2,¢, Z)p,p(0,2°,0, Z)] (3.3)
Rpe(T,2,2',¢, Z) = E [p,(1,2,(, Z)pe(0, 27,0, Z)] (3.4)

are smooth enough in the range offset ¢, the acoustic pressure p at positive long range
z = Z/e and commensurate time t = T'/¢ is given by

p( ) Z ¢j(z)exp [ M} 75 (T, Z). (3.5)
The terms in this sum are defined by
(T, Z) = [ ) ‘QZ: (W, Z)e T, 7w, Z) = %ei”ﬂ z (3.6)
and
65(2) = 1/ _X(Sjo cos (ﬂj{i) j>0, (3.7)

where J;¢ is the Kronecker delta symbol and

= |
gi=y- (%), =g IO N =X (3

with |-| denoting the integer part.
The expression (3.5) is a superposition of N 4 1 time-harmonic plane waves with
frequency w, + ew and wave vectors

T .
Kf:(iy,ﬁﬂrwﬂ;)a J=0,...,N. (3.9)
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They define the propagating modes 75(T, Z) exp [i(8;Z — w,T')/e], which are one-
dimensional forward-going waves with wavenumber §; and group speed 1/ 6; The
amplitudes a5 of these waves are random fields, which model the long-range cumulative
effect of scattering in the random waveguide.

We show in section 5.3.2 that in the limit ¢ — 0, the mode amplitudes can be
characterized by a Markov process {a;(w, Z)}wer,0<j<n, as follows: For any Schwartz
test function P(w), we have

/ duo Bw)as (w, Z7) =29 / dwd(W)a; @, Z),  j=0,...,N,  (3.10)

where the limit is in distribution. The approximation in (3.5) is in this weak limit,
meaning that

c es0 [Cdw o, caj(w,Z) 87—
o1 s (1.2) S %www(ﬂ_)e (32-1) (3.11)
. j

in distribution, for j = 0,..., N and for any Schwartz test function @, with inverse
Fourier transform ¢. The symbol x; denotes convolution in T'.

One can calculate all the statistical moments of the limit mode amplitudes using
the infinitesimal generator of the Markov process {a;(w, Z) }uer,0<;j< N given in section
5.3.2. Here we describe the first two moments, which are used to solve the inverse
problems in section 4.

3.1. Coherent wave. The expectation of the pressure field, called “the coherent
wave”, is obtained from (3.5) and (3.11) using the mean mode amplitudes

Ela;(w, 2)] = aj,(w) exp { — i®;(Z) +/0 az'(0,(2') + 9,2} (312)

These differ from the amplitudes a;, in the ideal waveguide, without flow,

T N o ) X
aj.0(w) = % LhiwTy),  FiwTy) = L ds e™T7° /0 du f(s,2)¢;(), (3.13)

by the exponential in (3.12). The first term in the exponent is the phase

V Z
%,(2)= - [ azw,(2). (3.14)
due to the mean flow, where
X X
dx dx
M. (Z :6~0k0/ —m(x,Z)+ (1 -9 k:o/ —m(x,Z
13(2) =dsoko | S mle 2)+ (1= 80){ko [ mz,2)
2 /N2 [N dx omjx
Jr[kofk—()(y)} ; ym(x,Z)cos( e )} (3.15)
The other two terms are due to the random medium,
Ny oo
0,(2) =— / d¢ e!P=Pee, 51(0,¢, Z), 3.16
]( ) ;4@5]‘ o ¢ ]717]71( ¢ ) ( )
1 X
\I]](Z) :ﬁ/ qu[)?(x)(@im, - ag)RPP(O7xax/7<7Z) |I’:w,C:0
i Jo
o0 1 o'e)
—Bil¢] OCo 1 s
+ Y g | dee S eos(,0¢,000.0.2). (317



They are defined by the correlation function R,, and by
Cj,l,j,l(Ty Ca Z) =EK |:Fj,l(07 Oa Z)Fj,l(T7 C? Z) ) (318)
the correlation function of the random process
X 1
Li(r,¢2)= / dz ¢;(x)di(x) [k:g,uC(T, x,(, Z) + iA(x,Qup(T,x, ¢, 2), (3.19)
0

which is stationary in 7 and ¢. Here A, ¢) = 0% + 8? is the Laplacian operator.
REMARK 3.1. Equation (3.12) and definition (3.16) give that

zZ N 1 o N
’E[aj(w,Z)H = |aj7o(w)’exp l_/o dz ;Wﬁlﬂj/—mdij7l’j7l(w’6l - 65,2,

where by Bochner’s theorem,

Cinjulw, B — Bj, Z) = / dr eW/ d¢ ' Pr=BCc; s 1(1,¢,Z) > 0. (3.20)
Thus, the mean amplitudes decay with Z at a mode-dependent rate. This decay models
the randomization (loss of coherence) of the wave.

REMARK 3.2. Fquations (3.12-3.15) show that the mean flow affects only the
phases (3.14) of the mean mode amplitudes. As shown in Appendix A, the random
fluctuations p, and p. are affected by the mean flow (see Egs. (A.1-A.2)), but the
statistical quantities C;; are independent of the mean flow.

REMARK 3.3. It seems that the evanescent component of p has been neglected in
(3.5). Howewer, this component plays a role because scattering in the random medium
couples the propagating and evanescent modes. This coupling is taken into account in
the analysis in section 5 and its net effect is in the second term of the phase (3.17).

REMARK 3.4. Only the fluctuations u. and p, of the wave speed and density
enter the expressions of the effective coefficients (3.16-3.17). The analysis in section
5 shows that the terms in the wave equation that involve the velocity fluctuations pi,
vanish in the limit € — 0. Nevertheless, incorporating these fluctuations is important
for the consistency of the modeling, as explained in Appendiz A.

3.2. Transport of energy. Consider the analogue of (3.6), for the limit ampli-
tudes

dw ; N (W, Z) .5
ﬂ'j(T,Z)z/ —wﬂj(w,Z)eﬂ“’T, Wj(w,Z):Me“"ﬁjZ. (3.21)

oo 2T \/E

This is the " propagating mode in the weak limit ¢ — 0 described in (3.11), corre-
sponding to the superposition of the plane waves with wave vectors (3.9). The energy
density of these waves is defined by the mode-dependent mean Wigner transform

o T T ;
W‘(wﬂ}Z):B‘/ dTE|mj(7+ =, Z)mi (17— =, Z) | T
; b | ATl (s 5 2)n (e - 5.2)
< dw w w iw(BZ—T)
= —ooﬁ]E aj(w+§,Z)aj(w—57Z) e\ , (3.22)
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where the bar denotes throughout complex conjugate.
The mean Wigner transform satisfies the following system of transport equations

N

1 *° N
0 Or VA dw' Cp (W', B — B, Z
( A +ﬂ ) ((U T, ) ;0 SWﬁjﬁl [ w l,],lJ(w 76] /Blﬂ )
X [Wi(w—w',7,2) - Wj(w,T,Z)], (3.23)
at Z > 0, with initial condition
* dw w W\ _jwr
Wi(w,7,0) = W; o(w,T) = 7005 aj.0 (w + 5)(1“, (w — 5)6 , (3.24)
for j = 0,...,N. The integral kernel in these equations determines the energy ex-
change among the modes. It satisfies
Z 87Tﬂjﬂl / dw’ Cl,j,l,j(W/aﬁj - B, Z) = —Re [@j(Z)], (3.25)

where the right-hand side is the range scale of decay of the mean mode amplitudes
(3.12). By definitions (3.18-3.19) and (3.20), we also have the symmetry relations

é\l,j,l,j(waﬁj B, Z) = jljl(w B — Bj. Z),

which imply from (3.22) that

azz/ dw/ dr W;(w,7,7) = aZ/ deEUaJwZ” 0. (3.26)

7=0

This shows that the mean energy stored in the propagating modes is conserved in the
limit € — 0.

4. Inverse problems. We now use the theory summarized in section 3 to es-
timate the flow from measurements of the pressure at an array of receivers at range
za = Z /e and cross-range in the interval (array aperture) A C (0, X'). The receivers
should record for time t > O(T,/¢), to capture the arrival of at least some modes. To
simplify the mathematical expressions, we take an infinite time recording window.

4.1. Estimation of mean flow. The mean flow velocity (v) does not affect the
transport of energy in the waveguide, but it appears in the phase (3.14) of the mode
amplitudes (3.12) of the coherent wave.

To estimate this phase from the array measurements, calculate

Pj(z) =/Adrf¢j(ff)p(§rc,zj), (4.1)

€

and obtain from (3.5) that

() Z leXp{M}WlE(T>ZA)a (4.2)
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where we introduced the (N + 1) x (N + 1) coupling matrix C** with entries

cih = [ desy@ata) (43)

When the array has full aperture, this matrix equals the identity. We allow for a
smaller aperture, of length |A| < X, but suppose that |A|/X is not too small, so that
C# is invertible [31]. Then, we obtain from (4.1), with P = (Py, ..., Py)7, that

[(cf‘)*r(%)]j ~ exp [ M]w;ﬁ(:ﬁ, Z.4). (4.4)

We are interested in the coherent part of (4.4), which can be approximated in
the weak limit € — 0 as explained in section 3.1. Inverting the exponential in (4.4),
smoothing by convolution with a Schwartz test function ¢, using (3.11), taking ex-
pectation and substituting the mean amplitudes (3.12), we get

exp [ - i iZa )] /7 OodT’w(T’)e*W’EH(C*‘)*PL;T/))u (4.5)

~ ;/O;dT'ga(T’)fj <T‘TT;BJZA> exp { — i;(Z.) + /OZAdZ [0,(2) +iw,(2)]}

where f; is the inverse Fourier transform of fj defined in (3.13).

This equation holds for any test function, so we can choose ¢(T') to be negligible
outside an interval [—T,,T,] C [Ty, Ty], with T, < Ty. Then, the right-hand side
of (4.5) peaks at T' = ﬁ;ZA or, in unscaled variables, at time t = t; = B}zA. We can
interpret it as the source signal arriving at travel time ¢;, damped and with an extra
phase due to the mean flow and random medium. If the effect of the random medium
is not too strong, meaning that the last term in the exponential in (4.5) is small, the
approximation holds even without expectation, so we can estimate ®;(Z4).

REMARK 4.1. The statistical stability of the estimate of ®;(Z4) can be enhanced
by considering several well separated pulses and averaging the results.

We infer from definitions (3.15) and (3.14) that |®,;(Z4)| ~ koZAV/c, and defi-
nitions (3.16-3.17) and (3.18-3.19) give that

1 > a o
102 ~ A= J/N Z (l/N)z‘/o AP RC1040(0,6,2)

k202N 1 & 3o20X

1
VI—(/N3EN Z « I—W/NE  JI-G/NP?

and similar for ¥;(Z). Here we used (3.8) and introduced the standard deviation o,
and the correlation length ¢ in the range direction of the random fluctuations of the
sound speed and density, which gives the order of magnitude of the { integral in the
first line. We also used that k, ~ 1/X. These estimates show that ®; dominates the
other terms in the exponential in the right hand side of (4.5) if

o v k202X
Z_A ‘ > ‘/ “V‘Z‘I/ (Z)}’ le,lf ? > ﬁ. (46)
o - U
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array of receivers

0 L L+AL Za 7

Fia. 4.1. Illustration of the setup for localizing a region of turbulent flow in the scaled range
interval Z € (L, L + AL), using measurements at an array of receivers at scaled range Z 4.

The bound in this equation grows with j, showing that it is difficult to estimate ®; for
the higher-order modes, whose mean amplitudes are strongly damped at z4 = Z4/¢.
Assuming that (4.6) holds for j < J < N, we now explain how to extract infor-
mation about the mean flow from {®;(Z4)}o<;<s. Since the functions (3.5) form an
L%([0, X]) basis {¢;(x)};>0, let us expand the mean velocity profile in this basis

m(z,Z) = ij(Z)qu(x). (4.7)

Definitions (3.14-3.15) show that from ®; we can determine the following range-
integrated, even-indexed coefficients in this expansion,

Za

Za X
A7 may (Z) = / iz / do bo;(2)m(, Z),  0<j<J/2.  (48)
0 0 0

This is not enough information to reconstruct m(x, Z), but it can determine whether
the mean flow is laminar, with the parabolic profile myam, (z) = 42/ X (1 — z/X) [23,
Chapter 8], or there are range variations of the mean flow velocity.

REMARK 4.2. The phases {®;(Za)}o<;<y can be estimated only modulo 2w. The
modulo 21 ambiguity can be avoided at low frequency, where

D;(Za) ~ koZaV]co < 2m,  j=0,...,J. (4.9)

Having a low frequency is also beneficial in (4.6).

REMARK 4.3. If condition (4.9) does not hold, but m varies from the laminar
profile Myam in a small range interval AL, then it is feasible to detect this variation

from the phases if k,LALV/c, < 2.

4.2. Localization of a region of turbulent flow. We describe here how to use
the transport theory summarized in section 3.2 for detecting and localizing a region
of turbulent flow in the interval Z € (L, L+ AL) on the left side of the receiver array,
as illustrated in figure 4.1. We begin with the explicit expression of the mean Wigner
transform and then show how to use it for the inverse problem.

4.2.1. Mean Wigner transform. The flow is ideal at Z ¢ (L, L + AL), so we
can write

Wj(w, 7, Z4) = Wj(w, 7 = Bj(Za — L — AL), L+ AL), j=0,...,N, (4.10)

where the right-hand side is the mean Wigner transform at scaled range L + AL. It
satisfies equation (3.23) at Z € (L, L + AL), with initial condition defined in (3.24),

Wj(w,7,L) = Wjo(w, 7 — L),  j=0,...,N. (4.11)
10



Using Fourier transforms to deal with the convolution in w and the 7 derivative in
(3.23), we obtain that

o0 oo N
Wj(w, 7, L+ AL) = / dw’/ dr’ Z Sii(w, TYW(w—w',7—7",L), (4.12)
—oo =0

with coupling matrix S = (5;1)o<;,i1<n defined by
1 o0 . o0 .
S(w,T) = —/ dt e“"t/ dwe ™" S(L+ AL;jt,w). (4.13)
Here & is the state-transition matrix of the linear system
026 (Z;t,w) =Y (Z;t,w)S(Z;t,w, L), Z > L,
S(Lit,w) = Inyq,

parametrized by ¢ and w, where In11 is the (N + 1) x (N + 1) the identity matrix
and X = (Y, 1)o<j,i<n is the matrix with entries

(Tt = (s , , 1 = L emWtE o
Y,(Z;t,w) = (zwﬁj + 2Re[®J(Z)])6ﬂ + ) /_Oodwe Cjiji(w,B; — B, Z).

The expression of the mean Wigner transform is obtained by substituting (4.11-
4.12) in (4.10)

(o] o0 N
Wi(w, 7, ZA) :/ dw’/ dT/ZS‘,l(OJ/,T/)
—0 —o00 -0
X Wiolw—w',7=7"=BL—Bj(Za—L—-AL)), j=0,....,N. (4.14)

We cannot write it more explicitly, because the state-transition matrix does not have
a closed-form expression. However, for a thin turbulent layer, with AL satisfying

L+AL
sup / dZ | X (Z;t, w2 < m,
L

t,weR

the matrix & has the Magnus expansion [21]
S(Z:itw) = A dZ{T(Z;t,w)+fI{‘+AL dz’ [T(Z;t,w),r(z’;t,w)} +...}, (4.15)

where [, ] is the matrix commutator. Furthermore, since Y (Z;t,w) is continuously
differentiable in Z, we can approximate & by keeping only the first term in the
expansion if AL is sufficiently small.

4.2.2. Estimation of the Wigner transform. We cannot obtain the mean
Wigner transform (4.14) directly from the array data because its expression involves
the weak limit ¢ — 0 and the expectation. Here we explain how to estimate it from
the j™* mode 75(T, Z.4) calculated as in (4.4).

Equations (3.11) and (3.21) give that for any Schwartz test function ¢(T"), which
we assume supported at |T| < Ty, we have

o(T) % 75(T, Z.a) =3 o(T) 57 m;(T, Z.a). (4.16)
11



Denote by 7° the convolution of 75 and ¢, the left-hand side in (4.16), and similarly,
by 7rf the convolution of the limit 7; and ¢. Then,

oo

€ € T € T w
W (w,T,ZA):Bj/OOdTﬂf’ (T+§,ZA)7T;P’ (T*E,Z_A)e T (4.17)

tends in the limit € — 0, in distribution, to

o T T .
W (W, T, Z4) = ﬁj/oodwa(T + 5,2,4)%3-0 (T - g,ZA)e“"T

= th((‘% T) *r Wj("W T, Z.A)7 (418)
where
® — - ) T
W (w,T) = /dew(T+ 2)@(7 2)6 (4.19)

is the Wigner transform of ¢ and

oo

Wi(w, T, Z4) = ﬁj/oodTWj (7‘ + %, ZA)ﬂ'j (T — %, ZA)GMT. (4.20)

The expectation of (4.20) is the mean Wigner transform (3.22), and equations
(4.14) and (4.17) give the following estimate of its convolution with (4.19),

o0 o0 N
]E[Wj%s (w’ Ty ZA)] sz (wa T, ZA) = W@(w’ T) *r / du’ / dr’ Z Sj7l(w/’ T/)
X VVl,O(w—w/,T—T/—ﬁl’L—ﬁ;(ZA—L—AL)). (4.21)

4.2.3. Inversion. Suppose that the source excites only the 5" mode, and obtain
from definitions (3.13) and (3.24) that

B,*d,,* 0 T+T/2 ﬁiw
Wio(w,m) = Wi, o(w, 7)dy, = =72 / dej*( / )fj*< / )e B

Ty Ty
(4.22)
Then, the expression (4.21) becomes
W{(w,T,Z4) =W *(w,7) *T/ dw’/ dr'S; ;. (W', ")
X Wj, o(w—w',7 =7 = T;(L) + B;AL), (4.23)

where we introduced the travel times 7;(L) = 3} L + ;(Z4 — L), for j =0,..., N.

Note from (4.22) that W;, ,(w, ) peaks at 7 = 0 and is supported at |7]| < T}.
Since the support of ¢(7') is at |T'| < Ty, its Wigner transform (4.19) is supported at
|7| < Ty. Therefore, the expression in (4.23) peaks at 7 ~ T;(L) — B;AL + O(T%s),
where T is the support in 7 of the coupling matrix (4.13). Assuming that the layer
of turbulence is thin, so that AL < Z4 — L, we have

BIAL < B L+ Bi(Za— L) = Ty(L). (4.24)
12



Equations (4.13-4.15) also imply that Tg is small when AL is small so the peak
of (4.23) is at 7 ~ T;(L). Then, we can determine the range L by solving the
minimization problem

Nt 0o o 2
L= argmin Y / duw / ar W (w,m, Za)|*[1 _ e () 73], (425)
LSE(O,ZA) =0 j;ﬁj' —00 —00

REMARK 4.4. The turbulent flow causes transfer of energy from the initially
excited 7t mode to the other modes. Therefore, its presence can be detected by calcu-
lating (4.17) from the array measurements. If this is large for j # ji, then a region

of turbulent flow exists in the wavequide.

REMARK 4.5. We described the estimation of L based on the expression (4.21).
In practice we can only compute #;7°, not its expectation. Thus, W7 in (4.25) is
replaced by the random V/f’a. This can still be modeled by an expression of the form
(4.23), with random coupling matriz S¢(w, 7). As long as assumption (4.24) holds,
the coupling gives a negligible travel time correction, so the minimizer is L~L.

5. Analysis of sound propagation. Here we derive the results stated in sec-
tion 3. We begin in section 5.1 with the scaling. The mode decomposition is in section
5.2 and the analysis of the mode amplitudes is in section 5.3.

5.1. Long range scaling. We are interested in the propagation of the sound
wave at long range z of order A, /e and therefore for travel times of order T, /e. Thus,
we introduce the scaled range and time

Z =¢ez, T =c¢t, (5.1)

where Z ~ A\, and T' ~ T,. We also define the field
T Z

p(*,l’, 7)7 (52)
€ €

which differs from the acoustic pressure p by a factor 1+ O(+/e). Substituting in (2.1)
and multiplying by p,, we obtain

Z
pE(T,JZ,Z) = exp l_ %up(Tvxa ;7Z>

or (éag — Az ) (T,2,2)

€ =

M0<T3x7 %7 Z)
¢

1 Z
+ \/<g 8% - iA(’I‘7%)MP(T)x7 23Z>8% pE(T,$7Z)

2Vm(z, Z) 1 Z 2 R
S| T TR0z + 2V 0um(r, 2)0,0z + Ve 2o (T2 2.2) [ 02 |p*(T2, 2)
wox (T
+h.ot. = e%wo(s’(Z)e—Mozf(—, ac) [1 + O(ﬁ)} ; (5.3)
Ty

where “h.o.t.” stands for higher-order terms that involve the same derivatives of p®
as in (5.3), but with coefficients that are* O(ey/€). These terms have no contribution

*Note that the velocity fluctuations p, appear only in these negligible terms. Nevertheless,
because the processes pu, and p. are statistically correlated to . they play a role in the limit e — 0.
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in the limit € — 0, so we neglect them henceforth. The correction factor 1 + O(4/¢)
in the right-hand side is also negligible as ¢ — 0, so we neglect it, as well.

Equation (5.3) holds for T' € R and (z, Z) € W* with W° = (0, X) x R. At the
boundary OW® = {0, X} x R we obtain from (2.4), (2.6) and (5.2) that

8,p°(T,z,2) =0, TEeR, (z,7)cIN-. (5.4)
The initial condition (2.7) gives
p*(T,z,Z) =0, T<0, (z,72)e W (5.5)

5.2. Wave decomposition. We now decompose p® over frequencies and modes
with random amplitudes that account for the long-range scattering effects.

5.2.1. Decomposition over frequencies. The decomposition over frequencies
is given by the Fourier transform

5wz, 2) = / AT 2T pe (7 o 7). (5.6)
with inverse
*d wo -
p*(T,z,7Z) :/ §6_1(7+“’)Tp5(w,a:,Z). (5.7)

Taking the Fourier transform in (5.3), multiplying through by —i/(w, + ew) and
neglecting the higher-order terms we obtain

[kz(wo +ew) + A(z’;)]ﬁe(w, 2, 7)

+\/5/]R

2V

d

wl
2

~ ~ Z N Z
ps(w’,x,Z) Q(w—w’,x,—,Z)—\/gq(w—w’,x,—,Z)
3 S

+e€

[kom(:c, )9z — kiaxm(x, Z)aﬂag} pe(w,z, Z)

(e}

=20/ (Z) T f(wTy, @),  (x,2) € WE. (5.8)

Here we introduced the wavenumber k(w, +cw) = (w,+ew)/c,, satistying k(w,) = ko,
and the convolution kernel is defined by

~ 7 o ) A 1 Z
Q(w,x,;,Z) :/ dTeMT [kgHC(T7x,E,Z) +§A(m7%)ﬂp(T,$,;,Z) y (59)
A 1 [ . VA 2
Zj(w,x, ;,Z) - Z/ dTeZWT’V(m7%)ILLp (T,x, ;,Z)‘ : (5.10)
The boundary condition (5.4) gives
0P (w,z,Z) =0, (x,Z) € OW*, (5.11)

and p*€ is bounded and outgoing as |Z| — oo. This radiation condition assumes that
the random fluctuations are supported at finite Z. While the fluctuations may extend
everywhere in the waveguide, we can restrict mathematically their support to finite
7, before taking the Fourier transform, because the causality of the wave equation
and the finite speed of propagation imply that p® observed at T' < Ti,ax is not affected
by the medium at |Z| > Zmax := ||¢|loo Tmax-

14



5.2.2. Mode decomposition. The time-harmonic wave p€ can be decomposed
further in the orthonormal L?([0, X]) basis {¢;(x)};>0 of the eigenfunctions (3.7) of
the Sturm-Liouville operator k?(w, +cw) + 02, acting on functions of z € (0, X), with
zero derivative at & € {0, X }. The corresponding eigenvalues are

2 TJ\? .
Aj =k (w, + ew) — (f) , j>0. (5.12)
The decomposition is

oo

(w,z, Z) Z (W, Z)p;(x (5.13)

7=0

where p5 (w, Z) are one-dimensional time harmonic waves, the modes in the waveguide.
Substituting (5.13) in (5.8) and taking the inner product with ¢;(z), we obtain

k? (wo + ew) — (%) +62 ps(w, Z)
+f/ ZA”’ 2)|Pjafw - o 52) Ve (- gz)
22,/ZM“ )02 Pf (w, Z) = 26 (2)Ty f(wTy), >0, (5.14)

=0

where E is defined in (3.13) and

X
M;(2) = /0 da [kom(x,Z)qSl(x)fkioﬁrm(z,Z)q&f(x)}gﬁj(x), (5.15)

fjJ(w, g,Z) = /OX dx@(w,x, g, Z)qu(x)qﬁl(x), (5.16)
ﬁj’l<w, g,Z) = /OX dxq(w x, )qu( Yoi(x), j,1>0. (5.17)

5.2.3. Propagating modes. The eigenvalues (5.12) are positive for mode in-
dexes j < N(w,+ew) = |k(wo+ew)X /7], where we recall that |-| denotes the integer
part. The corresponding modes ]’)\js (w, Z) are propagating waves, with wavenumbers

Bj(wo + ew) = \/kQ(wo +ew) — (%)2, J=0,...,N(w, + ew). (5.18)

We assume henceforth that N(w, + ew) = N(w,) and By (w, + ew) > 0 for all the
frequencies w in the support of the spectrum of the source. We also simplify the
notation by dropping the w, + sw argument of N.
The propagating modes are a superposition of left- and right-going waves,
I 1 _ z
Pi(w,2) = ———[aS(w, 2)ei (o HeN E | e (w, Z)e Pilwete 2] (5.10)
J Bj (wo +€OJ)[ J }

8%}3\;(&), Z) =i /Bj(wo +ew) [a;(w7Z)eiﬁj(w°+Ew)§ _ b;(w,Z)e_iﬂj(w°+EW)g]v (5.20)
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with amplitudes a5(w, Z) and b5(w, Z) satisfying!
82&?(&), Z)eiﬁj(woJraw)% + azbz(w’ Z)efiﬁj(wo+€w)% =0, j=0,...,N. (5.21)

We are interested in the wave at Z > 0, where the right-going modes propagate
forward (away from the source), so we call a5(w, Z) the forward-going amplitudes and
b5(w, Z) the backward-going amplitudes.

Substituting (5.19-5.20) in (5.14) and using (5.21), we obtain for Z # 0

. N e g T -
dw Jal(w W

0705 (w, Z) == / e

205, \[; 2 V/ Bib;

+ ble (w’, Z)efi(lglﬁ*ﬁj)%*i(w'ﬁl’+wﬁ.;)zj|

z’ Z) 3 . 1t ’
[af (W, Z)e!Pr=Fs) 2 +ilw'Bi—wp)Z

. T, ( W Z Z)
v /Oo i @a(w/7z)e—iﬁj%—iw5],‘Z

€ sN T 2m V5
. N ood /ﬁjl(w—w’,g,Z>
5 / S i (W, Z)e I B
2 —o0 2T BiB; 7
=07~ J

+ b;: (w’, Z)eii(ﬂl*Fﬁj)%7i(w'51’+w5})z:|

—w, g,Z)
_ 1 Z / dw/ ’Y]l € ]/)\ls(w/) Z)e_iﬁj%_iWB;Z
2 I>NY > \% Bj

N
Co J

—bg(w, Z)e —i(B148;) £ —iw(B{+87)Z

M;,
v — N S0, b (w, Z)e T E T L hot, (5.22)

CO I>N \/>

and
azbj((d, Z) = —Bzaj(w, Z)eQiBf%‘*‘QWB;'Z +h.o.t. (5.23)

Here we used the notation (3.8) and “h.o.t.” denotes as before higher-order terms
that are negligible as ¢ — 0.

Equations (5.22-5.23) show that the propagating mode amplitudes are coupled
with each other and the evanescent modes via the matrices (5.16-5.15) defined by the
random fluctuations. They are complemented with the boundary conditions?*

BTy ~
aj(w, Z=0")= a;o(w) = 2j fi(wTy), (5.24)
V(0,7 = Zmax) =0, j=0,...,N. (5.25)

TThe decomposition (5.19-5.20) is essentially the method of variation of parameters for solving
a second-order inhomogeneous differential equation.

tFor the wave at Z < 0 we have the analogue of (5.24-5.25), where b5 (w, Z =07) is determined
by the source and a$(w, Z = —Zmax) = 0.
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Note that the right-hand side in (5.24) equals the amplitude of the ;" propagating
mode in the ideal waveguide, this incoming condition follows since the random fluc-
tuations have an effect on the mode only for positive range. Condition (5.25) ensures
that the wave is outgoing at Z > Z,,.x, where we recall that Z .« is the range at
which we truncate mathematically the support of the random fluctuations.

5.2.4. Evanescent modes. The modes indexed by j > N are evanescent waves,
corresponding to the negative eigenvalues (5.12), which define the decay rates

Bj(wo + ew) = \/(7;)2 — k2 (wo + ew), j>N. (5.26)

These modes can be expressed in terms of the propagating ones, as we now explain.
With G5(w, Z) = exp [ — Bj(wo + £w) 1211 /128, (w, + ew)], the Green’s function in

2 e €
0 (w, Z) = _5(7), ] 7) —
[a — B (w —|—€w)]G](w ) : ‘Zl/lergmc: (w,Z) =0,
we transform equations (5.14) for j > N into the following system of integral equations
0 o=B5ldl
(1= vez™)p] 2= & |
] —00 26]
x Z/ (W', Z + Q)T (w —w 2y Z) +hot.  (5.27)
€

Here we used the notation (3.8) and introduced the vector p* = (pf (w, Z))w ZERISN

with infinitely many components given by the evanescent modes. The symbol [-];
means taking the j*" component, I is the identity and .Z°¥ is the linear integral
operator acting on square summable sequences of continuous functions of Z, given by

[‘gev?]j(w’z):/ 6224' Z/ 7pl w,z+gg)fj,l(w—w’,§+g,z).

— 00

This operator is of the same form as in [10, Section 20.2.3] and it is bounded. There-
fore, we can express the evanescent modes in terms of the propagating ones, by in-
verting (5.27) using Neumann series,

N S 6 —B; <] —~ , 7
Ff(w, Z) = \/5/ / —pl W, 7+ 0T, (w —w, 2+ Z) +hot.

Recalling the decomposition (5.19) of the propagating modes and observing that due
to the decaying exponential in the ¢ integral only |¢| = O(1) contributes, we can write
this expression as

I e BN 1 [ dw o , Z
pj(W,Z)Z\@/RdCQﬁ_gm/oo%rj,z<w—w7g+©z)

J
% {a?(w/’ Z)ei,@z%+i,@14+iw/5l’z + b(l—:(w/’ Z)e—iﬁz%—iﬁzc—iw/ﬂl’Z] +h.o.t. (528)
for j > N, because by (5.22-5.23) we have
aj (W', Z +¢eC) =aj (W, Z) + O(Ve), l=0,...,N,

and similar for b} (w’, Z + ().
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5.3. Asymptotic analysis of the mode amplitudes. The substitution of
(5.28) in (5.22-5.23) gives a closed system of 2(IN + 1) equations for the propagating
mode amplitudes. In the limit € — 0, this system can be simplified further under
the assumption that the correlation functions (3.1-3.4) are smooth enough in ¢. This
leads to the forward scattering approximation described in section 5.3.1. The ¢ — 0
limit of the mode amplitudes under this approximation is obtained in section 5.3.2.

5.3.1. Forward scattering approximation. In the limit ¢ — 0, the backward-
going mode amplitudes {b5(w, Z)}o<;j<n are coupled to {a5(w, Z)}o<j<n via terms
that are proportional to the power spectral densities [10, Section 20.2.6)

~

o 0
Raa’(w7xaml7"€7z) = / dT/ dC eiWT_iKCRaoz’ (T,$,$/7C7Z)7 (529)
-0 o

evaluated at k = 8; + B;r, for j, 7’ =0,...,N and o, &’ € {p,c}. When the support
in k of Ry is smaller than 25y, this coupling is negligible. Since {b§ (w, Z)}o<j<n
satisfy the homogeneous boundary condition (5.25) at Z = Zyax, we can set

b(w,Z)~0, Z>0, j=0,...,N. (5.30)

The forward-going amplitudes are coupled in the limit ¢ — 0, as shown in the
next section, and they satisfy the initial value problem

a1 7z 7 7
€ _ = = A
oya (w,Z)—/_OC—27T [ﬁﬂ(w,w, =3 6,Z)+h(w,w, =3 6,Z)

at Z > 0, with initial condition a®(w,Z = 0") = a,(w). Here a®(w, Z) is the N + 1
vector field with components a5(w, ), and the components of a,(w) are the initial
mode amplitudes a; ,(w) defined in (5.24). Moreover, the (N 4 1) x (N + 1) coupling
matrices H and h have the entries

a‘(w',Z) (5.31)

Hj(w,o C,62Z) = ! Ti(w — o, ¢, 2)elBrpne+i' s—ws)) 2, (5.32)
2./B;i B
7 . 27V VB
h',l(wawlvé-?ng): _77',1(("}_(‘)/)(72)_ 5((*)_(*)/) MI(Z)
! [ 2\/B;B Co VB

dw/// ds e_BT‘ |+1/315I\ ( /—wII,C,Z)

) 1
sl
4T>ZNBT ﬂjﬂl —
X T, C + 5, 2) |/ OPNSHWRmm)Z - (5.83)

for 4,1 =0,...,N. The last term in (5.33) is due to the evanescent modes.
Note that definitions (5.9-5.10), (5.16-5.17) and (5.32-5.33) imply that

HT(‘*)/>W7C7§7Z) = _H(w7w/7C7§7Z)7 hT(W/7w7<a£7Z) 7& _h(wuwl7<7§7 Z)7

where { stands for conjugate transpose. Thus, energy is not conserved at finite €,

> d dw dw' zZ 7
8Z\/ ﬁ |a5(w,Z // e E 7Z)T [hT(Wlac‘J?*a*vZ)—‘f—
2m € €

o o 271'
!/ Z 3 /
+h(w,w,;,;,2)}a (w7Z)7é07
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due to the flow and the interaction with the evanescent waves. However, only the
diagonal part of the second-order coupling matrix h contributes in the limit ¢ — 0
(see the next section and appendix B) and it satisfies

diag 1 (&',0,¢, €, 2) + B(w, ', (,€, )| =0.

This gives the conservation of energy of the propagating modes in the limit ¢ — 0.

We also note that the effective coupling coefficients of the forward-going mode
amplitudes (see appendix B) depend on the parameters Ro,o (w,, 2, k, Z) defined
by (5.29) and evaluated at k = 3; — B/, for 4,5/ = 0,...,N and a,o’ € {p,c}.
Some of these coupling parameters (in particular, those for which |j — j| = 1) can
be significant and that is why there is coupling between forward-going modes in the
forward scattering approximation.

5.3.2. Markovian limit. Definitions (5.9), (5.16) and (5.32) give that
]E|:H(w’w/7g’€7 Z)} = 07 vw7w, E R’ VC’§7Z 6 R+7 (5'34)
and € — 0 in (5.31) corresponds to a diffusion limit. Specifically, we have that

Ag(Z):(aE(w,Z)) Ei‘QA(Z):(a(w,Z)) : (5.35)

weR weR

where the convergence is in distribution in C°([0, Zmax], D’). The limit A(Z) is an
inhomogeneous Markov process with infinitesimal generator £ defined in appendix
B, following the method described in [6, Appendix A]. With this generator we can
compute all the statistical moments of the limit mode amplitudes. Here we explain
how to obtain the first two moments, which are stated in section 3 and are used to
solve the inverse problems in section 4.

To calculate the mean mode amplitudes, let @;(w) be smooth functions of w for
j=0,...,N and define the test functions f;,

oo

oA D) = [ dwpia). A= (0), .y (5.36)

— 00
Using the expression (B.2) of Lz we find

LabolAA) = [ dwpiw)a;w)

—0o0

0;(2) +1¥,(2) - L a(2)|,

with M;;, ©, and ¥, defined in (3.15-3.17). The expectation (3.12) of the limit mode
amplitudes follows from this expression and Kolmogorov’s equation.

The expression of the Wigner transform (3.22) involves the second moments
Elaj(w, Z)a;(w’, Z)] of the amplitudes. These are obtained by applying the gener-
ator (B.2) to test functions of the form

fuo ) = [[ " dodd po )y wpm(e),
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6. Summary. We introduced an analysis of sound propagation in a waveguide
filled with a random medium that depends on time due to a weakly turbulent flow at
speed v(t, ). The medium is modeled by random fluctuations of the mass density and
sound speed, which are statistically correlated to the fluctuations of v(¢, ). The anal-
ysis is based on the wave equation satisfied by the pressure p(¢, ), obtained from the
linearization of the fluid dynamics equations about the flow. It involves the decompo-
sition of p(t, ) in propagating and evanescent modes, which are time-harmonic waves
with random amplitudes that model scattering in the random medium. These ampli-
tudes are described in a forward scattering regime, using the diffusion-approximation
theory. We showed how to use their first two statistical moments to estimate the flow
from measurements of p(¢, ) at an array of receivers.
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Appendix A. Compatibility of the weakly turbulent flow model. We
explain in this appendix that the model (2.9-2.10) of the weakly turbulent flow is
compatible with the basic equations (2.2-2.3).

By substitution of the ansétze (2.9-2.10) in (2.2-2.3) and by collecting the leading-
order terms in € we get the equations

VVe po(T,x, Z) + (5T + Vm(x, Z)@Z)up(T, x,7) =0,

2p
(0r + Vm(z, 2)0.) pe(T, z, Z) + Po (8

2 872)0(% +Vm(z, 2)0:) (T, ®, Z) = 0,

for x = (x,2), where Vg = (0., 0.). This shows that the processes p,, j. are of the
form

,LLP(T,:B,Z) :VP(T,‘%,Z*VTH(Z,Z)T, Z)a (Al)
(T, Z) =v.(T,x, 2 — Vm(x, Z)T, Z). A.2)

~—

Moreover, p, can be written as
to(T, 2, Z) =V v (T, 2 — Vin(x, Z)T, Z) + Vi by (T, 2, 2 — V(z, Z)T, Z),

where Vi = (—0.,0,)T. The real-valued Vy, Ve, Uy in these expressions satisfy

VAT, x,2,2) + 0rv,(T, 2,2, Z) = 0, (A.3)
po (O?P
Orv(T,22) + 5 (a—/ﬂ)OaTVP(T, w2, 7) =0, (A.4)
and the boundary conditions
Oup(T, 2, 2) = Opve(T, , Z) = Opv (T, 2, Z) = 0, x e oW. (A.5)

We now show that there exist particular solutions to these equations.
Let us fix Z and introduce the Fourier transform of v,,

o) oo 0
Up(w,z,K,2) = / dT/ dzvy(T,z, 2, Z)eT—r% = Z/V\p’j(w,li, Z)p;(x),
— 00 —00 ]:O
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where we used the basis {¢;(x)},;>0 to ensure that (A.5) holds, and introduced the
independent processes ¥, ; with mean zero and covariance functions

E[D,;(w. 5, 2)5p (&' K, Z)] = 618w — )3 — &) By j(w, 5, Z).

The power spectral densities ﬁm are assumed to decay fast at infinity, as functions

of w and k. Moreover, ﬁp,j are bounded by C(w)x?* for  close to zero, with C(w)
decaying fast at infinity.

Consider v, = 0. Then, we can find v, and v, stationary in 7" and z that are
compatible with equations (A.3-A.4):

~ S, _ d>*P

Ve(w,x,5,2) = Zl/qj(w,li,Z)qu(l’), Uej(w, K, Z) = (8/} ) U, (w, kK, Z),
=0

A N A w

Vv(wvxaﬂa Z) = jgoyv,j(wvﬁa Z)(rb](x)a Vv,j(wah:,Z) = 7W”ﬁ,j(waﬂa Z)

These are not the only possible solutions. This is why we consider the general form
(2.9-2.10) of the fluctuations, with the random processes p,, p,, and p. that are
correlated (with an arbitrary correlation), and stationary in 7" and z.

Appendix B. Generator of the limit Markov process. The limit ¢ — 0 is
obtained as described in [6, Appendix A]. Here we give the expression of the generator.

For any A = ( j(w))] 0. N.wer> A0V smooth function @ : R™™ — R and any

vector of integers d = (dl)"+m in {0,..., N}"*™ define the test function
Jo%e) %) n+m n+m
fap(A,A) :/ / (Wi, s Wt Hadl wy) H Ta, (W) H dwy.
- -0 l=n+1
Its variational derivatives are, for j =0,..., N,
(5f n+m n+m
d,
ot v Z/ / P(wiy -y Wigm) o, —o H ag, (wr) Hadl wy) H dwy,

reJ; I=1,l#r l=n+1 I=1,l#r

5fd n n+m n+md
5, (w0 Z/ / P(wr, - - ,wn+m)|wT:wHadl(wl) H ag, (wi) H Wi,

EJ’ =1 l=n+1,l#r 1=1,l#r

where J; ={l=1,...,n,dy=j}and J; ={l=n+1,...,n+m,d; = j}.
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The generator is the operator Lz acting on these functions, defined by

N
Lzfa,(AA) = d( Zolgnooz—o/ ds /// dw' dw)dwy dws Z
7,0,r,q=0
< L{E[W(w' w1, 0,8, 2V gy (hy s, €, C + 8, 2)] 088 (001 ()
47_[_2 ] 1 y YUy 9y q,T 29 I’ 1) 5al(w/1)5aq(w/2) 7
62fd,Lp

+E[H; j(wy,wi,0,s, Z)Hgr(wy,ws, ¢, ¢ + s, Z)]maj(wl)ar(WQ)
1)0aq

6% fa, B
Sty @ D (2)

52fd’“0 (w)ar(w
)]m%( 1)ar( 2)}

N

+/ dCZOh_IgOZ—O/ ds/// dw dw dw’ Zl:o
Jra;l=

1
4 A2

E[Hlj(wlvwlvo s5,72) qr(w27w2»C ¢+s, Z)]

JrE[Hl,j(w/l?wlvOasa Z)Hq,r(wé,w%CaC +s5,2

- 5fa
(B[ @ w1,0,8, 20 H (4, ¢ ¢+ 5, 2)] J(w*",)aj(wl)
©

fa,
+E[Hl,j(w/17wlvoasa Z)Hq,l(wlvwlla<7c+sv Z)} 5aq(w/)aj(w1)}
+ lim —/ ds// dwy duw} {Er w,wi, 0,5, Z)] 0fae @;(w1)
2000 Z, ! s 0 @\FLH L Sag(wh)
+ E[hg; (W, w1,0,5,2)] Ofa a-(wl)}. (B.1)
S I S )

Using definitions (5.32-5.33) in (B.1), and for A as in (5.36), we obtain after long but
elementary calculations that

Lyfae(AA) = /// h dw dwhdwy dws i\f:
e 4il7,q=0
X {ﬁj,l,r,q(w/hwéawlaw%Z)maj(wl)aT(WQ)
+ 10,1, (W1, W, w1, W, )W%(M)%(M)
+”j,l,v-,q(wivwévwhw%Z)m%(wl)ar(wz)

~ % fq
. Lol T Jdy
+77j,l,r7q(w1,w2,w1,w2, )6(11(001)5&(1( 2)03((&)1)@7«(0}2)}

0fde _
+// dwldwl Z {qu w17w17Z)Wd;:;)aj(wl)
— q

3,q=0 1

+0’jq(w£7w17z) 5@5?;)?)6]'((«01)}, (BQ)
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with tensor-valued integral kernels defined in terms of

X
Citra(T.C. Z) = / /0 dwda’ ¢ (x) ey () {kgRCC(T, z,2',¢, Z)
k.2
2
+ i(@? + 35)(8? + 2N Rpp(T, 2,2, C, Z)} (B.3)

2
+ (8g + ail)RCp(Tv z, xlv C? Z) + %(a? + a&%)RPC(T7 T, xl’ C’ Z)

These kernels are
njalﬂ“yq(wll’ w/27 Wi, W2, Z) :;
8/ B;BiBrBq
X §(wy — W + wh — w )l WiPimwrBitwnf—w ) Z
™ /OO d¢ /Oo A1 Cj1rq(7,C, Z)ei(w;fwz)TJri(Brfﬂq)C?
T (B.4)

(6100 + (1 — 6;0)01014]

n 1
e S S
T 8 Bjﬂlﬁrﬂq

X 0wy —wy + wy — wg)ei(*“’iﬁz’+wlﬁ§+w2ﬁ§7w’2ﬁ(’z)z

s [e%e)
X / dC/ dr Cj1,r.q(7, ¢, Z)ei(wg—w2)7+i(BT—ﬁq)g7
0 - L,

(B.5)

[010rq + (1 = 8;1)0r014)

Vij(Z)}

Co

Ojalwn,wl, 2) =bjq8(wn — wh) |0(2) +iW;(Z) — i (B.6)

with ij, ®j and \I/j defined in (315*317)
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