ASYMPTOTIC BEHAVIOR OF VISCOUS 1-D SCALAR
CONSERVATION LAWS WITH NEUMANN BOUNDARY
CONDITIONS

CHONGSHENG CAO AND EDRISS S. TITI

ABSTRACT. In this paper we consider the long—time behavior of a generalized
viscous Burgers equation — a one dimensional scalar conservation law with
viscosity — subject to Neumann boundary conditions. We show that all the
steady state solutions of this problem are constant functions. Furthermore,
we prove that, for any initial data, the time dependent solution converges to
a steady state solution, as the time grows unboundedly to infinity.

1. INTRODUCTION

Starting from the pioneer work of Burgers [3], [17] and Hopf [9] the Burgers
equation has always been used as a paradigm for shedding light on understanding
turbulence and other nonlinear phenomena (see, for example, [12], [13], [19], [20],
[22], [23] and references theirin). In recent years, Burgers equation has also been
used as a model for studying boundary and distributed parameter feedback control
of nonlinear partial differential equations (see, for example, [2], [4], [5], [6], [10],
[14], [15], [16] and references theirin).

In this paper, we study and characterize the long—time behavior of solutions to
the unforced viscous Burgers equation subject to Neumann boundary conditions.
This problem was brought to our attention by Professor D.S. Gilliam [15]. The
tools and results we present here are equally valid to a larger class of viscous one
dimensional scalar conservation laws, of which the Burgers equation is a special
case. Therefore, we will study here the long—time behavior of the following class of
one dimensional generalized Burgers equation in the interval Q = (0, 1), subject to
the homogeneous (no flux) Neumann boundary conditions,

ou O*u 0O

E—W"F%(F(u))—o, forz e, t>0, (1)
uz(0, 1) = ua(1,1) = 0, (2)
u(z,0) = ujp (), for z € Q, (3)

where u;;, (z) € C°(Q), the initial data, is given. The function F is assumed to be

in C2(R) with F” > 0. Notice that in the case of Burgers equation F(u) = u?.

It is well known that in the case of Dirichlet boundary conditions the viscous
Burgers equation, with a source term, has a unique steady state which attracts all
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the time dependent solutions. That is in the case of Dirichlet boundary conditions
the global attractor consists of a single stable steady state (see, for example, [§]
and [13]). However, in the case of the Neumann boundary conditions, the steady
states are not unique. Every constant function is a steady state solution. Thus,
the long—time behavior in this case is not necessary trivial. Nonetheless, we will
show, in section 3, that each time dependent solution of the above system (1)—
(3) converges to a constant function, hence to a steady state solution. We are
still unable, however, to find a simple connection between the asymptotic limiting
constant function and the initial data. This interesting problem is a subject of
future analytical and numerical work.

After the completion of an earlier draft of this paper it was brought to our
attention that in [24] the author proved the same results for a more general class
of 1-D second order parabolic equations, including the system (1)—(3), by showing
that there are nontrivial local Liapunov Functionals for those systems. We refer
the reader to [25] for details. However, our approach is different and much more
elementary. We rely substantially on the Mazimum Principle. In the Liapunov’s
Functional context of [24] we prove that

1
/ |w,|? dz
0

is a Liapunov’s Functional, where w is an auxiliary function we introduce later in
(65).

2. GLOBAL EXISTENCE AND REGULARITY

In this section we introduce some notions and establish the global existence and
uniqueness of the strong solution to the initial Neumann boundary value problem
(1)=(3). In particular, we prove the mazimum principle which plays an essential
role in our analysis. We provide detailed proofs of these results for the sake of
completeness. Moreover, as far as we are aware, such details for weak solutions of
the Neumann boundary value problem are not available in literature (see, however,
[18] for the case of classical solutions).

Denote by

V = {uelC®0): uy(0)=u.(l) =0},

and _
F(a) = mg{lF(w)I, |F' (2)], |[F" ()]} (4)

Definition 1. Let uj, € C°%Q) and let T be any positive number. A function
u(z,t) is called a regular solution of (1)—(3) on [0,T] if

u € Lj, (0, T H*()) N C((0, T} H*(2)) n L*([0, T]; H'(Q)) N C([0, T]; L*(2))

and if it satisfies
t

<U(t), ¢>L2 - ('U/(t(]),¢>L2 + / <'U/q:(5)a ¢1‘>L2 ds =+ (5)

to
t

+ / (F(u(s))a 8) o ds = O,

to
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for every ¢ € V and every t, ty € [0,T].

Proposition 2. (maximum principle)
Let u(z,t) be a regular solution of the system (1)—(3) in the interval [0,T]. Then,

<
o2ax, u(z,t) < oDax, u(z, to) (6)
. o
omin, u(z,t) > Ogglum,to) (7)

for every 0 <ty <t <T.

Proof. Let ty € (0,T] be fixed and u(z,t) be a regular solution on [0,T]. First let
us observe that from the definition of a regular solution that u,u, € C°((0,T] x Q).
As a result

F(u(z,t)) € C°((0,T] x Q)
and
(F(u(z,t))), = F'(u(,t))us(z,t) € C°((0,T] x Q).
Moreover, we also have
Upz — F'(w)u, € C°((0,T], L*(Q)).
Therefore, we get
U = Uge — F'(w)u, € C°((0,T], L*(Q)).
Finally, it is clear that since u € L? 0, TT; H?(Q)) we obtain

lo

t T
/um(m,s)ds—/ Uz (Y, ) ds

to to

<

t t
/ Uz (T, 8) ds +/ |tez (2, 8) — Uz (y,s)| ds.
T to

By Cauchy—Schwarz inequality, we have
t ) t 3
[ westeyas| <le=rlt ([ uatoollieds)

/ uwzz(§7 S) dg‘ S C ||u(73)||H3(Q) ds |'Z. - y|§ -
Y

and

|uww($73) - wa(ya S)| =

Note that

[toz (-, 8) 7o < Clluws (-, 8)llz20)llul, $)llas@) < Cllul:, 8)llm @)

t 1 t
[ ante0)ds| < Clt - ( / ||u<-,s)||%13<mds)

Therefore, we get

t T
/um(;v,s)ds—/ Ugz (Y, 8) ds

to to

) t 3 t .
<Clt=rlt ([ Tty ds) +C [ty dsle =
T to

Thus

1
2
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Thus,
t
/ Uge(,8)ds € CO((0,T] x Q),

to
as a function of x and ¢. Combining the above we conclude that

t t
u(z,t) — u(zx,to) —/ Uz (2, 8) ds +/ F'(u(z, 8))uz(z,8)ds € C°((0,T] x Q).
to to
Hence,
i i
u(z,t) — u(z, to) — / Uga (T, 8) ds +/ F'(u(z, s))uz(z,8)ds = 0
to to
holds classically as functions in C°((0,7] x Q). In particular, we have
Ut — Ugz — F'(u)uy =0
holds as a classical differential equation in the space L?(f2).
Let (z,t) = u(z,t) — maxo<z<i u(z,to) and at(z,t) = max{0,u(z,t)}. It is
clear from the above that u(z,t) satisfies:
Ut — Ugy + F'(u)U, = 0, (8)
Uz(0,t) = U(1,t) = 0, 9)
By taking the L2 inner product of equation (8) with ut, we get

;jt/( )d:v+/ d;v—}—/ F'(u 2 dz = 0.

Since u € C((0,T] x ), we obtain

/ CP()at ). de
0

By Cauchy—Schwarz inequality, we have
1d ', , 9 1

—_ - < +\2 .
55 [ @ e < max 1P (e 0)P [ @)

Thanks to Gronwall’s inequality,

< goax, [F'(u(@, )] ¥ 2@ 1@ )ellz@)-

i

max |F'(u(z,m))* dr
1@t Oz < Nlat(to)llz2(q) e/t == :
since ut = 0, we have ||[ut (t)||L2(q) = 0 for all ¢ > to > 0. In other words,

max u(z,t) < max u(z,to), for all t > to > 0.
0<z<1 0<z<1

Similarly, we can show (7), for all ¢ > to > 0.
Next, we show that (6) and (7) hold for ¢, = 0. Let us denote by

M(t) = 01;13%(1 u(z,t) and m(t) = 0I<nmlr<11 u(z, t).

Since (6) and (7) hold for tq > 0, then

llul; )l oo (@) = max{|M(t)], |m(t)|}
is a monotonic nonincreasing function of time for ¢ > 0. Therefore,

i () oy = MY, < oo. (10)
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Moreover, since we proved that (6) holds for ¢ > 0, then M(¢) is a monotonic
nonincreasing function of time for ¢ > 0. As a result of (10) we have
lim M (t) = M° < oo.
t10
From the definition of regular solution u € C([0,7], L?), therefore,
lim llu(-,t) = uin (Hllz29) = 0.

Thus,

lim | (u(:,1) = M%) = (i () = M°) " [lr2(e) = 0. (1)

Observe, however, that
u(z,t) — M® < M(t) — M°
and since M (t) — M° > 0 we conclude that
0< (u(-t) - M°)" < M(t) - M°.

Thus,

. . _ o\t —

ltlﬁ)l Il (u(,t) = M°)" || 20) = 0.
Together with (11) implies that

(uin () — M0)+ =0,

and hence

M(O) = 02132(1 uin(aj) < MO < M(t) for all ¢t > 0,

which proves (6) for all g > 0.
Once again, the proof of (7) is similar. O

Theorem 3. Let T be any positive number. Then, for every uy, (z) € C°(Q), there
is a unique regular solution u(zx,t).

We will give the proof of Theorem 3 later. But, first, let us consider the following
initial boundary value problem (linearization of (1)—(3) about n(z,t))

¢ ¢ ., 9¢
S _ SO0 F = = Q 12
P, 0) 5 =0, e, >0, (12)
£2(0,t) = &(1,¢) =0, (13)
f(.’II,O) = Uin(ﬂ}), x € Q, (14)
where 7(z,t) is a given function such that
n= _sup  [n(z,t)] <oo (15)
0<z<1
t>0

and, for every T' > 0,

T 1/2
fir = (/0 lln(:, )|l dt) < 00. (16)
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Definition 4. Let uy, € C°(Q) and let T be any positive number. A regular
solution of (12)—(14) on [0,T] is a function {(x,t) such that:

€ € L, (0, T]; H* () N C((0, T]; H*() N L*([0, T]; H (@) n C([0, T]; L*(%2))

and

i

(), ) o — (E(to), B) 1o + / (62(5), 62) o ds + (17)

to
t

+ [ (P 0066 (6),8) 2 ds =,
for every ¢ € V and every t, to € [0,T].

Proposition 5. Assume that 1 satisfies (15) and (16), and u;, () € C°(Q). Then
for any T > 0 there is a unique regqular solution £(x,t) of the system (12)—(14) such
that for every t € (0,T

IOl + [ a9l ds < (7.7 (18)
6Ol + 5 [ 6aa)lEasds < Ka(T7) (19)
6Ol + 5 [ MmnCo)las? ds < Ko (T i), (20)

where K1 (T, %), Ko(T, 1) and Ks(T,7,7r) will be specified later as in (26), (28) and
(30), respectively. Furthermore, {(x,t) satisfies the mazimum principle:

IEC Dl < llujplle = My forall t>0. (21)

Proof. We prove this Proposition by using the standard Galerkin procedure. It
is clear that ¢9 = 1,¢r = \/gcos krx,k = 1,2,---, form an orthonormal ba-

sis of L2(2). Let H,, be the space of functions spanned by {¢w}7,, and let
P,, : L?>(Q) — H,, be the L? orthogonal projection onto H,,. The Galerkin ap-
proximating equation associated with system (12)—(14) reads:

Ot s [P0 52| =0 (22)
(Em)=(0,0) = (En)e(1,1) =0, (23)
é-m(-'lf, O) = Pmuin(m)a (24)

where & (2,t) = D peg ar(t)gr(z) € Hp. The global existence of solution to this
finite dimensional linear system (22)—(24) is obvious. We only show the regularity,
i.e. the estimates (18)—(20).

Let T > 0 be given. By taking the L? inner product of equation (22) with &,,,
we get

|l v _
3 e 6ol = — [ F 00 0) 6 ) e < F@ e 226l
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where F and 7 are as in (4) and (15), respectively. By using the Young’s inequality
we obtain

Aemllz2 +1Em)allze < (F@)Némll72-
dt m)zllp2 S n mllL2
Thanks to Gronwall’s inequality we have for every ¢ € [0,T],
[1€m (- IIZ2 + /Ot 1m)e (@, 8)II72 ds < Ky(T,7), (25)
where
Ky (T7) = g e F )T (26)

By taking the L? inner product of equation (22) with —(&,,)zz, We reach

%W +/0 |(£m)ww|2 dzr =/0 Fl(n(x7t))(€m)w(£m)ww dx

< F@)I(Em)elln2llEm)ell2,

where, again, F and 7] are as in (4) and (15), respectively. Again, by using Young’s
inequality we obtain

2 ~
ML )l < F G-

Thanks to Gronwall’s inequality we get for 0 <7 <t < T,

€GO + [ 1Emar(s )32 < P DT g ) Dl

By integrating the above inequality, with respect to 7 over the interval [0,¢], and
applying estimate (25), we get

€)= C s + 7 [ 1EmdanCe 8l sds < Ka(T,7, (27)
where
k(i) = TUED (F@)T, (29)

and K (T,7) is as in (26). Once more, by taking the L? inner product of equation
(22) with (&) 222z, We reach

Ld|(ém)eell3 1 1
QTL —/0 (§m)ea(Em)esas dz +/0 F'(n(z,1)) (€m)e (Em)zzes dz = 0.
By integrating by parts, we obtain

1d||(&m)eell7 )

:/0 F'(n(2, )02 (2, 1) (€m)z (Em)eee dflf+/0 F'(n(x,t))({m)ze (Em)aze dx

< F@) [IImellezll(Em)allze + [|(Em)aellrz ] |(m)eez|z2-
By using Young’s inequality, we get

2 ~
MEmlezlie |6, )nelize < 2B [ lE)ellim + 1(Emee ],
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Notice that (£,)(0,t) = 0. Then

”(é‘m)Z(-'E; t)”Lw = 01%13%{1

/ Em)en () dy\ < [ 1€merty, O] dy < Em)orlz=

Therefore,

A||(&m)ezall2
dt

Thanks to Gronwall’s inequality, for 0 < 7 <t < T,

+ 1 (Em)esallzs < 2 @) [Inellzs + 1] [1(Em)oellZs-

”(gm)zw(at)”%? +/ ”(gm)mw(as)“i2 ds
_ T
2(F (7)) / (e ()25 + 1] dr

S ||(€m)zz(;7)||iz e

< I(Em)an (1) 2E @) [ + T

where 7jr is as in (16). By multiplying the above inequality by 7, and integrating
with respect to 7 over [0, ], and applying estimate (27), we obtain

1 [t o
”(gm)mz(at)”%/Z + t_2/0 ”(gm)zmw(as)uiﬁ 52 ds < K3(Ta77:77T)5 (29)
where

2K-(T F(s)2 7
K3(T,7,77) = ﬁg(lf(ﬁ)) [ +T1] (30)
and K(T,17) is as in (28).

Finally, by using the appropriate “Compactness Theorems” one can extract a
subsequence {&,,, (z,t)} which converges to the limit function £(z,t) that solves the
system (12)—(14), satisfies (17), and belongs to

€ € L ((0,T]; H3 () N C((0,T); H?(Q)) N L*([0, T; H* (2)) N C([0, T; L*(2)).

Furthermore, from (25), (27) and (29) we conclude that the limit function £ satisfies
(18)—(20). To prove (21) ( i.e. the maximum principle) one can follow, almost step
by step, the proof of Proposition 2.

Next, we show the uniqueness of £. Suppose that € and £ are two regular solutions
of system (12)—(14). Let x = £ — €. Since the system (12)—(14) is a linear system,
we have that x is a regular solution of the system (12)—(14) but with u;;, (z) = 0. It
is clear that x satisfies (18). However, in the case of u;j,(2) = 0, by applying (26),
we get K1 (T,7) = 0. Therefore,

IxC> 9z =0,

and x = ? — & = 0. Therefore, the regular solution is unique. |

Now, we are ready to prove Theorem 3.
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Proof. Let T > 0 be given. First, let us consider, for n > 1, the following systems
ou™ 9%y ou™

ot~ o T '(“("_1))W =5 (31)
) (w, 0) = uin( ) (33)
u® =0. (34)

Denote by {u'™ (z,t)}2,, the sequence of functions, that solve the above systems
(31)—(34) for n = 1,2,-- -, respectively. By applying Proposition 5 in the case of
n =0, we get

ut € L (0, T]; H () N C((0, T); H(2)) N L*([0, T]; H*(2)) N C([0, T]; L*(9)),

and the estimates (18)—(21) hold for ¢ = u(V). Therefore, by induction, we apply
Proposition 5 in the case of n = u{™1) and we are able to show that

u™ € L ((0,T7; H*(2))NC((0,T]; H*(Q)) N L2([0, T]; H' (2)) N C([0, T]; L*(2)),

with u(™ satisfies the mazimum principle, i.e.,

™ Blls < lluiglle = Mi, (35)

and
™ ()12 + / (- 5) 122 ds < K (T, Myy) (36)
™, 1)22 + > / (-, 5)|[22sds < Ko (T, Myy) (37)
) (822 + > / a2, 9)|225%ds < Ks(T, My, Ko (T, M), (39)
where M;,, is as in (35), and K (T, M;y,), K»(T, Mj,,) and K3(T, M;y,, K1 (T, M;y,))

are as in (26), (28) and (30), respectively. Next, we show that {u(™(z,t)}22, is a
Cauchy sequence in L2((0,7; H(2)) N C([0,T]; H). Denote by

(™ = 4 — 41, forn=2,3,---.

It is easy to get

() 27(n) () (n—1)
ou 0“u +F1(u(n_1))au— + [Fl(u(n—l)) _ Fl(u(n—2)) L =0 (39)

ot 02 or or
M (0,4) = alM(1,¢) =0 (40)

™ (z,0) = 0. (41)
By taking the L? inner product of equation (39) with @™, we get
1d|[a™)]3, ~m)y |”
S (GRE I

1
_ / [ F(umD) = F:(u(n—m)] (WD), ™ dg
0

< F(Mig) @™ ]2 1@ ™)allz2 + FMig)I[Z@ D 2l (D) | oo @ 22,

1
_ / F a0 @)Y, 5 dg —
0
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where F and M;,, are as in (4) and (35), respectively. Recall that
(@™ D), (0,8) = (™ V), (1,8) = 0.
Then, by applying the following version Sobolev inequality

I fellnee < N fallillfeallisls  VF €V, (42)

and by using the Cauchy—Schwarz inequality, we obtain

B e [P < (5 o
T @, < Fag) 2132 +

+2F (M) @™ |2l (@™ ) 122 1) 471
< (F(Mi))? [1+ ™ D)aallze] 1 3 + 17D ™ )allss.

Thanks to Gronwall’s inequality, for every 0 <to <t <T,

t
QTN e ? / O 2
[T+ [ @)t ds < el @) 7+ (43)

to
t

t ¥(7)dr
+f J 15D, @ D)a -, 8)llz2 d

where
W(r) = (F(Mi))? [1+ 16" D)ae ()] (44)
On the other hand,

/st 1™ ) g (-, 7) || 12 dT < (/:T (@™ D) (-, 7] 22 dr)% (/st %dr)

< (Kl (T, Min)e(ﬁ(Min))2T) : <ln f) : .

S

[N

Therefore,

¢ (F(M:))? t ulm=D 2z(, T)|| L2 dr
/e< (M) / 1™ D) ()

to

(™2 ()22 ds

) /t: e(ﬁ(Min))2 (Kl(T, Min)e(ﬁ(Min))2T> 2 (1n z) 2 @D, ()2 ds

< ( /t:n(u("-“)z(-,s)ub ds)Z x

¢ 2(F(My))” (Kl(T, Min)e(ﬁ(Min)fT) (ln §>% d :
s

X /8
to

Nf=
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In the case of to > 0, thanks to (36), we have

t ﬁ’ M; 2 t (n—1) zz\"» T 2dr
/e< (M) / @™ D) a7l

M=

< (Ki(T, Mip))* x

1
< (E(T, My Ka(T, M) * (¢~ to)?,
where
1 1
- =oar w2 2 T\ 2
2(F(Min))2(K1(T, Min)e(F (Mip)) T) (m _)
K4(T,M;,) =e
In the case of to = 0, thanks to (36) and (45), we reach

t ﬁ’M 2 ' (n—1) zz\"» T > dr
/e< (M) / L ™Yo ()| ds

1
2

< (Kl (T7 Min)) X

iO:/ ? Z(ﬁ(Min))2(KI(T’Min)e(F(Min))QT)%(lnz)%d .
X e |

< (K (T, Myp)) *
. 2(ﬁ(Min))2(Kl(T,Min)e(ﬁ(Mi >)2T)2<1n<j+1>)é P
X jzz:le (3 — m
< (Ky(T, My ) K (T, Mip)))? 3,
where
KS(T: Mln) =

2(F(Myy))? (Kl(T, Min)e(ﬁ(Mi ))2T) : (In(j + 1))'/?

2 G
Therefore, when ty = 0, we get from the above and (36)

60+ [0

2
ds
L2

. ))2 1 (e
< e FQL))"T (1, (T, My K (T, My) * 42 mmax (@70, 9)]3s,

D=

11
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and when ty > 0, we obtain

[0+ [ @), ds
(ﬁ(Min))2 T+ K1(T,Min)e(ﬁ(Min))2T : lnz :
< @™ (- to)l13= e ( ) ( to) N

Gl L
+e M) T (1 (T, My Ka(T, M) * (= 1)} max @D, s)lfF2. (49)

Let 1
o i . (50)
4e2(FMin)" T gy (1, M )[4 (T, Myy) + K5 (T, My)]

Then, from the above we have

T* 2
(n) 2 H Z(m)y (. |
s TG+ [ @], @
1
- (n 1) 2
< 5 om0 D)
By induction, we get
(n) 2 r ~(n) 2 1
Jmas [, )||Lz+/ [@™)ol, at < sgh,

Thus, {u{™ (z,t)}52, is a Cauchy sequence in L>(0,T*; H*(Q)) N C([0, T*]; L*(R)).
By taking tq = T* in equation (49) and by noticing that {u(™(z,T*)}32, is
a Cauchy sequence in L?(Q), one can easily see that {u(™(z,t)}3, is also a
Cauchy sequence in L2(T*, 2T*; H1(Q))NC([T*, 2T*]; L?(2)). We repeat the above
procedure again and again until we cover the interval [0,7] with finitely many
steps, which implies that {u(™(z,t)}22, is a Cauchy sequence in L*(0,T; H'(Q)) N
C([0,T]; L(2)). Le.,
u(z,t) = lim u((z,1),

in L2(0,T; H(2)) N C([0,T]; H). Moreover, u(z,t) satisfies the weak formulation
(17) and

max  |u(z,t)] < My, (51)
0<z<1
t>0
T
/ lue, O dt < K (T, Miy,). (52)
0

Therefore, u(x,t) satisfies the condition (15)—(16). By applying the Proposition 5,

we have

u € Li (0, T]; H*()) N C((0,T}; H*(2)) N L*([0, T]; H' () N C([0, T]; L*(2)).
Next we show the uniqueness. Suppose that u; and uy are two regular solutions.

Let u = us — uy, which satisfies

Uy — Uge + F'(ug)uz + (F'(u2) — F'(u1))(u1)e =0 (
uz(0,1) = ug(1,t) =0, (
u(z,0) = 0. (

Ut Ot Ot
Tt R W
S SN SN
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By taking the L? inner product of equation (53) with u, we get

ldu 2
5 ”dEL + ez = - /F U umudm—/ [F'(u2) — F'(u1)] (u1)oudz

< F(Mip)lullzelluzlze + F(Mip) | (un)a |2 lull Lo [l 2a-
Notice that

1
u(a,8)] < \ [ wtw dy\ T lusllze < Mlullze + lusllze:
0

therefore,

1 dJjullz > =
5= g T luellze < F(Min)[(1+ ll(wn)ellza)llull 2 lluellz2 + 1(un)e o ull:]

By using the Cauchy—Schwarz inequality, we obtain

Mlie < EOI g el 2l + 2 ) )l

Thanks to Gronwall’s inequality we have

l[ullZ> = 0.
Therefore, the regular solution is unique.
O
Remark In the case of the viscous Burgers equation, the authors of [16] take

advantage of the special form of F' = ”—22 to show similar global existence result for
initial data u;, € L*(1).

3. LONG—TIME DYNAMICS

In the previous section we have established the global existence and uniqueness
of regular solution for (1)—(3). In this section we study the long—time behavior of
this solution. But first let us identify the set of steady state solutions for (1)—(2).

Proposition 6. u(z) is a steady state solution of (1)—(2) if and only if u(z) =
const.

Proof. First, notice that every constant function u(z) = const is a steady state
solution. Next we show that all steady state solutions are constant functions. Let
u(z) be any steady state of equations (1)—(2). Then u(z) satisfies
—Uge + (F(u))z =0 (56)
ue(0) = uy(1) = 0. (57)

By integrating (56), we get
g () = uy (0 fO
Since u,(0) = 0, then u, = 0. Therefore, u(zx) is a constant function. O
Since we are interested in the asymptotic behavior of solutions of the system
(1)—(3), we will study the system (1)—(3) when ¢ is large enough. From now on we

assume that ¢t > to > 0, for ¢y large enough, as large as needed. Recall that for
almost every t > to > 0,u(-,t) € H*(Q).
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Denote by v = u,. Then v satisfies

ov 0% nin 2 i OV

a—w‘FF (u)v +F(u)%—0 Ve e, t >, (58)
v(0,t) =v(1,t) =0 (59)
v(z,to) = vjp () Vz € (, (60)

where v;, (z) = %(az,to).
Proposition 7. The solution v(x,t) of system (58)—(60) converges to a nonpositive
function as t — oco.

Proof. Let us denote by vt (z,t) = max{0,v(z,t)}. Since for each t > t, > 0,
v € HY(Q), we have vt € HY(Q) (cf. [1], [7]). By taking the L? inner product of
equation (58) with vt, we get

1d ! 1 1 1

——/ (v+)2da:+/ ((v*)w)zdx—i—/ F"(u)(v*)?’da:%—/ F'(u)vgvtdr = 0.

2dt Jo 0 0 0
Observe that 1

vt = S (7))

Therefore,
1 1
/0 F'(u)v+vzdx:—§/0 F"(u)(vh)3da.
Thus,
1d 1 A 1
——/ (v+)2dx+/ ((U+)w)2d¢+_/ F(u) ()P dz = 0.
2dt 0 0 2 0

Recall that F"'(u) > 0. Also notice that v*(0,t) = v*(1,t) = 0, then by applying
the Poincaré inequality (see, e.g., [1], [7]) we obtain

1d /1(v+)2dx + 72 /1(v+)2da: <.

Thanks to Gronwall’s inequality,
2 p—
ot ()72 < 0T (Fo)lI72(0) e 770 (61)

Then, vT converges to zero as t — oc. Therefore, v(x,t) converges to a nonpositive
function as t — oo. d

Let u(z,t) be the solution of the initial boundary value problem (1)—(3). We
denote by
M(t) = t) = mi t).
(t) Orggglu(w,t) and  m(t) orgn;%“(""” )
Notice that u(z,t) satisfies the mazimum principle (Proposition 2). Then, M(t) is
a nonincreasing function and m(t) is a nondecreasing function. We denote by

M= tll)rgoM(t) and m= tli)rgom(t). (62)

Proposition 8. Let u(x,t) be the solution of the initial boundary value problem
(1)—(3). Then

lim (M — u(0,t)) = lim (u(1,t) — m) = 0. (63)

t—oo t—oco
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Proof. Recall that v(z,t) = uz(x,t). Then
1

w(zt) — u(0,8) = / o(y,t) dy < / vt (9, 8) dy.
0 0
Therefore,

M(t) —u(0,t) = max [u(z,t) —u(0,1)] <

<[ Lot (g, )y < ( / 1<v+<y,t))2dy); .

Since the right hand side goes to zero as ¢ — oo, we conclude that
tlggo(M —u(0,t)) = 0.
Similarly, we can show that

lim (u(1,t) —m) = 0.

t—oo

O

Theorem 9. For any initial data u;,(z) € C°(Q), the solution u(z,t) of (1)-(3)
converges to a steady state ast — oo. In other words, u(x,t) converges to a constant
function asymptotically in time.

Proof. Let u(x,t) be a solution of (1)—(3). It is obvious that the theorem is true
when M = m, where M and m are as in (62). Therefore, we only show the theorem
when M > m. Again we denote by v = u, and by

G(p) = F(p) — A1p — Ay, (64)
’U)(.'E,t) =’U(:I),t) —G(u(:c,t)), (65)
where
A = QM) - F(f) (66)
M-
Ay = mE (M) — MF(m) (67)
m— M

where, again, M and i are as in (62). It is worth to mention that
G(M) = G(i) = 0. (68)

By direct calculations, we get

ow w ow

& Y L P =o.

ot oar T Wgp =0 (69)
By taking the L? inner product of equation (58) with v, and equation (1) with
G(u)G'(u), and by adding the resulting equations, we get

1 1 1 1 1
Edi/ [v2+G2(u)]dx—/ vmvdz'+/ F”(u)v3dz’+/ F'(u)vzvde —
t Jo 0 0 0

_ /0 U G () G (u)da + /0 F' (w)u, G(w) G (u)da = 0. (70)
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By integrating by parts, we reach

1 1
(1) —/ vmvda:—/ v2 dz,

(2) /F" u)v dx—/ G"(u)vv dm——2/ G (u)vv, dz,
(3) /F vwvda:——/ ) (02)s da = — 2/0 P (u)vdz,
@ - / uen GG e = [ (@ )P+ [ 266" () da
- / L2 (G () do + / G () do,
0 0
/F' WG Wi = 5 [ [(F)(G)), = F'(w)(Gw)] do =

2
_ F'(u(,0)[G(u(L, )] — F'(u(0,))[G(u(0,))]* 1 ['
_ . -3 /0 F(u)(G(w))2v da
Therefore, equation (70) can be rewritten as
;jt [v? + G?(u)]dz + /01 widr — %/01 F"(uw)vw?dr = (71)
_ F'(u(0,))[G(u(0,1))]* — F'(u(1,1)[G(u(1, 1)
5 .

Denote by

1
o= inf widz.
to<t<oo J

We will show that a = 0. Suppose that o > 0. First, let us consider the following

two terms:
F'(u(0,1))[G" (u(0,)] — F'(u(1,1))[G" (u(1, )]

1 1
= / F"(w)vTw?dz.
2 Jo

By applying the Proposition 8, we obtain
Jim (F" (u(0,£)[G" (u(0,£))]* — F' (u(1,)[G" (u(1,1))]?)
= F'(M)[G'(M)]? - F'(m)[G" (7).
Thanks to equality (68)
Jim (F" (u(0,£)[G" (u(0,)]* — F'(u(1,)[G" (u(1,1))]?) = 0. (72)

Notice that

and

|F" (u)| < F(Mjp).
Since w(z,t) satisfies the mazimum principle (see equation (69) and Proposition 2)
and the regularity results of the previous section, then

[? < macs (e, o) < (lo(a, o)l + G (u(z to))ll1=)* <

Olzla,x |w(z, t)

~ 2
< (Ks(to, Miy, K (to, Mip)) + F(Myy) + |41 M + [ 4o])
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where F, M;,,, K3, K, are as in (4), (35), (30), (26), respectively. By applying the
Proposition 7, we get

1 1
lim 3 F"(u)vtw?dz = 0. (73)

t—oo 0

As aresult of (72) and (73), there is a T', large enough, such that for any ¢ > T
F' (u(0,))[G" (w(0, ) = F'(u(1,8)[G" (u(1,1))]* < a/4

and )
%/0 F"(u)vTw?dr < a/4.
Thus, from the above and equation (71) it follows that when ¢ > T
1d [*, o
Sdi /, [v° + G*(u)]dz < —a/2. (74)

Since fol [v2 + G?(u)]dz > 0, it would be impossible for inequality (74) to hold.
Therefore, a = 0. As a result, there is a sequence {t;}32,, t; — oo, such that
1
lim w2 (z,t;)dz = 0.

j—oo 0

Applying the following version of Poincaré inequality

1 1 1/2
o0~ [Ls@a] < ([ ) Vo € HA(@),
0 L= 0
we obtain
1 1/2
. — 1 . 2 .
0?3%(1w($’t]) ogg1w(x’tj) <2 (/0 wz(x,t])dm)
Thus,
tjli_I)Iloo (Jélf‘%(lw(matj) - orgnzirgllw(w’tj)) =0. (75)

Since w(x,t) satisfies the mazimum principle (see equation (69) and Proposition
2), then

t) — mi t
(Oglgglwcv, ) =  min w(z, ))
is a nonincreasing function of ¢. As a result of the above, We have

lim ( max w(z,t) — min w(:z:,t)) =0.
t—oo \0<z<1 0<z<1

This shows that w(z,t) converges to a constant function uniformly in x as ¢ — co.
On the other hand, since

Jim w(0,1) = — Jim G(u(0,)) = G(M) =0,

then,

tli}m w(z,t) =0  uniformly in z. (76)

Since F € C%(2) and
G(M) = F(M) — A{M — Ay =0,
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there is a well-defined continuous function H such that
F(u) — Aju — Ay = H(u)(u — M).
Denote by u = u — M. Then, by the definition of w, we have
Uy — F(u) + Aju + As = w,
and u satisfies
Uy — H(u)u = w.

Solving this linear equation with % is unknown gives
— — z y x
u=u—M= (u((),t) -M +/ w(z,t)e Jo H(u(z,t))dzdy> efO H(u(z,t))dz
0

Observe that by the mean value theorem
H(u(,t)) = F'(u(z,t)) + A1, (77)

where (z, t) is between u(z, t) and M. From the maximum principle (Proposition
2, see also the statement of Theorem 3) we have

”u('at)”L‘x’ < Min and |M| < Mi

n:
and in particular we conclude that
llu(, D)l < My,
Thus, from the above, (4) and (77) we conclude that
|H (u(z, )| < F(Mip) + Al
Therefore,

- Y H(u(z,)dz < oF M)+ 41| and efoz H(u(z, ))dz < eF(Min)+|A1|.

Applying (63) and (76), we conclude that the right hand side of the above equation
goes to zero as t — oo. Thus,

lim (u—M):O.

t—oo

Therefore, u converges to a constant as ¢ — oo. O
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