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Abstract

In this paper we study mutual absolutecortinuity, niteness of relative ertropy and
the possibility of their equivalencefor probability measureson C([0;1 ); RY) induced
by di®usion processes.We also determine explicit events which distinguish between
two mutually singular measuresin certain one-dimensionalcases.

1. Intro duction and Statemen t of Results
Considerthe di®usionoperator,

SRR T TR

ijj =1

dened on RY, wherea(x) = fay; (x)g, -, is locally HAlder cortinuous and pos-
itive de nite, on RY and fhg’, is locally HAlder cortinuous on RY. We will
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assumethat the martingale problem for L, is well-posed|that is, that the dif-
fusion processcorrespnding to L, doesnot explode. The unique solution to the
martingale problem for Ly, will be denotedby f P#Pg,,r«, wherex denotesthe
value of the corresmnding di®usionprocessat time 0. Of course,P2" is a prob-
ability measureon C([0; 1 ); RY), the spaceof cortinuoustrajectoriesX = X (t)
from [0;1 ) to RY with the topology of uniform corvergenceon boundedtime in-
tervals, and it is supported on paths satisfying X (0) = x. Denotethe restriction
of P2 to C([0;t]; RY) by PZP. It follows from the Girsanos formula that P2
and Pf‘t are mutually absolutely cortinuous and that

dPaﬁ Z 1Zt
(X(9) = e><|0( a‘ Ybi B(X(s)dX(s) 2, i bial ‘(B b)i(X(s))ds);

dPZP

where X (t) = X () i g b(X (s))ds.

Given two probability measures® and *, recall thathhe relative ertropy
H(°;t) of © with respectto ! is dened by H(°;1) = Iogd"dl -1 if
° is absolutely cortinuous with respectto !, and is de ned to be 1 otherwise.
A straightforward calculation revealsthat

YA t
H (P pab) = —EaB r{‘)i bial 1(Bi b)i(X(s))ds:

It follows from this that if one restricts to the classof boundel drifts, then the
relative ertropy is always nite. Thus, for boundeddrifts, mutual absolutecon-
tinuity and niteness of the relative ertropies are equivalert whenthe measures
are restricted to C([0;t]; RY).

There hasbeena lot of work concerningquestionsof absolute cortinuity for
various types of stochastic processe®n nite time intervals; seefor example[5]
and [6]. Howeer, in the caseof anin nite time horizon, it seemghat very little
work hasbeendone. In this paper, we study mutual absolutecortinuity, nite-
nessof the relative ertropy and the possibility of their equivalencefor probability
measure P and Pj‘;B on C([0;1 ); RY). If oneobsenesa di®usionprocessX (t),
0- t< 1,andwants to testthe hypothesisthat the processcorrespndsto PX""?B
againstthe hypothesisthat it correspndsto P3P, then observingonerealization
of the processon the in nite time interval will almost surely allow for the iden-
ti cation of the processif and only if the two measuresare mutually singular.
For certain pairs of mutually singular measuresorrespnding to onedimensional
di®usions,we will determine explicit everts which distinguish betweenthe mea-
sures. The particular interestin ertropy in this cortext comedrom Stein'slemma
applied to the Neyman-Rearsonhypothesistesting. Let F; = ¥X (s);0- s- t)
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and let A; 2 F; be an acceptableregion for the hypothesis Pf?ﬁ when observing
the processup to time t. Let the probabilities of error be ® = P;‘;B(Af) and
Tt = PEP(A,). For22 (0;1), let 7} © infar,m< ¢ Then Stein'slemmall]
statesthat lim:, olimy;  1log™; = i H(P2P; Pab).

As usual, 1 ?° will denotethat ! and °© are mutually singular,® ¢ © will
denotethat * is absolutely cortinuouswith respectto ©, and* » ° will denote
that 1 and © are mutually absolutely cortinuous. We begin with the following
basic criteria.

Theorem 1.
i. P22 pabif and only if
Z 1
BDi bai D pi(X(s)ds= 1 as: [PF] or a:s: [PE;
0
i. PY¢ PPif and only if
Z,
Wi bai D bi(X(s)ds< 1 as: [PEY;

0

i Z,
H (P2, pab) = %Ei;ﬁ i bia Bi bi(X(s)ds: (1.1)
0

We note three useful corollaries of Theorem 1 whoseproofs will be given in
section2.

Corollary 1. If Pab ; pabpabs pab) for somex 2 RY, then the sameholds
true for all x 2 RY.

Corollary 2. If the invariant ¥ elds for the di®usion processescorrespnding
to Lap and L4 are trivial, then either paby pab or paby pab,

Corollary 3. Assumethat the di®usion processcorresnding to either Ly, or
L4 is recurrent. Then P22 pab,

Remark. Although Corollary 3 might seem\obvious”, we note that evenin the
positive recurrert casefor dimensiond , 2 the resultdoesnot follow immediately
from ergadic considerationsbecausedhere arein nitely many drifts correspnding
to ead invariant probablity measure[8].

In light of Corollary 3, in the sequele will work only with transient di®usion
processesThe transiert di®usionprocesscorresmnding to L., possessea posi-
tive Green'sfunctions, which will be denotedby G*°(x;y). Recallthat G*°(x; y)



satis es E&P Rol f (X (s)ds= RRd G&(x; y)f (y)dy, for f | 0, and the expression
above is nite for all compactly supported f . Thus, it follows from (1.1) that
1
2
Whereas(1.2) givesa reasonablysimple analytic formula for the relative en-
tropy, in generalthere is no known analytic formula for the absolutely cortinu-
ity/singularity dichotomy; that is, there is no analytic formula which is equiv-
alert to condition (i) or (i) of Theorem 1. (The exception to this, is in the
one-dimensionalcase,as will be seenin Theorem 4 belon.) Recalling that on
‘nite time intervals, mutual absolute cortinuity and niteness of the relative
ertropies were equivalert for the classof bounded drifts, we ask whether one
can specify a nice classof di®usionsfor which mutual absolute cortinuity and
“niteness of the relative ertropies are equivalert? For sud a classof di®usions,
(1.2) would then give an analytic characterization of mutual absolute cortinu-
ity. Before continuing, we note an examplefrom a completely di®ere context
wheresud a phenomenonoccurs. Let fP,gi_;, andfQ,gl., beindependen se-
quencesof Bernoulli measureson f0;1g, andlet P = | 1. P, and Q=] 1_, Qn.
If one restricts to the classof measuresfor which there exists an 2 > 0 sut
that 2 - P,(0);Qn(0) - 1j 2, for all n, then mutual absolute cortinuity of P
nd Q is equivalert to the niteness of the relative ertropies|the condition is
Ll(Pn(O)i Qn(0))? < 1 . Without this restriction, the "niteness of the above
sum still characterizes nite relative ertropy, but it is possibleto have mutual
absolutecortinuity ewven if this sumis in nite (see[3, exercise#t.3.7and 4.3.9]).
Returning to our cortext, we will seethat sud an equivalenceindeedholds for
the classof Fuchsian di®usions,which we now de ne.

H (P25 Pab) = Rdrﬁi bl 1(Bi B)i(y)G*P(x; y)dy: (1.2)

_ .. P P _
De nition 1. The operator L, = 3 Idj _; & (x)%é@(j + 9 b(x)&2 onR%is
called Fuchsian if there exist constaris K 1; K, > 0 sud that
LK1vi2 - Gl a vy - Kojvj?, for x 2 RY;

i jo(x)j - &2 for x 2 R,

1+jxj

We will prove the following theorem.

Theorem 2. Assumethe L, and '—a;ﬁ are Fuchsian. Then either
i. pabppab
or
T ab ab ab- pah . ab. papb
i. P&*» P2® andsup,rd H(PX" P2") < 1 ; sup,re H(P2®PE?) <1 .

Remark. The total variation norm dry for probability measurest and © on
(- ;A) is de ned by dry (% °) = supasa j1(A) i °(A)j. The relative ertropy
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provides an upper bound on the total variation norm through the inequality
drv (% °) - (2min(H(1;°);H(°;1))% [2, exercise6.2.17] Thus for example, if
H(P&b* P, paby < 1 | then it follows from (1.1) and the above inequality that
dry (P20, pabt™i) . 2(2H (PPt pab))z. |n particular, P&t corvergesin
total variation normto P# as2 ! 0, which allows oneto concludethat P2P**:-
probabilities of ewverts involving the ertire in nite time interval of a path con-
vergeto the correspnding P2P-probability. Without the Tnite relative ertropy,
one only knows that P&b**: corvergesweakly to PP, which doesn't give any
information for ewerts that depend on the ertire in nite time interval. From
Theorem2 it follows that if P2 and P&P* P are mutually absolutely cortinuous
measurescoming from Fuchsian di®usions,then as2 ! 0, P3P convergesin
the total variation norm to P&P.

Using Theorem 1, we can give a very simple criterion for the mutual absolute
cortinuity or the mutual singularity of Wiener measureand the measurein-
ducedby another Fuchsian di®usion. The Green'sfunction for Brownian motion
(L = 3¢) isgivenby G(x;y) = cqjyi xj% ¢, ford, 3, wherecy isan appropriate
positive constart. Thus, the following corollary is an immediate consequencef
Theorem1, Corollary 1 and (1.2).

Corollary 4. Let W, (= P}°) denoted-dimensional Wiener measure on paths
startiag f.rom x 2 RY, d, 3, andlet b satisfy jl(x);j - 1+Kjxj, for someK > 0.

i o jlyt}(dyi)gdy< 1,thenP!®» W, and

SUB.2 gy H(Wyx;P)®); sup,re H(PYPW,) < 1 ;

i, If o %dy= 1, thenP®? W,.

We now show that the Fuchsian condition in Theorem 2 and Corollary 4 is
sharpby showing that for any prescribed growth rate that is largerthan Fuchsian,
onecan nd a drift b growing no faster than this prescribed rate and for which
the above dichotomy doesnot hold for W, and P)l?b.

Theorem 3. Let Y2be a positive, nondereasing function on [0;1 ) satisfying

limy; “At) = 1 . Then there existsa drift vector b suchthat
jxjib(x)j

Il SUPoRs g < 13
i. Wy ¢ PP

and
ii. H(W,;P/®)=1.

In the one-dimensionatase,we cangive an explict analytic criterion for abso-
lute cortinuity. Wewill assumawithout lossof generality that limy, X (t) = 1 ;a:s:[P&P].
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Indeed, the measurein the generalcaseis just a corvex combination of the mea-
suresobtainedby conditioningonflimy; X (t) = 1g andonflimy; X (t) = jl1g
Ead of theseconditioned di®usionscorrespndsto an h-transformedoperator of
the sameform asthe original oneand thus belongsto the classof di®usionsunder
study. Under the above assumption,the invariant ¥+ eld is always trivial, soby
Corollary 2 it follows that the mutual absolutecortinuity/singularity dichotomy
is in e®ect.

Theorem 4. Letd= landassumehatflim,; X(t) = 1g a:s:[P2P]anda:s: [PX""?B].
i If

Z, Z Z Z

z z . 2 y
dz exp(j 2 E)(u)du) dy (b 2b) (y) exp(2 E)(u)du) <1;
0 o a 0 a o a
then P&P » pab:
i If
YA 1 yA z YA z . 2 Z y
dz exp(j 2 E)(u)du) dy (b 2b) (y) exp(2 E)(u)du) =1;
0 o a 0 a o @
then P22 pab,
Furthermore,
z 1 Z z z z . 2 Z y
H(P2P:pad) = dz exp(j 2 P(U)du) dy (b Zb) (y) exp(2 P(u)du):
X o a i1 a o a

(1.3)

Remark 1. It n be shovn that the Green's function for L, is given by
G2b(x;y) = ﬁ XlAy dzexp(j 2 yz g(u)du). Changing the order of integration
in (1.3) shows that that (1.3) agreeswith (1.2). Note alsothat sincethe condi-
tions PP » P)f‘?B and P&P? P;“B are symetric with respect to the two measures,
it follows that the convergenceor divergenceof the integral in (i) and (ii) is not

a®ectedby interchanging the rolesof b and b.

Remark 2. Sincethe lower limit in the inside integral is 0 in parts (i) and (ii)
of Theorem 4 while it is j1 in (1.3), it is possibleto have P3P » P)f‘?B but
H (P2 pab) = 1 : seeexample2 below.

Here are two examplesto illustrate Theorem4.

Example 1. Let bandBbe cortinuousfunctionsvanishingidentically on(j1 ;0]
and satisfying for x , 2:

kil
b(x) = j; wherel 2 [j ;1) andk > 1; orl = 1and k > 2;
Bx) = b(x) + L wherec; 2 Rand” > j 1.
x log x



Then

: 'y N .
PL*» PP if and only if © > —— o’ = and”~ >
Otherwise P02 pLb,

Proof. The dichotomy follows from Theorem4. It suzcesto prove the claim for

T = %‘ asthe other casedollow easilyfrom Theorem1 by comparison. We claim

that for someC > 0, the integrandin parts (i) and (ii) of Theorem4 satis es
Z z Z

z z . 2 y
exp(j 2 E)(u)du) dy (b 2b) (y) exp(2 E)(u)du) » C2_ ;asz! 1:
o @ 0 a o a zlog® z
(1.4)
From this it follows that (i) holdsif ~ > £ and (i) holdsif = - 1. To show

(1.4), one writes zlog® zexp(j 2 , 2(u)du) . dy (&a—zb)z(y) exp(2 ; 2(u)du) in

e form,
o dy B ) exp@ § B(udu)
zillogi 2 zexp(j 2 2 2(u)du)

and appliesL'Hbpital's rule. The calculation is left to
0 a
the reader. ]

Example 2.

(@) Let b 1 and let B be a cortinuous function satisfying b(x) = 1, for x .1,
and b(x) = 0, for x - 0. Sincethe condition (Bj b)(X (t)) = 0, for su+-
ciertly larget, holds a.s. [P}"] and a.s. [le?ﬁ], it follows from Theorem 1
that P2 » PX® Using (1.3) one can shaws easilythat H (P12 PLb) < 1 |
but that H (P15 PP = 1 . Alternativ ely, note from (1.1) that the equal-
ity H(PL% PLb) = 1 follows from the fact that given two distinct points
X;y 2 R, the expectedhitting time of y by a Brownian motion starting from
X isin nite.

(b) Now let 8

<cosx: x<0
b(x) =
-1 x, 0

and let B be asin part (a). By reasoningsimilar to part (a), one can show
that PX° » P® and that H(P" PL®) = H(PLE PLY) = 1 .

In the casethat P&P? Pf?ﬁ, how doesone nd an ewert that distinguishes
betweenthe two measuresn the sensethat P2°(A) = 1 and PX""?B(A) = 0? Here
is a constructionthat leadsto a distinguishing evert in the generald-dimensional

case.For the sale of simplicity, assumethat a;band b are bounded. The Radon-
dpyf

dp2Pb

Xt

Nikodym derivative is a nonnegative P2P-martingale with expectation equal



to 1. Thus, by the martingale corvergencetheorem and Fatou's lemma, Z%‘b

a;h
corvergesa.s. [P2P]. Let A = flimy, S%‘b = 1g . Of course,P2P(A) = 0;

howewer from the Lebesguedecomppsition theoremone nds that P;‘;B(A) =1if
Pf?ﬁ ? P2P ([3, Theorem4.3.3]). Although the evert A distinguishesbetweenthe
two measuresit is not very illuminating|the ewvernt doesn'tallow for any intuitiv e
understandingabout the supports of the two measuredecausat involvesthe long
time behavior of a term with a stochastic integral which is ditcult to analyze.

Returning to the onedimensionalcasewith the assumptionthat lim;; X (t) =
a.s.,wewill nd \illuminating" distinguishing setsfor three increasingly-dixcult-
to-distinguish cases.We begin with the following simple case.

Prop osition 1. Let a > 0 be bounda and continuous, and for ° > 0 and
2 (i L;gl), let b,- be continuous, vanish identically on (j1 ;0] and satisfy
< °,
;160
he(x)=_ 7~ for x > 1. Then

o . —_

X l+|(t)
t
Thus, letting Aj- = flimy, %‘m = (1+1)°g, it followsthat

8

= (1+1)°; as [P ]

lim
t11

PER (A ) = .<1; if 1=1;and® = °y;
- 0; otherwise

Proposition 1 does not cover the casel = 1, which is much more delicate.
Thus, considernow the casea = 1 and b(x) = Kzlx—l for x > 0, with k > 2. As
is well-known, the measurePXl; kzixl, with x > 0, correspndsto a transiernt Bessel
processon (0; 1 ) which newer reacesO. In particular, if k is integral, then the
processs the absolutevalue of a k-dimensionalBrownian motion. The law of the
iterated logarithm states that lim sup,, % = 1 as. [Wy] (= [P)O):
This result cortinuesto hold whenk > 2 is nonintegral. Sincethe growth rate is
the samefor all valuesof k, a simple result in the spirit of Proposition 2 is not

possiblefor Besselprocesses.

Prop osition 2. For ¥2> 0, let A be the eventthat after hitting ((n + 1)) for
the rst time, a path downciossesthe interval [(n!)” ((n + 1)))*] before hitting

((n+ 2)H”% Then for k > 2, 8
<o if ¥

- 1 0f Y

ki

Lo,
Px' > (Ayi:0:) =

1
ki 2
_1
ki 2°



Remark. Proposition 2 shavs that one can distinguish betweendi®erern Bessel
processesdly keepingtrack of the amount of badctracking they do. A di®eren
result related to the problem of nding distinguishing everts for Besselprocesses
canbe foundin [% exercisexX-3.20]: If X (t) is a d-dimensionalBrownian motion,
then limy; ! L

Bt 11X (91 *ds = glyras:

The above two propositions allowed us to nd distinguishing sets for two
mutually singular measuresn certain casesvhenthe two drifts b;H are such that
bi B and b areonthe sameorderasx ! 1 . If the order of bj Bis smaller
than that of b, the task of distinguishing between the two measuresbecomes
more delicate. We now considersud a case|namely, Example 1 above when
| =" =1,¢> 0and ™ 2 (0;%]. This last requiremen guararteesthat the
processesre mutually singular. We have

b and B are cortinuous, vanish identically on x - 0; and satisfy

h(x) = kzixl; for x , 2; wherek, 1, (1.5)
ki1l C _ 1

B(x) = + 7 forx, 2, wherek>1; c> land 2 (0; ;]
2X x log’x 2

One can chedk that the method of Proposition 2 fails here: for ead value of
% either both processeslmost surely perform in nitely many downcrossingsor
both processeslmost surely perform only nitely many downcrossings.

Instead of just chedking whether or not an in nite number of downcrossings
are performed, we will court the number of downcrossings. Let N{? denote
the number of downcrossingsa path makes of the interval [(n!))”2 ((n + 1)!)"]
after hitting ((n + 1)!)” for the rst time and before hitting ((n + 2)!)*% Let
ng/’(x) = minfn, 1:((n+ 1))*%, xg. It is easyto show that under PP and
under le?ﬁ, the random variablesf N,ﬁ%gi:ng@(x) are independert and distributed
accordingto geometricdistributions: PX(NS? = j) = (64 (D) (1 pt? (b)) and
PN =) = (D) @i pP (D), forj = 0;1;:::, where

P4 (B) = (i » XHi 2 g B(s)ds)dy
()(B) =

TN ey 27 2 B(s)ds)dy’

(nh*

(1.6)

(A proof of thesefacts will be givenin the proof of Proposition 3.)

Prop osition 3. Consider the measures P} and le;ﬁ, wheee b and D are given
by (1.5), with

- .1.
2 0:3)

9



For %> 0, let N{* denotethe numter of downciossingsof the interval [(n!)”; ((n+
1)) madeby a path after it hits ((n + 1)!)*for the rst time and before it hits
(n+ 2))% and let pi?(b) and pY’(®) be asin (1.6). Then p?®) < p{?(b), so
0< P® o Fix

ph? (b) _
1 2
ki 2
and let ng(x) = minfn, 1:((n+ 1)!)1kii—22 , Xg. Then

=

A 1 FA 1 ! Nr(11/j < b
Yoo pl®  plP® S0 asi [P
nenoy L1 PY® (D) C1 as PR

(1.7)

Remark 1. Unfortunately, this method works only for — 2 (0; ] and not for the
ertire interval (0; 1] whereP1? and PXb are mutually singular.
(1

Remark 2. The intuition behind (1.7) is as follows. Since E<j£ 2 (0;1), it

follows that the smallerthe f Nrﬁl/’g are, the larger the expressioron the left hand
side of (1.7) is. Note that sinceb is larger than b, the fN,El/’g tend to be larger
under P2® than under P®.

We prove Theorem 1 and Corollaries 1-3 in section2, Theorems2 and 3 in
section3, Theorem4 in section4, and Propositions 1-3in section5.

2. Pro ofs of Theorem 1 and Corollaries 1-3
We will needtwo lemmasfor the proof of Theorem 1.

Le§1ma 1. Let (M ;Y) be a measurablespace andfY ,g, o a Itr ation, satisfying
¥ o, oYn) = Y. Let P and Q be protability measures on (M ;Y) such that
Qjv, ¢ Pjy, for all n 2 N. Then

1. Q¢ P i® limsup,, % <1,as.[Q]

2. Q? P i® limsup,, §§+ =1, as. [Q]i®limuy ggj— =0, as. [P];
3.1f Q¢ P,
H(Q:P) = lim H(Qjv,:Pij,):
Proof. The Lebesguedecomposition of Q with respectto P isgivenby Q = Q¢+

Q? , whereQ® ¢ P and Q° ? P. This decompsition is unique. Since
Qjy, ¢ Pjy, forall n 2 N, then (see,for example,[3, Theorem4.3.3])

Z
. dQjy
C —_ n .
Q%(A) = Ahl;{n deYndP’ (2.1)
- \
Q’(A) = Q(flim sudej.Y” =1g A); A2Y: (2.2)
n1  dPjy,

10



Thereforel and 2 follow immediately from (2.1) and (2.2).
For the last assertion,note that it is easyto seethat

deYn
dPjv,

dQ.

— pPrX — . .
Z,=E [deYn] ; a.s. [P]:

Clearly, fZ,g is a P-uniformly integrable martingale. SincefY ,g generateY,
limyy Zy = g—g, a.s. [P]. The function xlogx is boundedfrom belon. There-
fore, by Fatou's lemma

. . . o dQ dQ
: = P P — .DY-
Ilm1 inf H(Qjv,;Pjy,) = IlmllnfE Z,logZ, , E d—Plogd_P = H(Q:P):

Howewer, Jensen'sinequality for conditional expectation implies

d dQ. i
EP [£ log £1Yn] , ZnlogZn; a.s. [Pjy.];

thereforeH (Q; P) , H(Qjv,;Pjy,); completing the proof. O

Lemma 2 (Exercise 1V-3.26 [9]). Let M (t) be a continuous local-martingale
with resgect to (- ; F¢). hMi(t) is the quadatic variation processassaiated with
M(t), andhMi(1 ) = limy;, hMi(t). If
u L T
EM)(®) = exp M(Q)i SiMi(t)

then
ftllilm E(M)(t) = 0g=fhMi(1 )= 1g; as:

Proof. Since E(M)(t) is a non-negati\ve cortinuous local martingale, it follows
immediately from Fatou's lemmafor conditional expectation that in fact E(M )(t)
is a supermartingale. Henceit convergesalmost surely As

M (I
E(M) = E(5)%exp(i ;M 1i);
faiMi(1)=1g p ftllilm E(M)(t) = Og; a.s.
The reverseinclusion is achieved similarly from the idertity
E(j M) = E(M)i Texp(hM ). O

Proof of Theorem1. Fix x 2 RY. Let B, = fy 2 R : jyj < ng and let
én = infft | 0: X(t) 62B,g. We will denoteby P2P (P;‘;fn) the restriction
of Pab (Pa%) to F, . Let

Zt Z,
M) = hai*®; B(X(s):;dX(s)ii ha‘®; b;h(X(s)ds: (2.3)

0

11



From [7, Theorem 1.5.1],for xed n, M (¢, ~ t) is a P&P-martingale, and

7t
mMit)= Wi b:a ‘(B bi(X(s))ds

0

is the assiated quadratic variation process.

By the Girsanov transformation, P2? A Y Pfg ~n, and

2 A1y
dP2> ., dP2? ., 1 o
ot = - = SO ; a.s. [PX'B];
dPZP ., dPat (i M)(én ™ )
which implies
de‘fn n . ab
flim sup =1g = flim E(j M)(¢én ® n) = 0g; a.s. [P,
nil dPX inn ntl

According to Lemma 2, this condition is equivalert to the statemen

dp2P,
flim sup——i¢"% = 19 = thMi(1) = 1g ; as. [P2";
n'l d xm n

Using this alongwith Lemma 1 provesparts (i) and (i) of the theorem.
For part (iii), similarly to (2.3) we let
YA t YA t
M@= 'Bi (X(s);dX(s)ii e 'Bi b)B(X(s)ds:
0

0

Then M (¢n A n) is a P)?;B-martingale, and it follows that

Paﬁ
H(me n’Pfabqn = Eaﬁlogd an
u XCn n Z . 1_[
= b M(a“n)+% B bia ‘B; b)i(X(s)ds
Z . an 0
= %E)"’(‘;B B b:a (B bi(X(s)ds:
0

Letting n! 1 , it follows from the monotone corvergencetheoremand Lemma
1 that (1.1) holds. O

Proof of Corollary 1. Let x;y 2 RY, let D ¥4 RY be a boundeddomain cortaining
x andy and with smooth a boundary, alet ¢p = infft, 0: X (t) 62Dg. Asiswell

12



know, both P, (X (¢p) 2 @ and Py (X (¢p) 2 @ are mutually absolutelycortinuous
with respect to Lebesguemeasureon @ . Thus, since
Z
Owrﬁi bia 1(Bi Bi(X(s)ds< 1 as:[PA?] and as: [PEY);
it follows from the strong Markov property and Theorem 1-i that
Z
pato pab,  paby pab, Ow i bial (B )i (X (s))ds= 1 as:[P2Y] or ais: [P2Y);

for almostall z2 @. Similarly, it follows that
Z b
paby pab, pab, pav, i ba i(Bi Di(X(s)ds< 1 as: [PEY;
0

for almostall z2 @. O

Proof of Corollary 2. The event
Z 1

i b;a B bi(X(s)ds= 1
0

is invariant. Thus, if the invariant ¥ eld is trivial for both P& and P;‘;B, then
then either the above ewvert or its complemen occurs a:s: [P2P] and a:s: [P)??B].
The dichotomy in the corollary now follows from Theorem 1-i and ii. O

Proof of Corollary 3. Let xo 2 RY andr > 0 be sud that
B b:ai 1('31 bi > 2> 0onB,(Xg). De ne stopping times as follows:

¥4 = infft, 0:X(t) 2 Bi=(X0)g
én = infft, 0:X (% +t) 62B,(X0)0
Ya = Yaxf,;

where£,! (§ = ! (t + ¢ is the standard shift operator. The Hélder cortinuity
conditions imposedon the coexcients a and b imply the existenceof a unique

solution to 8
S(Li?2u=0 inB(X);

u=1 on @r(xo):
By the Feynman-Kacformula and the boundedcornvergencetheorem,
u(x) = E¥Pexp(j %
() = Eexntf ) q

> Esbexp | Wi bia *Bi bi(X(9)ds ; X 2 Byoy(xo):
0

13



By the strong maximum principle, [7, Theorem 3.2.6],

sup u(x) =1 % for some =2 (0;1):
X2 @B =2(Xo)

Let H Z, )l
v(x) = EX®exp | Bi b:a '®; bi(X(s)ds ; x 2 D:
0

e will shawv that v = 0. From this it will follow that
o Bi b;ai 1(B; b)i(X(s)ds= 1 as.[P2?], andthen by Theorem1-i, we have
pab o pab,
For N 2 N, successi applications of the strong Markov property show that

W Lz, l
v(x) - E  exp j Bi b:a !B b)i(X(s))ds
n=1 ¥a
W Wz, l
= E" EQme® i 1Biba Bi bi(x(s)ds
n=1
(1; HV I\I!!1 0:

3. Pro ofs of Theorems 2 and 3

Proof of Theorem 2. By [7, Theorem 8.3.1],the cone
fu2 C3RY:L*u=0in R"andu > 0Og

is onedimensional. It follows from [7, Theorems8.3.1and 9.1.2],that the invari-
ant ¥ eld, I, is trivial with respectto P2 and P;‘;B. The event
Z,
f i b:al®i bi(X(s)ds< 1g 2 I:
0
Thus, in light of Theorem 1, either P& » P8 or pab 2 Pa® To prove the the-
orem, we will assumethat P » P28 and shaw that sup,r« H (P&P; Pa®) < 1 .
The sametype of argumert also givessup,,gs H (Pj‘?B; PaP) < 1.
SincePaP » P28 by Theorem 1 we have
Z

' B ba B bi(X(s)ds< 1 as.[P2?]; x 2 R%: (3.1)
0

14



Let B, = fy 2 RY : jyj < ng and let ¢, = infft | 0 : X(t) 62B,g. The
locally Hélder cortinuity of the coexcients ensureshat there exits a sequencef
functions f u,gnon ¥2 C2° (B,,) Which satisfy

83 g

L.pih B b;a !®; bi u,=0 inB,

“up =1 on @,
In particular, the Feynman-Kacformula shaws that
H Zw, 1
Un(X) = EZPU (X (t2 ¢n)) exp Bi ba ‘(B; bi(X(s)ds ;

0

and from bounded cornvergencewe then obtain
oz, 1

up(x) = E2%exp j mrBi b:ai ‘B b)i(X (s))ds
0

Consequetly, let
n Z 1

1
u(x) = lim u(x) = Ef°exp | B ba !B bi(X(s))ds : (3.2
n! 0
Fix m 2 N. The global Shauder estimates([4, Theorem 6.6]) yield

kupkae.g, - C(kupkos, + 1) 2c;n, m

5

wherec= c¢(d;°;K1;K3(By)) > 0,K, is asin De nition 1 and

xd xd
Ks(Bm) = kaj Ko B, + kbkoe:g, + kfﬁi b;a’ l(Bi Dikoeg, <1
i =1 i=1
Hence,fu,g, m and the sequencef the partial derivatives up to the second
order are bounded in the k ¢kyg,, -norm and equicortinuous on B,,. By the
Arzela-Ascolitheorem, we can extract a subsequencegornvergingto u in the
k ¢ky.g, -norm. Hence,u 2 C?(RY), and (L B ba 1(£i IQ)i)u = 0. By (3.1),
0< u- 1. Fromthe Feynman-Kacformula, u(X (t)) exp i M b;a 1(Bi b)i (X (s))ds
is a boundedPP-martingale. Therefore,in light of (3.1) and the martingale con-

vergencetheorem, lim;  u(X (t)) exists, a.s. [P2®]. Furthermore,
u oz, T
u(x) = E¥Pu(X () exp | HBj b;a ‘(B bi(X(s))ds : (3.3)
0

From the bounded convergencetheorem, (3.2) and (3.3) we seethat
HoZ,
u(x) = E¥exp | B ba 1B bi(X(s)ds =
u ’z, 1
EZ® lim u(X (1)) exp | B b:a 1B; b)i(X(s))ds
’ 0

15



With (3.1) again, we concludethat

Jim u(x (1) = 1; as. [P2P]: (3.4)

Sinceu is bounded,u(X (t)) i Rot(Héi b;ai 1('81 b)iu)(X (s))dsis a P&P-martingale.
Therefore, Z,
u(x)= 1j E¥* (B ba ‘B biu)(X(s))ds: (3.5)
0

We intend to showv now that u is boundedfrom below by a positive constan.
For this, we apply the technique usedin [7, Theorem8.3.1]. For R > 0, let
xd @ xd

R _ 1 | '
) 2, 4G e * . Rh(RX)—@ii R(Bi b;a '(Bi bi(Rx)):

Let ur(x) = u(Rx) and D= fx 2 RY: 1< jxj < 2g. It is easyto seethat
8
SLR,ur =0 inRY and

“ugr >0 in RY:

Since Ly, is Fuchsian, the coetcients of Lf, are uniformly boundedin R and
the di®usion matrix of L3, is uniformly elliptic in RY, uniformly in R. Thus,
by Harnad's inequality there existsc = o(K ,=K;;d;D9 > 0, independen of R,
sud that forall R > 0; x;y 2 D% ug(x) , cugr(y). This is equivalert to

u(x), cu(y); R<jxj;jyi< 2R (3.6)

Sinceu is positive and cortinuousin RY, in order to prove that inf,,ze u(x) > 0,
we have to shav that liminfj;; u(x) > 0. By (3.4), wecan x !¢ 2 - sud
that

tI!ilm uX(t;!o) = L (3.7)

Let fy,g ¥ RY satisfyjy,j " 1 . The cortinuity of the paths implies the existence
of a sequencet,g %2 [0;1 ) sud that X (tn;! 0)] = Y. By (3.7), there exists
N 2 N, sudh that for n , N, u(X(ty)) > 1=2. By (3:6), u(y,) , c=2, so
inf, nu(yn) ., c=2. Sincefy,g is arbitrary, liminfyu;; u(x) > 0. Letting

2 = inf,,ga U(X) > 0, we obtain from (3.5)

Z, Z .
E2® 1B bia ‘B b)i(X(s)ds - %Ei;b B ba ‘B biu(X(s)ds
0 0
1i u(x)
- 2
Therefore, by Theorem 1, sup, s H (P20 P2®%) < L. 0
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Proof of Theorem 3. We will assume without lossof generality that x = 0. We
Tst constructthe candidatefor the drift coe+cient B. Let e, = (1;0;:::;0) 2 RY.

Setx; = e, and de ne inductively
8
SRy = 3 "jXp]

) (3.8)
© Xpe1 2 fteg it > 4jx,j; %t=2)> 29D g:n 2 N:

The balls f Br, (Xn)0n2n are disjoint, because

.. .3 . 3*2R 9
Xn+1]i JXn) > ZJXn+lJ = Tnﬂ > é(Rn+1 + Rp):
De ne 8
< Mxndi Ro)X -y 2 Bp () for somen 2 N;
bx)= ™ S "
-0 X 62 ,nBr,(Xn):

Whenewer x 2 Bg, =(Xn), by de nition we havejxjjB(x)j - Yjxn] i Rp); thus

ixiiBx)j
su — . 1 3.9
X2 RE‘) YjX]) (3.9)

The monotoniscity of Yallows the extensionof B to a smooth function on RY,
supported on ., Br, (Xn), While (3.9) remainstrue.

We now prove that Wo ¢, PL® and H (Wo; PL®) = 1 . Below, C is a positive
constart which may vary from line to line. Recallthat G(x;y) = Cjy i xj% ¢.

Since u . T 2
Up(X) = ———
X0 Xn)
satis es
8
% 24 uy = 0 in Rnfx,g;
3 u,> 0 in RInfx,0;
“u, =1 on @r, (Xn) and limj;1 us(x) =0
we have u Tq >
Wy (f X (@ hits Bg, (Xn)g) = un(0) = jxnj
n
Thus
b3

b3
Wo(f X (§ hits Bg, (xn)g) = 3 @2an<q .

n=1 n=1

17



which, accordingto the Borel-Cartelli lemma, implies that the process[Wg]-a.s.
hits only Titely many balls. Therefore,sinceBis locally boundedand the process

is transiern, we have
Z

l iBi2(X (s))ds< 1 ; a.s. [Wo:
0

Henceby Theorem1 W, ¢ P}®.

In order to estimate the relative entropy we shall use the represeration
(1.2). Recalling the de nition of B, and recalling that the Green'sfunction for
d-dimensionalBrownian motion is given by Cjy i xj% 9, we have

Z
HWoiPg™) = C  fBy)iiyi® ‘dy
X Z
. C B+ Re2) jyi# “dy " (=)

n=1 Brp=2(xn)

Let ! 4 denote the volume of the unit ball in RY. Sincejyj? ¢ is harmonic in
Br, (Xn), the meanvalue property implies

>€- .
Cla  B2(xnj + Ra=2)jxnj% °RY

(m) =
v u PYTR |
o 2 d
o JXn) Rn
= Cl! Y(jXnji Rn) — —
dn=1 (Xl Ro) JXn) + Rn=2 JXn)
HR T4
. Clg  %(jxnj=2) —
Xn
n=1
, Cly (@=3)"=1;
n=1
wherethe last two lines follow from (3.8). O

4. Pro of of Theorem 4
We begin with somepreliminaries. For x; < X,, let

Ya,x, = INfft . 0: X (t) = xq or X(t) = X20;

and
Y = infft, 0:X(t) = xo:

18



Recall ([7, Theorem 5.1.1]) that the assumptionlimy; X (t) = 1, a.s. [P2"],
hasan analytic equivalert. Namely, limy; X (t) = 1, a.s. [P2P] if and only if

8

R i R ¢
<70 exp'i 2 Jb=gs)ds dy=1; and
: i ¢

S (4.1)
o EXp i 2 jb=ds)ds dy<1:
Let R, i 2Ryb d¢d
exp i =gs)ds
Va2, (X) = R pil, ng _6() ¢ yi 4.2)
. EXP i 2 g b=gs)ds dy
Then 8
% LabVaz, = 0 in (21; 22);
Vzy:z, > 0 in (z1; 22);
" Vzyi2,(21) = 0 Vgzy0,(22) = L
As a result,
P)?;b(?/ﬂl > ?/éz) = Ei;bvzl;ZZ(x (?/él;zz)) = Vzl;zz(x): (4.3)

Sincewe assumeno explosion,lim,,; %, = 1 , a.s. [P&P], which implies that
P(f%, = 1g) = lim vz, (x) > O, (4.4)
Zo!

by (4.1). Similarly, lim,,,;  P&P(f3%, = 1g ) = 1, sowith 2 > 0 given,

or 2 (j1 ;x); sudthat P2°(f% = 1g)> 1j % (4.5)
Proof of Theorem 4. We begin by shawing that if
Z, Z, 2 z, !
exp(i 2 b=ds)ds) @ (B b2=#(z)exp(2 b=gs)ds)dzA dy= 1 ;
0 0 0
0
(4.6)
then P3® 2 pab,
Fix yo 2 R and let
2¢ z, 02 z, !
ux)= 2 exp(j 2 b=gs)ds) @ (B bH?=2(z)exp2  b=4s)ds)dzA dy:
0 0 0 0
4.7)

Note that u satis es LU = (B‘Tb)z in R. Fix x 2 R, let 2 > 0 be arbitrarily
chosenand pick r satisfying (4.5). By choosing O properly, we may assumethat

inf u(z) > 0: (4.8)

z2[r;1)
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Now, 83 4
< Lapi B2 u=0 in(z1);

au
“u>0 in(z;1):
Let w 2 (x; 1 ) bearbitrary. From the Feynman-Kacformula and the bounded

convergencetheoremwe obtain
A 5 !

V4w 2
u(x) = EFu(X(%w))exp i O (B' )(X())d
A I
= U(N)EF Lis <o €XP | A(B' b)Z(X(S))d
~ 0 |
3/w 2
+U(W)EF Ly, 53,0 €XP | (B' b) (X (s))ds
0
Dividing by u(w) gives
A I
% B b)2
o e 1 )(X('))d
+ EXPLiy, XD i g B b)z(X())ds : (4.9)

0

By (4.6) and (4.1) we have limy;; u(w) = 1. Thus, letting w! 1 in (4.9)

gives A 7 !
ab ' ('B. b)2
0= E;"Lis,=19 €XP i (X (s))ds
0
And by (4.8), in fact
A 5 !
ab ' ('B. b2
0= E;"Lis,=19 €XP i (X (s))ds
0

The choiceof r then implies that
V4 1
PE(F (Bi B’=a(X(s))ds=1g)> 1j 2
0

1 1 Rl . 2— —_ a;b a'B a;b
As 2 is arbitrary, (B. b =a(X (s))ds= 1, a.s. [P2"], and P2® ? P2 follows
from Theorem 1-ii.

We now show that if
Z, z, uz , z, T
exp(j 2  b=gs)ds) B b2=2(z)exp(2 b=ds)ds)dz dy< 1 ;

0 0 0 0
(4.10)

20



then PaP ; PaB and P2® ; Pab: Let u(x) be asin (4.7) with y, = 0. It then
follows from (4.10) that
M~ Iilm ux) < 1:
x!

Fix any x 2 R and pick r satisfying (4.5). Then
Z %;w'\t
u(x) = EZPu(X (% ~ 1)) i EXP ®i H>=a(X (s))ds:
0

Letting t! 1 and applying the boundedand monotone convergencetheorems

on the rst and the secondterms of the right-hand side, respectively, give
Z 4.
EX°u(X (%)) i EF® (B BP=a(X(s))ds
0

U(rPR(E % < Yag) + u(W)PI( % < %)
Y w

i E2® (B bZ=a(X (s))ds:

0

u(x)

Now Letting w! 1 , the monotonecorvergencetheoremyields

Zy,
u(x) = u(n)P(f% < 1g ) + MP2(f% = 1g)i EZ*  (Bj b*=aX(s))ds:
° (4.11)
Therefore
z 1
0 - E®ly,., (B b2=aX(s))ds
Zy, 0
E2®  (Bj b?=a(X(s))ds
0
M _u(r)j ux)<1:
Consequetly,

Z 1
POt (B B?=a(X(s))ds< 1g), PF(f% =1g)> 1 2
0

As 2 is arbitrary, we concludefrom Theorem 1-i that P3P ¢ P;‘;B.

Now let
0 1 O 0 1 1

Zx 2y 7z
b(x)= exp@ 2 ké}(s)olsA Q@ (B' b) (z) exp@2 IQ(s)olsA dzA dy:

0 0 0 0

SinceP2P ¢ P& , it follows that limy;; b(x) < 1, sinceotherwisewe would
concludefrom the rst part of the proof that PP ? PXa;B. Therefore, we can
repeat the above argumert with u replacedby b and the roles of P2 and P;“B
switched, to obtain P28 ; pab.
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We now turn to the proof of (1.3). Assumethat P2 » P)f‘;b. Rearranging
termsin (4.11), we have
Zy,
" (Bi B=aX(s))ds= u()PF(f% < 1)+ MPI(f% = 1g )i u(x):
° (4.12)
Therefore,

X

H (P2 P&® < 1 if and only if lim u(rP(f% < 1g) < 1:

Note that the existenceof the limit on the right-hand side above asan extended

real number is a consequencef (4.12). By Theorem1 and (4.12)
1 M 1
H (P2b pa®) = > lim u(r)PF(% < 1g )+ M j u(x) : (4.13)

X

From (4.2) and (4.4), we have

P(f% <1g) = 1i PP(f% = 1g)
= 1; Iilm Vrz,(X)

R, ' R, ¢

R expii 2!;9 b:a(s)ds¢dy:

exp i 2 , b=gs)ds dy

r

Note that accordingto (4.1) both integrals above are nite. To simplify the
notation we let A(y) = 2 ) b=du)du. Let

lim u(rPE(f % < 1g) " (0):

Then
R *R "R
2 ,exp(i AY))  J(Bi b=a(2) exp(A(2))dz dy [ exp(i A(y))dy
(®) = fim R (i A
-Izl Z, . i AlY))day
= 2 exp(i Ay)dy  (Bi b?=(z) exp(A(2))dz; (4.14)

wherewe have applied I'Hpital's rule to obtain the secondequality. Now
Z 1 uz y ﬂ
Miux)=2 exp(i A(y)) Bi b?=a(z) exp(A(z))dz dy: (4.15)
X 0
Plugging (4.14) and (4.15) in (4.13) gives
Z 1 “‘Z y ﬂ
H (P2 P2®) = exp(i A(Y)) Bi b?*=z(z) exp(A(2))dz dy:
1

X i
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5. Pro ofs of Prop ositions 1,2 and 3

Proof of Proposition 1. Fix x > 0. As will becomeclear in the courseof the
proof, we can assumea(x) = 1, without lossof generality. We de ne the random
process Z,

git)=°  X(s)i'ds:
0

Since f P3Pg,. o solves the martingale problem for L, on (0;1 ), there exists
an fF (g o measurableBrownian motion B(t) = B(t;!); t, 0, ! 2 - and
B(0) = x, a.s. [P2?], such that

X (t) = B(t) + g(t); a.s. [P2]: (5.1)

We will show that the drift is the dominart factor; that is, asymptotically, the
presenceof the random cortribution in (5.1) can be neglected. The unique solu-
tion of 7

y(t) = ° ty(s)I 'ds; t, 0
0
y(t) = (C¥FHD; C = 1+ 1)°:

Sincey(§ is strictly increasing,it hasan inverset(y) = y**"=C. We will denote

X (t(y)); g(t(y)) and B(t(y)) by X (y); g(y) and B(y), respectively. With this
changeof variables,we have

Z y
gly) = X1(2)Z'dz; and
0
X(y) = B(y)+g(y); as. [P (5.2)
Theseimply
gly) = (g(y)=y+ B(y)=y)''; as. [P (5.3)

As 151+ 1) > 1=2,
lim B(y)=y=lim B(t)=(Ct)¥™* ) = 0; a.s. [P27):
y! !

At this point, onecanseewhy we may assumea(x) = 1. The limit is not a®ected
when B is multiplied by a bounded process.Restricting the discussionto some
set of PP measurel, we regard the last equationsastrue for all paths. Let

®= lim supg(y)=y: (5.4)
yl1
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Then (5.3) implies Iimlinf gqy) . ® '. Integration of this inequality yields
y!
Iimlinf gly)=y, ®" (5.5)
y!
Using this in (5.3) giveslim supgdy) - ®°. Consequetly, by integration,
yil

lim supg(y)=y - ®": (5.6)
yl1

Since by assumptionjlj < 1, (5.4) and (5.5) imply ® , 1. Similarly (5.4)
and (5.6) imply ® - 1. Therefore® = 1. The sameline of reasoninggives
liminfy, g(y)=y= 1. Finally, dividing (5.2) by y while letting y! 1,

lim X (t)=(Ct)*™* D = lim g(y)=y= 1:
t11 yil
U

Proof of Proposition 2. By the strong Markov property, the sequencd A’ con-
sistsof independer evens. By Borel-Cartelli,
8 P 1,ELL g,
- 20 if PoZ(Af<1;
Yo s . J
> fA"l.og= S j=1 (5.7)
-1 otherwise.

Py

We will shaw that the (5.7) convergesif and only if %2> rlz By (4.2) and (4.3),
we have

Reiam # 1 kg
LG+ * y
AGEADK

Goe o YHdy
(G + ) 2 (G + 2 D

kil
Py & (A%

T AL () D 9
= ey Li(*+2) n
Li (G + D@ +2) i
Thus there exist constaris C,; C, > 0 sud that
| K] =N i ki 2).
Ciji #i2 . py (A - Gy i 2 (5.9)
The convergence/divergencedichotomy for (5.7) now follows from (5.9). O

Proof of Proposition 3. Sincelimy; X(t) = 1, a.s. [P"] and a.s. [le;B], for all
X 2 R, it is enoughto prove (1.7) for x , 3. Note that for sud x, the random
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variablest,@gﬁzno(x) only depend on the processwhenit isin [2;1 ), in which
casethe drifts b and B are as given in the secondand third lines of (1.5).

Fix Yo= 1k‘l—2; asin the statmert of the proposition. Let % = infft , 0: X (t) = xg.
Similar to (4.2) and (4.3), it follows that P>\ .(¥ny* < Yneayy ) = P (B);
for B = b;B, wherepﬁ/’(B) isasin (1.6). It then follows from the strong Markov
property that the sequenceof random variables f Né”gﬁ:no(x) are independent

and distributed accordingto geometricdistributions. Speci cally
PeB(NS? = j) = (p?(B)) (11 p*(B))

for B = bjpandj = 0;1;:::. Under P18, the sequence N,ﬁ%gﬁzno(x) induces
a probabilty measureQ? onf0;1;:::gV, for B = b;B. Denoting the restrictions
of Q2 and Q® to the Tst n coordinatesof f0;1;:::g" respectively by Q2, and

_ dQb,

Q'E;n, and letting Fy., = b Lemma 1 shows that

lim Fen = 0a.s.[Q}], limsupFy, = 1 as. [Q%], Q2 Qb  (5.10)
n! ni1

As the fN{"g are geometricrandom variables, it is easyto seethat

AA I 5 I
* . (%
¥ Proxy+ i ® 71 Prox)+ i ,®

Fun (2) = : B 1 2= (20;22;0:0) 2 10,1100 g
j=1 pf]?(x)ﬂi 1(D) i pfw?(x)ﬂi (D)
(5.11)
Let Y, = ?/(N(l/’;:::; ,21/3) and Y = 3/,(Nf/’;NS/’;:::). Clearly, Y p F. Let
T:-! f0;1:::g"bede nedby T! = (z;2:::) 2 f0;1::: gV, if Nj(%(! )=72;j 2N.

If A2 f0;1;:::9", then T 1(A) 2 Y,. Therefore, Q°(A) = PLP(Ti A) and
Q'E(A) = P)f‘?B(Ti IA). SincefY ,gnon generateY, these equalities determine
the restrictions of P} and le?'B to Y. Letting Fy, = Fxn =T, we seethat
Fyn(!) = Fyn (NP (1):;NY - (1);::1)) and we obtain from (5.10)

no(x) no(x)+1

im Fyn = Oas. [PH], limsupFy, = 1 as.[PX]) PL®2 plb: (5.12)

n!l n'l

Since

lim supF,, = 0 a.s. [P}

1, lim supFy, = 0a.s. [Q°];
n!l n'l
it follows from (5.12) that in order to completethe proof it is enoughto shawv
that limsup,; Fxn = 0, a.s. [QP]. Kakutani's dichotomy [3, Theorem 4.3.5]

statesthat

Q¢ Q¢ or Q¥ ? Q¢ accordingaslimay  E%" Fry > 0or = 0,
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Thusin order to show that lim sup,;; Fxn = 0, a.s. [Q%], it follows from (5.10)
that it is enoughto prove lim,; E® F,, = 0. To simplify notation, we let
o = pJ/’(b) andqg = pj(/é(B) We have

0 Vv 1,
D N ﬁno()&?’*niluqﬂmj 1] qno(vnil ,
(" Fxn) = @ n lip P (i A
mq;:mp=0 j=no(x) By i P j=no(x)
0 1,
)4 no(x}d- nj lq
- @ (pg)™(Li p)Ai g)A
my;:mp=0  j=ng(x)
0 1,
no()v-f- nilq p
= @ i p)Li g) (pg)"?A
j=no(x) m=0
AT A D A G N L
j=no(x) (i i W)Z j=no(x) (Li B9 P’
P p p
This product corvergesif and only if the series * —p—((lip“ qJ))z converges. How-

ever, aswe shall seebelow, lim;;;  pjg =.0. Thereforeto provethe rst assertion
of the proposition, we must show that = * (pﬁi pq)z =1. Wewil nd a
lower (upper) bound for p; (g). We start with p;.
Let
=1i 2 =%ki 2)

and recall that p; is de ned by (1.6) with B = b. SinceL,,;, of Proposition 2
and L., of Proposition 3 coincidefor x , 2, we can usethe computationsin the
proof of Proposition 2. By comparing (1.6) and (4.2), it is easily seenthat the
righthand side of (5.8) giveste formula. That is,

R T

’ T GGy .
= T e e G D)+ O ®)
SETTRIR

for j suzxciently large. Since
P —— 3 1
1 . > 1 . _ . 2 =)
| X | 4X’ X (Oi 2)’

we obtain

P B> ;‘—zj i*Y; for j suxciently large. (5.13)
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R R
The ewaluation of ¢ requiresmorework. Let u(x) = . exp(i 2 ) B(z)dz)dy.
Then

; 1 Lot WLy o fyog
u((inMi u((mn? = exp | ds _ds dy
(mn¥% 2 2 slog s
Z Gy o T
= y'fexp i —=log" y dy
(m1)% 1j
sk M 1
= L _exp i —=logt y i)
2i k 1i ~ (m)*
c Ly W Il

1i

+ liklog vexp i ——logh y dy:
TR Y 00 YO i r=log” Y dy

From (1.6) we know that

q = u@D%i (G +nnm .
u(((G i DY ul( + 1HH

We can write
Hi i Hjv + Ajj Hi + Ajj v
= ' < ' ; 5.14
9 Hii1i Hj+1 + Ajjj+1 Hji1i Hja ( )
where q
. M
(gn C 1 /i 1\
H = exp i — log™ N~ : and
j T p i 1 g' ("
o Zwrim® e S e ﬂd
Aii 1 *log' exp i — log™ :
jij +i 21 K . y g yexp j 1i g y ay

Note that fH;g is a strictly decreasingsequenceof positive numbers and that
the quartities fAj; +;g are non-negative. Now,
Z (@i+im* H T

C ; — C .=
Ajja = 5 yti¥log yexp j-—=Ilog" y dy
2| Kk ()% 1|
Z (+ip* H l
c O D c -
= Ss—log (i y"' “log (j!)*log yexp i —=log" y dy:
2| k ()% 1|
Sincelim;;; log (j!)“log’ ((j + i))*= 1, we have
LG S T
Aj+a = O@)log (j1” y'fexp i —=log" vy dy
()% l

logh (i )OGS i u((( + ))™);
from which it follows that

Ajj +1 = log 7(] DO(Hj i Hj+i+ Ajj):
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SinceH;.; = o(H;), we have
Ajj +1 = log (] NDO(H; + Ajj 41):
In particular,

lim sup; = lim supiA” A
i HjFAa+ 1 T T H R A

which shows that A;j 1 = o(H;): Theselast obsenations lead to
Ajj v = log (i)O(H;): (5.15)

In the sequelC denotesa positive constart which may vary from line to line. It
will be corveniert to write
H;

HjilszBGXp(i 4);
with ) ¢
£ =C'logh (j0i logh (i 1)) :
Now ]
£ = C _(log((j i 1N+ logj) i logh ((ii 1)1
A |
= C | li'.1|u+ Iogj ﬂli.l 1i7'.1|
= og” ((J i )31 m i log@ ((Gi 1Y .
- i - . |Ogj IOgJ .
= Clogt Ui ) 1 g 1y Xog 1 D'
= Clogjlog ((j i 1)!+ oflogjlog (')~ (®)
Recall that i 10g]
J_I!|1m ) =1; (5.16)

which implies

()= O( log" j):
Thus,

+=0(' log" j): (5.17)
We are now in a position to estimateq . From (5.14) and (5.15), we have

H 1+ O(log' (j1)

1 Hiie 1i Hin=Hin ¢
j " expli 4) 1+ O0®og (D) 1+ (G + 1) expli 4 i u)+ OG *)
< "’ exp(i %) 1+ Ofog (1) C(L+]'?)
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Therefore
p J— - 3:2 . - i s T . ¢ 1. A 23 .
g <Cj'"7exp(j =2) 1+ O(log" (j!) (1 + éj' ): (5.18)
Subtracting (5.18) from (5.13), we have
P P> U e =) 20 U000y (1)1 171 5
| 7 Vi 2zt {009 0

() () ()
153:2):

i O]

Since® = 1] 27, we obtain from (5.17) that (1) = O(j' *2log" j). From
(5.16)weseethat (111) = O(ji **2log' j). Finally, wewant (I1) to be negligible
with respect to (I). Clearly, this can be achieved if and only if 3® | 1. This
condition is equivalert to - 1=3. To conclude, (P D b §)2, O(itlog®? j),

SO
DS

Cri P@r=1:
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