Ordered Site Access and
Optimal Forest Rotation

By Frederic Y. M. Wan

The ordered-site-access model of forest harvesting formulated for once-and-for-all
forests in [7] is extended to the case of ongoing forests. The economic content of
the corresponding optimal harvest schedule is delineated. For an infinite harvest
sequence, the optimal schedule is shown to include the classical Faustmann
rotation as a special case, and the effect of net revenue functions changing with
harvest is studied. For the practically more important case of planning for a finite
sequence of N harvests, the optimal harvest schedule is determined for a
Faustmann environment with limited, and unlimited harvesting capacity, and its
rapid convergence to the Faustmann rotation is shown for the case of unlimited
harvesting capacity. The case of harvest cost functions varying with harvest rate is
discussed. The existence of a steady-state optimal harvesting schedule (involving a
pathwise uniform age distribution) for the more realistic Heaps-Neher environ-
ment and its relation to the Faustmann rotation are analyzed. The evolution of
the optimal harvest schedule for a finite harvest sequence in a Heaps-Neher
environment toward this steady-state (Faustmann type) rotation is demonstrated.

I. Introduction

In an “ongoing” forest, a logging company contemplates an infinite sequence of
harvests with immediate replanting after each harvest. The pioneering studies on
the optimal harvest policy for an ongoing forest consider situations where the
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initial distribution of tree age is uniform, where there is unlimited harvesting
capacity so that logging may be instantaneous, and where the net revenue of the
timbers depends only on tree age (see [1], [2], [3], and references therein). The
optimal harvest schedule for the infinite harvest sequence under these conditions
is to repeatedly clear-cut the entire forest instantaneously when it reaches the
Faustmann age A (8) defined by the condition [4]

V(4g) _ 8
V(Ag) 1—e % '

a.1)

where V(A) is the net commercial value of the trees (which depends only on the
tree age 4), 8 is the constant discount rate and V(A)=dV/dA.

In reality, a logging company has only a limited harvesting capacity. An upper
bound m on the harvest rate h(¢) requires harvesting be spread over an interval
of time. The logging company must now choose the starting time x) and the
harvest rate 0 < h,(t) <m, for t=x! and n=1,2,3,..., to maximize the total
discounted net timber revenue from all harvests. [Note that x’ and #,(7)
determine the duration and therefore the time interval x) <7 <x} of the nth
harvest.] This constrained harvesting problem was first investigated by Heaps and
Neher [5]. Their optimal-control formulation of the problem (which is a natural
extension of the formulation for the unlimited-harvest-capacity case [1]) involves

equations of states of the form

o, h, (t=0,)—h,(1) B
@ Th -6 (n=1,2,...), (12)

where the state variables {8,(¢)} are the age of the trees cut at time ¢ during the
nth harvest. With the state variable 6§, in the argument of the control variable
h,_, in (1.2), the conventional maximum principle [1] is not applicable in general.
When the net timber revenue depends only on tree age (and not on the harvest
rate), a special argument leads to the “optimal policy” for this substantially
simplified case. Unfortunately, the same argument is not applicable to the general
problem, while a Pareto-optimum consideration only yields a necessary condition
for the optimal policy [5]. A partial differential equation formulation of the same
problem is discussed by Davidson and Hellsten in [6]; however, the authors also
did not succeed in obtaining a complete solution for the optimal harvest policy.

In this article, we extend the results of [7] for once-and-for-all forest harvesting
to get a new formulation for the ongoing-forest harvesting problem which
definitely yields the solution for the optimal harvest schedule. As pointed out
in [7], our approach is based on the observation that in reality, tree sites are
necessarily ordered for logging by practical and regulatory considerations. It may
be physically necessary and economically prudent to cut trees in the order of their
distance from one or more logging camps, or it may be required by law (as it is in
some jurisdictions) to cut trees in the order of their age, the oldest first. We take
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advantage of the existence of such a logging path to develop a formulation of the
forest harvesting problem to enable us to determine the optimal harvest schedule
by the conventional maximum principle. For this model, the necessary conditions
for the optimal schedule are straightforward consequences of this principle; for an
interior maximum, they define a two-point boundary-value problem which may
be solved by conventional methods. That these conditions are also sufficient is
usually a consequence of the concavity and convexity of the various functionals
which occur in the relevant optimal-control problem.

II. The ongoing forest

Within the framework of the continuous model for forest harvesting developed in
[7], trees are cut by a single logging crew in a single array along a prescribed path
winding through the entire forest. In that case, the position of any tree site can be
described by the arc length s along the logging path to the site. For a continuous
model, discrete tree stands are smeared out as follows: the entire forest is divided
up into F, locations of land area, each occupied by a single trec with the
stumpage of the tree distributed over its assigned area. Except for cases with
sharp discontinuities, the initial tree age distribution over the logging path is
replaced by a continuous (piecewise smooth) approximation of the actual distri-
bution. The commercial value of the stumpage at different tree sites along the
logging path may be different because of a nonuniform age distribution, different
growth conditions, market-price differences at different cutting times, etc. We
choose the length scale so that the logging path through the entire forest is
normalized to unit length.

Let T,(s) be the time (measured from now) at which the tree site at location s
along the logging path is harvested during the kth harvest, kK =1,2,.... The initial
age distribution of the trees in the forest is denoted by — T, (s), where Ty(s) < 0 is
the germination-time distribution of the existing trees prior to the first harvest.
The tree at location s will be 4,(s) =T, (s)— T, _,(s) years old when it is logged
during the kth harvest. By construction, 7/ = dT, /ds is nonnegative along the
path, with 7/=0 only if instantaneous harvesting is possible (with unlimited
harvest capacity), as T{ is a measure of the time consumed in logging a particular
tree site during the kth harvest, and 1/7/ is therefore a measure of the kth
harvest rate 4, at the location s.

Similar to the case of “once-and-for-all forests,” we let p, ds and ¢, ds be the
commercial price and harvesting cost of the timber from the kth harvest over the
incremental path strip (s, s + ds). For reasons already explained in [7], both p,
and ¢, may vary with location s, logging time T}, and tree age 4,, as well as
current and previous harvest rates 1/ T, j=12,..., k. The present value of the
discounted future net revenue for tree stumpage along a path increment (s, s + ds)
from the kth harvest is e %7«()[ p, — ¢, ]ds, where 8, is the constant discount
rate for the kth harvest. The present value of the discounted future net revenue
from N harvests of the forest is

z

P, = kgl ['/(;1(1),( —c;)e Tk ds (2.1)
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where, for simplicity, we have assumed that the forest land has no residual value
after the Nth harvest. Note that we have N = oo if the forest is to be harvested
indefinitely for the whole future. For this ongoing forest problem to be meaning-
ful, P, must remain bounded as N —co. The management problem for the
logglng company is to choose a sequence of harvest schedules {Tl, T,,...} for the
forest so that P, is a maximum. With 4T} /ds=1/h;, 8,=8, p,=p, and
C, = ch,, the expression (2.1) reduces to the conventional expressmn for the
present value of discounted future net revenue [1-5] when the discount rate, unit
price, and harvest cost are identical for all harvests.

To apply the conventional maximum principle to the above optimal-control
problem, we introduce a new set of controls by the defining equations (of state)

T =u, (k=12,...), (2.2)

and write Py as
N 1
-y ‘/(;e’SkaVk(s,Tk,Ak,ul,...,uk)ds, (2.3)
k=1

where V, = p, —c, is the net revenue per unit path length. The maximum
principle [1] now requires that the sequence of (piecewise continuous, abbreviated
PWC) u, be chosen to maximize the Hamiltonian

= X (et 4] 24

subject to the equations of state (2.2), 7, the equations for the adjoint variables

A Ag,... (corresponding to the discounted shadow prices for the different
harvest),
, x4
Ni=- T,
Wy | IV v,
= + k8,7 e 4T 4 L= 0knTiy =
a7, " 74, Jile k+aAk+le ko1 (k=1,2,...,N)

(2.5)
(with V,,,, =0), to the transversality conditions
A0) =2 (1) =0 (k=1,2...), (2.6)
and to the inequality constraints

u, = 7, (=0), T,(0) = 0, (2.7a)
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and possibly

T.(0) > T, ,(1)  (k=1,2..... N). (2.7b)

By allowing 7, to be positive, we include the possibility of a maximum feasible
harvest rate for each harvest, reflecting a limited harvest capacity. If harvest
capacity is unlimited, then we have 7, =0 and (2.7) simply reflects the fact that
the tree sites are ordered for the purpose of logging.

When the inequality constraints (2.7) are not binding, we have an interior
solution for the optimal-control problem given by

A+ Y ed¥2L=0 (k=1,2,..N). (2.8)

The conditions (2.8) and (2.2) may be used to eliminate A, and u, from (2.5) and
(2.6) to get a system of N second-order ODE for T,, k=1,2,..., N, and one set
of N boundary conditions at each end of the logging path. This two-point
boundary-value problem may then be solved to get the optimal harvest schedule!
for each harvest.

At the other extreme, when all of the inequality constraints on u, in (2.7) are
binding, we have then a corner solution with

u, =T, =7, or T(s)=ms+1, (2.9)

where the constants of integration #,, k =1,2,..., are to be determined by (2.5)
and (2.6).

Intermediate situations with some of the inequality constraints (on u,) in (2.7)
binding are also possible and can be treated in a straightforward manner.
Regardless of whether one or more of (2.7) are binding, we get from (2.5) and the
transversality conditions A ,(0) = 0 [see (2.6)]

~ w, v, oot Wi o,
Ae(s) = — f[(BA + a7~ dWe Ta e ds

(k=1,2,...). (2.10)

'In order to focus our attention on the main issues of interest here, we assume throughout this paper
the various convexity and concavity conditions are satisfied so that the necessary conditions for
optimality are also sufficient.
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The remaining transversality conditions, A,(1)= 0 of (2.6), give

1 8Vk aVk —8,T, 8Vk+1 8y Tt _ 1 8T,
L [( 94, + aTk)e e ds = Sk-/o Ve ds. (2.11)

Thus, under the optimal policy, the discounted net gain through time marginal
yield of the entire forest (for not harvesting) equals the opportunity cost consisting
now of the sum of the time marginal vield of the replanted forest and the interest
earned on discounted net revenue of the harvested forest.

Observe that in our formulation of the optimal-forest-rotation problem, tree
ages and harvest schedules are related in a natural way by 4, (s) =T, (s)— T, _1(s).
These simple relations replace the integral conditions

T (@l = [h()d (=230 (1)
t,YPl

Ls(n—1)

of [5], which lead to the functional-differential equations of state (1.2) for the
optimal-control problem. Because of our unconventional choice of space instead
of time as the independent variable, no functional-differential equations appear in
our formulation, and the maximum principle is directly applicable to our new
optimal-control problem.

III. Age dependent net revenue and the Faustmann rotation

3.1. A finite sequence of harvests

Suppose the net revenue per unit tree site for the kth harvest, V, =p, —¢,, is a
monotone increasing concave function of tree age only, and the constant discount
rate is the same for all N harvests, so that §, =8, k=1,2,..., N. Then the system
(2.8) reduces to

A, =0 (k=1,2,...,N), (3.1)

and the transversality conditions (2.6) are trivially satisfied. The differential
system (2.5) for A, now becomes an algebraic system of N simultaneous
nonlinear equations for A,(s) [and therefore the harvest schedules T,(s)=
T 1()+A4,(s)], k=1,2,3,...,N:

Vi4,) = 8V, (4,) = Vi (4, )e P (k=1,2,3,...,N), (32)

with ¥y, ,(A) =0, where V, indicates differentiation with respect to the argument
of V,, namely the tree age.
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The system (3.2) may be solved by noting that the Nth equation,
Vi(dy)=8Vy(4y) =0, (33)

involves only one unknown A4, and its unique solution is the well-known Fisher
age an(8)= A(8) (denoted by A,(8) in [7]):

I./N(aN((S)) .

ey~ O

Ayn(s) = Ty(s) = Ty_1(s) = ay(8),

Having determined the optimal harvest age for the last harvest, A,(s), the
(N —1)th equation

I-/Nfl(AN—l)_‘SVN—l(ANfl) = I./vJ\/(O‘N)e_MN (3-5)

involves only one unknown, and may be solved to get the unique solution
a¥_1(8) for A, _(s). The process is repeated to get Ay_,=a}_,, Ay_3=
a¥_,,..., with the first equation giving 4,(s)= af(8). These results for the tree
age distribution during the different harvests are then used to determine the
optimal harvest schedules {7, (s)}:

Ti(s) = To(s)+ af(8),  T(s) = Ti(s) + ax(8) = Ty(s) + af(8) + «3(8),

Te(s) = T y(s) + af(8) = Ty(s) + L af(8)  (k=3., N-1),

Jj=1

N~-1

Ty(s) = Ty_1(s)+ay(8) =T, + }; a*(8)+ ay(9). (3.6)

For the case of a uniform initial age distribution and unlimited harvesting
capacity, the optimal harvest policy is to clear-cut the entire forest instanta-
neously when the trees reach the age aF(8) during the kth harvest (k=1,2,..., N
—1) and when they reach the Fisher age a,(8)= A(8) for the last harvest [see
Figure 1(a)]. [For simplicity, we will discuss only the case T,(s)+ a(8) = 0.] This
policy is optimal in view of the concavity of V,. For a nonuniform 7(s) with
T, (s) = 0, the harvest policy is to cut the trees when they reach the age a} for the
kth harvest and the Fisher age a,, for the last harvest [see Figure 1(b) with 7, = 0,
k=1,2,...].

If T{(s) <0, the harvest schedule Ty(s)+ af(8) violates the inequality con-
straint ¥, = TY > 0 and we must take 7'(s) = ¢, instead, with ¢; determined by

N o= - [Vl(fl - TO(S))_8V1(t1 - To(”)‘%(“?)eﬁ&xf] e”n (3.7)
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Figure 1. Optimal schedule for a finite harvest sequence with (a) a uniform initial age distribution a
Faustmann environment; (b) Ty(s)> (r>)0 in a Faustmann environment (and with bounded
harvesting capacity of 7> 0); (¢) T5(s) <0 in a Faustmann environment; (d) 0 <7{(s)<7 in a
Faustmann environment but with bounded harvesting capacity.

and A,(0)=A,(1)=0. From (3.7) and A,(0) =0, we get

A(s) = _/(:{Vl(tl—To(s))—SVl(tl—To(s))——l./z(aﬁ)e‘s"g}e”s’l ds.
(3.8)

The condition A,(1)= 0 then gives

'/(-)1{171(11 - TO(S))—I'/z(a;)e—sa;« } o34 s

=6, .
flVl(’l_To(s))e_&l ds )

which determines ¢,. Therefore, the optimal first harvest clear-cuts the entire forest
instantaneously at the moment when the discounted marginal yield net the dis-



Optimal Forest Rotation 163

T‘ A TN T1 %
! ]
| — |
I
| |
Xy ; :
I
' o4 I
T N
N \ t 1“
I
|
| — |
0<I 1 |
N : ;L Ta— |
T\ : 1
' !
7 ‘\ G T )
[ A
Ta \ | %
&n “\ / \‘
!
1 3 T\ i & . ‘,
P e Vs : 1
T, - o
f| - { ° e : T°+ O<|
— >~ 1" ,
0 - il ) 0 Lo -1 s
H ’/’
T, y ! - Ts+ T,(0)
To—

,«
A2
~
o
e

Figure 1. (Continued)

~counted marginal yield of the second harvest, as a fraction of present value of the
first harvest, equals the discount rate. The second harvest has a uniform initial age
distribution, and the results of (3.6) for k£ > 2 now apply from there on [see Figure
1(c)], so that [after T(s)=1,]

T.(s) = t, + f ar(8)  (k=2,..,N—1),

Ty(s) = 1, +§Ii1a}"(8)+ ay(8). (3.10)

If TJ(s) changes sign in the interval (0,1), the schedule T;(s)+ af(8) again
violates the inequality constraint 7} > 0 in some segments of the interval. The
optimal policy T,(s) for the first harvest is then determined by a procedure
outlined in [7]. This optimal first harvest schedule serves as the germination time
for the second harvest. The results of (3.6) for k£ >2 now apply as 7/ = 0 in
(0. .
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The determination of the optimal harvest schedule for the limited-harvest-
capacity case does not differ substantially from the case of unlimited harvesting
capacity discussed above. We assume henceforth 7, = 7, k=1,2,..., for simplic-
ity. The results of (3.6) again apply if Ty(s) = 7> 0 [see Figure 1(b) with 7> 0].
Otherwise, determine 7,(s) according to procedures described in [7], and apply
the results of (3.6) to T, for k > 2 [see Figure 1(d)]. As observed in [5], an ongoing
forest with a uniform age distribution and unlimited harvest capacity should be
clear-cut instantaneously at regular intervals, while a limited harvest capacity
should give for each harvest a sustained yield over an interval of time. Should this
period last beyond the start of the next in the schedules given by (3.6), say
T.(1)=T (1)+E 125(8)> T, .1(0), an adjustment for the two contiguous peri-
ods (and p0531bly beyond them) can be worked out to meet the stipulated
constraints.

3.2. An infinite harvest sequence with identical net revenue functions

To harvest repeatedly through the entire future, we take N = co and consider first
the conventional problem with V,(4)=V(A4), k=1,2,3,.... The system (3.2)
simplifies to

V(d,)—8V(A4,) = V(A )e - (k=1,2,...). (3.11)

A solution of this system of infinite number of coupled equations is known to be
the Faustmann rotation period A4 z(8) [1-5] (denoted by 4 ,,(8) in [7]), i.e.,

A, = Ag(8)  (k=1,2,3,...), (3.12)

where A,(8) is a root of (1.1). This solution is unique if V' is a monotone
increasing concave function of its argument. Thus, the optimal policy for the case
of no constraint on the harvest rate is to cut a tree when it reaches its Faustmann
age A, (or immediately if it is already older).

It is important to note that, on the basis of the results for the finite-N case, the
infinitely many coupled equations (3.11) are to be solved simultaneously as a
system and not as recursive relations starting with some 4,. In fact, unless 4, is
taken to be A, the quantities 4,, 45, etc. obtained recursively from (3.11) either
decrease monotonically without bound if A4, < A, or increase monotonically
without bound if A4;> A, [5]. Neither situation could be optimal. For the
decreasing sequence of { 4, }, the trees in all later harvests are logged immediately
after replanting. For the increasing sequence, the time margin from not harvesting
for all later harvests is smaller than the marginal interest from harvesting. We can
do better in both cases. An immediate consequence of the above observation is
the instability of the optimal schedule. If the trees cut during the kth harvest are
not at their Faustmann age, the subsequent harvest schedules obtained from the
schedule (3.11) will not be, and will not tend to, the optimal Faustmann rotation.
(They actually lead to a negative-net-profit policy.)

Starting with an arbitrary schedule for the first harvest, the nonconvergence of
the harvest schedule sequence generated by (3.11) toward the optimal policy has



