arXiv:math.AP/0502436 v1 21 Feb 2005

Existence of KPP fronts in spatially-temporally periodic advection and variational principle for propagation speeds

James Nolen^∗ Matthew Rudd^† Jack Xin^‡

Abstract

We prove the existence of Kolmogorov-Petrovsky-Piskunov (KPP) type traveling fronts in space-time periodic and mean zero incompressible advection, and establish a variational (minimization) formula for the minimal speeds. We approach the existence by considering limit of a sequence of front solutions to a regularized traveling front equation where the nonlinearity is combustion type with ignition cut-off. The limiting front equation is degenerate parabolic and does not permit strong solutions, however, the necessary compactness follows from monotonicity of fronts and degenerate regularity. We apply a dynamic argument to justify that the constructed KPP traveling fronts propagate at minimal speeds, and derive the speed variational formula. The dynamic method avoids the degeneracy in traveling front equations, and utilizes the parabolic maximum principle of the governing reaction-diffusion-advection equation. The dynamic method does not rely on existence of traveling fronts.

∗Department of Mathematics, University of Texas at Austin, Austin, TX 78712 (jnolen@math.utexas.edu).

†Department of Mathematics, University of Texas at Austin, Austin, TX 78712 (rudd@math.utexas.edu).

‡Department of Mathematics and ICES (Institute of Computational Engineering and Sciences), University of Texas at Austin, Austin, TX 78712 (jxin@math.utexas.edu).

1 Introduction

Reaction-diffusion front propagation in heterogeneous fluid flows has been an active research area for decades ([4], [15], [13], [25], [26], [30], [32] and references therein). A fascinating phenomenon is that the large time (large scale) front speed is a highly nontrivial quantity that depends on the multiple scale structures of the fluid flows. Speed characterizations have been studied mathematically for various flow patterns by analysis of the reaction-diffusion-advection (RDA) equations (see [2, 5, 9, 11, 14, 15, 17, 18, 20, 24, 26, 30, 31] and references therein). In particular, variational characterizations have led to speed asymptotics in both deterministic and random flows [24, 11, 31, 21, 22, 23].

In this paper, we consider front solutions to a RDA equation of the form:

u_t = Δu + b(x, t) · ∇u + f(u) , (1.1)

where u = u(x, t), x ∈ R^N, and t ∈ R. The N components of the vector field b(x, t) := (b^1(x, t), b^2(x, t), . . . , b^N (x, t)) are smooth and spatially divergence– free, are periodic of period 1 in both x and t, and have mean zero over the period cell Q × (0, 1), where Q is the unit cube in R^N:

∇_x · b = 0 and ∫ Q×(0,1) b^i(x, t) dx dt = 0, for i = 1, . . . , N . (1.2) The function f : [0, 1] → R is KPP, namely a C^2 function of u such that:

f(0) = f(1) = 0, f^′(0) > 0, f^′(1) < 0; f(u) > 0, ∀u ∈ (0, 1); f(u) ≤ uf^′(0). (1.3) An example is f(u) = u(1 − u).

A more general class of nonnegative reaction nonlinearities arising in applications may allow degeneracy at zero, e.g. f(u) = u^m(1 − u), for m ≥ 2, and f(u) = e^{−E/u}(1 − u), E > 0. Let us define the so called positive nonlinearity to include KPP and generalizations. A positive nonlinearity f(u) satisfies: f(0) = f(1) = 0; f(u) > 0, u ∈ (0, 1). In the course of this study we will also consider the ignition type combustion nonlinearity, for which f(1) = 0, f^′(1) < 0, and there exists a constant θ ∈ (0, 1) such that

f(u) = 0 for u ∈ [0, θ] and f(u) > 0 for u ∈ (θ, 1) . (1.4)

The constant θ is known as the ignition temperature.

Given a unit vector k = (k^1, . . . , k^N ) ∈ R^N, we look for a planar traveling front which propagates in the direction k with constant speed and solves (1.1). Due to the form of the advection field, we seek a solution of the form u(x, t) = U(k · x − ct, x, t) = U(s, y, τ ) (1.5) for s := k · x − ct, y := x, and τ := t. The constant c is the speed of the front. We require U(s, y, τ ) to be 1–periodic in both y and τ and to satisfy the following conditions at s = ±∞, uniformly in y and τ : lim s→−∞ U(s, y, τ ) = 1 and lim_{s→∞} U(s, y, τ ) = 0 . (1.6) Substituting U into equation (1.1) and imposing these auxiliary conditions yields the problem

U_τ = (k∂_s + ∇_y)^2 U + b · (k∂_s + ∇_y ) U + c U_s + f(U) , U(s, y, τ ) 1–periodic in y and τ, lim_{s→∞} U(s, y, τ ) = 0 and lim_{s→−∞} U(s, y, τ ) = 1 . (1.7)

Equation (1.7) contains only directional derivatives that do not span ∇_{s,y,τ} U, hence there is a lack of compactness. One can view (1.7) as a degenerate parabolic equation, parabolic along (s, y, τ ) = (−c, 0, 1), and degenerate elliptic in (s, y, τ ) = (k^i, e^i, 0), e^i the standard i-th unit vector in R^N , i = 1, 2, · · · , N. To proceed with existence, we shall regularize (1.7) then pass to the limit to prove a certain weak solution of (1.7) defined below. Definition 1.1. A front traveling at speed c ≠ 0 with reaction f is a locally integrable function U(s, y, τ ) ∈ L^1_{loc}(R × Q × (0, 1)) whose directional derivatives

U_τ − cU_s, k^i U_s + U_yi , i = 1, . . . , N, and (k∂_s + ∇_y )^2 U are continuous and satisfy the traveling front equation (1.7) in the form:

U_τ − cU_s = (k∂_s + ∇_y )^2 U + b · (k∂_s + ∇_y) U + f(U) , (1.8) and the associated boundary conditions.

Our first main result is that such a front solution exists for positive nonlinearity. The proof is based on elliptically regularizing (1.8) and approximating positive nonlinearity by a sequence of combustion nonlinearities with ignition cut-off. The regularized problem can be solved by existing methods in the literature, and one key property is that U is monotone in s. The monotonicity, the analysis of asymptotics near s infinities, and the available derivative estimates of (1.8) imply enough compactness for passage of limit and constructing a desired solution.

A few remarks are in order on the traveling fronts. In the original coordinates (x, t) ∈ R^N × R, we see that a traveling front U corresponds to the function u(x, t) = U(k · x − ct, x, t). This is a classical solution of (1.1), because derivatives in the original (x, t) coordinates translate to directional derivatives in traveling front variables (s, y, τ ). Note also that this definition of the traveling front is different from the definition of pulsed traveling fronts in time-independent advection fields [2]. In that context, a pulsed traveling front in direction k ∈ S^{N −1} is defined by the relation u(x + e, t) = u(x, t − k · e c ), ∀(x, t) ∈ R^{N +1}, for any vector e ∈ R^N such that b(x + me) ≡ b(x) for some integer m. If this relation were imposed on the solutions considered here, we would deduce that u(x + e, t) = U(k · x + k · e − ct, x + e, t) = U(k · x − c(t − k · e c ), x, t) would be equal to u(x, t − k · e c ) = U(k · x − c(t − k · e c ), x, t − k · e c ). Hence, if b is T -periodic in time variable t, we would conclude that c = k · e mT , for some integer m ≠ 0

This implies that if b has a nontrivial time-dependence, the speed c would be determined only by the period of b in space and time, regardless of other information on b, which is nearly impossible. The price of seeking a more general form of traveling fronts (1.5) is the difficulty caused by degeneracy in front equation (1.8).

Degeneracy makes it hard to prove the minimality of front speed, if one relies entirely on the front equation (1.8). We adopt the alternative approach of studying the time dependent front-like solutions of (1.1) where there is dynamics but no degeneracy. The KPP nonlinearity is critically used in constructing comparison functions and passing to the large time limits of solutions.

Our second main result is that the KPP traveling front speed is minimal (denoted by c^∗) and is given by the variational principle:

c^∗ = inf λ>0 μ(λ)/λ, where μ(λ) is the principal eigenvalue of the periodic–parabolic operator [12]

L^λΦ := Δ_xΦ + (b − 2λk) · ∇_xΦ + ( λ^2 − λb · k + f^′(0) ) Φ − Φ_t,

defined on spatially–temporally periodic functions Φ(x, t). The variational principle reveals that the flow structures in b are upscaled into the front speed c^∗ via the principal eigenvalue μ, see [8] for a similar formula.

The rest of the paper is organized as follows. In section 2, we study regularized traveling fronts under combustion nonlinearity with cut-off, and obtain necessary estimates to remove the regularization, and justify boundary conditions at s infinities. Front existence for positive nonlinearities follows. In section 3, we study propagation of KPP fronts, minimality of front speeds and their variational characterization. In section 4, we present properties of the associated eigenvalue problem. Concluding remarks are in section 5.

2 Existence of Fronts: Positive Nonlinearity

In this section, we study the problem of existence of planar traveling front solutions of (1.1) for general positive nonlinearities. We prove the following:

Theorem 2.1. Let f be a positive nonlinearity: f(u) > 0, u ∈ (0, 1); f(0) = f(1) = 0. Then there exists a traveling front U^∗ with speed c^∗ > 0 that solves (1.8) with the boundary conditions in (1.7).

Our proof of Theorem 2.1 proceeds by first solving a regularized version of (1.7) where we approximate f by a combustion-type nonlinearity f^θ such that f^θ → f as θ → 0. In Section 2.1, we prove existence of solutions to the regularized problem for the combustion nonlinearity f^θ . Then, in Section 2.2 we show that as θ → 0, f^θ → f and the solutions converge to solutions of the regularized problem for the general positive nonlinearity. Finally, in Section 2.3 we complete the proof of Theorem 2.1 by removing the regularization parameter to recover a desired solution.

2.1 Regularized Equation: Combustion Nonlinearity

In this section, we assume f = f^θ is a combustion-type nonlinearity, f(u) = 0 if u ∈ [0, θ]. Let ε > 0 be given, and consider the family of regularized problems

U^σ_τ = εU^σ_{ss} + (k∂_s + ∇_y)^2 U^σ + σb · (k∂_s + ∇_y) U^σ + c_σ U^σ_s + f(U^σ ) ,

U^σ (s, y, τ ) 1–periodic in x and τ,

lim_{s→∞} U^σ (s, y, τ ) = 0 , and lim_{s→−∞} U^σ (s, y, τ ) = 1 , (2.1) where the parameter σ ∈ [0, 1]. In this section, we will usually suppress the dependence of U^σ = U^{σ,ϵ,θ} and c_σ = c_{σ,ϵ,θ} on ϵ and on θ since they remain fixed throughout the section.

Before discussing the existence of solutions of (2.1), let us point out some of the properties that solutions of (2.1) must possess. Since the equation in (2.1) is nondegenerate, one may directly use the classical parabolic maximum principle to prove the following (cf. [29],[21]):

• 0 < U^σ < 1 on R × Q × (0, 1).

• U^σ (s, y, τ ) > U^σ(s^′, y, τ ) for s < s^′ and (y, τ ) ∈ Q × (0, 1) (monotonicity).

• The speed c_σ > 0 for which (2.1) has a solution (U^σ, c_σ ) must be unique.

• The solution U^σ must be unique modulo translation in s.

• The solution U^σ converges exponentially fast to the limits as s → ±∞.

Our goal is to find a classical solution for this regularized problem when σ = 1. It is known ([29],[21]) that there exists a solution of (2.1) when σ = 0

(i.e., in the absence of advection), so we apply a continuation argument to perturb this solution and solve (2.1) when σ = 1. We now outline the application of this method to (2.1); the argument generalizes the arguments of [29] and [21].

Assuming that (2.1) has a classical solution (U^0, c_0) when σ = σ_0, we seek a solution (U^σ, c_σ ) of (2.1) for small perturbations of σ > σ_0. Substituting the expressions c_σ = c_0 + σc̄_σ and U^σ = U^0 + σV^σ into equation (2.1) and using the fact that

U^0_τ = εU^0_{ss} + (k∂_s + ∇_y)^2 U^0 + σ_0b · (k∂_s + ∇_y) U^0 + c_0U^0_s + f(U^0) , we obtain the following nonlinear fixed-point problem for the perturbations c̃_σ and V^σ:

V^σ_τ − εV^σ_{ss} − (k∂_s + ∇_y )^2 V^σ − c_0V^σ_s − f^′(U^0)V^σ = F (V^σ , σ, c̄_σ) , (2.2) where the terms not appearing explicitly on the left have been absorbed into the nonlinearity F .

To establish the existence of a solution V^σ of (2.2), we employ the arguments used in [29]. Consider the weighted norm ‖u‖^2_ρ := ∫ R×Q×(0,1) u^2 ρ ds dy dτ , (2.3) where the weight ρ : R → (0, ∞) is defined by ρ(s) := 1 + e^{−2δs} for an appropriate constant 0 < δ < 1. The weighted spaces L^2_ρ := L^2_ρ(R × Q × (0, 1)) and H^1_ρ := H^1_ρ (R × Q × (0, 1)) are defined in the natural way. Define the simple function A : R → R by

A(s) := f^′(1), if s > 0, 0, if s ≤ 0, and let L and L_1 be operators with the common domain

D(L) = D(L_1) := { v ∈ H^1_ρ (R × Q × (0, 1)) : (k∂_s + ∇_y)^2 v ∈ L^2_ρ } and respective definitions

Lv := v_τ − εv_{ss} − (k∂_s + ∇_y)^2 v − c_0v_s − f^′(U^0)v and (2.4)

L_1v := v_τ − εv_{ss} − (k∂_s + ∇_y )^2 v − c_0v_s − A(s)v , (2.5)

for v ∈ D(L). Observe that L is the linear operator defined by the left-hand side of equation (2.2) and that we want to solve LV^σ = F (V^σ, σ, c̄_σ).

As in [21] and [29], we now consider the invertibility of the operator L. Because of the regularization with ϵ > 0, we can use the maximum principle and standard parabolic estimates to show the following: L_1 is invertible on L^2_ρ, L_1 and L differ by a relatively compact operator, and L is a Fredholm operator of index zero, whose adjoint L^∗ has a 1–dimensional null space and an isolated eigenvalue of finite multiplicity at 0. Moreover, the eigenfunction v^∗ of L^∗ corresponding to 0 is strictly positive, and the following Fredholm alternative holds:

Proposition 2.2. Let f ∈ L^2_ρ. The equation Lv = f has a solution if and only if ∫ R×Q×(0,1) fv^∗ ρ ds dy dτ = 0 . (2.6) When the solvability condition (2.6) holds, the solutions of Lv = f form a one–dimensional space.

This result is a straightforward generalization of the corresponding results in [21] and [29], so we do not include the details. Now, to solve equation (2.2), we can use Proposition 2.2 to set up an iteration scheme, as in Section 2.3 of [27], to which the contraction mapping principle applies. With each iteration, the constants {c̄^n}^∞_{n=1} that converge to c̄_σ are determined by the solvability condition (2.6). As a result, we find that (2.1) is solvable for small perturbations of σ:

Theorem 2.3. If problem (2.1) has a classical solution (U^0, c_0) when σ = σ_0, then there exists a positive constant σ^∗ = σ^∗(U^0, c_0) such that (2.1) has a unique classical solution (U^σ , c_σ) whenever σ_0 < σ < σ^∗.

For details of this iteration procedure, see [21] and [27].

Next, having shown that solutions (U^σ , c_σ) of (2.1) exist for σ < σ^∗, we consider the behavior of solutions as σ → σ^∗. We first prove bounds on the sequence of speeds {c_σ} so that we can extract a convergent subsequence. Using periodicity and the conditions at infinity, integrating equation (2.1) over R × Q × (0, 1) yields

c_σ = ∫ f(U^σ ) ds dy dτ > 0 , (2.7) from which we see that all of the speeds c_σ are positive. Furthermore, as in [10], multiplying equation (2.1) by U^σ and integrating over R × Q × (0, 1) yields the L^2 estimate ∫ |kU^σ_s + ∇_y U^σ|^2 ds dy dτ = − c_σ 2 + ∫ U^σ f(U^σ ) ds dy dτ ≤ c_σ 2 , (2.8)

where we used the identity (2.7) and the fact that 0 < U^σ < 1 to bound the middle term. In addition, we have the following essential estimates on the speeds.

Proposition 2.4. There exist constants c and c, independent of both σ and ε, such that

0 < c ≤ c_{σ,ϵ} ≤ c for all σ ∈ [0, σ^∗), ϵ ∈ (0, 1] . (2.9)

Proof. If ( V, c_ϵ ) solves the one-dimensional problem

(1 + ϵ)V_{ss} + (α + c_ϵ) V_s + f(V ) = 0 , (2.10)

with the appropriate limits at s = ±∞ and the constant coefficient α defined by α := inf_{Q×[0,1]} σ^∗b(y, τ ) · k ≤ 0 ,

then the proof of Lemma 3.1 in [29] shows that

c_{σ,ϵ} ≤ c_ϵ, for all σ ∈ [0, σ^∗).

Note that since α a constant, the constant

c̃_ϵ = α + c_ϵ (1 + ϵ)

(2.11)

is the unique speed associated with the one-dimensional traveling wave prob- lem V_{ss} + c̃_ϵV_s + 1 (1 + ϵ) f(V ) = 0 . (2.12)

(See [3] for proof of existence and uniqueness of c̃_ϵ.) Because ϵ ∈ (0, 1], a comparison argument as in [28] shows that c̃_ϵ is bounded above by c̃_0 > 0, the unique speed determined by (2.12) with ϵ = 0. Therefore, from (2.11) we have

c_ϵ ≤ (1 + ϵ)c̃_0 − α ≤ 2c̃_0 + σ^∗‖b‖_∞ = c, ∀ ϵ ∈ (0, 1].

This proves the upper bound in (2.9). As in [10], define the constant c by

c :=

∫_1 0 √ 2f(ξ) dξ . We have (∫ √ 2f(ξ) dξ )_2 = (∫ √ 2f(U^σ ) k · (kU^σ_s + ∇_y U^σ) ds dy dτ )_2

≤ (∫ f(U^σ ) ds dy dτ ) ( 2 ∫ |kU^σ + ∇_y U^σ|^2 ds dy dτ )

≤ (c_σ )^2 ,

from which the lower bound follows. Here we have used (2.8) and the fact that U^σ_s < 0 for all (s, y, τ ) ∈ R × Q × [0, 1].

Proposition 2.4 proves that the wave speeds are bounded away from both 0 and +∞ and thus have a positive limit point as σ → σ^∗. Using this fact and standard parabolic regularity results, we obtain the following:

Theorem 2.5. Let f be a combustion nonlinearity. For each ε > 0, there exists a classical solution (U^ε, c_ε) of

U^ε_τ = εU^ε_{ss} + (k∂_s + ∇_y)^2 U^ε + b · (k∂_s + ∇_y) U^ε + c_ε U^ε_s + f(U^ε) ,

U^ε(s, y, τ ) 1–periodic in y and τ,

lim_{s→∞} U^ε(s, y, τ ) = 0 , and lim_{s→−∞} U^ε(s, y, τ ) = 1 . (2.13)

The solution U^ε is unique modulo translation in s. Moreover,

0 < U^ε < 1 on R × Q × [0, 1] , U^ε(s, y, τ ) > U^ε(s^′, y, τ ) for s < s^′, y ∈ Q, t ∈ [0, 1] , and c_ε > 0 . Proof. Fix an ε > 0. By interior parabolic regularity results ([16]) and the bounds on f and U^σ, ‖D^2U^σ ‖_{p,E} + ‖U^σ_τ ‖_{p,E} ≤ C (‖U^σ‖_{p,E} + ‖f(U^σ )‖_{p,E}) ≤ C (1 + ‖f‖_∞) |E| , (2.14) where E ⊂⊂ R × Q × (0, 1) and the constant C is independent of σ. As the upper bound on the right is independent of σ, choosing p sufficiently large ensures that U^σ is Hölder continuous. Schauder estimates then apply, and the Arzelá–Ascoli Theorem guarantees that U^σ → U^∗ uniformly on any compact set as σ → σ^∗, where U^∗ solves the equation in (2.1) for σ^∗ (here we pass to a convergent subsequence, if necessary). Since problem (2.1) has a solution at σ^∗, solvability may actually be continued all the way to σ = 1, yielding the solution U^ε of problem (2.13). Because the convergence of the functions U^σ is uniform, the boundary conditions at s = ±∞ may be verified as in [21] and [29], and the monotonicity and uniqueness properties follow from the classical parabolic maximum principle, as described above.

2.2 Regularized Equation: Positive Nonlinearity

Now that we have existence of solutions to the regularized problem (2.13) for the combustion nonlinearity we wish to show existence of solutions to (2.13) for a KPP nonlinearity f. As in [3], we approximate f by a sequence of combustion nonlinearities as follows. Given θ ∈ (0, 1), let χ^θ : R → [0, 1] be a smooth cut–off function such that χ^θ(u) = 0, for u ≤ θ/2, χ^θ(u) = 1, for u ≥ θ, and χ^θ ≥ χ^{θ′} if θ ≤ θ^′ . (2.15)

For each θ, the function f^θ := χ^θf is a nonlinearity of combustion type, and the increasing sequence f^θ converges uniformly to f on [0, 1].

For a fixed ε > 0, the results in the preceding section show that, for each θ, there is a unique classical solution (U^θ, c_θ ) of

U^θ_τ = εU^θ_{ss} + (k∂_s + ∇_y)^2 U^θ + b · (k∂_s + ∇_y) U^θ + c_θ U^θ_s + f^θ (U^θ ) ,

U^θ (s, y, τ ) 1–periodic in y and τ,

lim_{s→∞} U^θ (s, y, τ ) = 0 , and lim_{s→−∞} U^θ (s, y, τ ) = 1 , (2.16) which satisfies the normalization condition min_{y,τ} { U^θ (0, y, τ ) } = 1 2 . (2.17)

Using the parabolic maximum principle, one can show that the wave speeds c_θ increase as θ approaches 0, since the sequence f^θ increases as θ decreases ([29]). Moreover, these speeds satisfy

c_θ ≤ c = c_θ , for all θ > 0 ,

where c_θ was defined above in the proof of Proposition 2.4. Although the constant c_θ depends on θ, the estimates of Section 8 in [3] show that the speed of the corresponding one-dimensional traveling waves (2.12) can be bounded above independently of θ. Hence, the constants c_θ are bounded independently of θ. The sequence c_θ therefore converges to c^∗_ε > 0 as θ → 0.

Having shown that the speeds c_θ converge as θ → 0, we can apply parabolic regularity (as in the proof of Theorem 2.5) to show that the functions U^θ converge, as θ → 0, to the unique classical solution U^ε of the problem

U^ε_τ = εU^ε_{ss} + (k∂_s + ∇_y)^2 U^ε + b · (k∂_s + ∇_y) U^ε + c^∗_ε U^ε_s + f(U^ε) ,

U^ε(s, y, τ ) 1–periodic in y and τ,

lim_{s→∞} U^ε(s, y, τ ) = 0 , and lim_{s→−∞} U^ε(s, y, τ ) = 1 , (2.18) subject to the normalization (2.17). The fact that the limits hold at s = ±∞ follows from the normalization (2.17) and arguments as in [21] that make use of local uniform convergence.

2.3 Removal of the Regularization

The previous section established that, for any given ε > 0, there is a classical solution (U^ε, c_ε) of problem (2.13) for the positive nonlinearity. To obtain a solution of the original problem (1.7), we want to let the regularization parameter ε go to 0. Therefore, we must prove that the speeds c_ε and the functions U^ε converge in some sense as ε → 0. Proposition 2.4 shows that the speeds c_ε are bounded away from 0 and +∞, while the next result yields the needed estimates on the functions U^ε.

Proposition 2.6. The solutions U^ε of (2.13) are uniformly bounded with respect to ε in W^{1,1}_{loc} .

Proof. Since 0 < U^ε < 1 for all ε > 0, U^ε ∈ L^p_{loc} for any p ≥ 1. It follows from the monotonicity of U^ε with respect to s that U^ε_s < 0 for all ε, and we have ∫ R×Q×(0,1) U^ε_s ds dy dτ = −1 for all ε, (2.19)

showing that U^ε_s ∈ L^1_{loc}. Multiplying the equation in (2.13) by U^ε and integrating (as in the derivation of (2.8) above), we have ∫ |kU^ε_s + ∇_yU^ε|^2 ds dy dτ = − c_ε 2 + ∫ U^εf(U^ε) ds dy dτ ≤ c_ε 2 ≤ c 2 , (2.20)

for the constant c from Proposition 2.4. It follows from (2.20) that |kU^ε_s + ∇_yU^ε| ∈ L^1_{loc}, and we conclude from (2.19) that |∇_yU^ε| ∈ L^1_{loc}. Finally, rearranging equation (2.13), multiplying by (U^ε_τ − c_εU^ε_s ), and integrating, we have ∫ |U^ε_τ − c_εU^ε_s |^2 ds dy dτ = ∫ b · (kU^ε_s + ∇_yU^ε) (U^ε_τ − c_εU^ε_s ) ds dy dτ . Applying Hölder’s inequality and using (2.8), we see that (U^ε_τ − c_εU^ε_s ) belongs to L^2, and it follows from (2.19) that U^ε_τ ∈ L^1_{loc}. We therefore find that U^ε ∈ W^{1,1}_{loc} , and it is clear that, for any compact E, the W^{1,1}(E) norm of U^ε can be bounded by a constant independent of ϵ > 0.

Since the functions U^ε are bounded in W^{1,1}_{loc} , there exists a limit function U ∈ L^1_{loc} (in fact, U ∈ BV_{loc} [6]) such that, after passing to a subsequence,

U^ε −→ U in L^1_{loc} and U^ε −→ U a.e. .

Of course, the U^ε also converge weakly in L^1_{loc} to U; letting ε → 0 in equation (2.13), we see that U solves the traveling front equation (1.8) in the sense of distributions.

To analyze this convergence more closely, define the functions u^ε by u^ε(x, t) := U^ε(k · x − c_εt, x, t) . The uniform L^2 estimates on |kU^ε_s + ∇_yU^ε| and |U^ε_τ − c_εU^ε_s | show that the sequence u^ε is compact in L^2_{loc} and thus converges (up to subsequence) to u ∈ H^1_{loc}. It follows that u is a weak solution of the original semilinear equation (1.1), and parabolic regularity results then imply that u is a classical solution of (1.1). The directional derivatives

U_τ − cU_s, k^iU_s + U_yi , i = 1, . . . , N, and (k∂_s + ∇_y)^2 U

are therefore smooth, but we cannot conclude that U is a classical solution of the traveling front equation (1.8).

Now we show that the function U satisfies the desired limits s → ±∞:

lim_{s→∞} U(s, y, τ ) = 0 and lim_{s→−∞} U(s, y, τ ) = 1. (2.21)

The above bounds on U^ϵ are independent of translation in the s direction, so we are free to normalize the sequence U^ϵ by ∫ [0,1]×Q×[0,1] U^ϵ(s, y, τ ) ds dy dτ = 1 2 , for all ϵ > 0. (2.22)

Since the sequence U^ϵ converges to U in L^1_{loc}, this normalization condition also holds for the limit U. Since U^ϵ_s < 0, we conclude that U is nonincreasing in s: U(s, y, τ ) ≥ U(s^′, y, τ ) if s < s^′, ∀(y, τ ) ∈ Q × [0, 1]. Therefore, since we also have 0 ≤ U ≤ 1, the functions ψ^+(y, τ ) = lim_{s→+∞} U(s, y, τ ) and ψ^−(y, τ ) = lim_{s→−∞} U(s, y, τ ) are well-defined. We claim that ψ^+(y, τ ) ≡ 0 and ψ^−(y, τ ) ≡ 1. To see this, let h(y, τ ) be any smooth function periodic in (y, τ ) ∈ Q × [0, 1]. For n = 1, 2, 3 . . . , define the sequence ϕ_n(s, y, τ ) = ξ_n(s)h(y, τ ) where ξ_n(s) = ξ_0(s − n), and ξ_0 satisfies

0 ≤ ξ_0(s) ≤ 1, for all s ∈ R, ξ_0(s) = 0, for |s| ≥ 1, (2.23) and ∫ R ξ_0(s) ds = 1.

Note that for each n, ξ_n satisfies ∫ R (ξ_n)_s ds = 0 = ∫ R (ξ_n)_{ss} ds. (2.24)

Now multiply (1.8) by ϕ_n and integrate over R × Q × [0, T ]. We see that ∫ R×Q×[0,1] U(s, y, τ )(ϕ^n)_{ss} ds dy dτ = ∫ Q×[0,1] h(y, τ ) (∫ R U(ϕ^n)_{ss} ds ) dy dτ

= ∫ Q×[0,1] h(y, τ ) (∫ R [ψ^+ + (U − ψ^+)](ϕ^n)_{ss} ds ) dy dτ. For fixed (y, τ ), we have lim s→+∞|U(s, y, τ ) − ψ +(s, y, τ )| = 0. (2.25)

Therefore, for each (y, τ ), we have lim_{n→∞} ∫ R [U − ψ^+](ϕ^n)_{ss} ds = 0. (2.26)

Also, by definition of ϕ, for each (y, τ ), ∫ R ψ^+(y, τ )(ϕ^n)_{ss} ds = ψ^+(y, τ ) ∫ R (ϕ^n)_{ss} ds = 0. (2.27)

Using the dominated convergence theorem, we now conclude that lim_{n→∞} ∫ R×Q×[0,1] U(ϕ^n)_{ss} ds dy dτ = 0. (2.28) Applying a similar argument to each term in the equation, we let n → ∞ and conclude that ψ^+ satisfies ∫ ψ^+h_τ dy dτ − ∫ ψ^+Δ_y h dy dτ − ∫ ψ^+b · ∇_yh dy dτ = ∫ f(ψ^+)h dy dτ. (2.29)

Since h was arbitrary, we conclude that ψ^+ is a distributional solution of the periodic-parabolic equation

ψ_τ − Δ_yψ + b · ∇_yψ = f(ψ) (2.30)

Because of the bounds on U, we know that 0 ≤ ψ^+ ≤ 1, so that right hand side f(ψ^+) ∈ L^p(Q × [0, 1]), for any p > 0. By parabolic regularity estimates, it now follows that ψ^+ ∈ W^{2,p} for any p > 0. Then, as in the analysis following (2.14), we find that ψ^+ is a classical solution of (2.30), assuming b is sufficiently smooth. The maximum principle implies that ψ^+ must be constant. Hence, f(ψ^+) ≡ 0, so that ψ^+ ≡ 0 or ψ^+ ≡ 1. Because of the normalization (2.22) and because U is nonincreasing, ψ^+ ≤^1_2 . Therefore, ψ^+ ≡ 0. A similary argument with ξ_n(s) = ξ_0(s + n) implies that ψ^− ≡ 1.

We have now shown that U satisfies the desired limits, concluding the proof of Theorem 2.1.

3 Propagation Speed for KPP Nonlinearity

In this section, we make the additional assumption that f is a KPP nonlinearity satisfying f(u) ≤ uf^′(0). Under this assumption, we find that the speed c^∗ of the traveling wave obtained in the preceding construction is minimal and can be characterized by a variational formula which extends the well-known variational formula for the KPP minimal speed when b is timeindependent. Moreover, we can describe propagation of front-like solutions at any speed higher than c^∗. First, we characterize the speed c^∗.

3.1 Characterization of the KPP Minimal Speed c^∗

To introduce the variational characterization, we define μ(λ) to be the principal eigenvalue of the periodic–parabolic operator ([12])

L^λΦ := Δ_xΦ + (b − 2λk) · ∇_xΦ + ( λ^2 − λb · k + f^′(0) ) Φ − Φ_t . (3.1)

defined on spatially–temporally periodic functions Φ(x, t). The associated eigenfunction Φ = Φ_λ > 0 is unique up to multiplication by a constant. We have the following characterization of the speed c^∗ obtained in the preceding construction:

Theorem 3.1. The speed c^∗ of the traveling wave obtained in the preceding sections satisfies c^∗ = inf_{λ>0} μ(λ) λ (3.2)

Moreover, this speed is minimal in the sense that if (U, c) is any traveling front solution of (1.8), we must have c ≥ c^∗.

Proof. In the special case that b is a time-dependent shear flow, this characterization was proven in [21]. The proof there generalized ideas of [2] and relied heavily on regularity properties of the traveling wave equation. In the present case, the traveling wave equation is degenerate. Nevertheless, for the regularized equation, the arguments of [21] can be extended in a straightforward way to prove that c^∗_ε = inf_{λ>0} μ^ε(λ) λ , (3.3)

where μ^ε(λ) denotes the principal eigenvalue of the periodic–parabolic operator

L^{ϵ,λ}Φ := Δ_xΦ + (b − 2λk) · ∇_xΦ + ( (1 + ϵ)λ^2 − λb · k + f^′(0) ) Φ − Φ_t , (3.4)

defined on spatially–temporally periodic functions Φ(x, t). Note that

μ^ε(λ) = μ(λ) + ελ^2. (3.5)

so that inf_{λ>0} μ^ϵ(λ) λ = inf_{λ>0} ( μ(λ) λ + ϵλ ) (3.6)

Using the properties of μ(λ) described in the appendix, we see that the speeds c^∗_ε converge to c^∗ = inf_{λ>0} μ(λ) λ (3.7)

as ε → 0. We will show below that this limit c_∗ is indeed the minimal speed at which a traveling wave solution of (1.1) may propagate.

3.2 Generalized Propagation and Minimality of c^∗

In this section we show that the speed c^∗ defined above is indeed the minimal speed of propagation and that solutions of the corresponding initial value problem can propagate at speeds higher than c^∗. To do so, we generalize some results found in [1] and [19] that define the asymptotic propagation speed in the KPP case, without relying on the existence of smooth traveling waves. We consider propagation in a given direction k, a unit vector in R^N , arising from solutions to the initial value problem

Lu + f(u) = Δ_xu − u_t + b(x, t) · ∇u + f(u) = 0 (3.8) u(x, 0) = u_0(x).

where f is the KPP nonlinearity satisfying f(u) ≤ f^′(0)u for u ∈ (0, 1). For a given r ∈ R, we use Σ^−_r ⊂ R^N to denote the open half-space:

Σ^−_r = { x ∈ R^N | k · x < r } . Similarly we define Σ^+_r by (k · x) > r, i.e. the interior of the complement of Σ^−_r . Also, we define for r > 0,

Σ^0_r = { x ∈ R^N | |k · x| < r } . Unless otherwise stated, we will consider initial data u_0 satisfying 0 ≤ u_0 ≤ 1 and the limits lim r→−∞ inf_{Σ−r} u_0(x) = 1 and lim_{r→+∞} sup_{Σ+} r u_0(x) = 0 (3.9)

That is, u_0 will converge to limits 0 and 1 uniformly in the directions k and −k, respectively. In this case we say u_0 is wave-like in the direction k. The main tool for this analysis is the eigenvalue problem associated to propagation in the direction k:

L_λϕ = Δϕ − ϕ_t + (b − 2λk) · ∇ϕ + (λ^2 − λ(b · k) + f^′(0))ϕ = μ(λ)ϕ (3.10)

with ϕ(x, t) = ϕ_λ > 0 being periodic in both x and t. This is obtained by substituting a solution of the form e^{−λ(k·x−ct)}ϕ(x, t) into the linearized version of equation (3.8) and taking μ(λ) = λc. Define c^∗ by

c^∗ = inf_{λ>0} μ(λ) λ > 0. (3.11)

Let λ^∗ > 0 be the point where this infimum is attained. As described in the appendix, for each c > c∗ there exists a unique λ_c ∈ (0, λ^∗) such that μ(λ_c) = cλ_c.

Note that c^∗ and λ^∗ depend on the direction vector k. If we consider propagation in the opposite direction, k → −k, then (3.11) gives us another c^{∗∗} and λ^{∗∗} corresponding to −k, and it is not necessarily true that c^{∗∗} = c^∗.

Definition 3.2 (Speed of Propagation). We say that the solution to the initial value problem (3.8) propagates in direction k with speed c if for any c^′ > c and any r ∈ R, lim_{t→∞} sup_{x∈Σ+} r u(x + c^′tk, t) = 0, and for any c^{′′} < c and any r ∈ R, lim_{t→∞} inf_{x∈Σ−r} u(x + c^{′′}tk, t) = 1. The following theorems and their corollaries allow us to characterize the asymptotic speed in terms of the decay rate of the initial data. Here are the main results:

Theorem 3.3. Let u_0 satisfy (3.9) and u_0(x) ≤ Ce^{−λck·x} for some constant and c ≥ c^∗. Then for any c^′ > c and any r ∈ R we have lim_{t→∞} sup_{x∈Σ+} r u(x + c^′tk, t) = 0. (3.12)

That is, the solution u propogates with speed ≤ c.

Theorem 3.4. If there exists a constant m > 0 and an interval [a_1, a_2] ⊂ R such that 0 ≤ u_0(x) ≤ 1 for all x ∈ R^N , u_0(x) > m > 0 wherever (k · x) ∈ [a_1, a_2], (3.13) then lim_{t→∞} inf_{Σ0r} u(x + c^′kt, t) = 1 (3.14) for any c^′ ∈ (−c^{∗∗}, c^∗) and r ∈ R.

Theorem 3.5. Let c > c^∗ and let u_0 satisfy (3.9) and u_0(x) ≥ C_1e^{−λck·x} for (k · x) > C_2, for some constants C_1, C_2. Then for any c^′ < c, we have lim_{t→∞} inf_{x∈Σ−r} u(x + c^′tk, t) = 1. (3.15)

Corollary 3.6. For initial data satisfying (3.9),

lim_{t→∞} inf_{x∈Σ−r} u(x + c^′tk, t) = 1 (3.16)

for any c^′ < c^∗.

Corollary 3.7. If u_0 satisfies (3.9) and u_0(x) ≤ Ce^{−λ∗k·x} for some constant C > 0, then the asymptotic speed of propagation in direction k must be c^∗.

Recall that −c^{∗∗} corresponds to propagation in the −k direction at speed |−c^{∗∗}|. The point is that an initial disturbance must spread at a rate at least as fast as the minimal speeds in the corresponding direction. In what follows, we rely heavily on the eigenvalue problem (3.10) to construct global sub- and super-solutions to the initial value problem (3.8).

Proof of Theorem 3.3: For any c_1 ∈ (c, c^′), we have c_1λ_c > μ(λ_c), by definition of λ_c. Then define ψ(x, t) = Me^{−λc(k·x−c1t)}ϕ(x, t), where ϕ = ϕ_{λc} > 0 is defined by (3.10), and the constant M is chosen so that u_0(x) < ψ(x, 0) for all x ∈ R^N . Then ψ is a supersolution:

Lψ + f^′(0)ψ < 0 ψ(x, 0) > u_0(x). Since f(ψ) ≤ ψf^′(0), it follows from the maximum principle that ψ(x, t) > u(x, t) for all x ∈ R^N , t ≥ 0. Therefore,

lim_{t→∞} sup_{x∈Σ+} r u(x + c^′tk, t) ≤ lim_{t→∞} sup_{x∈Σ+} r ψ(x + c^′tk, t) = lim_{t→∞} sup_{x∈Σ+} r Me^{−λc(k·x+(c′−c1 )t)}ϕ(x + c^′tk, t) ≤ M‖ϕ‖_∞e^{−λcr} lim_{t→∞} e^{−λc(c′−c1 )t} = 0, (3.17) since c^′ > c_1. This proves Theorem 3.3.

The proof of Theorem 3.4 extends ideas from Theorem 3.4 of [19]. First, we state the following lemma, which is a straightforward extension of Lemma 3.5 in [19]:

Lemma 3.8. There exists a c^′ < c^∗ such that for all c ∈ (c^′, c^∗), there exists λ ∈ C \ R and a function ϕ = ϕ(x, t) ∈ C^{2,1}(T^{n+1}, C) with Re(ϕ) > 0 and solving

Δϕ − ϕ_t + (b − 2λk) · ∇ϕ + (λ^2 − λc − λ(b · k) + f^′(0))ϕ = 0. (3.18)

The important point of the lemma is that we can choose λ to be strictly complex and ϕ to have strictly positive real part. This will allow us to construct global subsolutions that have no tail (or sufficiently small tail) and can fit beneath u_0(x). We omit the proof of this lemma since it is identical to that of Lemma 3.5 of [19], except that the operator is somewhat different because of the time-dependence and more general flow structure. Proof of Theorem 3.4:

Step 1: If we replace f^′(0) by f^′(0) − δ in (3.10), then from (3.11) we obtain a new minimal speed c^∗_δ instead of c^∗ with c^∗_δ ↗ c^∗ as δ → 0. Also the lemma would hold with f^′(0) replaced by f^′(0) − δ, so that for δ sufficiently small and for c_R < c^∗_δ < c^∗ sufficiently close to c^∗_δ , we apply the lemma to obtain a function ϕ such that

Δϕ − ϕ_t + (b − 2λk) · ∇ϕ + (λ^2 − λc_R − λ(b · k) + f^′(0) − δ)ϕ = 0,

where Re(ϕ) > 0 and λ ∈ C \ R depends on c_R. Now let ψ = Re(e^{−λ(k·x−cR t)}ϕ(x, t)). Then ψ solves ψ_t − Δψ − b · ∇ψ = (f^′(0) − δ)ψ, or in the moving frame ψ̂(x, t) = ψ(x + c_Rkt, t):

ψ̂_t − Δψ̂ − (b + c_Rk) · ∇ψ̂ = (f^′(0) − δ)ψ̂. Now ψ(x, t) = e^{−λr (k·x−cR t)} [ϕ_r cos(λ_i(k · x − c_Rt)) + ϕ_i sin(λ_i(k · x − c_Rt))] (3.19) where λ_r, λ_i, ϕ_r, ϕ_i denote the real and imaginary parts of λ and ϕ. If (k · x − c_Rt) =^{2nπ}_{λi} for n ∈ Z, then ψ > 0, since ϕ_r > 0. Similarly, if (k · x − c_Rt) =

(2n+1)π λ_i , then ψ < 0. It follows from (3.19), i.e. from the complexity of λ,

that for a given η > 0, there exists an unbounded set D ⊂ R^{N +1} and an interval (a_1, a_2) ⊂ R such that 0 < ψ(x, t) < η for (x, t) ∈ D, ψ(x, t) = 0 for (x, t) ∈ ∂D, D ⊂ {(x, t) | (k · x − c_Rt) ∈ (a_1, a_2)} .

Furthermore, we may choose some a_3 ∈ (a_1, a_2) such that a_3 =^{2nπ}_{λi} for some n ∈ Z. Now we define ψ_R(x, t) = ψ(x, t) if (x, t) ∈ D 0 otherwise.

(3.20)

So, 0 ≤ ψ_R < η with support D bounded by the two hyperplanes (k·x−c_Rt) = a_1 and (k · x − c_Rt) = a_2. Also, ψ_R(x, t) > 0 whenever (k · x − c_Rt) = a_3. If we choose η > 0 such that f(s) > s(f^′(0) − δ) for s ∈ (0, η], then ψ_R satisfies

(ψ_R)_t − Δψ_R − b · ∇ψ_R ≤ f(ψ_R) for all (x, t) ∈ D. By translating ψ_R in the variable t, we may assume that ψ_R has support in the (a_1, a_2) defined in the statement of the theorem, so that by reducing η, we may assume ψ_R(x, 0) ≤ u_0(x) for all x ∈ R^N .

Now ψ_R is the desired subsolution. The function u(x, t) satisfies u_t − Δu − b · ∇u = f(u) u(x, 0) = u_0(x) ≥ ψ_R(x, 0).

By maximum principle u > 0 for t > 0, and u ≥ ψ_R for all t ≥ 0.

Suppose we repeat the preceeding analysis after switching k → −k. In this case, we have a new minimal speed c^{∗∗}_δ corresponding to waves in the direction −k. Furthermore, we can create a bump function ψ_L (analogous to ψ_R) that is a subsolution propagating in the −k direction with speed c_L arbitrarily close to c^{∗∗}_δ and −c^{∗∗}_δ < −c_L < c_R < c^∗_δ . It follows that if u(x, t) satisfies u_t − Δu − b · ∇u = f(u) u_0(x) ≥ ψ_R(x, 0) and u_0(x) ≥ ψ_L(x, 0) ,

then u ≥ ψ_R and u ≥ ψ_L for all t ≥ 0. In particular, there exists ϵ > 0, Λ > 0 and constants a^0_L, a^0_R such that u(x, t) ≥ ψ_L(x, t) > ϵ > 0 if |k · x − a_L(t)| < Λ u(x, t) ≥ ψ_R(x, t) > ϵ > 0 if |k · x − a_R(t)| < Λ, (3.21) where a_L(t) = a^0_L − c_Lt and a_R(t) = a^0_R + c_Rt. The constant ϵ is determined by η and inf_{(x,t)} ϕ_{r,R}, and inf_{(x,t)} ϕ_{r,L}, where ϕ_{r,R} and ϕ_{r,L} are the real parts of ϕ defined in the construction of ψ_R and ψ_L, as in (3.19).

Step 2: Now with a_L(t), a_R(t) defined as above, we define for τ ≥ 0 the set Ω_τ ⊂ R^{N +1} by Ω_τ = {(x, t)| k · x ∈ [a_L(t), a_R(t)], t ≥ τ } . and we show that lim_{τ →∞} inf_{Ωτ} u(x, t) ≥ ϵ. (3.22)

In other words, u stays bounded uniformly away from zero in a region spreading at rates c_L and c_R in the directions −k and k, respectively.

Let f̂ ∈ C^1([0, 1]) be a nonlinear function satisfying f̂(u) ≤ f(u) for all u ∈ [0, 1] and

f̂(u) = 0 for u ∈ {0} ∪ [ϵ, 1], f̂(u) > 0 for u ∈ (0, ϵ).

Now let t_0 > 0 such that a_L(t) < a_R(t) for t ≥ t_0 and take

g_0 = 1 2 inf_x {u(x, t_0)| (k · x) ∈ [a_L(t_0), a_R(t_0)]}

Let the function g(t) solve g^′(t) = f̂(g(t)) for t ≥ t_0 and g(t_0) = g_0. Then in the region Ω_{t0} , we have g_t − Δg − b · ∇g = f̂(g) < f(g) u_t − Δu − b · ∇u = f(u) with u(x, t) > g(t) in the parabolic boundary ∂Ω_{to} , since by (3.21) u > ϵ on the lateral boundary of Ω_{to} . Maximum principle now implies that u(x, t) > g(t) for all (x, t) ∈ Ω_{to} . Since g(t) → ϵ, this implies the (3.22).

Step 3: In this step we improve the result of Step 2 by showing that for any q ∈ (0, 1/2) arbitrarily small, then for some constant d = d(q) to be determined, lim_{τ →∞} inf_{Ω′τ} u(x, t) ≥ 1 − q (3.23)

where Ω^′_τ = {(x, t)| k · x ∈ [a_L(t) + d, a_R(t) − d], t ≥ τ } . Inspired by the technique of [7] (see p. 158), we let θ ∈ (0, 1) and define the linear function f̄(u) = s(1 − θ − u) choosing the constant s > 0 so that f(u) > f̄ (u) whenever u ≥ ϵ. Thus by the preceeding step, there is t_1 > 0 sufficiently large so that u_t − Δu − b · ∇u > f̄(u) for all (x, t) ∈ Ω_{t1} . For constants γ, κ ∈ (0, 1) to be determined, define

ā_L(t) = a_L(t) + ( κ γ ) 1_4 , ā_R(t) = a_R(t) − ( κ γ ) 1_4 . and the function ρ(x, t) = κ, if (k · x) ∈ [ā_L(t), ā_R(t)] −γ(k · x − ā_R(t))^4 + κ, if (k · x) > ā_R(t) −γ(k · x − ā_L(t))^4 + κ, if (k · x) < ā_L(t) (3.24)

Note that the functions ā_L(t) and ā_R(t) were defined so that ρ(x, t) ≥ 0 if (x, t) ∈ Ω_t and ρ < 0 otherwise. Choose σ ∈ (0, s) and let g(t) = 1 − θ − e^{−σ(t−t1)} Now we compare with u the function defined by z(x, t) = g(t)ρ(x, t) We compute: z_t − Δz − b · ∇z − f̄(z) = g^′(t)ρ + g(t)ρ_t − g(t)(Δρ + b · ∇ρ) − s(1 − θ − gρ) = (σ − s)e^{−σ(t−t1)}ρ + g(t)(ρ_t − Δρ − b · ∇ρ) + s(1 − θ)(ρ − 1) ≤ (1 − θ)(ρ_t − Δρ − b · ∇ρ) + s(1 − θ)(κ − 1) (3.25)

A straightforward computation shows that if (x, t) ∈ Ω_t, where ρ ≥ 0, then there is a constant C > 0 such that |ρ_t| ≤ Cγ^{14} , |∇ρ| ≤ Cγ^{14} , |Δρ| ≤ Cγ^{14}

Thus choosing γ sufficiently small, we can make (1 − θ)(ρ_t − Δρ − b · ∇ρ) arbitrarily small, so that z_t − Δz − b · ∇z − f̄(z) < 0 since κ < 1. Therefore, in the region Ω_{t1} , z_t − Δz − b · ∇z < f̄ (z) u_t − Δu − b · ∇u > f̄ (u) (3.26) with u(x, t) > z(x, t) on the parabolic boundary ∂Ω_{t1} . Maximum principle implies that u(x, t) > z(x, t) for all (x, t) ∈ Ω_{t1} . Therefore,

lim_{τ →∞} inf_{Ω′τ} u(x, t) ≥ lim_{τ →∞} inf_{Ω′τ} z(x, t) = κ(1 − θ) (3.27)

where

Ω^′_τ = { (x, t)| k · x ∈ [a_L(t) + ( κ γ ) 1_4 , a_R(t) − ( κ γ ) 1_4 ], t ≥ τ } . (3.28)

Since θ and κ can be chosen arbitrarily close to 0 and 1, respectively, we can make κ(1 − θ) > 1 − q, proving the claim (3.23).

Step 4: Now we complete the proof. Recall that a_L(t) = a^0_L − c_Lt and a_R(t) = a^0_R + c_Rt. Therefore, the result (3.23) of preceding step implies that for any c^′ ∈ (−c_L, c_R) we have

lim_{t→∞} inf_{Σ0r} u(x + c^′kt, t) = 1 (3.29)

By definition of c_L and c_R, we can choose c_L and c_R arbitrarily close to c^{∗∗}_δ and c^∗_δ, respectively. Furthermore, we can choose δ sufficiently small so that c^{∗∗}_δ and c^∗_δ are arbitrarily close to c^{∗∗} and c^∗, respectively. Hence the result (3.29) applies to any c^′ ∈ (−c^{∗∗}, c^∗). This completes the proof of Theorem 3.4.

Proof of Theorem 3.5: Without loss of generality, assume C_2 = 0. Thus, u_0(x) ≥ Ce^{−λck·x} for (k · x) > 0. We now construct a subsolution of the form ψ(x, t) = d_1e^{−λ1(k·x−c2t)}ϕ_{λ1} (x, t) − d_2e^{−λ2(k·x−c2t)}ϕ_λ′ (x, t) (3.30) for some λ_1, λ_2 satisfying λ_c < λ_1 < λ_2. As described in the appendix, if we replace f^′(0) with f^′(0) − δ in the eigenvalue problem, minimal speed c^∗ becomes c^∗_δ, with c^∗_δ < c^∗, c^∗_δ → c^∗ as δ → 0. Let μ_δ(λ) denonte the eigenvalue corresponding to the problem with f^′(0) − δ. Then, we can pick δ small so that there exists λ_1, λ_2 and c_1, c_2 such that c_2 = μ_δ(λ_2) λ_2 < μ_δ(λ_1) λ_1

= c_1 (3.31) and c_2 < c_1 < c and λ_c < λ_1 < λ_2 (see appendix for properties of μ_δ). Now define the function ψ(x, t) = d_1e^{−λ1(k·x−c2t)}ϕ_1(x, t) − d_2e^{−λ2(k·x−c2t)}ϕ_2(x, t) (3.32) where ϕ_1, ϕ_2 > 0 are the eigenfunctions defined by (3.10) with f^′(0) − δ, corresponding to λ_1, λ_2. Given an η > 0, we can pick d_1, d_2 > 0 such that ψ(x, 0) < u_0(x) for all x ∈ R^N and sup_{(x,t)} ψ(x, t) < η. This is possible since u_0(x) ≥ Ce^{−λck·x} for (k · x) > 0 and u_0 satisfies (3.9) and λ_c < λ_1 < λ_2. Also, for r sufficiently large, ψ(x, 0) > 0 for x ∈ Σ^+_r .

By (3.31), λ_1c_2ϕ_1 < μ_δ (λ_1)ϕ_1. As a result, ψ is a subsolution to the linearized problem: ψ_t − Δψ − b · ∇ψ < (f^′(0) − δ)ψ ψ(x, 0) < u_0(x). Now, since f(s) > s(f^′(0) − δ) for s ∈ (0, η) and since ψ < η for all (x, t), ψ_t − Δψ − b · ∇ψ < f(ψ) ψ(x, 0) < u_0(x). By maximum principle, u ≥ ψ for all (x, t). As in (3.21), we find conclude that there is an ϵ > 0 and Λ > 0 and a constant a_0 such that u(x, t) ≥ ψ(x, t) > ϵ > 0 if |k · x − a_R(t)| < Λ where a_R(t) = a_0 + c_2t.

Now using the assumption that lim r→−∞ inf_{Σ−r} u_0(x) = 1, we proceed as in Step 2 of Theorem 3.4 to show that lim_{τ →∞} inf_{Ωτ} u(x, t) ≥ ϵ

on the set Ω_τ = {(x, t)| k · x ∈ (−∞, a_R(t)], t ≥ τ } . (3.33) Then it is easy to extend the arguments of Step 3 and Step 4 in the proof of Theorem 3.4 to conclude the proof that lim_{t→∞} inf_{x∈Σ−r} u(x + c^′tk, t) = 1. (3.34)

Proof of Corollary 3.6: Suppose the initial data is wave-like, i.e. satisfies (3.9). Without loss of generality, we may assume that u_0(x) > 0 if (k ·x) ≤ 0. Then let v(s) ≥ 0 be a smooth function with compact support in the interval s ∈ (0, 1), with ‖v‖_∞ = 1. Then consider the function ψ_0(x) defined by

ψ_0(x) = ∞∑ j=1 a_j v(k · x + j) (3.35)

where the coefficients {a_j } are chosen such that ψ(x) < u_0(x). Applying the argument from Theorem 3.4, the solution to the initial value problem Lψ + f(ψ) = 0 ψ(x, 0) = ψ_0 (3.36) must satisfy lim_{t→∞} inf_{x∈Σ−r} ψ(x + c^′tk, t) = 1 (3.37)

for any c^′ < c^∗. By maximum principle, the result holds for u(x, t) since u_0(x) ≥ ψ_0.

Proof of Corollary 3.7: This follows from the preceeding corollary and from Theorem 1.1, with λ_c = λ^∗.

4 Appendix: Properties of the Eigenvalue Prob- lem The eigenvalue problem associated with propagation in the direction k is: L_λϕ = Δϕ − ϕ_t + (b − 2λk) · ∇ϕ + (λ^2 − λ(b · k) + f^′(0))ϕ = μ(λ)ϕ (4.38) with ϕ(x, t) = ϕ_λ > 0 being periodic in both x and t. In this section we describe the following properties of the principal eigenvalue μ(λ) as a function of λ:

Lemma 4.1. The map λ → μ(λ) is strictly convex in λ.

Proposition 4.2. There is a point λ^∗ ∈ (0, +∞) at which the curve λ →^{μ(λ)}_λ achieves a unique global minimum (over (0, +∞)) which is also the only local minimum. Hence,^{μ(λ)}_λ is strictly decreasing over interval (0, λ^∗) and increasing over interval (λ^∗, +∞).

Proof of Proposition 4.2 Integrate the equation (3.10) over D = Q × [0, T ] and divide by ∫ D ϕ dx dt > 0. Periodicity and the fact that ∇ · b = 0 imply that

μ(λ) = λ^2 + f^′(0) + λ ∫ D(b · k)ϕ ∫ D ϕ . (4.39)

Since ϕ > 0, the last term is bounded by ‖b‖_∞, so that μ(λ) grows quadratically as λ → ±∞. Letting λ = 0, maximum principle implies that μ(0) = f^′(0) > 0 with eigenfunction being a positive constant. Then the proposition follows immediately from the fact that μ(λ) is convex in λ.

The convexity of μ(λ) follows from a minor extension of the argument in [2] (see Section 5.2 therein), but for convenience and since the eigenvalue problem is nonstandard, we include the details here. First, we make use of the following characterization of the principal eigenvalue, which holds even though the operator is not self-adjoint. Let operator L be defined by Lϕ = a_{ij}ϕ_{xixj} − ϕ_t + b_iϕ_{xi} + cϕ (4.40) where a_{ij} = (a_{ij} (x, t)) is uniformly elliptic, b_i = b_i(x, t) and c = c(x, t), with summation notation implied. All coefficients are periodic with respect to both x and t. Denote by μ the principle eigenvalue of L over the space E = C^2_P (Q × [0, T ]) of C^2 functions periodic in D = Q × [0, T ].

Theorem 4.3. The following variational formula holds for the principal eigenvalue μ:

μ = inf_{ψ∈E+} sup_{(x,t)∈D} Lψ ψ (4.41)

where E^+ = {ψ ∈ E | ψ > 0}.

Proof of Theorem 4.3: This is an extension of the version proven in [2] for time-independent operators. Clearly when ψ = ϕ is the eigenfunction for L, then^{Lϕ}_ϕ ≡ μ. Suppose there is a function ψ > 0, ψ ∈ E such that Lψ ψ < μ for all (x, t) ∈ D. (4.42)

Then Lψ − μψ = m < 0 for some function m. Now there exists τ such that ϕ ≤ τ ψ for all (x, t) with equality holding at a point. This follows from positivity and continuity of ψ and ϕ. Define the function w ∈ E by w =^ϕ_ψ . Plugging ϕ = wψ into the equation Lϕ − μϕ = 0, we obtain a_{ij} w_{xixj} − w_t + b_iw_{xi} + a_{ij} w_{xi} ψ_{xj} ψ + a_{ij} w_{xj} ψ_{xi} ψ = − w ψ (Lψ − μψ) > 0. By definition of w and τ , w ≤ τ with equality holding at one point. By maximum principle, we must have w ≡ τ . Note that periodicity in t is necessary to apply the maximum principle in this way. Hence ϕ ≡ τ ψ, which contradicts (4.42). Hence sup (x,t)∈D Lψ ψ ≥ μ (4.43)

for all ψ ∈ E. This completes the proof.

Proof of Lemma 4.1: The Lemma extends an argument in [2], Section 5.2; we include the details for convenience. From the theorem we have

μ(λ) = inf_{ψ∈E+} sup_{(x,t)∈D} L_λψ ψ . (4.44)

For a function ψ ∈ E^+, we define ψ̂ = e^{−λk·x}ψ. Then it is easy to check that L_λψ ψ = L̂ψ̂ ψ̂ + f ′(0)

where L̂ψ̂ = Δψ̂ − ψ̂_t + b · ∇ψ̂. Therefore, we can express μ(λ) as

μ(λ) = f^′(0) + inf_{ψ∈Ê+} λ sup (x,t)∈D L̂ψ ψ (4.45)

with the set Ê^+_λ defined by Ê^+_λ = { e^{−λk·x}ψ | ψ ∈ E^+ } . For λ, γ > 0, let ϕ ∈ Ê^+_λ and ψ ∈ Ê^+_γ . If we define w = √ ϕψ, then w ∈ E^+_α , where α =^{λ+γ}_2 .

Therefore, by (4.45) μ( λ + γ 2 ) ≤ f^′(0) + sup_{(x,t)∈D} L̂w w . (4.46)

Let us compute L̂w w = 1 2 L̂ϕ ϕ + 1 2 L̂ψ ψ − 1 4 ( |∇ϕ|^2 ϕ^2 + |∇ψ|^2 ψ^2 + 2 ∇ϕ · ∇ψ ϕψ ) + ∇ϕ · ∇ψ ϕψ . (4.47)

Note that 2 ∇ϕ · ∇ψ ϕψ − |∇ϕ|^2 ϕ^2 − |∇ψ|^2 ψ^2 = 1 ϕ^2ψ^2 ( 2(ϕψ)∇ϕ · ∇ψ − ψ^2|∇ϕ|^2 − ψ^2|∇ψ|^2 ) . (4.48)

If we take a = ϕ_{xi} ψ and b = ψ_{xi} ϕ and apply the inequality 2ab ≤ a^2 + b^2, we conclude that the expression in (4.48) is nonpositive. Now returning to (4.47), we conclude that L̂w w ≤ 1 2 L̂ϕ ϕ + 1 2 L̂ψ ψ . Therefore, sup (x,t)∈D L̂w w ≤ 1 2 sup L̂ϕ ϕ + 1 2 sup L̂ψ ψ . (4.49)

Since ϕ and ψ were arbitrarily chosen, we conclude from (4.45) and (4.46) that μ( λ + γ 2 ) ≤ μ(λ) + μ(γ) 2 . (4.50) Therefore, λ → μ(λ) is convex. This completes the proof.

Remark: It follows easily from (4.45) that if μ_δ (λ) denotes principal eigenvalue of (4.38) with f^′(0) replaced by f^′(0) − δ for δ > f^′(0) > 0, we must have

• μ_δ(λ) = μ(λ) − δ for all λ > 0

•^{μδ (λ)}_λ ↗^{μ(λ)}_λ locally uniformly as δ → 0

•^{μδ (λ)}_λ also satisfies the properties described in Lemma 4.1 and Proposition 4.2

5 Conclusions

We proved the existence of KPP traveling fronts propagating at minimal speeds in space-time periodic mean zero incompressble flows. The minimal speeds are given by a variational principle defined through principal eigenvalue of a linear space-time periodic parabolic operator. Front existence holds also for general positive nonlinearity. It is interesting to study of the qualitative properties of minimal speeds as the advection field varies its intensity in future works.

6 Acknowledgments

J.N. is grateful for support through an NSF VIGRE graduate fellowship at UT Austin. M.R is supported by an NSF VIGRE Instructorship at UT Austin. J.X is partially supported by NSF grant ITR-0219004.

References

[1] D. G. Aronson and H. F. Weinberger, Multidimensional Nonlinear Diffusion Arising in Population Genetics, Adv. Math., Vol. 30, pp. 33-76, 1978.

[2] H. Berestycki and F. Hamel,, Front Propagatin in Periodic Excitable Media, Comm. in Pure and Appl. Math., Vol. 60, (2002), pp. 949-1032.

[3] H. Berestycki and L. Nirenberg, Travelling fronts in cylinders, Ann. Inst. H. Poincaré Anal. Non Linéaire, 9 (1992), pp. 497–572.

[4] P. Clavin and F. A. Williams, Theory of premixed-flame propagation in large-scale turbulence, J. Fluid Mech., 90, (1979), pp. 598-604.

[5] P. Constantin, A. Kiselev, A. Oberman, L. Ryzhik, Bulk burning rate in passive-reactive diffusion, Arch Rat. Mech Analy, 154, (2000), pp. 53-91.

[6] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

[7] L. C. Evans and P. E. Souganidis, A PDE approach to geometric optics for certain semilinear parabolic equations, Indiana Univ. Math. J., 38, 1989, pp 141–172.

[8] J. Gärtner and M. Freidlin, Propagation of concentration waves in periodic and random media, Soviet Math Dokl. 20 (1979), pp 1282-1286.

[9] F. Hamel, Formulas min-max pour les d’ondes progressives multidimensionnelles, Ann. Fac. Sci. Toulouse Math (6)8(1999), no. 2, pp 259-280.

[10] S. Heinze, Homogenization of flame fronts, preprint, University of Heidelberg, 1993.

[11] S. Heinze, G. Papanicolaou, A. Stevens, Variational principles for propagation speeds in inhomogeneous media, SIAM J. Applied Math, 62, no. 1, (2001), pp. 129 - 148.

[12] P. Hess, Periodic–Parabolic Boundary Value Problems and Positivity, vol. 247 of Pitman Research Notes in Mathematics, Longman Scientific & Technical, Harlow, 1991.

[13] A. R. Kerstein and W. T. Ashurst, Propagation rate of growing interfaces in stirred fluids, Phys. Rev. Lett. 68, (1992), p. 934.

[14] A. Kiselev and L. Ryzhik, Enhancement of the traveling front speeds in reaction-diffusion equations with advection, Ann. de l’Inst. Henri Poincaré, Analyse Nonlinéaire, 18, (2001), pp. 309–358.

[15] B. Khouider, A. Bourlioux, A. Majda, Parameterizing turbulent flame speed-Part I: unsteady shears, flame residence time and bending, Combustion Theory and Modeling, 5 (2001), pp. 295-318.

[16] G. M. Lieberman, Second Order Parabolic Differential Equations, World Scientific, River Edge, NJ, 1996.

[17] A. Majda and P. Souganidis, Large scale front dynamics for turbulent reaction-diffusion equations with separated velocity scales, Nonlinearity, 7 (1994), pp. 1-30.

[18] A. Majda and P. Souganidis, Flame fronts in a turbulent combustion model with fractal velocity fields, Comm Pure Appl Math, Vol. LI (1998), pp. 1337-1348.

[19] J.-F. Mallordy and J.-M. Roquejoffre, A Parabolic Equation of the KPP Type in Higher Dimensions SIAM J. Math. Anal. Vol. 26, No. 1, pp. 1-20, 1995.

[20] J. Nolen and J. Xin, Reaction diffusion front speeds in spaciallytemporally periodic shear flows, SIAM J. Multiscale Modeling and Simulation, Vol. 1, (2003), No. 4, pp. 554-570.

[21] J. Nolen and J. Xin, Existence of KPP type fronts in space–time periodic shear flows and a study of minimal speeds based on variational principle, math.AP/0407366, www.arXiv.org; Discrete and Continuous Dynamical Systems, 2005, to appear.

[22] J. Nolen and J. Xin, A Variational Principle Based Study of KPP Minimal Front Speeds in Random Shears, math.AP/0410564, www.arxiv.org, 2004.

[23] J. Nolen and J. Xin, Min-Max Variational Principle and Front Speeds in Random Shear Flows, math.AP/0501445, www.arxiv.org, 2005.

[24] G. Papanicolaou and J. Xin, Reaction-diffusion fronts in periodically layered media, J. Stat. Physics, 63 (1991), pp. 915-931.

[25] P. Ronney, Some open issues in premixed turbulent combustion, in:

Modeling in Combustion Science (J. D. Buckmaster and T. Takeno, Eds.), Lecture Notes In Physics, Vol. 449, Springer-Verlag, Berlin, (1995), pp. 3-22.

[26] N. Vladimirova, P. Constantin, A. Kiselev, O. Ruchayskiy, L. Ryzhik, Flame enhancement and quenching in fluid flows, Combust. Theory Model., 7, (2003), pp. 487-508.

[27] J. X. Xin, Existence and stability of travelling waves in periodic media governed by a bistable nonlinearity, J. Dynamics Diff. Eqs., 3 (1991), pp. 541–573.

[28] , Existence and uniqueness of traveling waves in a reaction-diffusion equation with combustion nonlinearity , Indiana Univ. Math. J.,40 (1991), pp. 985–1009.

[29] , Existence of planar flame fronts in convective–diffusive periodic media, Arch. Rat. Mech. Anal., 121 (1992), pp. 205–233.

[30] , Front propagation in heterogeneous media, SIAM Review, Vol. 42, No. 2, June 2000, pp. 161-230.

[31] , KPP front speeds in random shears and the parabolic Anderson problem, Methods and Applications of Analysis, Vol. 10, No. 2, (2003), pp. 191-198.

[32] V. Yakhot, Propagation velocity of premixed turbulent flames, Comb.

Sci. Tech 60, (1988), p. 191.