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Abstract

In this pap er w e presen t impro v ed upp er b ounds on the n um b er of determining

F ourier mo des, determining no des and v olume elemen ts for the Na vier-Stok es equations.

The b ounds presen ted here seem to agree with some of the heuristic ph ysical estimates

conjectured b y Manley and T rev e.

1 In tro duction

The con v en tional theory of turbulence asserts that turbulen t 
o ws are monitored b y a

�nite n um b er of degrees of freedom. The notions of determining mo des, [5 ], [6] determining

no des [7 ], [8 ], [9], and determining v olume elemen ts [8],[10 ] are rigorous attempts to iden tify

those parameters that con trol turbulen t 
o ws (see Sections 3, 4 and 5 for the de�nitions of

determining mo des, no des and v olume elemen ts resp ectiv ely). Since the problem of global

existence and uniqueness of strong solutions to the 3 D Na vier-Stok es Equations (NSE)

is still an op en question, most of the researc h on estimating these parameters has b een

concen trated on the 2 D case. Here w e will giv e an impro v emen t of the previously rep orted

estimates on the n um b er of determining mo des, no des and v olume elemen ts [5], [9 ] and [10 ]

resp ectiv ely .

In this pap er w e will consider only the case with p erio dic b oundary conditions. The same

tec hniques, ho w ev er, w ork for other b oundary conditions as w ell, but they lead to larger

upp er b ounds. It is not clear y et whether this is merely a mathematical tec hnicalit y or if
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it is due to the e�ect of the ph ysical b oundaries. W e will denote b y G the Grashof n um b er

(see Section 2), whic h pla ys an analogous role as the Reynolds n um b er, and whic h will b e

our bifurcation parameter. It is kno wn that if the Grashof n um b er is small enough, then the

NSE p ossess a unique, globally stable, steady state solution ( cf . [19 ]). It is exp ected that as

the Grashof n um b er G increases, this steady state go es through a sequence of bifurcations

that lead to c haotic dynamics (see ho w ev er [17 ]). Therefore, it is natural to use the Grashof

n um b er G as a parameter for measuring the complexit y of the dynamics.

There ha v e b een man y studies to estimate the n um b er of degrees of freedom of the

solutions for the NSE in terms of the Grashof n um b er. A sharp upp er b ound for the fractal,

as w ell as the Hausdor� dimension of the global attractor w as established in [2 ] (see also

references therein). This upp er b ound is of the order of G

2 = 3

(1 + log G )

1 = 3

. Also, it has b een

rep orted in [5 ] that there exists an upp er b ound for the n um b er of determining F ourier mo des

for the 2 D NSE, with p erio dic b oundary conditions, of the order of G (1 + log G )

1 = 2

. In [9],

w e obtain an upp er b ound for the n um b er of determining no des of the order G

2

(1 + log G ),

and for the n um b er of determining v olume elemen ts, [10 ], of the order G

2

.

In this pap er w e sligh tly impro v e the estimate on the n um b er of determining mo des and

obtain an upp er b ound of the order G . Similarly , w e impro v e our previous estimates on

the n um b er of determining no dal v alues and of determining v olume elemen ts to G . These

new estimates are in agreemen t with the heuristic estimates, whic h are based on ph ysical

argumen ts, that ha v e b een conjectured b y Manley and T rev e ([5 ], [16 ], [20 ]).

The question as to the sharpness of these estimates remains op en. Ho w ev er, in practice

exp erimen talists tak e their measuremen ts at one p oin t (no de), or sometimes at few, but

small n um b er of p oin ts in the ph ysical domain. Then they rely on the generic im b edding

theorem of T ak ens [18 ] to unfold the attractor and to understand the c haracteristics of the

dynamics. It is w orth men tioning, ho w ev er, that T ak ens' theorem is only a generic theorem

and that there are some in teresting ph ysical examples in 
uid 
o ws where it degenerates.

Suc h examples o ccur, for instance, in the presence of certain symmetries [4 ]. It has b een

recen tly sho wn, ho w ev er, b y [13 ] that for the 1 D complex Ginzburg-Landau equation, t w o

no des are determining if they are su�cien tly close. The idea of the pro of of [13 ] is v alid for

man y other 1 D dissipativ e parab olic PDEs (see for instance [3 ]). Also, a straigh t forw ard

extension of the pro of giv en in [13 ] has b een rep orted for the 2 D NSE, and the results

imply that there is a small closed determining curv e, [15]. This result holds under the

assumption that the solutions of the NSE are spatially analytic. Ho w ev er, one can sho w, in

a straigh t forw ard manner, that these results are also v alid if the solutions enjo y the unique

con tin uation prop ert y , whic h is a w eak er assumption on the space of solutions. The results

of [13 ] indicate that the minimal n um b er of determining no des ma y not ha v e an ything to do

with the dimension of the global attractor. On the other hand, if one tak es enough no des,

one can parameterize the inertial manifold (when it exists) in terms of the no dal v alues of

the solution, and hence, sho w that the dynamics of the no dal v alues is equiv alen t to that

of the PDE [8 ]. Ev en though w e still do not kno w whether the 2 D NSE has an inertial

manifold, one can sho w that there is a parameterization of the global attractor for the 2 D

NSE, with p erio dic b oundary conditions, in terms of the no dal v alues of the solutions on the

attractor [21 ]. The pro of of the last statemen t uses ideas from [8 ], [11 ] and [12 ]. The latter

statemen t giv es an a�rmativ e answ er to the assertion conjectured b y F oias and T emam [7]:

ther e exists a �nite numb er of no des such that the solutions on the glob al attr actor, for the

2D NSE, ar e determine d in a unique fashion by their values at these no des .
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W e organize the pap er as follo ws. In Section 2 w e recall some of the basic prop erties

of the 2 D NSE with p erio dic b oundary conditions. In Section 3 w e recall the notion of

determining mo des. W e also sho w ho w to eliminate the logarithmic term found in the

upp er b ound for the n um b er of determining mo des in [5]. In Section 4 w e recall the notion

of determining no des and giv e an upp er b ound for their n um b er. Though the idea for the

pro of is essen tially the same as in [9 ], there are some ma jor di�erences in our estimates. A

similar analysis of the n um b er of determining v olume elemen ts is giv en in Section 5. T o

mak e the pap er self-con tained w e include an app endix that con tains the pro of of certain

in terp olation estimates that are needed here.

This pap er is dedicated to Professor Ciprian F oias on the o ccasion of his 60th birthda y

to thank him for his endless supp ort and encouragemen t to us and to express our admiration

for his scien ti�c w ork in the v arious �elds of the mathematical sciences.

2 F unctional Setting and Preliminary Results

W e consider the 2 D NSE for a viscous incompressible 
uid in I R

2

with p erio dic b oundary

conditions on the square 
 = (0 ; L ) � (0 ; L ). The go v erning equations are

@ u

@ t

� � � u + ( u � r ) u + r p = f in I R

2

� (0 ; 1 )

r � u = 0 in I R

2

� (0 ; 1 )

u ( x

1

; x

2

; t ) = u ( x

1

; x

2

+ L; t )

u ( x

1

; x

2

; t ) = u ( x

1

+ L; x

2

; t ) ;

9

>

>

>

=

>

>

>

;

(2.1)

where f = f ( x; t ), the v olume force, and � > 0, the kinematic viscosit y , are giv en. W e denote

b y u = u ( x; t ) the v elo cit y v ector, and p = p ( x; t ) the pressure whic h are the unkno wns.

F urther, w e assume that the in tegrals of u and f v anish on 
 for all time (i.e., u and f ha v e

zero mean in 
).

F ollo wing the notation in [1 ], [14 ], [19 ], w e set

V = f u : I R

2

7! I R

2

; v ector-v alued trigonometric p olynomials

with p erio d L; r � u = 0 ; and

Z




udx = 0 g :

F urther, w e set

H = the closure of V in ( L

2

(
))

2

;

V = the closure of V in ( H

1

(
))

2

;

where H

l

(
) ( l = 1 ; 2 ; : : : ) denote the usual L

2

-Sob olev spaces. H is a Hilb ert space with

the inner pro duct and norm

( u; v ) =

Z




u ( x ) � v ( x ) dx; j u j =

�

Z




j u ( x ) j

2

dx

�

1 = 2

;

resp ectiv ely , and u ( x ) � v ( x ) is the usual Euclidean scalar pro duct. Thanks to the P oincar � e

inequalit y , V is also a Hilb ert space with inner pro duct and norm

(( u; v )) =

2

X

i;j =1

Z




@ u

i

@ x

j

@ v

i

@ x

j

dx; k v k

2

=

2

X

i;j =1

Z




�

�

�

�

@ v

i

@ x

j

�

�

�

�

2

dx;
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resp ectiv ely . Let P denote the orthogonal pro jection in L

2

(
) � L

2

(
) on to H . W e denote

b y A the Stok es op erator

Au = � P � u;

(notice that in the p erio dic case Au = � � u ) and the bilinear op erator

B ( u; v ) = P (( u � r ) v )

for all u; v in D ( A ) = V \ ( H

2

(
) � H

2

(
)). W e recall that the op erator A is a self-adjoin t

p ositiv e de�nite op erator with compact in v erse. Th us there exists a complete orthonormal

set w

j

of eigenfunctions of A suc h that Aw

j

= �

j

w

j

and 0 < �

1

� �

2

� : : : , where

�

1

= (

2 �

L

)

2

, and �

j

= O ( j ) for j ! 1 . The NSE, (2.1), are equiv alen t to the functional

di�eren tial equation in H

du

dt

+ � Au + B ( u; u ) = f ; (2.2)

where from no w on f = P f , and it is assumed that f satis�es f 2 L

1

((0 ; 1 ); H ). That is,

sup

t � 0

j f ( t ) j < 1 , (for details see for example [1 ], [14 ], [19 ]).

Let

F = lim sup

t !1

�

Z




j f ( t; x ) j

2

dx

�

1 = 2

:

F ollo wing [5 ] w e de�ne the generalized Grashof n um b er Gr as

Gr =

F

�

1

�

2

=

L

2

F

4 �

2

�

2

:

The generalized Grashof n um b er will pla y an analogous role as the Reynolds n um b er and

will b e our bifurcation parameter. In what follo ws all our estimates will b e in terms of

the generalized Grashof n um b er. Notice that if f is time indep enden t, then Gr is the

Grashof n um b er G =

L

2

j f j

4 �

2

�

2

. F or questions related to existence, uniqueness, and regularit y

of solutions the reader is referred for instance to [1], [14 ], [19] and the references therein.

W e recall the follo wing inequalities whic h are satis�ed b y B ( u; v ) ( cf. [1 ], [14 ], [19 ]).

j ( B ( u; v ) ; w ) j � c

1

j u j

1 = 2

k u k

1 = 2

k v kj w j

1 = 2

k w k

1 = 2

8 u; v ; w 2 V : (2.3)

Alternativ ely , w e ma y use Agmon's inequalit y

k u k

L

1

(
)

� c

2

j u j

1

2

j Au j

1

2

8 u 2 D ( A ) ;

to obtain

j ( B ( u; v ) ; w ) j � c

3

j u j

1 = 2

j Au j

1 = 2

k v kj w j 8 u 2 D ( A ) ; v ; w 2 V : (2.4)

In addition, the op erator B enjo ys the prop ert y ( B ( u; v ) ; w ) = � ( B ( u; w ) ; v ), and in the

2 D case with p erio dic b oundary conditions it satis�es:

( B ( w ; w ) ; Aw ) = 0 8 w 2 D ( A ) (2.5)

( cf. [1], [19 ]). Di�eren tiating this last expression with resp ect to w in the direction of u , w e

obtain the useful iden tit y

( B ( u; w ) ; Aw ) + ( B ( w ; u ) ; Aw ) + ( B ( w ; w ) ; Au ) = 0 (2.6)

for all u; w 2 D ( A ) (see [2]).
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3 Determining Mo des

The �rst mathematically rigorous indication that the large time b eha vior of the solutions

to the NSE has a �nite n um b er of degrees of freedom w as giv en in [6]. More sp eci�cally ,

the NSE w as sho wn to ha v e a �nite n um b er of determining mo des.

W e denote b y P

m

the orthogonal pro jection on to the linear space spanned b y

f w

1

; w

2

; : : : ; w

m

g , the �rst m eigenfunctions of the Stok es op erator A , and Q

m

= I � P

m

.

F urther, c

j

( j = 1 ; 2 ; : : : ) will denote adequate dimensionless p ositiv e constan ts. Let u; v

solv e resp ectiv ely the Na vier-Stok es equations

du

dt

+ � Au + B ( u; u ) = f ( t ) (3.1)

u (0) = u

0

;

dv

dt

+ � Av + B ( v ; v ) = g ( t ) (3.2)

v (0) = v

0

;

where f ; g are giv en forces in L

1

(0 ; 1 ; H ).

A set of mo des f w

j

g

m

j =1

is called determining if w e ha v e

lim

t !1

j u ( t ) � v ( t ) j = 0 ;

whenev er

lim

t !1

j f ( t ) � g ( t ) j = 0 ;

and

lim

t !1

j P

m

u ( t ) � P

m

v ( t ) j = 0 :

In [5] an upp er b ound on the n um b er of determining mo des for the 2 D NSE w as obtained

in the form

�

m +1

�

1

� c

4

Gr (1 + log ( Gr ))

1 = 2

: (3.3)

Ho w ev er, in that pap er (see also [16 , 20 ]) it is argued, heuristically , that the n um b er of

determining mo des should b e of the order m , where m satis�es

�

m +1

�

1

� c

5

Gr :

W e will supp ose throughout that u ( t ) ; v ( t ) solv e Equations (3.1), (3.2) resp ectiv ely and

that j f ( t ) � g ( t ) j ! 0 as t ! 1 . Before w e sho w ho w to eliminate the logarithmic term

in (3.3) w e recall a v ersion of the Gron w all lemma that will pla y a cen tral role. The original

v ersion w as �rst used in [5] to pro v e (3.3). The more general v ersion stated b elo w is pro v en

in [10 ].

Lemma 3.1 L et � b e a lo c al ly inte gr able r e al value d function on (0 ; 1 ) , satisfying for some

0 < T < 1 the fol lowing c onditions:

lim inf

t !1

1

T

Z

t + T

t

� ( � ) d� = 
 > 0
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lim sup

t !1

1

T

Z

t + T

t

�

�

( � ) d� = � < 1 ;

wher e �

�

= max f� �; 0 g . F urther, let � b e a r e al value d lo c al ly inte gr able function de�ne d

on (0 ; 1 ) such that

lim

t !1

1

T

Z

t + T

t

�

+

( � ) d� = 0 ;

wher e �

+

= max f � ; 0 g . Supp ose that � is an absolutely c ontinuous non-ne gative function

on (0 ; 1 ) such that

d

dt

� + �� � � ; a.e. on (0 ; 1 ) :

Then � ( t ) ! 0 as t ! 1 .

Theorem 3.2 Supp ose that m satis�es

�

m +1

�

1

�

p

3 c

3

Gr :

Then the numb er of determining mo des is not lar ger than m . That is, if

lim

t !1

j P

m

u ( t ) � P

m

v ( t ) j = 0 ;

then lim

t !1

k u ( t ) � v ( t ) k = 0 .

Pro of. The idea of the pro of (as in [5 ]) is to apply Lemma 3.1. Let w ( t ) = u ( t ) � v ( t ),

� ( t ) = P

m

w ( t ) and �( t ) = Q

m

w ( t ). Then b y assumption j � j ! 0 as t ! 1 . Subtracting

Equation (3.2) from (3.1), w e obtain

dw

dt

+ � Aw + B ( u; w ) + B ( w ; u ) � B ( w ; w ) = f ( t ) � g ( t ) :

T aking the inner pro duct with A � and using (2.5), (2.6), w e ha v e

1

2

d

dt

k � k

2

+ � j A � j

2

�

j ( B ( w ; w ) ; Au ) j + j ( B ( u; w ) + B ( w ; u ) � B ( w ; w ) ; A� ) j + j f ( t ) � g ( t ) jj A � j :

F or the second term on the righ t side of the inequalit y w e use (2.3) and j A

3 = 2

� j � �

3 = 2

m

j � j

to obtain

j ( B ( u; w ) + B ( w ; u ) � B ( w ; w ) ; A� ) j = j ( B ( u; A� ) ; w ) + B ( w ; A� ) ; u ) � B ( w ; A� ) ; w ) j �

(2 c

1

j u ( t ) j

1 = 2

k u ( t ) k

1 = 2

j w ( t ) j

1 = 2

k w ( t ) k

1 = 2

+ c

1

j w ( t ) jk w ( t ) k ) �

3 = 2

m

j � ( t ) j := M

1

( t ) j � ( t ) j :

Since k u ( t ) k ; k v ( t ) k remain b ounded as t ! 1 (this follo ws immediately from Equa-

tions (3.1), (3.2), using ( B ( u; u ) ; Au ) = 0), M

1

( t ) is b ounded as t ! 1 .

F or the �rst term w e use the equation B ( w ; w ) = B (� ; �) + B ( � ; w ) + B (� ; � ) and (2.4)

to obtain

j ( B ( w ; w ) ; Au ) j � j ( B (� ; �) ; Au ) j + M

2

( t ) j � ( t ) jj Au j + c

3

j � jj A � jj Au j ;
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where M

2

( t ) ma y b e c hosen to b e c

3

�

1 = 2

m

( k u k + k v k ). Using (2.4), w e also ha v e

j ( B (� ; �) ; Au ) j � c

3

j � j

1 = 2

j A � j

1 = 2

k � kj Au j

�

c

3

j A � j

�

1 = 2

m +1

k � kj Au j :

Applying Y oung's inequalit y w e conclude

d

dt

k � k

2

+ k � k

2

�

� �

m +1

�

3 c

2

3

j Au j

2

� �

m +1

�

� � ( t ) ;

where � ( t ) = 2 M

1

( t ) j � j + 2 M

2

( t ) j Au jj � j +

3

�

c

2

3

j Au j

2

j � j

2

+

3

�

j f ( t ) � g ( t ) j

2

.

It follo ws from a priori estimates on the time a v erage of j Au j (see [5 ], [9 ]),

lim sup

t !1

1

T

Z

t + T

t

j Au j

2

d� �

F

2

T �

3

�

1

+

F

2

�

2

(3.4)

for ev ery T > 0 (here w e tak e T = ( � �

1

)

� 1

). The assumptions on f ; g ; j � j , and u; v imply

that lim

t !1

1

T

R

t + T

t

�

+

( � ) d� = 0. Set

� = � �

m +1

�

3 c

2

3

j Au j

2

� �

m +1

:

Also from the estimate on the time a v erage of j Au j

2

(see (3.4)) w e ha v e

lim sup

t !1

1

T

Z

t + T

t

�

�

( � ) d� < 1 : (3.5)

Similarly ,

lim inf

t !1

1

T

Z

t + T

t

� ( � ) d� > 0 (3.6)

holds pro vided �

m +1

=�

1

�

p

3 c

3

Gr . Hence, from the ab o v e and Lemma 3.1 w e conclude

that lim

t !1

k w ( t ) k = 0. 2

Let us remark that if w e do not require additional regularit y of the forcing function

f ( t ), then j Au ( t ) j

2

need not to b e uniformly b ounded for all t > 0. Ho w ev er, it is alw a ys

b ounded in a v erage (see (3.4)). This means that the function � ( t ) need not to con v erge to

zero , but its a v erage do es. F or this v ery reason w e use Lemma 3.1, the mo di�ed v ersion of

Gron w all's Lemma.

4 Determining No des

Let

E = f x

1

; x

2

; : : : ; x

N

g

b e a collection of p oin ts in 
. The set E is called a set of determining no des if for an y t w o

solutions u and v solving Equations (3.1), (3.2) resp ectiv ely , and satisfying

lim

t !1

( u ( x

j

; t ) � v ( x

j

; t )) = 0 ; j = 1 ; : : : ; N ;

7



w e ha v e

lim

t !1

j u ( t ) � v ( t ) j = 0 :

The existence of a set of determining no des w as �rst pro v en in [7 ]. Later in [9] an upp er

b ound for the n um b er of determining no des for the NSE describ ed in Section 2 w as found

to b e prop ortional to Gr

2

(1 + log Gr ). Rather than �nding an estimate on the maxim um

distance the no des can b e separated (as in [7 ], [9 ]), w e simply estimate the n um b er of no des

needed to b e determining directly . F or this w e divide the domain 
 in to N equal squares

of side l = L=

p

N . F urther w e place one of the p oin ts x

j

; j = 1 ; : : : ; N in eac h subsquare.

The k ey to our estimates is the follo wing lemma ( cf. [9 ], [10 ]) whic h is pro v en in the

app endix.

Lemma 4.1 F or every w 2 D ( A ) set

� ( w ) = max

1 � j � N

j w ( x

j

) j :

Then

j w j

2

� 4 L

2

�

2

( w ) +

c

8

L

4

N

2

j Aw j

2

; (4.1)

k w k

2

� c

9

N �

2

( w ) +

c

10

L

2

N

j Aw j

2

; (4.2)

k w k

2

1

= sup

x 2 


j w ( x ) j

2

� c

9

N �

2

( w ) +

c

10

L

2

N

j Aw j

2

: (4.3)

Let u ( t ) ; v ( t ) solv e (3.1), (3.2) resp ectiv ely , and supp ose j f ( t ) � g ( t ) j ! 0 as t ! 1 as

b efore.

Theorem 4.2 L et 
 b e divide d into N e qual squar es with the p oints E = f x

1

; x

2

; : : : ; x

N

g

distribute d one in e ach squar e. Then E is a set of determining no des pr ovide d

N � c

11

Gr ;

wher e c

11

= 4

p

2 c

3

c

10

�

2

.

Pro of. With the exception of the use of Lemma 4.1 and a minor mo di�cation describ ed

b elo w, the pro of is the same as in [9]. W e therefore only pro vide a sk etc h of the pro of here.

Again set w ( t ) = u ( t ) � v ( t ). Then � ( w ) ! 0 as t ! 1 . Subtracting Equation (3.2)

from (3.1) and using (2.5), (2.6), (2.4), w e ha v e

1

2

d

dt

k w k

2

+ � j Aw j

2

� j ( B ( w ; w ) ; Au ) j + j f � g jj Aw j

� c

3

k w k

1

k w kj Au j + j f � g jj Aw j :

No w w e use (4.3) to estimate k w k

1

. F urther, instead of using the estimate j Aw j �

�

1 = 2

1

k w k , as in [9 ], w e use (4.2) to obtain

j Aw j

2

�

N

c

10

L

2

k w k

2

�

c

9

N

2

�

2

( w )

c

10

L

2

:

8



After using Y oung's inequalit y and some algebra, w e �nd

d

dt

k w k

2

+ k w k

2

�

� N

c

10

L

2

�

2 c

2

3

c

10

L

2

N �

j Au j

2

�

� � ( t ) ;

where

� ( t ) =

c

9

� N

2

�

2

( w )

c

10

L

2

+ 2 c

3

p

c

9

p

N � ( w ) k w kj Au j +

2

�

j f ( t ) � g ( t ) j :

As in the pro of of Theorem 3.2, w e ha v e lim

t !1

1

T

R

t + T

t

�

+

( � ) d� = 0. Set

� =

� N

c

10

L

2

�

2 c

2

3

c

10

L

2

N �

j Au j

2

:

Again from the estimate on the time a v erage of j Au j

2

, inequalit y (3.4), w e ha v e

lim sup

t !1

1

T

Z

t + T

t

�

�

( � ) d� < 1 :

Similarly ,

lim inf

t !1

1

T

Z

t + T

t

� ( � ) d� > 0

holds pro vided N �

p

2 c

3

c

10

�

1

L

2

Gr . Hence, from the ab o v e and Lemma 3.1 w e conclude

that lim

t !1

k w ( t ) k = 0. 2

5 Determining Finite V olume Elemen ts

W e divide 
 in to N equal squares of side l = L=

p

N , and lab el the squares b y Q

1

; : : : ; Q

N

.

Here w e supp ose that the a v erage v alues of solutions on eac h of the Q

j

's is kno wn. F or this

w e set

h u i

Q

j

=

N

L

2

Z

Q

j

u ( x ) dx

for ev ery 1 � j � N . A set of v olume elemen ts is said to b e determining if for an y t w o

solutions u and v solving Equations (3.1), (3.2) resp ectiv ely , and satisfying

lim

t !1

( h u i

Q

j

� h v i

Q

j

) = 0 ;

w e ha v e

lim

t !1

j u ( t ) � v ( t ) j = 0 :

The notion of determining v olume elemen ts w as in tro duced in [8 ]. The existence of

determining v olume elemen ts for the NSE w as sho wn in [10 ]. Moreo v er, it w as found there

that the n um b er of v olume elemen ts need to b e determine the solutions w as of the order

Gr

2

.

Theorem 5.1 L et 
 b e divide d into N e qual squar es. Supp ose

lim

t !1

( h u i

Q

j

� h v i

Q

j

) = 0 ;

for 1 � j � N . Then the volume elements ar e determining, that is,

lim

t !1

k u ( t ) � v ( t ) k = 0 ;

pr ovide d N � c

12

Gr .

9



Pro of. Set w ( t ) = u ( t ) � v ( t ) and 
 ( w ) = max

1 � j � N

jh w i

Q

j

j . With the exception of

replacing the estimate j Aw j � �

1 = 2

1

k w k , with the analog of (4.2),

j Aw j �

2

p

N

L

k w k �

2

p

6 N

L


 ( w ) ;

(see Lemma 3.1 of [10 ]), the pro of is exactly the same as in [10 ] (and Theorem 4.2 ab o v e).

W e omit further details. 2

6 App endix

W e no w giv e the pro of of Lemma 4.1. W e b egin with an auxiliary lemma.

Lemma 6.1 L et 


1

= [0 ; �] � [0 ; d ] and u ( x; y ) 2 H

1

(


1

) . Then

Z

�

0

j u ( x; 0) j

2

dx � 2 d

� 1

k u k

2

L

2

(


1

)

+ d k @ u=@ y k

2

L

2

(


1

)

: (6.1)

Pro of. Without loss of generalit y w e can assume that u is a smo oth function. Then

from b y the fundamen tal theorem of calculus w e ha v e

u

2

( x; 0) = u

2

( x; y ) �

Z

y

0

@

@ y

u

2

( x; s ) ds:

In tegrating o v er 


1

, with resp ect to x and y , and applying the Cauc h y-Sc h w arz inequalit y ,

w e obtain

d

Z

�

0

j u ( x; 0) j

2

dx � k u k

2

L

2

(


1

)

+ 2 d k u k

L

2

(


1

)

k @ u=@ y k

L

2

(


1

)

:

The result follo ws after an application of Y oung's inequalit y . 2

No w consider a square Q = [0 ; l ] � [0 ; l ]. F or an y t w o p oin ts in the square ( x

1

; y ) ; ( x

2

; y )

w e ha v e

j u ( x

1

; y ) � u ( x

2

; y ) j

2

=

�

�

�

�

Z

x

2

x

1

@ u ( s; y )

@ x

ds

�

�

�

�

2

� l













@ u ( � ; y )

@ x













2

L

2

(0 ;l )

:

W e apply (6.1) to @ u=@ x with d replaced with the maximal distance of the y co ordinate

of the p oin ts ( x

1

; y ) ; ( x

2

; y ) from the horizon tal w alls. That is, d = max f y ; l � y g � l = 2. W e

arriv e at

j u ( x

1

; y ) � u ( x

2

; y ) j

2

� 4













@ u

@ x













2

L

2

( Q )

+ l

2













@

2

u

@ y @ x













2

L

2

( Q )

:

By symmetry a similar inequalit y holds for p oin ts of the form ( x; y

1

) ; ( x; y

2

). No w for arbi-

trary p oin ts in Q , ( x

1

; y

1

) ; ( x

2

; y

2

), w e ha v e j u ( x

1

; y

1

) � u ( x

2

; y

2

) j � j u ( x

1

; y

1

) � u ( x

2

; y

1

) j +

j u ( x

2

; y

1

) � u ( x

2

; y

2

) j . Applying the ab o v e inequalit y to eac h part, w e obtain

j u ( x

1

; y

1

) � u ( x

2

; y

2

) j � 2

 

4 kr u k

2

L

2

( Q )

+ l

2













@

2

u

@ y @ x













2

L

2

( Q )

!

1 = 2

: (6.2)
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No w divide the domain 
 in to N equal squares of side l = L=

p

N . Again lab el the

squares Q

j

; j = 1 ; : : : ; N , and set � ( w ) = max

1 � j � N

j w ( x

j

) j , where no w x

j

is an y p oin t in

Q

j

. It follo ws from in tegrating (6.2) o v er Q

j

that

k w k

2

L

2

( Q

j

)

� 2 l

2

�

2

( w ) + 32 l

2

kr w k

2

L

2

( Q

j

)

+ 8 l

4













@

2

w

@ y @ x













2

L

2

( Q

j

)

:

Summing o v er j and using kr w k

2

� j w jj Aw j ; j

@

2

w

@ y @ x

j � c

13

j Aw j (again, j � j means the

L

2

(
) norm), and an application of Y oung's inequalit y , w e obtain

j w j

2

� 4 N l

2

�

2

( w ) + c

8

l

4

j Aw j

2

whic h is Equation (4.1). The other equations in Lemma 4.1 follo w from k w k

2

� j w jj Aw j ,

Agmon's inequalit y k w k

2

1

� c

2

2

j w jj Aw j and a rep eated use of Y oung's inequalit y (see [10 ]).
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