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Abstract

In this paper, we study a three-dimensional thermocline planetary geostrophic
‘horizontal’ hyper-diffusion model of the gyre-scale midlatitude ocean. We
show the global existence and uniqueness of the weak and strong solutions to
this model. Moreover, we establish the existence of a finite-dimensional global
attractor to this dissipative evolution system. Preliminary computational tests
indicate that our hyper-diffusion model does not exhibit any of the non-physical
instabilities near the lateral boundary which are observed numerically in other
models.

Mathematics Subject Classification: 35Q35, 65M70, 86A10

1. Introduction

Let Q = M x (—h, 0) € R3, where M is a smooth domain in R?, or M = (0, 1) x (0, 1). The
planetary geostrophic (PG) equations with friction and diffusion can be written as:

Vp+ fkxv+D=0, 1)
o.p+T =0, 2)
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V.v+d,w=0, 3)
AT +v-VT + wd.T = K, T, — V - ¢(T), @)

where D is the friction or dissipation of momentum and V - ¢(T') — K, T, is the heat diffusion.

Naturally, there are two friction schemes: one is the linear drag, i.e. D = ev; the other
is the conventional eddy viscosity, i.e. D = —€ (A, Av + A,0,,v), where A = A, = 83 + 83,,
and A, and A, are small positive constants. The PG model with conventional eddy viscosity
and the diffusion ¢(T) = —K, VT, has been studied in [2,21,22]. In this paper, we are
concerned with the case of linear drag. As explained below, in a closed basin and with a linear
drag scheme, it is appropriate that V - g be a fourth-order diffusion.

Under appropriate physical boundary conditions, which we derive rigorously, we prove, in
this paper, the global existence and uniqueness of the weak and strong solutions to this model.
Moreover, we establish the existence of a finite-dimensional global attractor to this dissipative
evolution system.

1.1. Previous results and physical discussion

The PG models, the adiabatic and inviscid form of ‘thermocline’ or ‘Phillips type II” equations,
are derived by standard scaling analysis for gyre-scale oceanic motion (see [13, 15, 16, 28, 29]).
In their simplest dimensionless S-plane form, these equations are:

0cp— fu, =0, 5)
d,p+ fu =0, (6)
o;p+T =0, )]
V.v+d,w=0, @)
T +v-VT +wd,T =0, ©)

in the domain @ = {(x,y,2) : (x,y) € M C R?, and z € (—h,0)}. Here V = (9, 9y),
v = (v, v2) denotes the horizontal velocity field, w the vertical velocity, p is the pressure,
T is the temperature and f = fy + By is the Coriolis parameter. A diffusive term, «, 812T, is
commonly added to equation (9) as a leading order approximation to the effect of microscale
turbulent mixing. Thus equation (9) becomes:

T +v-VT +wd, T =«,0.T. (10)

In [24] it is argued, based on physical grounds, that in a closed ocean basin and with the
no-normal-flow boundary conditions, this model can be solved only in restricted domains which
are bounded away from the lateral boundaries, 9 M x (—h, 0). Thus, it cannot be utilized in the
study of the large-scale circulation. Furthermore, it has been pointed out, numerically, by [4]
that arbitrarily short linear disturbances (disturbances that are supported at small spatial scales)
will grow arbitrarily fast when the flow becomes baroclinically unstable. This non-physical
growth at small scales is a signature of mathematical ill-posedness of this model near unstable
baroclinic modes. Therefore, Samelson and Vallis proposed in [24] various simple friction and
diffusion schemes to overcome these physical and numerical difficulties. In particular, they
propose a linear drag (or viscosity) in the horizontal momentum equations and a horizontal
diffusion in the thermodynamic equation (10). Thus, the full dimensionless system becomes:

dep — fua = —e€vi +v,92v1 + vy Ajv1, 1)

oyp+ fu = —ev2+vv83v2+thhvz, (12)
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ao;p+T =0, (13)
Vv+d,w =0, (14)
8,T+v-VT+w82T:/<U812T +kp AT, (15)

where A;, = (32/9x%) +(3%/3y?). Note that the incompressibility and hydrostatic balance are
retained in the above system. Here, the coefficients v, v,, € and k;, are non-negative and small.

In the case where v, > 0, v, > 0,€ > 0, x, > 0 and «;, > 0, with the ocean being driven
by the wind stresses at the top surface, and with no-slip boundary conditions and no-heat
fluxes on the side walls, I'y = dM x (—h, 0), and at the bottom, M x {z = —h}, the above
system has been studied analytically in [21,22]. Under this type of boundary conditions the
first two authors have improved in [2] the results of [21,22] and established global regularity
and well-posedness to the system (11)—(15). In particular, they show in [2] the existence of
a finite-dimensional global attractor to this viscous three-dimensional PG model. This global
well-posedness result provides a rigorous justification to the scheme suggested by Samelson
and Vallis [24] under the above conditions on the coefficients.

On the other hand, the case where v, = 0, v, =0, € > 0, k, > 0 and «;, > 0, has been
suggested in related schemes by other authors [8,17-19,30,31]. Equations (11)—(15) become

0 p — fvr = —evy, (16)
0yp+ fu = —evy, 17
a.p+T =0, (18)
Vo +d.w =0, (19)
T +v-VT +wd, T = «,0°T + k0,7 (20)

In this situation, and following [24], the frictional-geostrophic relations (16) and (17) can be
solved locally for the horizontal velocities to give:

vy = —y(epx + fpy), v = Y (fpx — €py), 21

where y = (f%+¢€2)~!. Assuming we have a nice solution up to the boundary, equations (21)
and (18) imply:

8zvl = —V(GTx+ny)s azv2 :y(fo _€Ty)' (22)
As aresult of the above, the no-normal-flow boundary condition on the lateral boundary yields
the following boundary condition on the temperature:

e—+f—=0, on the lateral boundary, I'y = dM x (—h,0), (23)

where 9T /dn and 9T /ds denote the normal and right-hand tangential derivative, respectively,
so that with é = (en| — fna, fny+ens)/(€?+ f2)'/2, we have the following oblique boundary
condition on the temperature.

aT
— =0, on ;. (24)
de
On the other hand, the no-heat flux at the lateral boundary gives:
oT
—Kha— =0, on the lateral boundary, M x (—h, 0). (25)
n

Based on the above it is argued in [24] that in the presence of rotation, i.e. f 7 0, and in order to
be able to satisfy both boundary conditions (23) and (25) one has to add to the thermodynamics
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equation a higher order (biharmonic) horizontal diffusion. Otherwise, the problem (16)—(20)
subject to the additional boundary conditions (23) and (25) is over determined and, hence,
ill-posed, which explains the cause for the observed numerical instabilities near the lateral
boundary. In order to resolve this discrepancy Samelson and Vallis propose in [24] the
following ‘horizontal hyper-diffusion’ PG model:

0xp — fva = —e€vy, (26)
oyp+ fu = —evy, 27
dp+T =0, (28)
V-v+dw=0, (29)
OT +v-VT +wd, T =k, 02T +kn AT — AN, T, (30)

subject to the no-normal-flow together with the boundary conditions given in (23) on the lateral
boundary. However, the no-heat-flux boundary condition (25) is replaced by the boundary
condition:

oT oT
—Kha—n + AAha—n =0, on the lateral boundary, I'y = M x (—h, 0). 31
It is worth stressing that the differences between the boundary conditions (23) and (25) is due
to the Coriolis parameter. Therefore, it is natural to require A — O when f — 0. Since
the diffusion operator «, 8ZZT + kAR T — )LAﬁT in the model (26)—(30) with the boundary
conditions (24) and (31) may not positive, the numerical instabilities have been observed near
the lateral boundary.

Motivated by [24] we propose below a variant of the system (34)—(43) which is globally
well-posed and which possesses a finite-dimensional global attractor.

1.2. The PG model and boundary conditions

Our goal in this paper is to study the model with D = ev, and with ‘horizontal” hyper-diffusion

q(T) =1HV(V - (H'VT)) — K, VT + uVT,,, (32)
where
L
H= (33)
Loy
€

and HT is the transpose of H, and A, i and € are small positive constants. That is, we study
the following model:

Vp+f§xv+ev:0, (34)
dp+T =0, 35
V.-v+d,w=0, (36)

T +v VT +wd,T = Q+K, o, —V-(AHV(V - (H'VT)) — KyVT +uVT,), (37)

where Q is a given heat source.

Now we impose the appropriate boundary conditions to this friction and hyper-diffusion
PG model (34)-(37). The natural boundary conditions are the no-normal-flow condition
for the velocity field (v, w) and the non-flux boundary condition for the temperature 7'
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(see, e.g. [14,23-25]):

onl, :w =0, (38)
onT},:w=0, 39)
onT:v-1n=0, (40)
onT,: —KU% =a(T — T, 41)
only : B—T =0, 42)
0z
onTy:q(T) i =0, (43)
where ', ', and 'y denote the boundary of €2 defined as:
Iy ={(x,y,2) € Q:2=0} (44
Iy ={(x,y,2) € R:z=—h}, (45)
Iiy={(x,y,2) e Q:(x,y) € M}, (46)

«a is a positive constant, 71 = (ny, n,) is the normal vector of Ty, and T*(x, y) is a typical top
surface temperature profile. Furthermore, the no-normal-flow condition implies a boundary
condition on the temperature, as explained in (21)—(23):

oT
— =0, onTy, (47)
de

where ¢ = (en; — fna, fn, + €ny)/(€* + f2)/2. Therefore, no-normal-flow (47) and

no-heat-flux boundary conditions (41)—(43) are natural and proper boundary conditions for the
PG model (34)—(37). Since (47) is in fact a boundary condition on the temperature, thus, any
additional and incompatible boundary condition to the temperature, on top of (41)—(43) would
make the fourth-order diffusion V - g overdetermined. Finally, the model is supplemented with
the initial condition:

T(x5y7zao): E)(x5y7z)7 (48)

where Tj is a given function.

We observe that in the case when 8 = 0, i.e. f = fp, our ‘horizontal’ hyper-diffusion
term V - ¢(T) reduces to the form AA2T — MABZZT — kAT, which is in the spirit of the
hyper-diffusion term in (30) that was proposed by Samelson and Vallis in [23,24]. However,
due to the fact that 8 # O our proposed hyper-diffusion term takes a more involved form, which
is necessary to guarantee the dissipativity of this operator under the given physical boundary
conditions (38)—(43). It is worth adding that the present PG formulation (34)—(43) has been
explored with some preliminary computations by Samelson [20] using a modified version of
the B-plane numerical code developed in [24]. In the B-plane case (for which the horizontal
coordinates are Cartesian x and y, and the Coriolis parameter f = fy + By, with fy and
B constant), the additional horizontal diffusion terms in the thermodynamic equation reduce to
asingle term proportional to T,. The preliminary computations indicate that inclusion of these
additional terms only slightly modifies the previous numerical solutions reported in [24] which
uses hyper-diffusion term of the form suggested in (30). With the rigorous analytical results
proved here for the modified system (34)—(43), this provides new theoretical and mathematical
support for the approach and analysis of [23]. Note that these preliminary computations did
not include the additional mixed horizontal—vertical diffusion term wAT,,, which is a crucial
term for our rigorous mathematical analysis.
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2. Preliminaries

It is natural to assume that 7* satisfies the compatibility boundary conditions:
aT*
e

g(T*) -7i =0, on M. (50)

=0, ondM. (49)

Let T =T — T*. Due to the compatibility boundary conditions (49) and (50), it is clear that
T satisfies the following homogeneous boundary conditions:

LEN Y (aT+°‘f) =0, iy, q(T) -iilr, = 0.
02 |,_ 9z Ky Jl,o de |p, A
(51
By replacing T by T, we have the following new formulation of the system (34)—(48):
4T +V-q(T)— KyTo. +v-VT +wd, T +v-VT* = Q, (52)
(ajwiT) -0, 9.7 en =0, LEN—Y g(T) -iilr, =0,
K, =0 de |r, ’
| (53)
T(x,y.2,0) = To(x,y,2) = T*(x, y). (54)

From now on q(f) is given by (32). Here v and w are determined by the use of (22) and
(36), and the fact that the average of v in the z-direction is zero. This can be easily seen by
integration of (34) and (35), which yields the following system:

Vp+ fkx+ed =0, (55)
57 =0. (57)

Here v and p are the averages of v and p in the z-direction. Hence, multiplying by v and
integrating over M, we obtain that v = 0. The exact expressions of vy, v, and w in terms of
T are:

vy =/z €er(x, 3,860+ fTy(x,y,§,1) d‘§+< h) €T (x, y)+ fTy(x, y)

—h 62+f2 Z+E €2+f2
1[0 (el (x,y.6,0+ fTy(x,y,€,1)
O [F Ty E D +eTy(x, . 6. 1) h\ — T ) + el (ry)
vz—/ﬁ}l e d§+<z+2> a1
1[0 (" —fT(x, y, & 1) +€Ty(x, y,&,1)
~% f e s dé dn. (59)

Using (36), (38) and (39) we have

wix, y, ) = —/;w W)(x, v, £) dE. (60)
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From (58)—(60) we obtain
v /z /W I:EAT(X, v, €, 1) — fofx(X, v, €, 1)
—hJ—n

€2+ f?

+$(—fﬁ<x,y,s,r)+efy<x,y,s,t))] d& dy
Jih /0 /” [eAﬂx,y,s,o—f(ix(x,y,s,r)
hJondon e+ f2
—%(—ffx(x,y,é,t) +efy<x,y,s,r>>] dé dy
_Z(Z +h) |:€AT*(X, ) — foTr(x,y)
2 €2+ f2
2fof

+ (62 + f2)2

(—fo*(x,y)+€T;‘(x,y))} (61)

2.1. Functional spaces and weak formulation

We denote by L”(€2) and H™(2) the standard L”-spaces and Sobolev spaces, respectively.
Following the notations in [2,21], we set

V= {R € C®(Q): (aj + KiT) =0; 0.T|eeep =0; q(T)-ii|r, = 0} ) (62)
v z=0

For every R € C*(2), denote by

IRIlv, = (IR 1310 + IV R )" (63)
and

IRl = (1R s 0 + AR 0) 2. (64)
Also, we denote by
V, = the closure of V with respect to the topology induced by the norm || - ||y, (65)
and
V4 = the closure of V with respect to the topology induced by the norm || - ||y,. (66)

It is clear that V, and V, are separable Hilbert spaces. Next we define the bilinear form
a: Vy x V, - Ris defined by

a(Ry, Ry) = a/ [R1 R, + Kivze1 -VRZ] dxdy + / [KyVRy - VR, + Ky(R1): (R):
z=0 v Q
+AV - (HT'VR) V- (HTVRy) + uV(R)); - V(R,).]dx dy dz. (67)
We will denote by
|R)? =/ |R|>dx dy dz, (68)
Q

IRl =a(R,R) = af

[|R|2 + i|VR|2] dx dy
z=0 Kv

+/[1<h|v1e|2 + Koo, RI>+ AV - (HTVR))? + u|VR,|*1dx dy dz. (69)
Q

Now we give the definition of weak and strong solutions to the model.
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Definition 1. Let S be any fixed positive time. A function T (x, y, z, t) is called a weak solution
of (52)-(54) on [0, S]if

T € C, ([0, S1, L*(R2)) N L%([0, ST, V»), T, € L' ([0, S1, V3)

and

/f‘(t)t/rdxdydz—/ T(to)wdxdydz+/ a(T(s), ¥)ds
Q Q

fo

t
+/ [[v-VT(s)+w7~"z(s)+v-VT*]l/fdxdydzds
ty JQ

_ / / 0y dx dy dz ds (70)
to Q

for every W € V,. Here C,,([0, S], L2(2)) is~the functional space of all weakly continuous
functions from [0, S]to L*>(Q). Furthermore, T (x, v, z, t) is a strong solution of (52)—(54) on
[0, S] if it is a weak solution and

T(x,y,z,1) € C([0, S], V2) N L*([0, S, Va).
Next, we give some remarks about the following boundary value problem:

V.-q(R)— KyR;; = g(x,,2) in £,
o
<81R+—R>
K,
(71)

where g (R) is given by (32). By integrating by parts and the boundary conditions (51), we have

/ RV - (Ry) — Ku(Ry)..) dx dydz
Q

oR
=0, 8zR|z:—h =0,

—=| =0, q(R) -7ilr, =0,
z=0 de T,

_ / Ro(V - q(R) + 8.95(R))) dx dy dz = a(Ry, Ry) (72)
Q

for all R, R, € V. Note that
e-n=e#0.
Namely, the vector ¢ is not tangent to d M. Using the classical regularity results in smooth

domains, M C R?, for the Laplacian operator with oblique boundary condition, we have the
following proposition.

Proposition 2. Suppose that R(-, -, z) satisfies the boundary condition IR /3€|r, = 0 and that
ARC(-, -, 2) is in L>(M) for every fixed z. Then there exists a constant C > 0 (independent
of z) such that

IRC, - DM Fpry < CUIARC, - D172 4gy + IRC, - D240 (73)

Consequently, there is a constant Cy > 0 such that

1
C—OHRM2 <RI, < CollRI. (74)

Proof. As we mentioned earlier the proof of (73) is a result of classical regularity theory
of elliptic equations. Note that since dR/dé|r, = O (thanks to (71)) we also have
dR,/de|r, = 0. Now applying (73) to 9, R instead of R with the corresponding boundary
condition dR,/d¢|r, = O implies (74). (]
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Using (74), Lax—Milgram theorem shows that there is a unique solution R € V, for the
boundary value problem (71) satisfying

IRl < Igl- (75)

Moreover, using integration by parts in (71) leads to
gl :/nv-q(R)F+K5|Rzz|2+2KUK,,|VRZ|2+21<vu|v1'ezz|2
Q
+2K AV - (HTVR,)|*1dx dy dz

20 [ [Kp|VRI?+2AV - (HTVR)[*]1dx dy.
z=0
As a result, we have
IR..| < Clgl. (76)

Note that the principle part of operator V-g(R) — K, R, is —AA(—AR+R)— K,(—AR+R),;.
Then, using a symmetry argument in the z-direction and the standard regularity results for the
Laplacian operator (see, e.g. [9], p 89), we get

| = AR+ Rlm2 @ < Clgl-
Therefore,

IRIlv, = (AR + IR IF20)) "> < Clgl. a7

Therefore, using proposition 2, (74) and Rellich lemma [1], one can show that the operator
V - q(R) — K, R, with domain V4 is a positive self-adjoint operator with compact inverse.
Thus, the space L?($2) possesses an orthonormal basis {¢ (x, v, 2)}32, of eigenfunctions of
the operator V - g(R) — K, R_,, such that

Vo q(dr) — Ky(r)zz = Ar, (78)
where0 < &) < Ay < -+, andlimy_, .ocAx = 00. Moreover, using standard results(cf, e.g., [3]),
we have

k Mk

— < —. (79)

Cy Al

We will denote by H,, = span{¢, ..., ¢n}, and by P, : L*(Q) — H,, the L>(R) orthogonal
projection onto H,,. Hereafter, C, which may depend on the domain 2 and the constant
parameters €, fy, B, «, Kp, Ky, A, u in the system (52)—(54), will denote a constant that may
change from line to line.

3. Global existence, uniqueness and well-posedness of weak solutions

Now we are ready to show the global existence and uniqueness of weak solutions to the
system (52)—(54).

Theorem 3. Suppose that T* € H*(M) and Q € L?*(R2). Then for every To(x, v, 7) € L*(Q),
and S > 0, there is a unique weak solution T of the system (52)—(54). Moreover, T satisfies

8T e LY/~ 8; V), vr> 1,

T () +/J IT ()| ds < Ka(S, Q, T, TY), Vo € [0, S1, (80)
0

where V, is the dual space of V5, K (S, Q, f’o, T*) and K»(S, Q, To, T*) are as specified
in (90) and (92), respectively.
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Proof. First, let us prove the existence of the weak solution for system (52)—(54). We will use
a Galerkin-like procedure, based on the eigenfunctions {¢};2,, to show the existence. Let
m € Z* be fixed, the Galerkin approximating system of order m that we use for (52)—(54)
reads:

0 ~ ~ ~ ~ 87im * *
ETm+V'q(Tm)_Kv(Tn1)ZZ+Pm U'VTm‘l'w 9 +(UV)T :PmQ 9 (81)
z
Tu(x,y,2,0) = PulTo(x, y, 2) = T*(x, Y], (82)
where fm = ;21:1 ar(t)¢r(x, y, z), and v(fm) = (v, 1), w = w(fm) are given explicitly
with the help of (58), (59) and (61), and
q(Ty) = —KyVT, + \HV(V - (H'VT,)) + uV(T,).. (83)

We stress again that v and w depend on m since they are functions of 7,,. However,
we will drop the explicit dependence m to simplify the notation. Equation (81) is an ODE
system with the unknown a;(¢), k = 1, ..., m. Furthermore, it is easy to check that each
term of equation (81) is locally Lipschitz in T,.. Therefore, there is a unique solution
ap(t),k = 1,...,m, to the equation (81) for a short interval of time [0, $*). By taking
the L?(2) inner product of equation (81) with Tm, we easily obtain

Ld| T,
2 dt
Furthermore, using Sobolev-type inequalities, we have

+||fm||2+/(u-vr*) T, dxdydz:/ T,,0*dx dydz. (84)
Q Q

1 - -
< Nl + CUT Wz (1 + | T, (85)

/(v -VTHT,dxdydz
Q

Applying Cauchy—Schwarz inequality and the definition of Q*, we obtain

/Q Q*T, dx dydz| < %IQIZ + %u‘mﬁ +CIT* ) + %nfmn? (86)
Therefore,
ATl + 1Tl < CHOP + 1T * 13200 ) + CIT* (3240 | T (87)
dr (M) H2(M)
Thanks to Gronwall inequality, we conclude
I Ta 1 < UTol* + CAQP + IT* 32401 eXp(C I T* 324y 1) (88)

vi/hen 0 <t < §*. But since the right-hand side is bounded as ¢ goes to S$*, we conclude that
T, (t) must exist globally, i.e. S* = +o00. Therefore, for any given S > 0 and any ¢ € [0, S],
we have

T < Ki(S, 0, To. T, (89)
where
Ki(S, Q. To. T*) = [|To]* + CUQI + I T* 1312001 exP(CIT* 1324y S)- (90)
By integrating (87) with respect to ¢ over [0, S], and by (89), we get

S
/ 17l ds < Ka(S, . To, T, 1)
0

where

Ky(S, Q, To, T*) = |Tol* + CLUQP + 1T * 12000y + 1 T* 13200y K1 (S, Q. [Tl , THIS  (92)
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and K,(S, O, To, T*) is as in (90). Note that the estimate (89) is unbounded in time
(i.e. as S — 00), but it is uniformly bounded in m. However, in section 5, we will present
a sharper estimate which is asymptotically bounded in time. As a result of all the above we
have Tm exists globally in time and is uniformly bounded, in m, in L*([0, S]; L*(R)) and
L2([0, S]; V») norms.

Next, let us show that 9, 7~‘m is uniformly bounded, in m, in the L¥/Gr=D ([0, S]; V;) norm
for every r > 1. From (81), we have, for every ¢ € V,

<% T w> = <Pm Q" — Ky(T)ee + V - q(T) — Pay [v VT, + waaﬂ +(- V>T*] : w>.
Z

Here, (-, -) is the dual action of V. It is clear that

(P Q% W) < P Q, Y+ (VY - q(T), )| < QW]+ CIT* [l 2cany ¥l (93)
and by integration by parts we have
=Ky (T)ee + V- q(T), ¥)| < CITull 1|l (94)

Next, we note that
_ ) afm_
Polv- VT, +TH+w— |, ¥ )| =

dz ’

Z

- T,
/|:v-V(Tm+T*)+w 3 :|1/fmdxdydz
Q

where ¥, = P, . Thus, by integration by parts, we obtain

/ [U.Vwm+wagfmi| (T, + T*) dx dydz
Q

Z

_ ) afm_
Po|lv- VT, +TH+w— |, ¢

~——

0z

(95)

and since

/ (0 - V) (B + T dx dy dz| < [Vl 5o [0l 3| T + T,
Q
we have, using Sobolev inequalities
f @ V) (T + T < CUTull + 1T * 200 1 Tl + 1T 2o M |- (96)
Q

For the other term in (95), we use (60) to get

~ z ~
/ wo, Y, (T, + T*)dx dydz / (/ V~vd§) 0,V (T, + T*)dxdydz
Q o \J-n

0
<fg(/ |V.v(x,y,$,t)|ds)|azx//m(x,y,z)”fm(x,%z,t)

h
+T*(x, y)|dxdydz

0 0 ~
=/ [f |V-v<x,y,s,r>|ds/ 19 (5. 3 D1 T G 2 221)
M —h —h

+T*(x, y)| dzi| dx dy.

Using Cauchy—Schwarz inequality, we obtain

0
fIazwm(x,y,z)IITm(x,y,z,t)+T*(x,y)ldz

—h
0 172 0 1/2
<</ Iazwm(x,y,z)lzdz) (/ ITm(x,y,z,t)+T*(x,y)|2d1> .
h
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Thus,
/ W, Y (T + T*)dx dy dz
Q

0 0 1/2
<f (/ |V-v(x,y,s,t>|ds) </ |az¢rm<x,y,z)|2dz)
M —h —h

0 1/2
X (/ ITm(x,y,z,t)+T*(x,y)lzdz> dx dy
—h

0 2 1/2
<</ </ |V~v(x,y,$,z)|dg) dxdy)
m \J-n
0 r 1/2r'
X(/ </ |3z1ﬁm(x7y,z)|2dz> dxdy)
M —h
0 r 1/2r
X(/ (/ ITm(x,y,z,t)+T*(x,y)|2dz) dxdy:| ) 97)
M —h

By using Minkowsky inequality

0 r
|:/ (/ |fm(x,y,z,t)+T*(x,y)|2dz> dxdyi|
M \J-n
0 . 1/r r
<</ (/ |Tm(x,y,z,t)+T*(x,y)|2’dxdy) dz) .
—n \Jm

Using Sobolev inequalities, we have for every fixed z and ¢
1/2r
(/ T e,y 2o 0) + T, )| dx dy)
M

A 1/2)+(1/2i ~ 1/2)—(1/2
S CATu ) + T N T ) + TG0

and therefore

0 yr \/2
(f (/ 1T (x, ¥, 2,8) + T** dxdy) dz)
—h M

0
<G </ 1T (2 1) + T*1172 dz)

h

0 (r—1)/4r
X ([h | Tn(z, 1) + T*”%]Z(M) dZ)

(r+1)/4r

< G|y + TH VP T, + T 7 98)
Similarly,

0 r
(/ </ |az'¢fm(X, y,Z)|2 dZ) dx dy)
M —h
0 ) 1/r
< <f (/ |azl/fm(x7 Y, Z)|2r dxdy) dZ)
—h M

0 12
<G, </ ”811//m||%-1l(1v1) dZ) <G, “wm”
—h

1/2r'

1/2
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and

/ W, Y (T, + T*) dx dy dz
Q

< Co (Tl + 1T N 20m) 2 ATl + 1T W i2ean) S - (99)
By (96) and (99), we have

Pulv- VT, +TH+w— |, ¥
9z

< Gl + T N2 an) ™2 AT+ 1T Nz~ 1 -

Since ¥ € V,, then the Fourier series

;(/;Zw¢kdxdydz>¢k=1ﬁm+ Z (/qubkdxdde)@(

k=m+1

converges to ¥ in V, (cf, [9], p 64). Thus, |||y, < Cl¥|lv,, and by proposition 2, we have

< |: : * afm:| >
P,|lv-V(T,+T")+w , U
0z

< Co Tl # 1T N 2n) 2 ATl + 0T N ar2an) =2 10l (100)
for every r > 1. Moreover, the estimates (93)—(100), (89) and (91) yield
1(0: T, V)| < CAQI + IT* 1z aa) W Il + CN T |11l

+Cr (1Tl + 1T N 2an) 2 ATl + 1T * 1 ar202) 2 101
Thus, due to (89) and (91), we have

s

[ a7 ar < Kais 0. B, (101)

0

where
K3(S, Q, To, T*,r) = C[1+ 0| + I T* | 20 ]/ ~V'S + CKa(S, Q, | Tol, T*)

+C.[K1((S, Q, Ty, T*) + || T*|| g2y ] 2"+ G=1)

x[K>(S, @, To, T*) + 1T 13241, 1. (102)
Therefore, o, fm is uniformly bounded, in mz, in the L*/Gr=D([0, S]; V;) norm, forevery r > 1.
Thanks to (89), (91) and (101), one can appl}: the Aubin’s compactness theorem ~(cf, e.g.
[6,11,26]) and extract a subsequence {T,,;} of {T,,}; a subsequence {v,,;} of {v,, = v(T,,)} and
a subsequence {8,7~’mj} of {B,Tm}; which converge to T e L>®([0, ST; L*(2)) N L3([0, S1; V)
and 8,T e L¥/Gr=D|0, S1; V3), respectively, in the following sense:

T.,—> T  in L™([0, S]: L*()),

T, > T in L%([0, S]; H'(R)) weakly,

9T, — 0T in LY/ ([0, S1; V3) weakly.

Note that since ij € V, by integration by parts it is clear that

/Tm,<x,y,z,z>Pm,wdxdydz—/ T, (X, ¥, 2, 10) P, ¥ dx dy dz + a(Ty,, P, %)
Q Q
t
[ 1, T )P4 0,8 T B+ (v, VTP 9] ey i
1 JQ

:/ Q*Pm,.w dxdydz
Q
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for every ¢ € C*°([0, S]; V»), and for every ¢, #y € [0, S]. By passing to the limit, one can
show as in the case of Navier—Stokes equations (see, e.g. [6,26]) that T also satisfies (70). In
other words, T is a weak solution of the system (52)—(54).

Next, we show the uniqueness of the weak solution. Let Tl and 7~"2 be two weak solutions
of the system (52)—(54) with respect to initial values f]; and f];/ ,and let (v" = (v}, v}), w’) and
" = (vf, v3), w”) be given by (58)—-(61) with respect to T, and T». Denote byu=v —1v",
us =w —w”and x = T, — Ts. Unfortunately, since we only have

dx € LY/ D0, 85 vy), vr>1,

we are not able to apply the standard energy method and Lions lemma (cf [26] lemma 1.2,
p 260). However, let us instead consider

Xm = Em X and X~m=X_PmX,

where P, is the L?(2) orthogonal projection onto H,,. Itis clear that ,, satisfies the following
equations:

O Xm +V - q(xm) — Ky(Xm)zz + Pulut - V7~‘l +u38zfl +v"- Vx+ w/,Xz tu- VT*] =0,

(103)
Xm (X, ¥, 2,0) = Pp(Ty(x, y,2) = Tg'(x, ¥, 2)), (104)
where u = (uy, u;) and
qtm) = —KpVxm + \HV(V - (H'V X)) + 1V (Xon) 2z (105)
< EXX(X, y3§7t)+fxy(-x’ yssvt)
u(x,y,z,1) =/—h €2+ f2 dé
1 [0 2 t t
_7/ / exx(x, .8, §+f§<y(x,y,$, )dsdz,, (106)
hJ_pJon e+ f
C ey, E D) Hexy(x, v, 6, 0)
» Y, 2, 1) = d
ua(x, y, 2, ) /4 e §
(O (7 —fxeCe, v .0 +exy(x, y, &, 1)
—— - dé dz, 107
h/;h/;h €2+ f2 5 dz (1o7m
Us(x. v 2 t)__fz /” €EAX(x, ¥, 8.1 — foxx(x, .6, 1)
3(X, ¥, %, = - 62+f2
2fof
m(—f&(%y,E,f)+€Xy(X,y,§,l))]d5d77
+Z+h/0 /Z EAX(L)%-’EJ)—fOXx(x,y,é,f)
h JowJo e+ f?
_2hS ( ( 1)+ exy( 1) |déd (108)
—(€2+f2)2 _fX«\ x!yvss €Xy X,y,gy g <.
By taking the V; dual action to equation (103) with x,,, we obtain
Ldlnl? 2 _ VT +usd. Ty +0" - Vy +uw” VT
5 dr +xmll” = —(u - 1tuzol1+v - VY+w x,+u- s Xm)

= / (- VT +u3d.Ty +v" - Vx +wx. +u - VT ]y dx dy dz. (109)
Q
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Next we estimate the equation (109) term by term

®

/M-VT*Xm dxdydz| < CIT* g2y (xom | 1 o |+ 1 1 Ko 1D (110)
Q

(i1) Using Holder, Sobolev and Minkowsky inequalities, we obtain as in the existence proof

L CNTN Ko ! o I+ 1o 140 T 17 Lot P74 1 0 174

/u-VTlxmdxdydz
Q

(111)
(iii) Starting with (60), we have

us; = -V - /Z ulx,y, & 1r)dg.
—h

0
<’/ (f |u|dz)|vazn||xm|dxdydz
Q —h

0
/|u||va||T1|dxdydz f(/ |u|dz>m||vazxm|dxdydz
Q Q —h

Following the steps of getting estimate (111), we have

0
/(/ |u|dz>|vale||Xm|dXdydz
Q \J-h
0 0 ~
2’/ </ lule) (/ |vaZTl||Xm|dZ>dxdy‘
M —h —h

0 4 1/4
< /(/ |u|dz> dxdy| |Va.Ty|
M —h
0 2 1/4
x(/ (/ |xm|2dz) dxdy)
M —h

< CUTN om0 I+ 141 1P i 4 o 174, (112)

Therefore,

[ us Bzf‘l Xmdxdydz
Q

+ +

‘/ |||V || Ty | dx dy dz
Q

0 0
<c‘/ (/ |VX|dZ></ |T1||me|dz>dxdy‘
M —h —h
0

0
<C Vyld Fi(ozt Yooz ] dxd
/A/JM 2 max [ z)|[h|x|z]Xy

0 0 ~ 1/4 0 _ 1/4
<c/ [/ IVXIdz</ |T1|2dz) (/ |<T1>z|2dz)
mLJon —h —h

0
v [ |va|dz]dxdy
—h

< CITH Tt M 1 177 4 17 ) 40 50m 1P74 100 14 1 o 1747
(113)
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and

0
[/ 1] 21V, x| 5 | i dy dz
QJ—h

0 0 1/2 0 1/2
<cf /|Vxldz(f |V81xm|2dz) (f |T1|2dz> dxdy
M —h —h —h
0 4 1/4
<C|V81Xm|</ (/ IVxldz) dxdy)
M \J-n
0 2 1/4
X /(/ |f’1|2dz> dx dy
M —h

S CITPPUTM 4 0P o - (114)

@iv)

< CUZn T DTN 0 oo 1M

/ [UN Vi + w/,az)Zm]Xm dxdydz
Q

1 X NP o P4 o 1M
T U 1T TP 0 14 oo 174
H N T 1T N TN o 11 (115)

Therefore, by (110)—-(115), and Young’s inequality, we have

dlxm|*

dr

S Cllml* + CLL+ T gy + NP + 1T UTP + 1N T2 o
+CU A+ TP+ 1T N TP + TP 1Tl ol

Thanks to Gronwall inequality, we get

t t
PGS [|xm(ro)|2 +C / ()1 ds + C[(l + max [T | 173 ds
to

(AR to

t
+ max | To(s) 3 / ||f2(s>||2ds} max|>zm(s>|2]
<s< fo 1 <

1o <<t (NCEN

X exp <C[1 + max (IT1(5)(° + | T>(s) )

(RSES
x( / 1Ty (s)]1> ds + / ||Tz<s)||2ds>])exp(ca+||T*||%,Z(Q))(r—to)).

Note that the right-hand side is bounded, uniformly in m, for every fixed . By passing the
limit, using the Lebesgue dominant convergence theorem, we obtain

Ix()* < |x(to)|* exp (C[l +tmaxt(|f1<s)|6 +|Ta(s)1*?)

(RSN

x ( / I3 ()11 ds + / ||Tz<s>||2ds>])exp(ca+||T*||§,2(Q>)(r—zo)>.
(116)
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Recall that 77,75, € L*°([0, S]; L2()) N L2([0, S]; V»), therefore, (116) implies the
continuous dependence of weak solutions on initial data as well as their uniqueness. O

Corollary 4. The weak solution of the system (52)—(54) depends continuously on the initial
data. That is, the problem is well-posed.

4. Global existence, uniqueness and well-posedness of strong solutions

In the previous section we have proved the existence, uniqueness and well-posedness of the
weak solution for the reformulated system (52)—(54). In this section we show the global
existence, uniqueness and well-posedness of strong solutions for the system (52)—(54).

Theorem 5. Suppose that T* € H*(M) and Q € L?*(R2). Then for every Ty(x, y,2) € Vaand
S > 0, there is a unique strong solution T of the system (52)—(54). Moreover, T satisfies

o +/ V- q(F) = Ku(F)oaPds < Ky (S, O, Ty, T), (117)
0

where 0 <t < S and K(S, Q, Ty, T*) will be specified as in (133).

Remark. The steps of the following proof are formal in the sense that they can be made more
rigorous by proving the corresponding estimates first for the Galerkin approximation system
based on the eigenfunctions of operator V - ¢ — K (T, with the boundary conditions (53).
Then the estimates for the exact solution can be established by passing to the limit in the
Galerkin procedure by using the appropriate ‘compactness theorems’.

Proof. Let T be the weak solution with the initial datum 7. we will show that Tisa strong
solution if To(x, y, z) € V,. First, we get a priori estimate for |T;|. Note that

—/f,‘zfdxdydz:fTzzdxdydz+i T?dxdy
Q Q

v Jz=0

and
—/ T.[V - q(T) — Ky(T),.]dxdydz
Q

=/[l<h|vfz|2+1<u|ﬁz|2+x|v<H’vfz>|2+mvfzz|2]dxdydz
Q

A ~ K
L2V (HTYT) P dedy + 220
K K

v Jz=0 v

/ VT |*dx dy.
z=0
By taking the inner product of equation (52) with 7. in L*(£2), we reach

1d |T,|2+i/ 72dxdy +i/ AV - (HTVT)? + Ku|VT 2] dx dy
2dt - Kv =0 Kv z=0

+Ku VT + K| Too|* + AV - (HTVT))? + p| VT, |?
= / (0" —v-VT —wd, T —v-VT*|T,, dxdydz.
Q
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Let us consider the above equation term by term

(1) Itis clear that

’/ Q*T..dxdydz
Q

= V (Q — V- q(T")NT,; dx dydz| < CUQI+ IT* | o) Tz
Q
(118)
(i1) An integration by parts yields

/[—v~VT—wfz—v~VT*]7~"zzdxdydz
Q
=/[UZ'V7~"+wZBZ7~"+vZ-VT*+v VT, +wT,, T, dxdy dz
Q

+Ki [v- V(T + T9T dx dy.

v Jz=0
Moreover, by (36) and the boundary conditions (38)—(40), we have
/(v.vfz+wTu)Tz dxdydz =0. (119)
Q

Using (58)—(61) and the boundary conditions (53), we obtain

o

/ (v, - VT +w,T. +v, - VT*|T, dxdydz + [v- V(T + THT dx dy
Q

v Jz=0

€ ~ ~ ~
= 7VT+VT*2T,ddd—/V- 9,T|>dxdyd
/962+le |"T: dx dydz ; v[0;T|"dxdydz

0
o € & ~
+— —— |1+ =) |VT(x,y,&,t
e L s () wreen
+VT*(x, y)? d.§:|fdx dy. (120)
Thanks to (73), we have

€ 7 * 12 7 * 7
’[ VT VT PTdxdyde] < CUVT g + 19T I
Q

< CUAT P+ IT* (s )| T
S CUT I+ IT* Wps ar)I T2 (121)
Similarly,
if UO _c (1 + §) VT (x, v, &, 1) + VT*(x, y)|2ds] T dx dy‘
Ky J.oo ) €2+ f? h
S CUVT [ agq + IVT* 124 a1 T @ = Ol 2ar)
S CUATP + IT* 3 e IT 2 = O) [l 2 any
S CUTIP + IT* 3 eI T (2 = 0) 2o - (122)
Following the steps to get the estimate (113) we obtain

/V~v|azf|2dxdydz < CUATI+ AT 2w I Tl 2o | V T ll 22 o
Q

S CUTN+IT* N o) N Tl 2 IV TNl 2oy - (123)
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Therefore, from (118)—(123), we have

~ o ~ ~ ~ ~ ~
—— (|Tz|2 + ?/ T2 dx dy) + Ky | VT, ? + Ky TP + AV - (HTVT) ) + p| VT, |?
v Jz=0

L T (2 =02
+om | IV (HTVD)P + Ky IVT Pl dx dy

v Jz=0

< CUQN+ T s\ Tzl + CAT I + 1 T* g up)I
+CUIT I+ NT* s a1 T 2 = Ol 2an)
+CUIT I+ TN s ) 1 T 2 IV TN 2 any-

By Cauchy—Schwartz inequality, we obtain

d - - - - - -
5 (|Tz|2+Ki/ T2dxdy> + Ky VT + K| T, > + MV - (H'VT)? + u| VT, |
v Jz=0

+ 2 Y- HTVT)? + K| VT 2] dx dy

v Jz=0
< CUQP +IT* Fsapy + IT117)
+CUT I+ 1T 150 ar) UIT 2 = O 1704y + 1 T2 ). (124)

Again, by Gronwall inequality, we get

IT.(0)]” + Ki/ T*(t)dxdy < K.(1, Q. To. T*), (125)

v Jz=0

where
K.(t, Q. Ty, T*) = exp(C(1 + | T* I3 4t + K1 (2, Q. To, T*))

XU Tol? + 1T * 32 ary + K1 (2 Q. To, T*) + (1 Q1 + IT* 33411 (126)

and K, (¢, Q, Ty, T*) is as in (90). Finally, let us show that
T(x,y,z,1) € L*([0, S], V2) N L*([0, S, Va).
We take the inner product of equation (52) with V - q(T) - K, TZZ in L2() to get

LAITP +|V-q(T) — K, T..|”
2 dr :
:/[Q*—v-Vf—wazf"—v-VT*][V-q(T)—KUTZZ]dxdydz.
Q
Note that
)

<|Q*IV - q(T) — K, T,

/Q*[V-q(f)—KuTzz]dxdde
Q

<O+ CIT* a1V - q(T) — K, Toe . (127)
(i)

/v-VT*[V@(T)—K.,TzZ]dxdydz < CPIIVT* e |V - (T) — K, T
Q

S CITINT s |V - g(T) — Ky T (128)
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(iii) Following similar steps to those which led to the estimate (113) we have

/ v- VTV -q(T) — K,T..1dx dy dz
Q

< CUVTI+ VT 20 AT 2y + 1T 2|V - ¢(T) — K, T
S CUT* pany + ITIDIV - q(T) — K, Tz (129)

(iv) Next, let us deal with the last term

< Clwllz=@|3. TNV - q(T) — K, Teel.

[ wd, T[V - q(T) — K,T..]dx dy dz
Q

Note that from (61)

0

lwllL=@) < C/ AT (z, )l 2oy + IAT* || =an ] dz.
—h

Hence

0

o 1/2 - 1/2 *

lwllz~@) < C ( f AT 2, )5y IAT @, D3 g 2 + AT ||Lw<M>) :
—h

By Cauchy—Schwarz inequality, (77) and proposition 2 we get
lwlizx@ < CAAT Iz + TNV - q(T) = K, Teo] ).
Hence
’/Q wd TV - q(T) = K, T..)dx dy dz| < CUIT lmsqany + I TNV - g(T) = K T 2]
x|3, TV - q(T) — K, Ty.|. (130)
Therefore, from the estimates (127)—(130) we have

1d|T?

s—q HIV A = KT S CIV - q(D) = KT 1+ 101+ 1T

HIT I+ 1. T*1+ CIT N8, TV - q(T) — K, T |2

By using Young’s inequality we get

d - = %2
EIITII +1V-q(T) - KyT|

S CU+[QP + T 3 ay + 1 TN+ CLL+ | TIP + | TN T . (131)
Again, by Gronwall inequality we conclude
t
IT @)1 +/ IV q(T) — K,T..|*ds < K,(t, Q, Ty, T"), (132)
0
where
K(S. Q. Ty, T*) = exp(C[1 + (K, (t, Q, To, T*)*1t + K1 (¢, Q, Ty, T*))
<IN Toll> + 101 + IT* 134 ap) + K:(2, @, To, T, (133)

where K, (¢, Q, To, T*) and K, (¢, Q, f’o, T*) are as in (90) and (126), respectively. Since the
strong solution is a weak solution, by theorem 3, the strong solution is unique. ]
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5. The global attractor

In previous sections we have proved the existence and uniqueness of the weak and strong
solution of the system (52)—(54). In this section we show the existence of the global attractor.
Moreover, we give an upper bound, which are not necessarily optimal, for the dimension of
the global attractor. Denote by T(t) =S (t)fo the solution of the system (52)—(54) with initial
data fo. As a result of theorems 3 and 5, one can show that

T@) = ST, € L*() forall Ty € L2(Q), >0
and
T@)=SHT, € Vs forall Ty € Vo, = 0.

Since, in this section, we only consider the 10ng—time~behavi0ur of solutions of the
system (52)—(54), by theorems 3 and 5, we conclude that T'(t) € Lp;.((0, S], V») for every
T(O) € L*(). As a result, one can easily show that

8T e L} ((0, S1, V3). (134)

loc

Theorem 6. Suppose that Q € L*(Q) and T* € H*(M). Then, there is a global attractor
A C LX(Q) for the system (52)—(54). Moreover, A has finite Hausdorff and fractal dimensions.

Proof. First, let us show that there are abs~orbing balls in L(2) ang V,. Let T be the solution of
the system (52)—(54) with initial datum Ty € L?(2) and |Ty| = |Tp + T*| < p. By theorems 3
and 5, there is a #j such that

T (t0)| = |T (1) + T*| < 2p.

From now on we assume that 7 > 7,. By taking the H’ dual action to equation (53) with 7', we
obtain

(T +V-q(T) — K, T, TY + (v- VT +wd, T +v-VT* T) = (Q*, T).
Applying (134) and Lions’ lemma (cf [26] lemma 1.2, p 260), we reach
_1d|TP

8T, T) =
(0 ) > dr

Moreover, we have

(Voq(T) = KT T) = | T
In addition,

(-VT +wd. T +v-VT* T) = /Q[u VT +wd, T +v-VT*T dxdydz
and

(0", T) = / Q0*Tdxdydz,

Q

as long as the integrals on the right-hand side make sense. Therefore, we have

1d|T)?
2 dr

+||T||2+/[v-VT+wazf’+v-VT*]dedydz=/ 0* T dxdydz. (135)
Q Q
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By taking ¢ = T* in the weak formulation (70), we get

t
/T(r)T* dxdydz—f T(to) T* dxdydz+/ a(T, T*)
Q Q fo

t t
+/ /[u-vT+waj+v-VT*]T*dxdydzzf / Q" T*dx dydz.
fh JQ fh JQ
It is equivalent to

d - -
7/ T(HOT*dxdydz +a(T,T")
dr Jq

+/[v.vf+waj+v.VT*]T*dxdydz=/ Q* T*dxdydz. (136)
Q Q

By adding (135) and (136), we obtain

1d [ - 8 . .
—— |T|2+2/T(t)T*dxdydz + |\ T|> +a(T, T
2dt Q

+/[u VT +wd. T +v-VT*|(T +T*)dxdydz
Q

=/ O*(T +T*)dxdydz.
Note that Q
) |T|2+/ 2T T*dxdydz = |T|2—/ |T*|* dx dy dz;
(i) Q Q
/[v-Vf+wazf+v~VT*](T+T*)dxdydz=/[v-VT+wBZT]dedydz;
(iii) ’ ’
/QQ*(f+T*)dxdydz=/QQdedydz—a(T,T*)—||T*||2

+oc/ [T T+ Lyr. VT*] dx dy.
z=0 K

v
Therefore, we get
1d|T?
2 dt

+ ||T||2+/[v VT +wd, T1Tdxdydz
Q

=/ Qdedydz+a/ [TT*+iVT.VT*] dx dy.
Q z=0 K

v

By integration by parts and (40), we obtain
/[v-VT+w81T]dxdydz:0. (137)
Q
By applying Cauchy—Schwarz inequality, we reach

‘/ [T ™+ Lvr. VT*] dx dy
z=0 K

v

w
<NT* ey [||T||L2(M> + 7”VT”L2(M)i|
K,
1/2 o m
< GNT oy ”T”H‘(Q)"'?“VT”H‘(Q)
v

u
< Czl/2 <1 + K7> IT* NI T (138)

v
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It is clear that

/Qdedydz < |IQITI. (139)
Q

Therefore, by the above estimates (137)—-(139), we obtain
d|T|?
dr
By Cauchy—Schwarz inequality and (74), we have
diIT)? 1
+ p—
dt 2
where Cj is as in (74). Thus, again, by (74), we obtain

2
1%
+ITI? < G (1 + ?) NT* 1210y, +21 QNI T .

v

2
"
ITI? < Cao? (1 + ?> 1T, + 2C0l QP (140)

v

7P 1 2 2 K : 2 2
+—|T|” <C 1+ — T +2C, .
dr 2CO| | 20 Ku ” ”H‘(M) 0|Q|

By Gronwall’s lemma, we get

1 % 2
1T < |T (1) exp (—f z) +2CoCro? (1 + ?) IT* 131 ) +4C31 Q1
0

v

As aresult of the above, when ¢ is large enough such that

1 2
|T (10)|” exp (—— r) < 2CCra? (1 + Ki) IT*131 0y +4C31 Q1.

2Cy v
we have
1T < R(T*, Q), (141)
where
~ I"l’ 2
Ru(T*, Q) = 4CyC0? (1 + 7) IT* 3 aay + 8CG1 Q1. (142)
v
In particular,
2
lim sup |7 (1) > < 2CoCra? (1 + 1%) IT*131 a1y +4C5 1O
t—00 v
In other words, when ¢ is large enough we have
1T =T @) = T** < R(T*, Q). (143)
where
R(T*, Q) = 2Ru(T*, Q) +2IT* 22 yy)- (144)

where R,(T*, Q) is as in (142). Therefore, there is an absorbing ball in L?(2) with radius
R, (T*, Q) for system (52)—(54).
Next, we show that there is an absorbing ball in V. First, note that from (140), we have

t+r 2
H *
/ 17 (s)|1>ds < 2|T ()| + |:4C0C2012 <1 + K—) IT* 131 any + 8C(2)|Q|2:| r
t

v

Therefore, by (143), when ¢ is large enough, we get

/ ' IT)I1?ds < K. (r, Q, T, (145)
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where
w2
K (r, Q. T*) = 2R,(T*, Q) + [4coc2a2 (1 + ?> 1T 10 ) + 8C§|Q|2} r (146)
v
and R,(T*, Q) is as in (144).
From the proof of theorem 5 we recall the inequality (124):

d ~ o - - - - -
% (|Tz|2+—K / OTzdxdy> + Ky VT * + K| T, > + MV - (H'VT)? + u| VT, |
L

v

+Ki MV - (H'VT)|? + K,|VT*1dx dy

v Jz=0

< CUQP +IT* sy + IT 1)
+CUIT I+ 1T Vs )T @ = Oy, + 1 TP
Thus,

d ~ o - » -
% (|Tz|2+ a /Fo 72 dx dy) SCUQP + T sy + IT1P)

v
~ o ~ ~
FCUTI + 1T 2000y (?HT(Z =022 + |TZ|2) :
v

By applying the uniform Gronwall inequality (cf, e.g., [27], p 89) and (145), we obtain, when
t is large enough

~ o~
TP + 217 @ = 02y, < Re(r T7, Q). (147)

v

where r > 0 is fixed and

K., T*, Q)
e

R(nT*.Q)=C T sy + 101 + K, (r, T, Q)]

x exp(CLK,(r, T*, Q) + | T*3s 307D (148)
Let us recall the inequality (131):
d = n 5 02
EIITII +|V-q(T) — Ky T,

S CI+]QP + T sy + 1T T+ COL+ TP + | T *UIT ).

Thus,
W 1 QP+ 1Ty + T+ CLL+ I+ (PN F P
= Hi) 71T ‘ '
Thanks to the uniform Gronwall inequalities (145) and (147), we obtain, when # is large enough
IT O] < Ry(r, T*, Q). (149)

where r > 0 is fixed and

(R, T*, Q) = C [7’(’(” 2.10

x exp(C[r + R (r, O, T + K. (r, Q, TH)). (150)

+r+ QP + 1T gy + R, Q, T*)zr:|

Therefore, we have shown that there is an absorbing ball B in V, with radius R,(r, T*, Q).
From the proofs of theorems 3 and 5 we conclude that the operator S(¢) is a compact operator.
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Following the standard procedure (cf, e.g. [5-7,10,27] for details), one can prove that there is
a global attractor

A=N20St)B C V,.

Moreover, A is compact in L?(2) due to the compact embedding of V5 in L2(2).

In addition to the compactness of the semi-group S(¢) one can show its differentiability
on A with respect to the initial data. Therefore, one can use the formula (cf [5,6,27]) to get
an upper bound for the dimension of the global attractor 4. Let T bea given solution of the
system (52)—(54) with T € A. Since it is on the global attractor A, Tisa strong solution to the
system (52)—(54). It is clear that the first variation equations of the system (52)—(54) around
T read:

dx =F(Dx, (151)
o ax -
X +—X =0, 0:Xlz=—n =0, —=| =0, q(x) -nlr, =0,
K, =0 de |p,
(152)
x(x,y,2,0)=¢, (153)

where x are the unknown perturbations about T with a given initial perturbation ¢ € L?(<2).
Moreover, here

F(Dyx=—[V-q(x) = Koxez +u VT +T* +v-Vy — 03, T +wd.x],

where v = (vy, vp), w are as in (58)—(61), and

= /; €xx(x, y, 5,2:;;@()@ v, €, 1) it
_:l/i, /,h exx(x’y’g’:;:;f”(x’y’g’t) dt dz, (154)
0y :/Z —fxx(x,y,é,zt)ﬁxy(x,y,é,t) a
T 21 f2
_;11/(,1 /,,, _fXX(x’y’iztl;X“"(x’y’g’[) d& dz, (155)

IIJ:—/Z /” [EAX(X»)”SJ)—foxx(x,yaf,f)
—h J—h

€2+ f2
2fof
m(—f)(x(x’ v, &, 1) +ex,(x,y,& 1) |déEdn
Lith /0 / eAX(x,y, 6, 1) — foxa(x, ¥, §,1)
h _nd—n €2+ f2
__2fof
(62 + f2)2
It is not difficult to show that the above, coupled second-order elliptic and linear parabolic,
system has a unique solution x (¢). Moreover, for t > 0,

(_fXX(xvyvgat)-"eXy(x’ ysgvt))] dgdz (156)

X(I) e V.
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For any positive integer m we consider the volume element [ () A -+ A Y ()| anL2()s
we have the following trace formula (cf [5,6,27])

1d )
5&')(1(1‘) AERIAN Xm(t)|AmL2(Q)

= Tr(P,y (1) o F'(T (1)) © Pu()|X1(t) A+ A X (D7 20
which gives

|Xl(t) ARRRIAN Xm(t)|imLZ(Q)

t
=LA A §m|imL2<Q) exp/ Tr(P,,(s) o F'(T(s)) o P,(s))ds, (157)

0
where x;(s),..., xm(s) are tlze solutions~of (151)~—(156) corresponding to the initial data
Ly -+ -5 Cms respectively. Tr(P,(s) o F'(T(s)) o P,(s)) is the trace of the linear operator

(13,,, (s)oF ’(f (s))o P, (s))and P, (s) is the L?(2) orthogonal projector onto the space spanned
by {x1(s), ..., xm(s)}. Note that {);(s), ..., xm(s)} are linearly independent for every s > 0
if and only if {¢), ..., &,} are linearly independent. Hence, from now on we assume that
{¢1, ..., &) are linearly independent. Let {1/(s), ..., ¥, (s)} be an L?(2) orthonormal basis
of the space spanned by {x;(s), ..., xm(s)}. Note that {¢(s), ..., ¥, (s)} arein V, fors > 0.
Thus, we have

Tr(P(s) o F/(T(s)) 0 Pu(s)) = Y _(F'(T()¥(s), ¥;(5)).

j=1
Observe that

(F'(T(s)Y;(s), ¥j () = —||¢f,-<s)||2+/g[u, V(T +T*) + ;3. Ty (s) dx dy dz,

where,forj =1,2,...,m,u;(x,y,z,s)andw;(x, y, z, s) are as in (154)—(156), respectively,
but with v (s) replacing x. Following the same steps that led the estimates (113), we have

SCUTI+ T W)W 1 ()

‘/Quj V(T + T (s)

and
;8. Ty ()| < CITPAIVT M1 ()14l ()11 74
Recall that |;| =1, for j = 1,2,..., m. Thus,

‘f [u; - V(T +T" +u~)817~“]wj(s) dxdydz
Q

S CUTI+IT* M) 191+ CITPHIVT 1w )74
By using Young’s inequality and the above estimate, we have
(F'(T NV (), ¥ () < =311+ CUT O + 1 T* 131000, + 1 TICIVT .
By (79), we have

m
SOOI = i+ 4 dy > Chym?.
j=1

As a result, we obtain

Tr(Py(s) 0 F/(T(5)) 0 Pu(s)) < —Chym® + CUIT O + 1T 1340y + ITICNVT |1,
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Hence,

%/ Tr(P,,(s) o F'(T(s)) o P,,(s)) ds
0

2 L A )2 LI
S —Cam™+C - 1T ds + T ||H1(M)+; ITPIVT|ds | .
0 0

Therefore, by applying (80), we get

1 [ ~ ~ ~
limsup  sup sup |:f/ Tr(Pm(s)oF/(T(s)))oPm(S)dS]
100 [fI<RAT*.Q) grerr(@ LT Y0

1511
j=l,...m

< —Chm’ + Ky(T*, Q),
where
Ky(T*, Q) = C(Ri(Q, TN°LL+ IT*|I31 4y + 1 Q1. (158)

In order to guarantee —CA;m? + K4(T*, Q) < 0 we need to choose m large enough such that

* 1/2
m=C <M) ,
Al

Therefore, the Hausdorff and fractal dimensions of the attractor .4 can be estimated by
(cf, e.g., [7])

K4(T*, Q))“2

dy(A) <dp(A) <C < 3
1
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