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Abstract

In this paper we study mutual absolutecontinuit y, ¯niteness of relative entropy and

the possibility of their equivalencefor probabilit y measureson C([0; 1 ); Rd) induced

by di®usion processes.We also determine explicit events which distinguish between

two mutually singular measuresin certain one-dimensionalcases.

1. In tro duction and Statemen t of Results
Considerthe di®usionoperator,

La;b =
1
2

dX

i;j =1

aij (x)
@2

@x i @x j
+

dX

i =1

bi (x)
@

@x i

de¯ned on Rd, wherea(x) = f aij (x)gd
i;j =1 is locally HÄolder continuous and pos-

itiv e de¯nite, on Rd and f bi gd
i=1 is locally HÄolder continuous on Rd. We will
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assumethat the martingale problem for La;b is well-posed|that is, that the dif-

fusionprocesscorresponding to La;b doesnot explode. The uniquesolution to the

martingale problem for La;b will be denotedby f P a;b
x gx2 Rd , wherex denotesthe

value of the corresponding di®usionprocessat time 0. Of course,P a;b
x is a prob-

abilit y measureon C([0; 1 ); Rd), the spaceof continuous tra jectoriesX = X (t)

from [0; 1 ) to Rd with the topology of uniform convergenceon boundedtime in-

tervals, and it is supported on paths satisfying X (0) = x. Denote the restriction

of Pa;b
x to C([0; t]; Rd) by Pa;b

x;t . It follows from the Girsanov formula that P a;b
x;t

and Pa;b̂
x;t are mutually absolutely continuousand that

dPa;b̂
x;t

dPa;b
x;t

(X (¢)) = exp(
Z t

0
a¡ 1(b̂¡ b)(X (s))d ¹X (s) ¡

1
2

Z t

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds);

where ¹X (t) = X (t) ¡
Rt

0 b(X (s))ds.

Given two probability measuresº and ¹ , recall that the relative entropy

H (º ; ¹ ) of º with respect to ¹ is de¯ned by H (º ; ¹ ) =
R

dº
d¹ log dº

d¹ d¹ · 1 , if

º is absolutely continuous with respect to ¹ , and is de¯ned to be 1 otherwise.

A straightforward calculation revealsthat

H (Pa;b̂
x;t ; Pa;b

x;t ) =
1
2

Ea;b̂
x

Z t

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds:

It follows from this that if one restricts to the classof bounded drifts, then the

relative entropy is always ¯nite. Thus, for boundeddrifts, mutual absolutecon-

tinuity and ¯niteness of the relative entropies are equivalent when the measures

are restricted to C([0; t]; Rd).

There has beena lot of work concerningquestionsof absolutecontinuity for

various typesof stochastic processeson ¯nite time intervals; seefor example[5]

and [6]. However, in the caseof an in¯nite time horizon, it seemsthat very little

work has beendone. In this paper, we study mutual absolutecontinuity, ¯nite-

nessof the relative entropy and the possibility of their equivalencefor probability

measuresPa;b
x and Pa;b̂

x on C([0; 1 ); Rd). If oneobservesa di®usionprocessX (t),

0 · t < 1 , and wants to test the hypothesisthat the processcorrespondsto P a;b̂
x

against the hypothesisthat it correspondsto P a;b
x , then observingonerealization

of the processon the in¯nite time interval will almost surely allow for the iden-

ti¯cation of the processif and only if the two measuresare mutually singular.

For certain pairs of mutually singular measurescorresponding to onedimensional

di®usions,we will determineexplicit events which distinguish betweenthe mea-

sures.The particular interest in entropy in this context comesfrom Stein's lemma

applied to the Neyman-Pearsonhypothesistesting. Let F t = ¾(X (s); 0 · s · t)
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and let A t 2 F t be an acceptableregion for the hypothesisP a;b̂
x when observing

the processup to time t. Let the probabilities of error be ®t = Pa;b̂
x (Ac

t ) and

¯ t = Pa;b
x (A t ). For ² 2 (0; 1

2), let ¯ ²
t ´ inf A t 2F t ;®t <² ¯ t . Then Stein's lemma [1]

states that lim ² ! 0 lim t !1
1
t log¯ ²

t = ¡ H (Pa;b̂
x ; Pa;b

x ).

As usual, ¹ ? º will denote that ¹ and º are mutually singular, ¹ ¿ º will

denotethat ¹ is absolutely continuous with respect to º , and ¹ » º will denote

that ¹ and º are mutually absolutely continuous. We begin with the following

basiccriteria.

Theorem 1.

i. Pa;b
x ? Pa;b̂

x if and only if
Z 1

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds = 1 a:s: [Pa;b

x ] or a:s: [Pa;b̂
x ];

ii. P b̂
x ¿ Pb

x if and only if
Z 1

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds < 1 a:s: [Pa;b̂

x ];

iii.

H (Pa;b̂
x ; Pa;b

x ) =
1
2

Ea;b̂
x

Z 1

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds: (1.1)

We note three useful corollariesof Theorem 1 whoseproofs will be given in

section2.

Corollary 1. If Pa;b̂
x ¿ Pa;b

x (Pa;b̂
x ? Pa;b

x ) for somex 2 Rd, then the sameholds

true for all x 2 Rd.

Corollary 2. If the invariant ¾-¯elds for the di®usion processescorresponding

to La;b and La;b̂ are trivial, then either P a;b̂
x » Pa;b

x or Pa;b
x ? Pa;b̂

x .

Corollary 3. Assumethat the di®usion processcorresponding to either La;b or

La;b̂ is recurrent. Then P a;b
x ? Pa;b̂

x .

Remark. Although Corollary 3 might seem\obvious", we note that even in the

positiverecurrent case,for dimensiond ¸ 2 the result doesnot follow immediately

from ergodic considerationsbecausetherearein¯nitely many drifts corresponding

to each invariant probablity measure[8].

In light of Corollary 3, in the sequelwe will work only with transient di®usion

processes.The transient di®usionprocesscorresponding to La;b possessesa posi-

tive Green'sfunctions, which will be denotedby Ga;b(x; y). Recall that Ga;b(x; y)
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satis¯es Ea;b
x

R1
0 f (X (s))ds =

R
Rd Ga;b(x; y)f (y)dy, for f ¸ 0, and the expression

above is ¯nite for all compactly supported f . Thus, it follows from (1.1) that

H (Pa;b̂
x ; Pa;b

x ) =
1
2

Z

Rd
ĥb¡ b;a¡ 1(b̂¡ b)i (y)Ga;b̂(x; y)dy: (1.2)

Whereas(1.2) givesa reasonablysimple analytic formula for the relative en-

tropy, in generalthere is no known analytic formula for the absolutely continu-

it y/singularit y dichotomy; that is, there is no analytic formula which is equiv-

alent to condition (i) or (ii) of Theorem 1. (The exception to this, is in the

one-dimensionalcase,as will be seenin Theorem 4 below.) Recalling that on

¯nite time intervals, mutual absolute continuity and ¯niteness of the relative

entropies were equivalent for the classof bounded drifts, we ask whether one

can specify a nice classof di®usionsfor which mutual absolute continuity and

¯niteness of the relative entropies are equivalent? For such a classof di®usions,

(1.2) would then give an analytic characterization of mutual absolute continu-

it y. Before continuing, we note an examplefrom a completely di®erent context

wheresuch a phenomenomoccurs. Let f Png1
n=1 and f Qng1

n=1 be independent se-

quencesof Bernoulli measureson f 0; 1g, and let P = ¦ 1
n=1 Pn and Q = ¦ 1

n=1 Qn .

If one restricts to the classof measuresfor which there exists an ² > 0 such

that ² · Pn (0); Qn (0) · 1 ¡ ², for all n, then mutual absolute continuity of P

and Q is equivalent to the ¯niteness of the relative entropies|the condition is
P 1

n=1 (Pn(0) ¡ Qn (0))2 < 1 . Without this restriction, the ¯niteness of the above

sum still characterizes¯nite relative entropy, but it is possibleto have mutual

absolutecontinuity even if this sum is in¯nite (see[3, exercises4.3.7and 4.3.9]).

Returning to our context, we will seethat such an equivalenceindeedholds for

the classof Fuchsian di®usions,which we now de¯ne.

De¯nition 1. The operator La;b = 1
2

P d
i;j =1 aij (x) @2

@x i @x j
+

P d
i=1 bi (x) @

@x i
on Rd is

called Fuchsian if there exist constants K 1; K 2 > 0 such that

i.K 1jvj2 ·
P d

i;j =1 aij (x)vi vj · K 2jvj2, for x 2 Rd;

ii. jb(x)j · K 2
1+ jx j for x 2 Rd.

We will prove the following theorem.

Theorem 2. Assumethe La;b and La;b̂ are Fuchsian. Then either

i. Pa;b
x ? Pa;b̂

x

or

ii. Pa;b
x » Pa;b̂

x and supx2 Rd H (Pa;b
x ; Pa;b̂

x ) < 1 ; supx2 Rd H (Pa;b̂
x ; Pa;b

x ) < 1 .

Remark. The total variation norm dT V for probability measures¹ and º on

(­ ; A ) is de¯ned by dT V (¹; º ) = supA2A j¹ (A) ¡ º (A)j. The relative entropy
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provides an upper bound on the total variation norm through the inequality

dT V (¹; º ) · (2 min(H (¹ ; º ); H (º ; ¹ ))
1
2 [2, exercise6.2.17]Thus for example, if

H (Pa;b+ b1
x ; Pa;b

x ) < 1 , then it follows from (1.1) and the above inequality that

dT V (Pa;b
x ; Pa;b+ ²b1

x ) · ²(2H (Pa;b+ b1
x ; Pa;b

x ))
1
2 . In particular, Pa;b+ ²b1

x convergesin

total variation norm to P a;b
x as² ! 0, which allows oneto concludethat P a;b+ ²b1

x -

probabilities of events involving the entire in¯nite time interval of a path con-

vergeto the corresponding P a;b
x -probability. Without the ¯nite relative entropy,

one only knows that P a;b+ ²b1
x convergesweakly to P a;b

x , which doesn't give any

information for events that depend on the entire in¯nite time interval. From

Theorem2 it follows that if P a;b
x and Pa;b+ b1

x are mutually absolutely continuous

measurescoming from Fuchsian di®usions,then as ² ! 0, P a;b+ ²b1
x convergesin

the total variation norm to P a;b
x .

Using Theorem1, we can give a very simplecriterion for the mutual absolute

continuity or the mutual singularity of Wiener measureand the measurein-

ducedby another Fuchsian di®usion. The Green'sfunction for Brownian motion

(L = 1
2¢) is given by G(x; y) = cdjy ¡ xj2¡ d, for d ¸ 3, wherecd is an appropriate

positive constant. Thus, the following corollary is an immediate consequenceof

Theorem1, Corollary 1 and (1.2).

Corollary 4. Let Wx (= P I ;0
x ) denoted-dimensional Wiener measure on paths

starting from x 2 Rd, d ¸ 3, and let b satisfy jb(x)j · K
1+ jx j , for someK > 0.

i. If
R

Rd
jb(y)j
jyjd¡ 2 dy < 1 , then P I ;b

x » Wx and

supx2 Rd H (Wx ; P I ;b
x ); supx2 Rd H (P I ;b

x ; Wx ) < 1 ;

ii. If
R

Rd
jb(y)j
jyjd¡ 2 dy = 1 , then P I ;b

x ? Wx .

We now show that the Fuchsian condition in Theorem 2 and Corollary 4 is

sharpby showing that for any prescribedgrowth rate that is larger than Fuchsian,

one can ¯nd a drift b growing no faster than this prescribed rate and for which

the above dichotomy doesnot hold for Wx and P I ;b
x .

Theorem 3. Let ½ be a positive, nondecreasing function on [0; 1 ) satisfying

lim t !1 ½(t) = 1 . Then there existsa drift vector b suchthat

i. supx2 Rd
jx jj b(x)j

½(x) < 1 ;

ii. Wx ¿ P I ;b
x ;

and

iii. H (Wx ; P I ;b
x ) = 1 .

In the one-dimensionalcase,we cangive an explict analytic criterion for abso-

lute continuity. Wewill assumewithout lossof generality that lim t !1 X (t) = 1 ; a:s: [Pa;b
x ].
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Indeed,the measurein the generalcaseis just a convex combination of the mea-

suresobtainedby conditioning on f lim t !1 X (t) = 1g andon f lim t !1 X (t) = ¡1g .

Each of theseconditioneddi®usionscorrespondsto an h-transformedoperator of

the sameform asthe original oneand thusbelongsto the classof di®usionsunder

study. Under the above assumption,the invariant ¾-¯eld is always trivial, so by

Corollary 2 it follows that the mutual absolutecontinuity/singularit y dichotomy

is in e®ect.

Theorem 4. Let d = 1 andassumethat f lim t !1 X (t) = 1g a:s: [P a;b
x ] anda:s: [Pa;b̂

x ].

i. If
Z 1

0
dz exp(¡ 2

Z z

0

b
a

(u)du)
Z z

0
dy

(b̂¡ b)2

a2
(y) exp(2

Z y

0

b
a

(u)du) < 1 ;

then Pa;b
x » Pa;b̂

x ;

ii. If
Z 1

0
dz exp(¡ 2

Z z

0

b
a

(u)du)
Z z

0
dy

(b̂¡ b)2

a2
(y) exp(2

Z y

0

b
a

(u)du) = 1 ;

then Pa;b
x ? Pa;b̂

x .

Furthermore,

H (Pa;b
x ; Pa;b̂

x ) =
Z 1

x
dz exp(¡ 2

Z z

0

b
a

(u)du)
Z z

¡1
dy

(b̂¡ b)2

a2
(y) exp(2

Z y

0

b
a

(u)du):

(1.3)

Remark 1. It can be shown that the Green's function for La;b is given by

Ga;b(x; y) = 2
a(y)

R1
x^ y dzexp(¡ 2

Rz
y

b
a (u)du). Changing the order of integration

in (1.3) shows that that (1.3) agreeswith (1.2). Note also that sincethe condi-

tions Pa;b
x » Pa;b̂

x and Pa;b
x ? Pa;b̂

x are symetric with respect to the two measures,

it follows that the convergenceor divergenceof the integral in (i) and (ii) is not

a®ectedby interchanging the rolesof b and b̂.

Remark 2. Sincethe lower limit in the inside integral is 0 in parts (i) and (ii)

of Theorem 4 while it is ¡1 in (1.3), it is possible to have P a;b
x » Pa;b̂

x but

H (Pa;b̂
x ; Pa;b

x ) = 1 ; seeexample2 below.

Here are two examplesto illustrate Theorem4.

Example 1. Let band b̂becontinuousfunctionsvanishingidentically on (¡1 ; 0]

and satisfying for x ¸ 2:

b(x) =
k ¡ 1
2x l

; wherel 2 [¡ 1; 1) and k > 1; or l = 1 and k > 2;

b̂(x) = b(x) +
c

x´ log¯ x
; wherec;¯ 2 R and ´ > ¡ 1:
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Then

P1;b
x » P1;b̂

x if and only if ´ >
1 + l

2
or ´ =

1 + l
2

and ¯ >
1
2

:

OtherwiseP1;b
x ? P1;b̂

x .

Proof. The dichotomy follows from Theorem4. It su±ces to prove the claim for

´ = 1+ l
2 asthe other casesfollow easilyfrom Theorem1 by comparison.Weclaim

that for someC > 0, the integrand in parts (i) and (ii) of Theorem4 satis¯es

exp(¡ 2
Z z

0

b
a

(u)du)
Z z

0
dy

(b̂¡ b)2

a2
(y) exp(2

Z y

0

b
a

(u)du) »
C

z log2¯ z
; as z ! 1 :

(1.4)

From this it follows that (i) holds if ¯ > 1
2 and (ii) holds if ¯ · 1

2. To show

(1.4), one writes z log2¯ z exp(¡ 2
Rz

0
b
a (u)du)

Rz
0 dy (b̂¡ b)2

a2 (y) exp(2
Ry

0
b
a (u)du) in

the form
Rz

0 dy ( b̂¡ b) 2

a2 (y) exp(2
Ry

0
b
a (u)du)

z¡ 1 log¡ 2¯ z exp(¡ 2
Rz

0
b
a (u)du)

and appliesL'H ôpital's rule. The calculation is left to

the reader.

Example 2.

(a) Let b ´ 1 and let b̂ be a continuous function satisfying b(x) = 1, for x ¸ 1,

and b(x) = 0, for x · 0. Sincethe condition (b̂ ¡ b)(X (t)) = 0, for su±-

ciently large t, holds a.s. [P 1;b
x ] and a.s. [P1;b̂

x ], it follows from Theorem 1

that P1;b
x » P1;b̂

x . Using (1.3) one can shows easily that H (P 1;b
x ; P1;b̂

x ) < 1 ,

but that H (P1;b̂
x ; P1;b

x ) = 1 . Alternativ ely, note from (1.1) that the equal-

it y H (P1;b̂
x ; P1;b

x ) = 1 follows from the fact that given two distinct points

x; y 2 R, the expectedhitting time of y by a Brownian motion starting from

x is in¯nite.

(b) Now let

b(x) =

8
<

:
cosx; x < 0

1; x ¸ 0

and let bb be as in part (a). By reasoningsimilar to part (a), one can show

that P1;b
x » P1;bb

x and that H (P1;b
x ; P1;bb

x ) = H (P1;bb
x ; P1;b

x ) = 1 .

In the casethat P a;b
x ? Pa;b̂

x , how does one ¯nd an event that distinguishes

betweenthe two measuresin the sensethat P a;b
x (A) = 1 and Pa;b̂

x (A) = 0? Here

is a construction that leadsto a distinguishing event in the generald-dimensional

case.For the sake of simplicity, assumethat a;b and b̂ are bounded. The Radon-

Nikodym derivative
dP a; b̂

x ;t

dP a;b
x ;t

is a nonnegative P a;b
x -martingale with expectation equal

7



to 1. Thus, by the martingale convergencetheorem and Fatou's lemma,
dP a; b̂

x ;t

dP a;b
x ;t

convergesa.s. [P a;b
x ]. Let A = f lim t !1

dP a; b̂
x ;t

dP a;b
x ;t

= 1g . Of course,P a;b
x (A) = 0;

however from the Lebesguedecomposition theoremone¯nds that P a;b̂
x (A) = 1 if

Pa;b̂
x ? Pa;b

x ([3, Theorem4.3.3]). Although the event A distinguishesbetweenthe

two measures,it is not very illuminating|the event doesn't allow for any intuitiv e

understandingabout the supports of the two measuresbecauseit involvesthe long

time behavior of a term with a stochastic integral which is di±cult to analyze.

Returning to the onedimensionalcasewith the assumptionthat lim t !1 X (t) = 1

a.s.,wewill ¯nd \illuminating" distinguishing setsfor three increasingly-di±cult-

to-distinguish cases.We begin with the following simple case.

Prop osition 1. Let a > 0 be bounded and continuous, and for ° > 0 and

l 2 (¡ 1; 1), let bl ;° be continuous, vanish identically on (¡1 ; 0] and satisfy

bl ;° (x) =

8
<

:

°
x l ; l 6= 0

° ; l = 0
for x > 1. Then

lim
t !1

X 1+ l (t)
t

= (1 + l)° ; a:s: [P a;bl;°
x ]:

Thus, letting A l ;° = f lim t !1
X 1+ l (t )

t = (1 + l)° g, it follows that

Pa;bl;°
x (A l1 ;° 1 ) =

8
<

:
1; if l = l1 and ° = ° 1;

0; otherwise:

Proposition 1 does not cover the casel = 1, which is much more delicate.

Thus, considernow the casea = 1 and b(x) = k¡ 1
2x , for x > 0, with k > 2. As

is well-known, the measureP
1; k ¡ 1

2x
x , with x > 0, correspondsto a transient Bessel

processon (0; 1 ) which never reaches0. In particular, if k is integral, then the

processis the absolutevalueof a k-dimensionalBrownian motion. The law of the

iterated logarithm states that lim supt !1
jX (t)j

(2t log log t)
1
2

= 1 a.s. [Wx ] (= [P I ;0
x ]):

This result continuesto hold whenk > 2 is nonintegral. Sincethe growth rate is

the samefor all valuesof k, a simple result in the spirit of Proposition 2 is not

possiblefor Besselprocesses.

Prop osition 2. For ½> 0, let A½
n be the event that after hitting ((n + 1)!)½ for

the ¯rst time, a path downcrossesthe interval [(n!)½; ((n + 1)!)½] before hitting

((n + 2)!)½. Then for k > 2,

P
1; k ¡ 1

2x
x (A½

n i:o:) =

8
<

:
0; if ½> 1

k¡ 2

1; if ½· 1
k¡ 2:

8



Remark. Proposition 2 shows that onecan distinguish betweendi®erent Bessel

processesby keepingtrack of the amount of backtracking they do. A di®erent

result related to the problem of ¯nding distinguishing events for Besselprocesses

can be found in [9, exerciseX-3.20]: If X (t) is a d-dimensionalBrownian motion,

then lim t !1
1

log t

Rt
1 jX (s)j¡ 2ds = 1

d¡ 2 ; a:s:.

The above two propositions allowed us to ¯nd distinguishing sets for two

mutually singular measuresin certain caseswhenthe two drifts b;b̂ are such that

b ¡ b̂ and b are on the sameorder as x ! 1 . If the order of b ¡ b̂ is smaller

than that of b, the task of distinguishing between the two measuresbecomes

more delicate. We now considersuch a case|namely, Example 1 above when

l = ´ = 1, c > 0 and ¯ 2 (0; 1
2]. This last requirement guarantees that the

processesare mutually singular. We have

b and b̂ are continuous,vanish identically on x · 0; and satisfy

b(x) =
k ¡ 1

2x
; for x ¸ 2; wherek ¸ 1; (1.5)

b̂(x) =
k ¡ 1

2x
+

c

x logb x
; for x ¸ 2; wherek > 1; c > 1 and ¯ 2 (0;

1
2

]:

One can check that the method of Proposition 2 fails here: for each value of

½, either both processesalmost surely perform in¯nitely many downcrossingsor

both processesalmost surely perform only ¯nitely many downcrossings.

Instead of just checking whether or not an in¯nite number of downcrossings

are performed, we will count the number of downcrossings. Let N (½)
n denote

the number of downcrossingsa path makes of the interval [(n!)½; ((n + 1)!)½]

after hitting ((n + 1)!)½ for the ¯rst time and before hitting ((n + 2)!)½. Let

n(½)
0 (x) = minf n ¸ 1 : ((n + 1)!)½ ¸ xg. It is easyto show that under P 1;b

x and

under P1;b̂
x , the random variablesf N (½)

n g1
n= n ( ½)

0 (x)
are independent and distributed

accordingto geometricdistributions: P 1;b
x (N (½)

n = j ) = (p(½)
n (b)) j (1 ¡ p(½)

n (b)) and

P1;b̂
x (N (½)

n = j ) = (p(½)
n (b̂)) j (1 ¡ p(½)

n (b̂)), for j = 0; 1; :::, where

p(½)
n (B ) =

R(( n+2)!) ½

(( n+1)!) ½ exp(¡ 2
Ry

0 B(s)ds)dy
R(( n+2)!) ½

(n!)½ exp(¡ 2
Ry

0 B(s)ds)dy
: (1.6)

(A proof of thesefacts will be given in the proof of Proposition 3.)

Prop osition 3. Consider the measures P 1;b
x and P1;b̂

x , where b and b̂ are given

by (1.5), with

¯ 2 (0;
1
3

]:

9



For ½> 0, let N (½)
n denotethenumber of downcrossingsof the interval [(n!)½; ((n+

1)!)½] madeby a path after it hits ((n + 1)!)½ for the ¯rst time and before it hits

((n + 2)!)½, and let p(½)
n (b) and p(½)

n (b̂) be as in (1.6). Then p(½)
n (b̂) < p(½)

n (b), so

0 < p( ½)
n (b̂)

p( ½)
n (b)

< 1. Fix

½=
1 ¡ 2¯
k ¡ 2

and let n0(x) = minf n ¸ 1 : ((n + 1)!)
1¡ 2¯
k ¡ 2 ¸ xg. Then

1Y

n= n0 (x)

Ã
1 ¡ p(½)

n (b̂)

1 ¡ p(½)
n (b)

! Ã
p(½)

n (b̂)

p(½)
n (b)

! N ( ½)
n

=

8
<

:
0; a:s: [P1;b

x ]

1 a:s: [P1;b̂
x ]:

(1.7)

Remark 1. Unfortunately, this method works only for ¯ 2 (0; 1
3] and not for the

entire interval (0; 1
2] whereP1:b

x and P1;b̂
x are mutually singular.

Remark 2. The intuition behind (1.7) is as follows. Since p( ½)
n (b̂)

p( ½)
n (b)

2 (0; 1), it

follows that the smaller the f N (½)
n g are, the larger the expressionon the left hand

side of (1.7) is. Note that sinceb̂ is larger than b, the f N (½)
n g tend to be larger

under P1;b̂
x than under P1;b

x .

We prove Theorem 1 and Corollaries 1-3 in section 2, Theorems2 and 3 in

section3, Theorem4 in section4, and Propositions 1-3 in section5.

2. Pro ofs of Theorem 1 and Corollaries 1-3
We will needtwo lemmasfor the proof of Theorem1.

Lemma 1. Let (M ; Y) be a measurablespace and fY ngn¸ 0 a ¯ltr ation, satisfying

¾(
S

n¸ 0 Yn ) = Y. Let P and Q be probability measures on (M ; Y) such that

QjYn ¿ PjYn for all n 2 N. Then

1. Q ¿ P i® lim supn!1
dQjY n
dP jY n

< 1 , a.s. [Q];

2. Q ? P i® lim supn!1
dQjY n
dP jY n

= 1 , a.s. [Q] i® limn!1
dQjY n
dP jY n

= 0, a.s. [P];

3. If Q ¿ P,

H (Q; P) = lim
n!1

H (QjYn ; P jYn ):

Proof. The Lebesguedecomposition of Q with respect to P is given by Q = Qc +

Q? , where Qc ¿ P and Q? ? P. This decomposition is unique. Since

QjYn ¿ PjYn for all n 2 N, then (see,for example,[3, Theorem4.3.3])

Qc(A) =
Z

A
lim

n!1

dQjYn

dPjYn

dP; (2.1)

Q? (A) = Q(f lim sup
n!1

dQjYn

dPjYn

= 1g
\

A); A 2 Y: (2.2)

10



Therefore1 and 2 follow immediately from (2.1) and (2.2).

For the last assertion,note that it is easyto seethat

Zn = EP [
dQ
dP

jYn ] =
dQjYn

dPjYn

; a.s. [P]:

Clearly, f Zng is a P-uniformly integrable martingale. Since fY ng generateY,

limn!1 Zn = dQ
dP , a.s. [P]. The function x logx is bounded from below. There-

fore, by Fatou's lemma

lim inf
t !1

H (QjYn ; P jYn ) = lim inf
n!1

EP Zn logZn ¸ EP dQ
dP

log
dQ
dP

= H (Q; P):

However, Jensen'sinequality for conditional expectation implies

EP [
dQ
dP

log
dQ
dP

jYn ] ¸ Zn logZn ; a.s. [PjYn ];

thereforeH (Q; P) ¸ H (QjYn ; P jYn ); completing the proof.

Lemma 2 (Exercise IV-3.26 [9]). Let M (t) be a continuous local-martingale

with respect to (­ ; F t ). hM i (t) is the quadratic variation processassociated with

M (t), and hM i (1 ) = lim t !1 hM i (t). If

E(M )(t) = exp
µ

M (t) ¡
1
2

hM i (t)
¶

;

then

f lim
t !1

E(M )(t) = 0g = fhM i (1 ) = 1g ; a:s:

Proof. Since E(M )(t) is a non-negative continuous local martingale, it follows

immediately from Fatou's lemmafor conditional expectation that in fact E(M )(t)

is a supermartingale. Henceit convergesalmost surely. As

E(M ) = E(
M
2

)2 exp(¡
1
4

hM i );

fhM i (1 ) = 1g µ f lim
t !1

E(M )(t) = 0g; a.s.

The reverseinclusion is achieved similarly from the identit y

E(¡ M ) = E(M )¡ 1 exp(hM i ).

Proof of Theorem 1. Fix x 2 Rd. Let Bn = f y 2 Rd : jyj < ng and let

¿n = inf f t ¸ 0 : X (t) 62Bng. We will denote by P a;b
x;¿n

(Pa;b̂
x;¿n

) the restriction

of Pa;b
x (Pa;b̂

x ) to F¿n . Let

M (t) =

tZ

0

ha¡ 1(bb¡ b)(X (s)); dX (s)i ¡
Z t

0
ha¡ 1(bb¡ b); bi (X (s))ds: (2.3)

11



From [7, Theorem1.5.1], for ¯xed n, M (¿n ^ t) is a Pa;b
x -martingale, and

hM i (t) =

tZ

0

hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

is the associated quadratic variation process.

By the Girsanov transformation, P a;b
x;¿n ^ n » Pa;b̂

x;¿n ^ n , and

dPa;b̂
x;¿n ^ n

dPa;b
x;¿n ^ n

=

Ã
dPa;b

x;¿n ^ n

dPa;b̂
x;¿n ^ n

! ¡ 1

=
1

E(¡ M )(¿n ^ n)
; a.s. [Pa;b̂

x ];

which implies

f lim sup
n!1

dPa;b̂
x;¿n ^ n

dPa;b
x;¿n ^ n

= 1g = f lim
n!1

E(¡ M )(¿n ^ n) = 0g; a.s. [Pa;b̂
x ]:

According to Lemma 2, this condition is equivalent to the statement

f lim sup
n!1

dPa;b̂
x;¿n ^ n

dPa;b
x;¿n ^ n

= 1g = fhM i (1 ) = 1g ; a.s. [P a;b̂
x ]:

Using this along with Lemma 1 provesparts (i) and (ii) of the theorem.

For part (iii), similarly to (2.3) we let

cM (t) =
Z t

0
ha¡ 1(bb¡ b)(X (s)); dX (s)i ¡

Z t

0
ha¡ 1(bb¡ b);bbi (X (s))ds:

Then cM (¿n ^ n) is a Pa;b̂
x -martingale, and it follows that

H (Pa;b̂
x;¿n ^ n ; Pa;b

x;¿n ^ n ) = Ea;b̂
x log

dPa;b̂
x;¿n ^ n

dPa;b
x;¿n ^ n

= Ea;b̂
x

µ
cM (¿n ^ n) +

1
2

Z ¿n ^ n

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶

=
1
2

Ea;b̂
x

Z ¿n ^ n

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds:

Letting n ! 1 , it follows from the monotoneconvergencetheorem and Lemma

1 that (1.1) holds.

Proof of Corollary 1. Let x; y 2 Rd, let D ½ Rd be a boundeddomain containing

x andy and with smooth a boundary, a let ¿D = inf f t ¸ 0 : X (t) 62Dg. As is well

12



know, both Px (X (¿D ) 2 ¢) and Py(X (¿D ) 2 ¢) aremutually absolutelycontinuous

with respect to Lebesguemeasureon @D. Thus, since
Z ¿D

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds < 1 a:s: [Pa;b

x ] and a:s: [Pa;b̂
x ];

it follows from the strong Markov property and Theorem1-i that

Pa;b
x ? Pa;b̂

x , Pa;b
y ? Pa;b̂

y ,
Z ¿D

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds = 1 a:s: [Pa;b

z ] or a:s: [Pa;b̂
x ];

for almost all z 2 @D. Similarly, it follows that

Pa;b̂
x ¿ Pa;b

x , Pa;b̂
y ¿ Pa;b

y ,
Z ¿D

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds < 1 a:s: [Pa;b̂

z ];

for almost all z 2 @D.

Proof of Corollary 2. The event
Z 1

0
ĥb¡ b;a¡ 1(b̂¡ b)i (X (s))ds = 1

is invariant. Thus, if the invariant ¾-¯eld is trivial for both P a;b
x and Pa;b̂

x , then

then either the above event or its complement occurs a:s: [P a;b
x ] and a:s: [Pa;b̂

x ].

The dichotomy in the corollary now follows from Theorem1-i and ii.

Proof of Corollary 3. Let x0 2 Rd and r > 0 be such that

hbb¡ b;a¡ 1(bb¡ b)i > ² > 0 on B r (x0). De¯ne stopping times as follows:

¾1 = inf f t ¸ 0 : X (t) 2 B r =2(x0)g

¿n = inf f t ¸ 0 : X (¾n + t) 62B r (x0)g

¾n = ¾1 ±£ ¿n ;

where £ t ! (¢) = ! (t + ¢) is the standard shift operator. The HÄolder continuity

conditions imposedon the coe±cients a and b imply the existenceof a unique

solution to 8
<

:
(L ¡ ²)u = 0 in B r (x0);

u = 1 on @B r (x0):

By the Feynman-Kacformula and the boundedconvergencetheorem,

u(x) = Ea;b
x exp(¡ ²¿1)

> Ea:b
x exp

µ
¡

Z ¿1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
; x 2 B r =2(x0):

13



By the strong maximum principle, [7, Theorem3.2.6],

sup
x2 @B r =2(x0 )

u(x) = 1 ¡ ±; for some ± 2 (0; 1):

Let

v(x) = Ea;b
x exp

µ
¡

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
; x 2 D:

We will show that v = 0. From this it will follow that
R1

0 hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds = 1 a.s. [Pa;b
x ], and then by Theorem1-i, we have

Pa;b
x ? Pa;b̂

x .

For N 2 N, successive applications of the strong Markov property show that

v(x) · Ea;b
x

NY

n=1

exp
µ

¡
Z ¿n

¾n

hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds
¶

= Ea;b
x

NY

n=1

Ea;b
X (¾n ) exp

µ
¡

Z ¿1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶

· (1 ¡ ±)N !
N !1

0:

3. Pro ofs of Theorems 2 and 3

Proof of Theorem 2. By [7, Theorem8.3.1], the cone

f u 2 C2(Rd) : La;b u = 0 in Rd and u > 0g

is onedimensional. It follows from [7, Theorems8.3.1and 9.1.2],that the invari-

ant ¾-¯eld, I , is trivial with respect to P a;b
x and Pa;bb

x . The event

f
Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds < 1g 2 I :

Thus, in light of Theorem1, either P a;b
x » Pa;bb

x or Pa;b
x ? Pa;bb

x . To prove the the-

orem, we will assumethat P a;b
x » Pa;bb

x and show that supx2 Rd H (Pa;b
x ; Pa;bb

x ) < 1 .

The sametype of argument alsogivessupx2 Rd H (Pa;bb
x ; Pa;b

x ) < 1 .

SincePa;b
x » Pa;bb

x , by Theorem1 we have
Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds < 1 a.s. [Pa;b

x ]; x 2 Rd: (3.1)
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Let Bn = f y 2 Rd : jyj < ng and let ¿n = inf f t ¸ 0 : X (t) 62Bng. The

locally HÄolder continuity of the coe±cients ensuresthat there exits a sequenceof

functions f ungn2 N ½ C2;° (Bn ) which satisfy
8
<

:

³
La;b ¡h bb¡ b;a¡ 1(bb¡ b)i

´
un = 0 in Bn

un = 1 on @Bn

In particular, the Feynman-Kacformula shows that

un(x) = Ea;b
x un(X (t ^ ¿n )) exp

µ
¡

Z t^ ¿n

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
;

and from boundedconvergencewe then obtain

un (x) = Ea;b
x exp

µ
¡

Z ¿n

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
:

Consequently, let

u(x) = lim
n!1

un(x) = Ea;b
x exp

µ
¡

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
: (3.2)

Fix m 2 N. The global Schauder estimates([4, Theorem6.6]) yield

kunk2;° ;B m · c(kunk0;B m + 1) · 2c; n ¸ m

wherec = c(d; ° ; K 1; K 3(Bm )) > 0, K 1 is as in De¯nition 1 and

K 3(Bm ) =
dX

i;j =1

kaij k0;° ;B m +
dX

i =1

kbi k0;° ;B m + khbb¡ b;a¡ 1(bb¡ b)ik 0;° ;B m < 1 :

Hence, f ungn¸ m and the sequencesof the partial derivatives up to the second

order are bounded in the k ¢k0;B m -norm and equicontinuous on Bm . By the

Arzela-Ascoli theorem,we can extract a subsequence,converging to u in the

k ¢k2;B m -norm. Hence,u 2 C2(Rd), and (L ¡ hbb¡ b;a¡ 1(bb¡ b)i )u = 0. By (3.1),

0 < u · 1. From the Feynman-Kacformula, u(X (t)) exp
³

¡
Rt

0 hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds
´

is a boundedPa;b
x -martingale. Therefore,in light of (3.1) and the martingale con-

vergencetheorem, lim t !1 u(X (t)) exists, a.s. [P a;b
x ]. Furthermore,

u(x) = Ea;b
x u(X (t)) exp

µ
¡

Z t

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
: (3.3)

From the boundedconvergencetheorem, (3.2) and (3.3) we seethat

u(x) = Ea;b
x exp

µ
¡

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
=

Ea;b
x lim

t !1
u(X (t)) exp

µ
¡

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds

¶
:
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With (3.1) again, we concludethat

lim
t !1

u(X (t)) = 1; a.s. [Pa;b
x ]: (3.4)

Sinceu is bounded,u(X (t)) ¡
Rt

0 (hbb¡ b;a¡ 1(bb¡ b)i u)(X (s))ds is a Pa;b
x -martingale.

Therefore,

u(x) = 1 ¡ Ea;b
x

Z 1

0
(hbb¡ b;a¡ 1(bb¡ b)i u)(X (s))ds: (3.5)

We intend to show now that u is boundedfrom below by a positive constant.

For this, we apply the technique usedin [7, Theorem8.3.1]. For R > 0, let

LR
a;b =

1
2

dX

i;j =1

aij (Rx)
@

@x i @x j
+

dX

i =1

Rbi (Rx)
@

@x i
¡ R2(hbb¡ b;a¡ 1(bb¡ b)i (Rx)):

Let uR(x) = u(Rx) and D 0 = f x 2 Rd : 1 < jxj < 2g. It is easyto seethat
8
<

:
LR

a;b uR = 0 in Rd; and

uR > 0 in Rd:

SinceLa;b is Fuchsian, the coe±cients of LR
a;b are uniformly bounded in R and

the di®usionmatrix of LR
a;b is uniformly elliptic in Rd, uniformly in R. Thus,

by Harnack's inequality there exists c = c(K 2=K1; d;D 0) > 0, independent of R,

such that for all R > 0; x; y 2 D 0, uR(x) ¸ cuR(y). This is equivalent to

u(x) ¸ cu(y); R < jxj; jyj < 2R (3.6)

Sinceu is positive and continuous in Rd, in order to prove that inf x2 Rd u(x) > 0,

we have to show that lim inf jx j!1 u(x) > 0. By (3.4), we can ¯x ! 0 2 ­ such

that

lim
t !1

u(X (t; ! 0)) = 1: (3.7)

Let f yng ½ Rd satisfy jyn j " 1 . The continuity of the paths implies the existence

of a sequencef tng ½ [0; 1 ) such that jX (tn ; ! 0)j = yn . By (3.7), there exists

N 2 N, such that for n ¸ N , u(X (tn)) > 1=2. By (3:6), u(yn) ¸ c=2, so

inf n¸ N u(yn) ¸ c=2. Since f yng is arbitrary, lim inf jx j!1 u(x) > 0. Letting

² = inf x2 Rd u(x) > 0, we obtain from (3.5)

Ea;b
x

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i (X (s))ds ·

1
²
Ea;b

x

Z 1

0
hbb¡ b;a¡ 1(bb¡ b)i u(X (s))ds

=
1 ¡ u(x)

²

Therefore,by Theorem1, supx2 Rd H (Pa;b
x ; Pa;bb

x ) < 1
² .
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Proof of Theorem 3. We will assume,without lossof generality that x = 0. We

¯rst construct the candidatefor the drift coe±cient bb. Let e1 = (1; 0; : : : ; 0) 2 Rd.

Set x1 = e1, and de¯ne inductively
8
<

:
Rn = 3¡ n jxn j

xn+1 2 f te1 : t > 4jxn j; ½(t=2) > 2d(n+1) g; n 2 N:
(3.8)

The balls f BRn (xn )gn2 N are disjoint, because

jxn+1 j ¡ jxn j >
3
4

jxn+1 j =
3n+2 Rn+1

4
>

9
8

(Rn+1 + Rn ):

De¯ne

bb(x) =

8
<

:

½(jxn j¡ Rn )x
jx j2 x 2 BRn =2(xn ) for somen 2 N;

0 x 62
S

n2 N BRn (xn ):

Whenever x 2 BRn =2(xn ), by de¯nition we have jxjjbb(x)j · ½(jxn j ¡ Rn ); thus

sup
x2 Rd

jxjjbb(x)j
½(jxj)

· 1: (3.9)

The monotonicity of ½allows the extension of bb to a smooth function on Rd,

supported on
S

n2 N BRn (xn ), while (3.9) remainstrue.

We now prove that W0 ¿ P I ;bb
0 and H (W0; P I ;bb

0 ) = 1 . Below, C is a positive

constant which may vary from line to line. Recall that G(x; y) = Cjy ¡ xj2¡ d.

Since

un(x) =
µ

Rn

jx ¡ xn j

¶ d¡ 2

satis¯es

8
>>><

>>>:

1
24 un = 0 in Rdnf xng;

un > 0 in Rdnf xng;

un = 1 on @BRn (xn ) and lim jx j!1 un(x) = 0

we have

W0(f X (¢) hits BRn (xn )g) = un(0) =
µ

Rn

jxn j

¶ d¡ 2

:

Thus
1X

n=1

W0(f X (¢) hits BRn (xn )g) =
1X

n=1

3¡ (d¡ 2)n < 1 ;
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which, accordingto the Borel-Cantelli lemma, implies that the process[W0]-a.s.

hits only ¯nitely many balls. Therefore,sincebbis locally boundedand the process

is transient, we have
Z 1

0
jbbj2(X (s))ds < 1 ; a.s. [W0]:

Henceby Theorem1 W0 ¿ P I ;bb
0 .

In order to estimate the relative entropy we shall use the representation

(1.2). Recalling the de¯nition of bb, and recalling that the Green's function for

d-dimensionalBrownian motion is given by Cjy ¡ xj2¡ d, we have

H (W0; P I ;bb
0 ) = C

Z

Rd
jbb(y)j2jyj2¡ ddy

¸ C
1X

n=1

jbbj2(xn + Rn=2)
Z

B R n =2(xn )
jyj2¡ ddy ´ (¤)

Let ! d denote the volume of the unit ball in Rd. Since jyj2¡ d is harmonic in

BRn (xn ), the meanvalue property implies

(¤) = C! d

1X

n=1

jbbj2(jxn j + Rn=2)jxn j2¡ dRd
n

= C! d

1X

n=1

½2(jxn j ¡ Rn )
µ

jxn j
jxn j + Rn=2

¶ 2 µ
Rn

jxn j

¶ d

¸ C! d

1X

n=1

½2(jxn j=2)
µ

Rn

xn

¶ d

¸ C! d

1X

n=1

(4=3)dn = 1 ;

wherethe last two lines follow from (3.8).

4. Pro of of Theorem 4
We begin with somepreliminaries. For x1 < x2, let

¾x1 ;x 2 = inf f t ¸ 0 : X (t) = x1 or X (t) = x2g;

and

¾x = inf f t ¸ 0 : X (t) = xg:
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Recall ([7, Theorem 5.1.1]) that the assumption lim t !1 X (t) = 1 , a.s. [Pa;b
x ],

hasan analytic equivalent. Namely, lim t !1 X (t) = 1 , a.s. [Pa;b
x ] if and only if

8
<

:

R0
¡1 exp

¡
¡ 2

Ry
0 b=a(s)ds

¢
dy = 1 ; and

R1
0 exp

¡
¡ 2

Ry
0 b=a(s)ds

¢
dy < 1 :

(4.1)

Let

vz1 ;z2 (x) =

Rx
z1

exp
¡
¡ 2

Ry
0 b=a(s)ds

¢
dy

Rz2

z1
exp

¡
¡ 2

Ry
0 b=a(s)ds

¢
dy

: (4.2)

Then 8
>>><

>>>:

La;b vz1 ;z2 = 0 in (z1; z2);

vz1 ;z2 > 0 in (z1; z2);

vz1 ;z2 (z1) = 0; vz1 ;z2 (z2) = 1:

As a result,

Pa;b
x (¾z1 > ¾z2 ) = Ea;b

x vz1 ;z2 (X (¾z1 ;z2 )) = vz1 ;z2 (x): (4.3)

Sincewe assumeno explosion,limz2 !1 ¾z2 = 1 , a.s. [Pa;b
x ], which implies that

Pa;b
x (f ¾z1 = 1g ) = lim

z2 !1
vz1 ;z2 (x) > 0; (4.4)

by (4.1). Similarly, limz1 !¡1 Pa;b
x (f ¾z1 = 1g ) = 1, so with ² > 0 given,

9r 2 (¡1 ; x); such that Pa;b
x (f ¾r = 1g ) > 1 ¡ ²: (4.5)

Proof of Theorem 4. We begin by showing that if

Z 1

0
exp(¡ 2

Z y

0
b=a(s)ds)

0

@
yZ

0

(bb¡ b)2=a2(z) exp(2
Z z

0
b=a(s)ds)dz

1

A dy = 1 ;

(4.6)

then Pa;bb
x ? Pa;b

x .

Fix y0 2 R and let

u(x) = 2

xZ

0

exp(¡ 2
Z y

0
b=a(s)ds)

0

@
yZ

0

(bb¡ b)2=a2(z) exp(2
Z z

0
b=a(s)ds)dz

1

A dy:

(4.7)

Note that u satis¯es La;b u = (bb¡ b)2

a in R. Fix x 2 R, let ² > 0 be arbitrarily

chosenand pick r satisfying (4.5). By choosing0 properly, we may assumethat

inf
z2 [r ;1 )

u(z) > 0: (4.8)
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Now, 8
<

:

³
La;b ¡ (bb¡ b)2

au

´
u = 0 in (z; 1 );

u > 0 in (z; 1 ):

Let w 2 (x; 1 ) be arbitrary. From the Feynman-Kacformula and the bounded

convergencetheoremwe obtain

u(x) = Ea;b
x u(X (¾r ;w)) exp

Ã

¡
Z ¾r ;w

0

(bb¡ b)2

au
(X (s))ds

!

= u(r )Ea;b
x 1f ¾r <¾w g exp

Ã

¡
Z ¾r

0

(bb¡ b)2

au
(X (s))ds

!

+ u(w)Ea;b
x 1f ¾r >¾w g exp

Ã

¡
Z ¾w

0

(bb¡ b)2

au
(X (s))ds

!

:

Dividing by u(w) gives

u(x)
u(w)

=
u(r )
u(w)

Ea;b
x 1f ¾r <¾w g exp

Ã

¡
Z ¾r

0

(bb¡ b)2

au
(X (s))ds

!

+ Ea;b
x 1f ¾r >¾w g exp

Ã

¡
Z ¾w

0

(bb¡ b)2

au
(X (s))ds

!

: (4.9)

By (4.6) and (4.1) we have limw!1 u(w) = 1 . Thus, letting w ! 1 in (4.9)

gives

0 = Ea;b
x 1f ¾r = 1g exp

Ã

¡
Z 1

0

(bb¡ b)2

au
(X (s))ds

!

:

And by (4.8), in fact

0 = Ea;b
x 1f ¾r = 1g exp

Ã

¡
Z 1

0

(bb¡ b)2

a
(X (s))ds

!

:

The choiceof r then implies that

Pa;b
x (f

Z 1

0
(bb¡ b)2=a(X (s))ds = 1g ) > 1 ¡ ²:

As ² is arbitrary,
R1

0 (bb¡ b)2=a(X (s))ds = 1 , a.s. [P a;b
x ], and Pa;bb

x ? Pa;b
x follows

from Theorem1-ii.

We now show that if
Z 1

0
exp(¡ 2

Z y

0
b=a(s)ds)

µ Z y

0
(bb¡ b)2=a2(z) exp(2

Z z

0
b=a(s)ds)dz

¶
dy < 1 ;

(4.10)
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then Pa;b
x ¿ Pa;bb

x and Pa;bb
x ¿ Pa;b

x : Let u(x) be as in (4.7) with y0 = 0. It then

follows from (4.10) that

M ´ lim
x!1

u(x) < 1 :

Fix any x 2 R and pick r satisfying (4.5). Then

u(x) = Ea;b
x u(X (¾r ;w ^ t)) ¡ Ea;b

x

Z ¾r ;w ^ t

0
(bb¡ b)2=a(X (s))ds:

Letting t ! 1 and applying the boundedand monotoneconvergencetheorems

on the ¯rst and the secondterms of the right-hand side, respectively, give

u(x) = Ea;b
x u(X (¾r ;w)) ¡ Ea;b

x

Z ¾r ;w

0
(bb¡ b)2=a(X (s))ds

= u(r )Pa;b
x (f ¾r < ¾wg) + u(w)Pa;b

x (f ¾w < ¾r g)

¡ Ea;b
x

Z ¾r ;w

0
(bb¡ b)2=a(X (s))ds:

Now Letting w ! 1 , the monotoneconvergencetheoremyields

u(x) = u(r )Pa;b
x (f ¾r < 1g ) + M Pa;b

x (f ¾r = 1g ) ¡ Ea;b
x

Z ¾r

0
(bb¡ b)2=a(X (s))ds:

(4.11)

Therefore

0 · Ea;b
x 1f ¾r = 1g

Z 1

0
(bb¡ b)2=a(X (s))ds

· Ea;b
x

Z ¾r

0
(bb¡ b)2=a(X (s))ds

· M _ u(r ) ¡ u(x) < 1 :

Consequently,

Pa;b
x (f

Z 1

0
(bb¡ b)2=a(X (s))ds < 1g ) ¸ Pa;b

x (f ¾r = 1g ) > 1 ¡ ²:

As ² is arbitrary, we concludefrom Theorem1-i that P a;b
x ¿ Pa;bb

x .

Now let

bu(x) =

xZ

0

exp

0

@¡ 2

yZ

0

bb
a

(s)ds

1

A

0

@
yZ

0

(bb¡ b)2

a2
(z) exp

0

@2

zZ

0

bb
a

(s)ds

1

A dz

1

A dy:

SincePa;b
x ¿ Pa;bb

x , it follows that limx!1 bu(x) < 1 , sinceotherwisewe would

concludefrom the ¯rst part of the proof that P a;b
x ? Pa;bb

x . Therefore, we can

repeat the above argument with u replacedby bu and the roles of P a;b
x and Pa;bb

x

switched, to obtain P a;bb
x ¿ Pa;b

x .
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We now turn to the proof of (1.3). Assumethat P a;b
x » Pa;bb

x . Rearranging

terms in (4.11), we have

Ea;b
x

Z ¾r

0
(bb¡ b)2=a(X (s))ds = u(r )P a;b

x (f ¾r < 1g ) + M Pa;b
x (f ¾r = 1g ) ¡ u(x):

(4.12)

Therefore,

H (Pa;b
x ; Pa;bb

x ) < 1 if and only if lim
r !¡1

u(r )Pa;b
x (f ¾r < 1g ) < 1 :

Note that the existenceof the limit on the right-hand sideabove asan extended

real number is a consequenceof (4.12). By Theorem1 and (4.12)

H (Pa;b
x ; Pa;bb

x ) =
1
2

µ
lim

r !¡1
u(r )Pa;b

x (f ¾r < 1g ) + M ¡ u(x)
¶

: (4.13)

From (4.2) and (4.4), we have

Pa;b
x (f ¾r < 1g ) = 1 ¡ Pa;b

x (f ¾r = 1g )

= 1 ¡ lim
z2 !1

vr ;z2 (x)

=

R1
x exp

¡
¡ 2

Ry
0 b=a(s)ds

¢
dy

R1
r exp

¡
¡ 2

Ry
0 b=a(s)ds

¢
dy

:

Note that according to (4.1) both integrals above are ¯nite. To simplify the

notation we let A(y) = 2
Ry

0 b=a(u)du. Let

lim
r !¡1

u(r )Pa;b
x (f ¾r < 1g ) ´ (¤):

Then

(¤) = lim
r !¡1

2
Rr

0 exp(¡ A(y))
³ Ry

0 (bb¡ b)2=a2(z) exp(A(z))dz
´

dy
R1

x exp(¡ A(y))dy
R1

r exp(¡ A(y))dy

= 2
Z 1

x
exp(¡ A(y))dy

Z 0

¡1
(bb¡ b)2=a2(z) exp(A(z))dz; (4.14)

wherewe have applied l'H ôpital's rule to obtain the secondequality. Now

M ¡ u(x) = 2
Z 1

x
exp(¡ A(y))

µ Z y

0
(bb¡ b)2=a2(z) exp(A(z))dz

¶
dy: (4.15)

Plugging (4.14) and (4.15) in (4.13) gives

H (Pa;b
x ; Pa;bb

x ) =
Z 1

x
exp(¡ A(y))

µ Z y

¡1
(bb¡ b)2=a2(z) exp(A(z))dz

¶
dy:
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5. Pro ofs of Prop ositions 1,2 and 3

Proof of Proposition 1. Fix x > 0. As will becomeclear in the courseof the

proof, we can assumea(x) = 1, without lossof generality. We de¯ne the random

process

g(t) = °
Z t

0
X (s)¡ lds:

Since f Pa;b
x gx> 0 solves the martingale problem for La;b on (0; 1 ), there exists

an fF tgt ¸ 0 measurableBrownian motion B(t) = B(t; ! ); t ¸ 0; ! 2 ­ and

B(0) = x, a.s. [Pa;b
x ], such that

X (t) = B(t) + g(t); a.s. [P a;b
x ]: (5.1)

We will show that the drift is the dominant factor; that is, asymptotically, the

presenceof the random contribution in (5.1) can be neglected.The unique solu-

tion of

y(t) = °
Z t

0
y(s)¡ lds; t ¸ 0

is

y(t) = (Ct)1=(1+ l ) ; C = (1 + l)° :

Sincey(¢) is strictly increasing,it hasan inverset(y) = y(1+ l )=C. We will denote

X (t(y)) ; g(t(y)) and B(t(y)) by X (y); g(y) and B(y), respectively. With this

changeof variables,we have

g(y) =
Z y

0
X ¡ l (z)zl dz; and

X (y) = B(y) + g(y); a.s. [P a;b
x ]: (5.2)

Theseimply

g0(y) = (g(y)=y+ B(y)=y)¡ l ; a.s. [Pa;b
x ]: (5.3)

As 1=(1 + l) > 1=2,

lim
y!1

B(y)=y = lim
t !1

B(t)=(Ct)1=(1+ l ) = 0; a.s. [Pa;b
x ]:

At this point, onecanseewhy we may assumea(x) = 1. The limit is not a®ected

when B is multiplied by a boundedprocess.Restricting the discussionto some

set of Pa;b
x measure1, we regard the last equationsas true for all paths. Let

® = lim sup
y!1

g(y)=y: (5.4)
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Then (5.3) implies lim inf
y!1

g0(y) ¸ ®¡ l . Integration of this inequality yields

lim inf
y!1

g(y)=y ¸ ®¡ l : (5.5)

Using this in (5.3) giveslim sup
y!1

g0(y) · ®l2
. Consequently, by integration,

lim sup
y!1

g(y)=y · ®l2
: (5.6)

Since by assumption jl j < 1, (5.4) and (5.5) imply ® ¸ 1. Similarly (5.4)

and (5.6) imply ® · 1. Therefore ® = 1. The sameline of reasoninggives

lim inf y!1 g(y)=y = 1. Finally, dividing (5.2) by y while letting y ! 1 ,

lim
t !1

X (t)=(Ct)1=(1+ l ) = lim
y!1

g(y)=y = 1:

Proof of Proposition 2. By the strong Markov property, the sequencef A½
ng con-

sistsof independent events. By Borel-Cantelli,

P
1; k ¡ 1

2x
x f A½

j i.o.g =

8
><

>:

0 if
1P

j =1
P

1; k ¡ 1
2x

x (A½
j ) < 1 ;

1 otherwise.
(5.7)

We will show that the (5.7) convergesif and only if ½> 1
k¡ 2. By (4.2) and (4.3),

we have

P
1; k ¡ 1

2x
x (A½

j ) =

R(( j +2)!) ½

(( j +1)!) ½ y1¡ kdy
R(( j +2)!) ½

(j !)½ y1¡ kdy

=
(( j + 1)!)¡ ½(k¡ 2) ¡ (( j + 2)!)¡ ½(k¡ 2)

(j !)¡ ½(k¡ 2) ¡ (( j + 2)!)¡ ½(k¡ 2)
(5.8)

= (j + 1)¡ ½(k¡ 2) 1 ¡ (j + 2)¡ ½(k¡ 2)

1 ¡ (( j + 1)(j + 2))¡ ½(k¡ 2)
:

Thus there exist constants C1; C2 > 0 such that

C1j ¡ ½(k¡ 2) · P
1; k ¡ 1

2x
x (A½

j ) · C2j ¡ ½(k¡ 2): (5.9)

The convergence/divergencedichotomy for (5.7) now follows from (5.9).

Proof of Proposition 3. Sincelim t !1 X (t) = 1 , a.s. [P1;b
x ] and a.s. [P1;bb

x ], for all

x 2 R, it is enoughto prove (1.7) for x ¸ 3. Note that for such x, the random
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variablesf N (½)
n g1

n= n0(x) only depend on the processwhen it is in [2; 1 ), in which

casethe drifts b and bb are as given in the secondand third lines of (1.5).

Fix ½= 1¡ 2¯
k¡ 2 asin the statment of the proposition. Let ¾x = inf f t ¸ 0 : X (t) = xg.

Similar to (4.2) and (4.3), it follows that P 1;B
(( n+1)!) ½(¾(n!)½ < ¾(( n+1)!) ½) = p(½)

n (B );

for B = b;bb, wherep(½)
n (B ) is as in (1.6). It then follows from the strong Markov

property that the sequenceof random variables f N (½)
n g1

n= n0(x) are independent

and distributed accordingto geometricdistributions. Speci¯cally

P1;B
x (N (½)

n = j ) = (p(½)
n (B )) j (1 ¡ p(½)

n (B ))

for B = b;bb and j = 0; 1; : : : . Under P 1;B , the sequencef N (½)
n g1

n= n0(x) induces

a probabilty measureQB
x on f 0; 1; : : : gN, for B = b;bb. Denoting the restrictions

of Qb
x and Qbb

x to the ¯rst n coordinates of f 0; 1; : : : gN respectively by Qb
x;n and

Qbb
x;n , and letting Fx;n = dQbb

x;n

dQb
x;n

, Lemma 1 shows that

lim
n!1

Fx;n = 0 a.s. [Qb
x ] , lim sup

n!1
Fx;n = 1 a.s. [Q

bb
x ] , Q

bb
x ? Qb

x : (5.10)

As the f N (½)
n g are geometricrandom variables,it is easyto seethat

Fx;n (z) =
nY

j =1

ÃÃ
p(½)

n0 (x)+ j ¡ 1(bb)

p(½)
n0 (x)+ j ¡ 1(b)

! zj
1 ¡ p(½)

n0(x)+ j ¡ 1(bb)

1 ¡ p(½)
n0(x)+ j ¡ 1(b)

!

; z = (z1; z2; : : : ) 2 f 0; 1; : : : gN:

(5.11)

Let Yn = ¾(N (½)
1 ; : : : ; N (½)

n ) and Y = ¾(N (½)
1 ; N (½)

2 ; : : : ). Clearly, Y µ F . Let

T : ­ ! f 0; 1: : : gN bede¯ned by T! = (z1; z2 : : : ) 2 f 0; 1: : : gN, if N (½)
j (! ) = zj ; j 2 N.

If A 2 f 0; 1; : : : gn , then T ¡ 1(A) 2 Yn . Therefore, Qb
x (A) = P1;b

x (T ¡ 1A) and

Qbb
x (A) = Pa;bb

x (T ¡ 1A). Since fY ngn2 N generateY, these equalities determine

the restrictions of P 1;b
x and P1;bb

x to Y. Letting F x;n = Fx;n ± T, we seethat

F x;n (! ) = Fx;n ((N (½)
n0 (x)(! ); N (½)

n0(x)+1 (! ); : : : )) and we obtain from (5.10)

lim
n!1

F x;n = 0 a.s. [P1;b
x ] , lim sup

n!1
F x;n = 1 a.s. [P1;bb

x ] ) P1;bb
x ? P1;b

x : (5.12)

Since

lim sup
n!1

F x;n = 0 a.s. [P1;b
x ] , lim sup

n!1
Fx;n = 0 a.s. [Qb

x ];

it follows from (5.12) that in order to complete the proof it is enoughto show

that lim supn!1 Fx;n = 0, a.s. [Qb
x ]. Kakutani's dichotomy [3, Theorem 4.3.5]

states that

Qbb
x ¿ Qb

x or Qbb
x ? Qb

x accordingas limn!1 EQb
x
p

Fx;n > 0 or = 0.
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Thus in order to show that lim supn!1 Fx;n = 0, a.s. [Qb
x ], it follows from (5.10)

that it is enoughto prove limn!1 EQb
x
p

Fx;n = 0. To simplify notation, we let

pj = p(½)
j (b) and qj = p(½)

j (bb). We have

(EP
p

Fx;n )2 =

0

@
1X

m1 ;:::;m n =0

vu
u
t

n0 (x)+ n¡ 1Y

j = n0(x)

µ
qj

pj

¶ m j 1 ¡ qj

1 ¡ pj

n0 (x)+ n¡ 1Y

j = n0(x)

pm j
j (1 ¡ pj )

1

A

2

=

0

@
1X

m1 ;:::;m n =0

n0 (x)+ n¡ 1Y

j = n0(x)

q
(pj qj )m j (1 ¡ pj )(1 ¡ qj )

1

A

2

=

0

@
n0(x)+ n¡ 1Y

j = n0(x)

q
(1 ¡ pj )(1 ¡ qj )

1X

m=0

(pj qj )m=2

1

A

2

=
n0 (x)+ n¡ 1Y

j = n0(x)

(1 ¡ qj )(1 ¡ pj )
(1 ¡

p
pj qj )2

=
n0 (x)+ n¡ 1Y

j = n0(x)

1 ¡
(
p

pj ¡
p

qj )2

(1 ¡
p

pj qj )2
:

This product convergesif and only if the series
P 1 (p pj ¡ p qj )2

(1¡ p pj qj )2 converges.How-

ever, asweshall seebelow, lim j !1 pj qj = 0. Thereforeto prove the ¯rst assertion

of the proposition, we must show that
P 1 (

p
pj ¡

p
qj )2 = 1 . We will ¯nd a

lower (upper) bound for pj (qj ). We start with pj .

Let

³ = 1 ¡ 2¯ = ½(k ¡ 2)

and recall that pj is de¯ned by (1.6) with B = b. SinceL1;b of Proposition 2

and L1;b of Proposition 3 coincidefor x ¸ 2, we can usethe computations in the

proof of Proposition 2. By comparing (1.6) and (4.2), it is easily seenthat the

righthand sideof (5.8) giveste formula. That is,

pj = j ¡ ³

µ
1 ¡ (j + 1)¡ ³

1 ¡ (j (j + 1))¡ ³

¶

= j ¡ ³
¡
1 ¡ (j + 1)¡ ³

¢¡
1 + (j (j + 1))¡ ³ + O(j ¡ 4³ )

¢

> j ¡ ³ (1 ¡ j ¡ ³ );

for j su±ciently large. Since

p
1 ¡ x > 1 ¡

3
4

x; x 2 (0;
1
2

);

we obtain
p

pj > j ¡ ³ =2(1 ¡
3
4

j ¡ ³ ); for j su±ciently large. (5.13)
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The evaluation of qj requiresmore work. Let u(x) =
Rx

2 exp(¡ 2
Ry

2
bb(z)dz)dy.

Then

u(( j !)½) ¡ u((m!)½) =
Z (j !)½

(m!)½
exp

µ
¡

Z y

2

k ¡ 1
s

ds ¡
Z y

2

c

s log¯ s
ds

¶
dy

=
Z (j !)½

(m!)½
y1¡ k exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy

=
y2¡ k

2 ¡ k
exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

j(j !)½

(m!)½

+
c

2 ¡ k

Z (j !)½

(m!)½
y1¡ k log¡ ¯ y exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy:

From (1.6) we know that

qj =
u(( j !)½) ¡ u((( j + 1)!)½)

u((( j ¡ 1)!)½) ¡ u((( j + 1)!)½)
:

We can write

qj =
H j ¡ H j +1 + A j;j +1

H j ¡ 1 ¡ H j +1 + A j ¡ 1;j +1
<

H j + A j;j +1

H j ¡ 1 ¡ H j +1
; (5.14)

where

H j =
(j !)¡ ³

2 ¡ k
exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ (j !)½

¶
; and

A j;j + i =
c

2 ¡ k

Z (( j + i )!) ½

(j !)½
y1¡ k log¡ ¯ y exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy:

Note that f H j g is a strictly decreasingsequenceof positive numbers and that

the quantities f A j;j + ig are non-negative. Now,

A j;j +1 =
c

2 ¡ k

Z (( j + i )!) ½

(j !)½
y1¡ k log¡ ¯ y exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy

=
c

2 ¡ k
log¡ ¯ (j !)½

Z (( j + i )!) ½

(j !)½
y1¡ k log¯ (j !)½log¡ ¯ y exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy:

Sincelim j !1 log¯ (j !)½log¡ ¯ (( j + i )!)½ = 1, we have

A j;j +1 = O(1) log¡ ¯ (j !)½
Z (( j + i )!) ½

(j !)½
y1¡ k exp

µ
¡

c
1 ¡ ¯

log1¡ ¯ y
¶

dy

= log¡ ¯ (j !)½O(u(( j !)½) ¡ u((( j + i )!)½)) ;

from which it follows that

A j;j +1 = log¡ ¯ (j !)O(H j ¡ H j + i + A j;j +1 ):
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SinceH j + i = o(H j ), we have

A j;j +1 = log¡ ¯ (j !)O(H j + A j;j +1 ):

In particular,

lim sup
j !1

1
H j =A j;j +1 + 1

= lim sup
j !1

A j;j +1

H j + A j;j +1
= 0;

which shows that A j;j +1 = o(H j ): Theselast observations lead to

A j;j +1 = log¡ ¯ (j !)O(H j ): (5.15)

In the sequelC denotesa positive constant which may vary from line to line. It

will be convenient to write

H j

H j ¡ 1
= j ¡ ³ exp(¡ ±j );

with

±j = C
¡
log1¡ ¯ (j !) ¡ log1¡ ¯ (( j ¡ 1)!)

¢
:

Now

±j = C
³

(log(( j ¡ 1)!) + logj )1¡ ¯ ¡ log1¡ ¯ (( j ¡ 1)!)
´

= C

Ã

log1¡ ¯ (( j ¡ 1)!)
µ

1 +
logj

log(( j ¡ 1)!)

¶ 1¡ ¯

¡ log1¡ ¯ (( j ¡ 1)!)

!

= C log1¡ ¯ (( j ¡ 1)!)
µ

1 + (1 ¡ ¯ )
logj

log((j ¡ 1)!)
+ o(

logj
log(( j ¡ 1)!)

) ¡ 1
¶

= C logj log¡ ¯ (( j ¡ 1)!) + o(log j log¡ ¯ (j !)) ´ (¤)

Recall that

lim
j !1

j logj
log(j !)

= 1; (5.16)

which implies

(¤) = O(j ¡ ¯ log1¡ ¯ j ):

Thus,

±j = O(j ¡ ¯ log1¡ ¯ j ): (5.17)

We are now in a position to estimate qj . From (5.14) and (5.15), we have

qj <
H j

H j ¡ 1

1 + O(log¡ ¯ (j !))
1 ¡ H j +1 =Hj ¡ 1

= j ¡ ³ exp(¡ ±j )
¡
1 + O(log¡ ¯ (j !))

¢¡
1 + (j (j + 1))¡ ³ exp(¡ ±j ¡ ±j +1 ) + O(j ¡ 4³ )

¢

< j ¡ ³ exp(¡ ±j )
¡
1 + O(log¡ ¯ (j !))

¢
C(1 + j ¡ 2³ ):
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Therefore

p
qj < Cj ¡ ³ =2 exp(¡ ±j =2)

¡
1 + O(log¡ ¯ (j !))

¢
(1 +

1
2

j ¡ 2³ ): (5.18)

Subtracting (5.18) from (5.13), we have

p
pj ¡

p
qj > j ¡ ³ =2(1 ¡ exp(¡ ±j =2))

| {z }
(I )

¡
3
4

j ¡ 3³ =2

| {z }
(I I )

¡ j ¡ ³ =2O(log¡ ¯ (j !))
| {z }

(I I I )

¡ 1=2j ¡ 5³ =2

¡ o(j ¡ 5³ =2):

Since³ = 1 ¡ 2¯ , we obtain from (5.17) that (I ) = O(j ¡ 1=2 log1¡ ¯ j ). From

(5.16)weseethat (I I I ) = O(j ¡ 1=2 log¡ ¯ j ). Finally, wewant (I I ) to benegligible

with respect to (I ). Clearly, this can be achieved if and only if 3³ ¸ 1. This

condition is equivalent to ¯ · 1=3. To conclude,(
p

pj ¡
p

qj )2 ¸ O(j ¡ 1 log2¡ 2¯ j ),

so
1X

(
p

pj ¡
p

qj )2 = 1 :
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