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1
Introduction
With reference to our previous work (Reissner and Wan,
1994), the present note has two main objectives. The ®rst
of these is a simpli®cation in the use of the static-geo-
metric duality by means of alternate forms of the general
solution of the two simultaneous partial differential
equations which govern the solution of stress concentra-
tion problems for twisted or sheared shallow spherical
shells with a stress free hole, a rigid insert or a circular
edge with a roller support near the apex of the shells. The
second objective is to establish the complete solutions,
including numerical data, for a speci®c stress concentra-
tion problem, intermediate to the problem of a shell with a
circular hole and one with a rigid circular insert, which
gives rise to the simplest set of edge conditions in the class
of problems to which these developments apply.

The signi®cant simpli®cation of the solution process is
achieved through the reduction of all twelve stress con-
centration factors of interest to expressions involving only
an auxiliary function v or its Laplacian, where v embodies
the boundary layer portion of the complete solution of the
boundary value problem (BVP). Conceptually, this is not
unexpected since stress concentration is concerned with
edge zone behavior of the shell. The new forms of the
general solution for the governing differential equations
also enable us to decouple the determination of the func-
tion v from solution of the general BVP. This is accom-
plished by deriving appropriate boundary conditions for v
without involving the interior portion of the solution en-
capsulated in the potential functions / and w. Together,
the two results allow us to calculate the stress concentra-

tion factors by determining the boundary layer solution v
alone without any reference to the interior solution com-
ponents.

The simpli®ed solution process also exploits the static-
geometric duality inherent in the group of boundary value
problems for the shells of interest. In particular, applica-
tions of this elegant duality reduce the number of v
functions required for the six BVP from six to three and
the calculation for actual number of stress concentration
factors from twelve to six.

In contrast to our previous work which limited con-
sideration to direct asymptotic analysis of boundary value
problems, we focused here on exact analyses of these
problems with the results applicable to the entire range of
the shell parameter l4 � a4=DBR2 (where D and 1=B are
the bending and stretching stiffness factors of the shell
material, R is the radius of spherical midsurface and a is
the radius of the circular opening near the apex of the
shell) as de®ned in our previous work. These include exact
numerical values for the stress concentration factors for
shells with a roller-supported edge (with three term as-
ymptotic expansions of the exact solutions provided for
comparison). Unlike the previous effort, we also consis-
tently keep distinct in our analysis the two effective
Poissons ratios, mM and mN , for our shells in order to allow
for effective applications of the static-geometric duality.

2
The differential equations and a modified solution
representation
With reference to equations (1) to (11) in (Reissner &
Wan, 1994) and using the same notation therein, we now
take the solutions of the two governing differential equa-
tions in (6) there in the following form:

w � Ta2

2D�1ÿ mM�wT; F � Ta2

2D�1ÿ mM� FT (1a,b)

wT � /� v; FT �
����
D

B

r
w� RD

a2
r2v (1c,d)

for the problem of transverse twisting and

F � ÿSa2FS; w � ÿSa2wS (2a,b)

FS � /� v; wS �
����
B

D

r
wÿ RB

a2
r2v (2c,d)

for the problems of membrane shearing. For later conve-
nience, we use the symbol F in place of the symbol K used
in (Reissner & Wan, 1994).
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In the expression (1) and (2), we have

r2�/;w� � 0; r4v� l4v � 0 (3a,b)

with the dimensionless parameter l4 � a4=R2DB and

r2� � � � �;qq� 1

q
� �;q� 1

q2
� �;hh (3c)

where q � r=a is a dimensionless radial coordinate.
In conformity with Table 1 in (Reissner & Wan, 1994),

wT and FT are the static-geometric duals of FS and wS.

3
Boundary conditions
Consistent with the analysis in (Reissner & Wan, 1994), the
boundary conditions at the edge of a stress free circular
hole of radius a can be written as

q � 1 :

F � 0; F;q� 0 (4a,b)

r2wÿ �1ÿ mM��qÿ1w;q�qÿ2w;hh � � 0 (4c)

�r2w�;q � �1ÿ mM��qÿ2w;qÿqÿ3w�;hh� 0 (4d)

8><>:
and at the edge of a rigid circular insert as

q � 1 :

w � 0; w;q� 0 (5a,b)

r2F ÿ �1� mN��qÿ1F;q�qÿ2F;hh � � 0 (5c)

�r2F�;q � �1� mN��qÿ2F;qÿqÿ3F�;hh� 0 (5d)

8><>:
As these conditions are homogeneous, they imply the same
stipulations for wT and FT and for wS and FS. That the
above conditions on F in one case came out as the static-
geometric duals of the conditions for w in the other case
was one of the signi®cant aspects of the analysis in
(Reissner & Wan, 1994).

A third problem, formulated in (Reissner & Wan, 1994)
as a particularly simple counterpart of the two problems of
the hole and of the rigid insert, involved a shell with the
edge of its circular hole transversely ®xed and tangentially
free. The edge is said to be on a (tangential) roller support.
For this case, the boundary conditions are

q � 1 : w � 0; w;q� 0; F � 0; F;q� 0

(6a±d)

Note that the conditions (6) are their own static-geometric
duals.

Any of the three sets of conditions at r � a, (4), (5) or
(6), is complemented by conditions of loading, which may
be obtained from the known elementary solutions for a
shell without a hole or insert, of the form

q!1 : wT ! 1
2q

2 sin 2h; FT ! 0 (7a,b)

for the problem of transverse twisting, and

q!1 : wS ! 0; FS ! 1
2q

2 sin 2h (8a,b)

for the problem of membrane shearing. Both sets of
boundary conditions (7) and (8) are satis®ed upon taking
and / and w in the form

/ � 1

2
q2 � c1q

ÿ2

� �
sin 2h; w � c2q

ÿ2 sin 2h (9a,b)

provided that v is a boundary layer phenomenon.
The form of (4), (5) or (6) requires that

v�q; h� � g�q� sin 2h (10)

The introduction of (9a,b) and (10) into equations (4) to
(6) gives, as a consequence of (1c,d) for the case of a
transverse twisting, three different sets of edge condi-
tions for the function v, corresponding to a free circular
hole, a rigid circular insert and a roller supported cir-
cular edge, respectively. Repeating this for the three
membrane shear problem gives three new sets of edge
conditions for v. Evidently, these three new sets of
conditions are the static geometric duals of the three
sets already obtained above.

For the transverse twisting problem with a circular hole,
the set of four free edge conditions r � a may be taken in
the form

q � 1 :

c2qÿ2s� lÿ2r2v � 0;
ÿ2c2qÿ3s� lÿ2�r2v�;q� 0 (11a,b)

r2v� �1ÿ mM��4qÿ2vÿ qÿ1v;q
��1� 6c1qÿ4�s� � 0 (11c)

�r2v�;q��1ÿ mM��4qÿ3vÿ 4qÿ2v;q
ÿ�2qÿ1 ÿ 12c1qÿ5�s� � 0 (11d)

8>>>>>>><>>>>>>>:
where we have set s � sin 2h. The corresponding condi-
tions for the membrane shearing problem with a rigid
insert follow form (11) with no changes other than a re-
placement of the quantity mM in (11c,d) by the quantity
ÿmN and the quantity l2 by ÿl2 (since the static geometric
dual of l2 � �a= ������

BR
p ��a= �������

DR
p � is �a= ����������ÿDR

p � �a= ����������ÿBR
p �

� ÿl2�.
Similarly, the four clamped edge conditions for the

problem of transverse twisting with a circular insert at
r � a may be taken in the form

q � 1 :

�12 q2 � c1qÿ2�s� v � 0;
�qÿ 2c1qÿ3�s� v;q� 0 (12a,b)

l4v� �1� mN��qÿ1�r2v�;qÿ4qÿ2r2v�
ÿ6l2c2qÿ4�1� mN�s � 0 (12c)

l4v;q��1� mN��4qÿ2�r2v�;qÿ4qÿ3r2v�
ÿ12l2c2qÿ5�1� mN�s � 0 (12d)

8>>>>>>><>>>>>>>:
They are the static-geometric duals of the edge conditions
for membrane shearing with a hole centered at the apex.

For the transverse twisting problem with a roller-sup-
ported circular edge, the four boundary conditions given
by (6) now become (in view of (9) and (10))

q � 1 :

�12 q2 � c1qÿ2�s� v � 0;
�qÿ 2c1qÿ3�s� v;q� 0 (13a,b)

c2qÿ2s� lÿ2r2v � 0;
ÿ2c2qÿ3s� lÿ2�r2v�;q� 0 : (13c,d)

8>><>>:

Table 1

l kSHm kSHb kTHm kTHb

0 4 0 0 4�4m
3�m

>>1 l2

2
l2

2

��������
3�3m
1ÿm

q ��������
1ÿm2

3

q
1� m
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Rather remarkably, they are identical to the roller-
supported edge conditions for the problem of membrane
shearing with l2 replaced by ÿl2.

4
The Function v for the transverse twisting problem
For the transverse twisting problem for shells with a free
circular hole, we eliminate c2 from the edge conditions
(11a,b) and c1 from the edge conditions (11c,d) to obtain

q � 1 :
�r2v�;q�2r2v � 0 (14a)
2r2v� �1ÿ mM��v;q�2v� 2s� � 0 (14b)

�
The differential equation (3b), the two (combined) edge
conditions (14a,b), and the two limiting conditions

q!1 : v! 0; r2v! 0 (15a,b)

which follow from (7a,b), completely determine v for this
problem as a function of q and h. Note that v also depends
on the two parameters l4 and mM which appear in (3b) and
(14b), respectively. We denote this function by
vTH�q; h; mM; l4� with T and H indicating the Problem of
transverse twisting (T) in the presence of a free circular
hole (H). The remaining two constants c2 and c1 can then
be obtained from (11a) and (11c), respectively.

Similarly, for the transverse twisting of shells with a
rigid insert, we eliminate c1 from (12a,b) and c2 from
(12c,d) to obtain

q � 1 :
v;q�2v� 2s � 0 (16a)

l4�v;qÿ2v�� 2�1�mN���r2v�;q�2r2v� � 0 (16b)

�
The PDE (3b), the two edge conditions (16a,b) and the
limiting conditions (15a,b) at in®nity, determine v as a
function of q and h with l4 and mN as two parameters so
that v � vTI�q; h; mN ; l4�.

Finally, upon eliminating c1 and c2, we obtain from
(13a±d) the following two edge conditions on v for an edge
with a roller support:

q � 1 :
v;q�2v� 2s � 0; �17a,b�
�r2v�;q�2r2v � 0 :

�
The differential equation (3b), the two edge condition
(17a,b) and the two limiting conditions (15a,b) do not
contain mN or mM explictly. They determine the function
v � vR�q; h; l4� for shells with a roller support loaded by
transverse twisting at in®nity.

5
The membrane shear problem and static-geometric duality
The relevant sets of boundary conditions for the mem-
brane shear problem follow immediately from static-geo-
metric duality inherent in the structure of the various
boundary value problems. In particular, the relevant set of
boundary conditions for the membrane shear problem for
a shell with a circular hole and one with a circular rigid
insert are the static geometric duals of the set for the
transverse twisting problem for a shell with a circular rigid
insert and one with a circular stress free hole, respectively.
The two problems with roller support are identical to each
other since mN and mM do not appear and l2 appears only
in the form of l4. Hence the three sets of boundary con-

ditions for the membrane shear problem will not be listed
here.

Instead, we note only that, for the case of a circular rigid
insert, the relevant boundary conditions at q � 1 for the
determination of the corresponding v are

q � 1 :
�r2v�;q�2r2v � 0; (18a,b)

2r2v� �1� mN��v;q�2v� 2s� � 0

(
(while the DE (3b) and far ®eld conditions (15a,b) remain
applicable). The BVP for v for this case is identical to the
one for vTH except for mM in the boundary conditions
(14a,b) replaced by ÿmN in (18a,b). Denoting the present v
function by vSI (with S and I indicating membrane shear
and rigid insert respectively), it follows from the static-
geometric duality of the two BVP that we have

vSI�q; h; mN ; l
4� � vTH�q; h;ÿmN ; l

4� : (18c)

Similarly, the relevant boundary conditions for v for the
membrane shear problem at the edge of a circular hole
are

q � 1 :
v;q�2v� 2s � 0 (19a)

l4�v;qÿ2v� � 2�1ÿ mM���r2v�;q�2r2v� � 0 (19b)

�
Comparing (19a,b) with (16a,b) leads to

vSH�q; h; mM; l
4� � vTI�q; h;ÿmM; l

4� : (19c)

Regarding the problem of membrane shear with a roller
supported edge, the boundary conditions (17a,b) (as well
as the far ®eld conditions (15a,b)) remain applicable. Since
effective Poissons ratios, mM and mN , do not appear in this
BVP problem (or in the corresponding problem for
transverse twisting), the solution for v in this case is also
given by vR so that

vSR�q; h; l4� � vTR�q; h; l4� � vR�q; h; l4� : �20�

6
Stress concentration factors
The transverse twisting and membrane shear problems as
formulated in the preceding sections are of interest for the
stress concentration around the edge of the hole or insert.
For each problem, we examine the relevant stress con-
centration factor, the ratio of the magnitude of the dom-
inant stress measure at the edge r � a and its far ®eld
magnitude. For all three transverse twisting problems, the
relevant far ®eld stress magnitude is MT

1 � T=2 (with
Mhh�1; h� � ÿMrr�1; h� � T sin 2h=2�. For all three
membrane shear problems, the relevant far ®eld stress
magnitude is Ns

1 � S (with Nhh�1; h� � ÿNrr�1; h� �
ÿS sin 2h�. We examine separately the stress concentration
of direct and bending stresses for each of the six BVP. The
six pairs of stress concentration factors for the six BVP are
given by

kTHb � MTH
h �1�
MT1

; kTHm � h

6

NTH
h �1�
MT1

(21a,b)

kTIb �
MTI

r �1�
MT1

; kTIm �
h

6

NTI
r �1�
MT1

(21c,d)
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kSHb �
6

h

MSH
h �1�
NS1

; kSHm �
NSH

h �1�
NS1

(22a,b)

kSIb �
6

h

MSI
r �1�
NS1

; kSIm �
NSI

r �1�
NS1

(22c,d)

kTRb � MTR
r �1�
MT1

; kTRm � h

6

NTR
h �1�
MT1

(23a,b)

kSRb �
6

h

MSR
r �1�
NS1

; kSRm �
NSR

h �1�
NS1

(23c,d)

where the quantity C
xy
z �1� is C

xy
zz �1; h� for h � p=4 or ÿp=4

with the sign chosen so that the stress concentration fac-
tors are all positive. (The superscripts TH denote the
transverse twisting problem (T) for shells with a free cir-
cular hole (H), etc.)

As they are de®ned, the stress concentration factors
involve different combinations of the three functions /;w
and v for the different physical problems. Rather re-
markably, all these different combinations can be rear-
ranged so that they are proportional to the appropriate v
function or its Laplacian r2v ! Since the determination of
v in all cases has been shown in the last two sections to be
uncoupled from the constants c1 and c2, the stress con-
centration factors can therefore be obtained from the so-
lution of the boundary value problem for v alone without
any reference to that portion of the solution of the BVP
involving the potential functions / and w ! Furthermore,
given the static-geometric dualities among the BVP ob-
served in section (5), only three of the six v functions need
to be found to obtain the stress concentration factors for
all six problems.

To express the stress concentration factors in terms of
the v function or its Laplacian, we make use of the rela-
tions

Mrr �Mhh � ÿ D

a2
�1� mM�r2w;

Nrr � Nhh � 1

a2
r2F

�24a,b�

The critical step in the transformation of the expressions
for the stress concentration factors is the use of the known
boundary conditions at the edge r � a. In particular, along
a free edge, we have

Mhh�1� � Mhh�1;�p=4� �Mrr�1;�p=4�
� ÿ D

a2
�1� mM�r2w

�25a�

Nhh�1� � Nhh�1;�p=4� � Nrr�1;�p=4� � 1

a2
r2F

�25b�
where we have made immediate use of the relations
(24a,b). It is understood that the right hand sides of (25)
are evaluated at q � 1 and h � �p=4. Similarly, we have
along the edge of a rigid insert

Mrr�1� � Mrr�1;�=4� � ÿ D

a2
r2w �26a�

Nrr�1� � Nrr�1;�p=4� � 1

a2�1� mN�r
2F �26b�

where we have made use of (5a,b) in (26a) and (5c) in
(26b). The usual edge evaluation applies to the right hand
sides of (26). For a roller support, we will make use of
(24b) and (25a) but no new relations.

We now apply the relations (25) and (26) to the six pairs
stress concentration factors in (21)±(23) to express them
in terms of v or its Laplacian. To illustrate, we use (25a) to
write MTH

h �1� as

MTH
h �1� � ÿ

D

a2
�1� mM�r2w � ÿT

2

1� mm

1ÿ mM
r2vTH

so that

kTHb � MTH
h �1�
MT1

� ÿ 1� mM

1ÿ mM
r2vTH �27a�

It is understood that r2vTH is evaluated at q � 1 and
h � �p=4. Similarly, we use (25b) to write NTH

h �1� as

NTH
h �1� �

T

2Da2�1ÿ mM�r
2F � ÿ TRl4

2a2�1ÿ mM� v
TH

so that

kTHm � h

6

NTH
h �1�
MT1

� l2���
3
p

��������������
1� mM

1ÿ mM

r
vTH �27b�

where vTH is evaluated appropriately at the edge q � 1.
The simpli®ed expressions for the remaining ®ve pairs of
factors given below can be obtained in a similar way
(omitting all negative signs with the understanding that all
stress concentration factor are taken to be positive):

kTIb �
1

1ÿ mM
r2vTI;

kTIm �
l2���

3
p �1� mN�

��������������
1� mM

1ÿ mM

r
vTI

�27c,d�

kSHb �
���
3
p

l2

��������������
1� mM

1ÿ mM

r
vSH; kSHm � r2vSH �28a,b�

kSIb �
���
3
p

l2��������������
1ÿ m2

M

p vSI; kSIm �
r2vSI

1� mN
�28c,d�

kTR
b �

1

1ÿ mM
r2vR; kTRm � l2���

3
p

��������������
1� mM

1ÿ mM

r
vR �29a,b�

kSR
b �

���
3
p

l2��������������
1ÿ m2

M

p vR; kSRm � r2vR �29c,d�

It is clear from these transformed expressions for the
stress concentration factors that we do not need to solve
the original physical problems to learn about their stress
concentration phenomenon, only the boundary value
problem for v. In fact, because of the static-geometric
duality among the BVP, we only need to solve for the v
functions in three of the six cases as we explain in the next
section.
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7
Relations among the stress concentration factors
The forms of the relations in (29) imply, without invoking
static-geometric duality, the relations

kSR
m � �1ÿ mM�kTR

b ; �1� mM�kSR
b � 3kTR

m �30a,b�
with these becoming consistent with equations (59c,d) and
(59a,b) in (Reissner & Wan, 1994) upon changing mN into
mM in (54d) and m into mM in (59b) (to correct previous
transcription errors).

With reference to equations (27)±(28), the static-geo-
metric duality relations established in section (5) indicate
that vTH and vSH coincide with vSI and vTI, respectively,
upon changing mM into ÿmN . Therefore, we have the fol-
lowing four static-geometric dual relations (indicated by
 !) involving the eight stress concentration factors in
(27)±(28):

kSHm  ! �1ÿ mM�kTIb �31a�
1���
3
p

��������������
1ÿ mM

1� mM

r
kSHb  !

���
3
p �1� mN�

��������������
1ÿ mM

1� mM

r
kTIm �31b���������������

1ÿ m2
M

3

r
kSIb  !

���
3
p ��������������

1ÿ mM

1� mM

r
kTHm �31c�

�1� mN�kSIm  !
1ÿ mM

1� mM
kTHb �31d�

While (31a) and (31d) are the same as the corresponding
results in (Reissner & Wan, 1994), equations (31b) and
(31c) represent a modi®cation of the corresponding earlier
results which are valid only for the special case
mM � mN � m.

To appreciate the signi®cance of the relations (31a±d),
we restate in Tables 1 and 2 earlier results for the special
case mM � mN � m which had in earlier work been obtained
without the concept of the static-geometric duality (see E.
Reissner (1980a, 1980b, 1980c), E. Reissner and J.E. Re-
issner (1982), and J.E. Reissner (1981)). With (31a±d) the
results of Table 2 can now be obtained from those of Table
1 without solving four new BVP (keeping in mind that h is
chosen so that the stress concentration factors are all non-
negative)!

For the more general cases with mM 6� mN , it is now
found that the results in Table 1 are equivalent to the more
general results upon replacing m by mM. With this, we can
then use (31a±d) to generalize the results in Table 2 to the

following Table 3. With the results in Table 3 reducing to
those in Table 2 upon setting mM � mN � m.

8
Exact and asymptotic solutions for problems
with a roller supported edge
We now complete the solutions for our six BVP by ob-
taining the stress concentration factors for the two phys-
ical problems for shells with a roller-supported edge. The
exact solution for the function vR which has the desired
properties at in®nity (15a,b) is given by

vR � �cr ker2�lq� � ci kei2�lq�� sin 2h

� g�lq� sin 2h
�32�

The two unknown constants cr and ci are determined by
the two edge conditions (17a,b) to be

cr �ÿ 2

D
�l ker02�l� � 2 ker2�l��;

ci �ÿ 2

D
�l ker02�l� � 2 kei2�l��

�33a,b�

with f 0�x� � d�f �x��=dx and

D � �l ker02�l� � 2 ker2�l��2
� �l kei02�l� � 2 kei2�l��2

�33c�

The maximum value of vR along the edge is given by

g�l� � ÿ 2

D
fl�ker02�l�ker2�l� � kei02�l�kei2�l��
� 2�ker2

2�l� � kei2
2�l��g �33d�

with a corresponding expression for the maximum value
of r2vR. From these expressions, we obtain an exact so-
lution for the two stress concentration factors kSR

m and kSR
b

which will not be listed here. Instead, we give below the
corresponding three term asymptotic expansions for these
factors obtained with the help of the various asymptotic
expansions for Kelvin functions (M. Abramowitz &
I. Stegun, 1964);

kSR
m �

���
2
p

l 1� 3���
2
p

l
� 3

8l2
� 0

1

l3

� �� �
�34a�

kSR
b �

��������������
6

1ÿ m2
M

s
l 1ÿ 3

8l2
� 0

1

l3

� �� �
: �34b�

Plots of the one-, two- and three-term expansions of the
two stress concentration factors as functions of the large
parameter l are given along with the corresponding exact
solutions in Figures (1) and (2) as well as in Table 4. The
three term asymptotic solutions are seen to be accurate to
within 3% of the exact solutions for l � 2 and still within

Table 2

l kSIm kSIb kTIm kTIb

0 4
3ÿm 0 0 4

1ÿm

>>1 1
��������
3�3m
1ÿm

q
l2

2
���������
3ÿ3m2
p l2

2�1ÿm�

Table 3

l kSIm kSIb kTIm kTIb

0 4
3ÿmN

0 0 4
1ÿmM

>>1 1 �1� mN�
���������

3
1ÿm2

M

q
l2

2�1�mN �
����������
1�mM

3ÿ3mM

q
l2

2�1ÿmM�
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that range of accuracy for l � 1 in the case of kSR
m . It is also

evident from (34a) and (34b) that the magnitude of the
stress concentration for a thin shell is intermediate (of
order l) to the two extreme case of a rigid insert where
both factors are 0(1) and the stress free hole case where the
both factors are 0�l2�.

By (30a,b), the corresponding asymptotic behaviour of
the stress concentration factors for the transverse twisting
problem are given by

kTR
b �

���
2
p

l
1ÿ mM

1� 3���
2
p

l
� 3

9l2
� 0

1

l3

� �� �
�35a�

kTR
b �

����������������
2� 2mM

3ÿ 3mM

r
l 1ÿ 3

8l2
� 0

1

l3

� �� �
�35b�

It is evident that the concentration factors are again in-
termediate in order of magnitude to the two extreme case
of a rigid insert and a stress free hole.
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Table 4

l sSR
m =l

���������
1ÿm2

M

3

q
kSR

b =l

Exact Asymptotic (34a) Exact Asymptotic (34b)

1.0 4.800471 4.944544 1.231600 0.883884
2.0 3.029980 3.046796 1.342096 1.281631
5.0 2.034709 2.035427 1.397972 1.393000
7.5 1.823479 1.823642 1.406352 1.404786

10.0 1.719462 1.719517 1.409593 1.408910
20.0 1.565536 1.565539 1.412977 1.412888
50.0 1.474426 1.474426 1.414007 1.414001
75.0 1.454308 1.454308 1.414121 1.414119

100.0 1.444267 1.444267 1.414161 1.414161

Fig. 1. One-, two- and three-term asymptotic expansion (see
equation (34a)) as well as the exact value of kSR

m for large l
Fig. 2. One- (=two-) and three-term asymptotic expansion (see
equation (34b)) as well as the exact value of kSR

b ��1ÿ m�=3� for
large l
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