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 Springer-Verlag 2003Abstra
t. An atomi
 de
omposition is proved for fa
ially symmetri
 spa
es whi
hsatisfy some aÆne geometri
 axioms 
ompatible with notions from the quantum me-
hani
al measuring pro
ess. This is then applied to yield, under appropriate assump-tions, geometri
 
hara
terizations, up to isometry, of the unit ball of the dual spa
e ofa JB�-triple, and up to 
omplete isometry, of one-sided ideals in C�-algebras.Key words. fa
ially symmetri
 spa
e { JB*-triple { Jordan de
omposi-tion { atomi
 de
omposition { 
ontra
tive proje
tion { one-sided ideal {C*-algebra Introdu
tionThe Jordan algebra of self-adjoint elements of a C�-algebra A haslong been used as a model for the bounded observables of a quantumme
hani
al system, and the states of A as a model for the states of thesystem. The state spa
e of this Jordan Bana
h algebra is the same as thestate spa
e of the C�-algebra A and is a weak�-
ompa
t 
onvex subsetof the dual of A. With the development of the stru
ture theory of C�-algebras, and the representation theory of Jordan Bana
h algebras, theproblem arose of determining whi
h 
ompa
t 
onvex sets in lo
ally 
onvexspa
es are aÆnely isomorphi
 to su
h a state spa
e. In the 
ontext ofordered Bana
h spa
es, su
h a 
hara
terization has been given for Jordanalgebras in the pioneering paper by Alfsen and Shultz, [1℄.After the publi
ation of [1℄, and the 
orresponding result for C�-algebras [4℄, there began in the 1980s a development of the theory ofJB�-triples whi
h paralleled in many respe
ts the fun
tional analyti
 as-pe
ts of the theory of operator algebras. JB�-triples, whi
h are 
hara
-terized by holomorphi
 properties of their unit ball, form a large 
lassof Bana
h spa
es supporting a ternary algebrai
 stru
ture whi
h in
ludesC�-algebras, Hilbert spa
es, and spa
es of re
tangular matri
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2 Matthew Neal, Bernard Russofew examples. In parti
ular, most of the axioms used by Alfsen and Shultzwere shown to have non-ordered analogs in the 
ontext of JB�-triples (see[12℄). By the end of the de
ade, a framework was proposed by Friedmanand Russo in [15℄ in whi
h to study the analog of the Alfsen-Shultz re-sult for JB�-triples. A 
hara
terization of those 
onvex sets whi
h o

uras the unit ball of the predual of an irredu
ible JB�-triple was given in[18℄. Sin
e JB�-triples have only a lo
al order, the result 
hara
terizesthe whole unit ball, whi
h be
omes the \state spa
e" in this non-orderedsetting.Guided by the approa
h of Alfsen and Shultz in the binary 
ontext, itseemed 
lear that to prove a geometri
 
hara
terization of predual unitballs of global (that is, not irredu
ible) JBW �-triples would require ade
omposition of the spa
e into atomi
 and non-atomi
 summands anda version of spe
tral duality. These goals have remained elusive in theframework of the axioms used in [18℄. In the present paper, by introdu
ingthe very natural axiom asserting the existen
e of a Jordan de
ompositionin the linear span of every norm-exposed fa
e, we are able to prove theatomi
 de
omposition. In addition, by imposing a spe
tral axiom everybit as justi�ed as the one in the Alfsen-Shultz theory, we are able togive a geometri
 
hara
terization of the unit ball of the dual of a globalJB�-triple. These results give positive answers to Problems 1,2 and 3 in[18℄. Moreover, when 
ombined with the re
ent 
hara
terization of ternaryrings of operators (TROs) in terms of its linear matri
ial norm stru
ture[23℄, we obtain a fa
ial operator spa
e 
hara
terization of TROs and one-sided ideals in C�-algebras, whi
h responds to a question of D. Ble
her.The main results of this paper are Theorems 4, 7, and 8, whi
h westate here.Theorem 2.2. Let Z be a neutral strongly fa
ially symmetri
 spa
e sat-isfying the pure state properties, and satisfying JP and JD. Then Z =Za �`1 N , where Za and N are strongly fa
ially symmetri
 spa
es satis-fying the same properties as Z, N has no extreme points in its unit ball,and Za is the norm 
losed 
omplex span of the extreme points of its unitball.Theorem 3.3. The predual Z� of a Bana
h spa
e Z is isometri
 to a JB*-triple if and only if Z is an L-embedded, base normed, strongly spe
tral,strongly fa
ially symmetri
 spa
e whi
h satis�es the pure state propertiesand JP.Theorem 3.4. Let A be a TRO. Then A is 
ompletely isometri
 to a leftideal in a C*-algebra if and only if there exists a 
onvex set C = fx� :



State spa
es of JB�-triples 3� 2 �g � A1 su
h that the 
olle
tion of fa
esF� := F� 0x�=kx�k� �M2;1(A)�;form a dire
ted set with respe
t to 
ontainment, F := sup� F� exists, and(a)-(d) hold, where(a) The set f� 0x� � : � 2 �g separates the points of F ;(b) F? = 0 (that is, the partial isometry V 2 (M2;1(A))�� with F = FVis maximal);(
) hF; � 0x� �i � 0 for all � 2 �;(d) S�F �� 0x� �� = � 0x� � for all � 2 �.This paper is organized as follows. In se
tion 1 we re
all the ba
k-ground on fa
ially symmetri
 spa
es and on JB�-triples and TRO's. Se
-tion 2 is devoted to a proof of the atomi
 de
omposition. The �rst sub-se
tion 
ontains a result for 
ertain 
ontra
tive proje
tions on fa
iallysymmetri
 spa
es and the se
ond subse
tion introdu
es and studies theJordan de
omposition property. The third subse
tion gives a geometri

hara
terization of spin fa
tors, improving on the main result of [17℄.The main result of se
tion 2, the atomi
 de
omposition (Theorem 2.2), isproved in the fourth subse
tion.The main appli
ations o

ur in se
tion 3. After giving some elemen-tary results, interesting in their own right, on 
ontra
tive proje
tions onBana
h spa
es in the �rst subse
tion, the se
ond subse
tion then uses allof the ma
hinery developed up to there to give a geometri
 
hara
teriza-tion of Cartan fa
tors, improving on the main result of [18℄. The spe
tralduality axiom is introdu
ed in the next subse
tion and used together withthe atomi
 de
omposition to give a geometri
 
hara
terization of the dualball of a global JB�-triple (Theorem 7). The �nal subse
tion applies thelatter to give an operator spa
e 
hara
terization of one-sided ideals inC�-algebras (Theorem 8).1. PreliminariesFa
ially symmetri
 spa
es were introdu
ed in [14℄ and studied in [15℄ and[17℄. In [18℄, the 
omplete stru
ture of atomi
 fa
ially symmetri
 spa
eswas determined, solving a problem posed in [14℄. It was shown, morepre
isely, that an irredu
ible neutral strongly fa
ially symmetri
 spa
e is



4 Matthew Neal, Bernard Russolinearly isometri
 to the predual of one of the Cartan fa
tors of types1 to 6, provided that it satis�es some natural and physi
ally signi�
antaxioms, four in number, whi
h are known to hold in the preduals of allJBW �-triples. As in [1℄, the study of state spa
es of Jordan algebras (seealso the books [2℄,[3℄), we shall refer to these axioms as the pure stateproperties. Sin
e we 
an regard the entire unit ball of the dual of a JB*-triple as the \state spa
e" of a physi
al system, 
f. [14, Introdu
tion℄, wehave given a geometri
 
hara
terization of su
h state spa
es.The proje
t of 
lassifying fa
ially symmetri
 spa
es was started in [17℄,where, using two of the pure state properties, denoted by STP and FE,geometri
 
hara
terizations of 
omplex Hilbert spa
es and 
omplex spinfa
tors were given. The former is pre
isely a rank 1 JBW �-triple and aspe
ial 
ase of a Cartan fa
tor of type 1, and the latter is the Cartanfa
tor of type 4 and a spe
ial 
ase of a JBW �-triple of rank 2. For ades
ription of all of the Cartan fa
tors, see [8, pp. 292-3℄. The expli
itstru
ture of a spin fa
tor naturally embedded in a fa
ially symmetri
spa
e was then used in [18℄ to 
onstru
t abstra
t generating sets and
omplete the 
lassi�
ation in the atomi
 
ase.The main obje
tive of this paper is to establish the global stru
ture offa
ially symmetri
 spa
es. While this is of interest in its own right, andfor the purposes of physi
s, it also yields, when 
ombined with the resultsof [23℄, a purely aÆne geometri
 operator spa
e 
hara
terization of onesided ideals of C*-algebras.1.1. Fa
ially symmetri
 spa
esLet Z be a 
omplex normed spa
e. Elements f; g 2 Z are orthogonal,notation f ? g, if kf + gk = kf � gk = kfk+ kgk. A norm exposed fa
eof the unit ball Z1 of Z is a non-empty set (ne
essarily 6= Z1) of the formFx = ff 2 Z1 : f(x) = 1g, where x 2 Z�; kxk = 1. Re
all that a fa
e Gof a 
onvex set K is a non-empty 
onvex subset of K su
h that if g 2 Gand h; k 2 K satisfy g = �h+(1��)k for some � 2 (0; 1), then h; k 2 G.In parti
ular, an extreme point of K is a fa
e of K. We denote the set ofextreme points of K by extK. An element u 2 Z� is 
alled a proje
tiveunit if kuk = 1 and hu; F?u i = 0. Here, for any subset S, S? denotesthe set of all elements orthogonal to ea
h element of S. F and U denotethe 
olle
tions of norm exposed fa
es of Z1 and proje
tive units in Z�,respe
tively.Motivated by measuring pro
esses in quantum me
hani
s, we de�neda symmetri
 fa
e to be a norm exposed fa
e F in Z1 with the followingproperty: there is a linear isometry SF of Z onto Z, with S2F = I (we 
allsu
h maps symmetries), su
h that the �xed point set of SF is (spF )�F?



State spa
es of JB�-triples 5(topologi
al dire
t sum). A 
omplex normed spa
e Z is said to be weaklyfa
ially symmetri
 (WFS) if every norm exposed fa
e in Z1 is symmetri
.For ea
h symmetri
 fa
e F we de�ned 
ontra
tive proje
tions Pk(F ); k =0; 1; 2 on Z as follows. First P1(F ) = (I � SF )=2 is the proje
tion on the�1 eigenspa
e of SF . Next we de�ne P2(F ) and P0(F ) as the proje
tionsof Z onto spF and F? respe
tively, so that P2(F )+P0(F ) = (I +SF )=2.A geometri
 tripotent is a proje
tive unit u 2 U with the property thatF := Fu is a symmetri
 fa
e and S�Fu = u for some 
hoi
e of symmetry SF
orresponding to F . The proje
tions Pk(Fu) are 
alled geometri
 Peir
eproje
tions.GT and SF denote the 
olle
tions of geometri
 tripotents and symmet-ri
 fa
es respe
tively, and the map GT 3 u 7! Fu 2 SF is a bije
tion [15,Proposition 1.6℄. For ea
h geometri
 tripotent u in the dual of a WFSspa
e Z, we shall denote the geometri
 Peir
e proje
tions by Pk(u) =Pk(Fu); k = 0; 1; 2. Also we let U := Z�; Zk(u) = Zk(Fu) := Pk(u)Z andUk(u) = Uk(Fu) := Pk(u)�(U), so that we have the geometri
 Peir
e de-
ompositions Z = Z2(u)+Z1(u)+Z0(u) and U = U2(u)+U1(u)+U0(u).A symmetry 
orresponding to the symmetri
 fa
e Fu will sometimes bedenoted by Su. Two geometri
 tripotents u1 and u2 are orthogonal ifu1 2 U0(u2) (whi
h implies u2 2 U0(u1)) and 
olinear if u1 2 U1(u2) andu2 2 U1(u1). More generally, elements a and b of U are orthogonal if oneof them belongs to U2(u) and the other to U0(u) for some geometri
 tripo-tent u. Two geometri
 tripotents u and v are said to be 
ompatible if theirasso
iated geometri
 Peir
e proje
tions 
ommute, i.e., [Pk(u); Pj(v)℄ = 0for k; j 2 f0; 1; 2g. By [15, Theorem 3.3℄, this is the 
ase if u 2 Uk(v)for some k = 0; 1; 2. For ea
h G 2 F , vG denotes the unique geometri
tripotent with FvG = G.A 
ontra
tive proje
tion Q on a normed spa
e X is said to be neutral iffor ea
h � 2 X; kQ�k = k�k implies Q� = �. A normed spa
e Z is neutralif for every symmetri
 fa
e F , the proje
tion P2(F ) 
orresponding to some
hoi
e of symmetry SF , is neutral.A WFS spa
e Z is strongly fa
ially symmetri
 (SFS) if for every normexposed fa
e F in Z1 and every y 2 Z� with kyk = 1 and F � Fy, wehave S�Fy = y, where SF denotes a symmetry asso
iated with F .The prin
ipal examples of neutral strongly fa
ially symmetri
 spa
esare preduals of JBW �-triples, in parti
ular, the preduals of von Neumannalgebras, see [16℄. In these 
ases, as shown in [16℄, geometri
 tripotents
orrespond to tripotents in a JBW �-triple and to partial isometries ina von Neumann algebra. Moreover, be
ause of the validity of the Jor-dan de
omposition for hermitian fun
tionals on JB*-algebras, spCF isautomati
ally norm 
losed (
f. Lemma 2.4).



6 Matthew Neal, Bernard RussoIn a neutral strongly fa
ially symmetri
 spa
e Z, every non-zero ele-ment has a polar de
omposition [15, Theorem 4.3℄: for 0 6= f 2 Z thereexists a unique geometri
 tripotent v = v(f) = vf with f(v) = kfk andhv; ffg?i = 0. Let M denote the 
olle
tion of minimal geometri
 tripo-tents of U , i.e., M = fv 2 GT : U2(v) is one dimensionalg. If Z is aneutral strongly SFS spa
e satisfying PE, then the map f 7! v(f) is abije
tion of extZ1 and M ([17, Prop. 2.4℄).A partial ordering 
an be de�ned on the set of geometri
 tripotentsas follows: if u; v 2 GT , then u � v if Fu � Fv , or equivalently ([15,Lemma 4.2℄), P2(u)�v = u or v�u is either zero or a geometri
 tripotentorthogonal to u. Let I denote the 
olle
tion of inde
omposable geometri
tripotents of U , i.e., I = fv 2 GT : u 2 GT ; u � v ) u = vg. In general,M� I, and under 
ertain 
onditions, (Proposition2.4(a) below and [17,Prop. 2.9℄), M 
oin
ides with I.We now re
all the de�nitions of the pure state properties and otheraxioms.De�nition 1.1. Let f and g be extreme points of the unit ball of a neutralSFS spa
e Z. The transition probability of f and g is the numberhf jgi := f(v(g)):A neutral SFS spa
e Z is said to satisfy \symmetry of transition proba-bilities" STP if for every pair of extreme points f; g 2 extZ1, we havehf jgi = hgjfi:In order to guarantee a suÆ
ient number of extreme points, the fol-lowing de�nition was made in [17℄ and assumed in [18℄. For the presentpaper, this de�nition is too strong and will be abandoned. It will turnout that the property (b) of Proposition 1.1 will be available to us andsuÆ
e for our purposes.De�nition 1.2. A normed spa
e Z is said to be atomi
 if every symmetri
fa
e of Z1 has an extreme point.De�nition 1.3. A neutral SFS spa
e Z is said to satisfy property FE ifevery norm 
losed fa
e of Z1 di�erent from Z1 is a norm exposed fa
e.We use the terminology PE for the spe
ial 
ase of this that every extremepoint of Z1 is norm exposed.The following 
onsequen
e of atomi
ity will be more useful to us inthis paper.Proposition 1.1 ([17℄,Proposition 2.7). If Z is an atomi
 SFS spa
esatisfying PE, then



State spa
es of JB�-triples 7(a) U = spM (weak�-
losure), where M is the set of minimal geometri
tripotents.(b) Z1 = 
o extZ1 (norm 
losure).De�nition 1.4. A neutral SFS spa
e Z is said to satisfy the \extremerays property" ERP if for every u 2 GT and every f 2 extZ1, it followsthat P2(u)f is a s
alar multiple of some element in extZ1. We also saythat P2(u) preserves extreme rays.De�nition 1.5. A WFS spa
e Z satis�es JP if for any pair u; v of or-thogonal geometri
 tripotents, we haveSuSv = Su+v; (1.1)where for any geometri
 tripotent w, Sw is the symmetry asso
iated withthe symmetri
 fa
e Fw.The property JP was de�ned and needed in [18℄ only for minimalgeometri
 tripotents u and v. The more restri
ted de�nition given here isneeded only in Proposition 2.4(b), where ironi
ally, the involved geometri
tripotents turn out to be minimal. (The assumption of JP is used insubse
tion 2.1 only for minimal geometri
 tripotents.) As in Remark 4.2 of[18℄,with identi
al proofs, JP implies the following important joint Peir
erules for orthogonal geometri
 tripotents u and v:Z2(u+ v) = Z2(u) + Z2(v) + Z1(u) \ Z1(v);Z1(u+ v) = Z1(u) \ Z0(v) + Z1(v) \ Z0(u);Z0(u+ v) = Z0(u) \ Z0(v):De�nitions 1.1,1.3 and 1.4 are analogs of physi
ally meaningful axiomsin [1℄. In the Hilbert spa
e model for quantum me
hani
s, property JPfor minimal geometri
 tripotents is interpreted as follows. Choose � 
 �to be the state exposed by a yes/no question v and � 
 � to be the stateexposed by another u, and 
omplete �; � to an orthonormal basis. For anystate ve
tor � expressed in this basis, the symmetry Su (resp. Sv) 
hangesthe sign of the 
oeÆ
ient of � (resp. �) and Su+v 
hanges the sign of both
oeÆ
ients.We need the 
on
ept of L-embeddedness for the proofs of Theorems 3.2and 3.3. This is de�ned as follows. A linear proje
tion P on a Bana
hspa
e X is 
alled an L-proje
tion if kxk = kPxk + k(I � P )xk for everyx 2 X. The range of an L-proje
tion is 
alled an L-summand. The spa
eX is said to be an L-embedded spa
e if it is an L-summand in its se
ond



8 Matthew Neal, Bernard Russodual. These 
on
epts are studied extensively in [19, Chapter IV℄. Thepredual of a JB�-triple is an example of an L-embedded spa
e ([6℄) andevery L-embedded spa
e is weakly sequentially 
omplete ([19, Theorem2.2,page 169℄.The following is the main result of [18℄. We have added the assumptionof L-embeddedness, whi
h seems to have been overlooked in [18℄. Thisomission was dis
overed in the pro
ess of proving Theorem 3.2. Morepre
isely, our Theorem 3.1 is needed in the proofs of [18, Lemmas 5.5 and6.6℄. In addition, our Proposition 2.1 is needed for [18, Theorem 3.12℄, andour Corollary 3.1 is needed three times in [18, Proposition 4.11℄. Cartanfa
tors are de�ned in the next subse
tion.Theorem 1.1 ([18℄,Theorem 8.3). Let Z be an atomi
 neutral stronglyfa
ially symmetri
 spa
e satisfying FE, STP, ERP, and JP. If Z is L-embedded, then Z = �`1� J� where ea
h J� is isometri
 to the predual of aCartan fa
tor of one of the types 1-6. Thus Z� is isometri
 to an atomi
JBW �-triple. If Z is irredu
ible, then Z� is isometri
 to a Cartan fa
tor.One of our main obje
tives in this paper is to be able to drop theassumption of atomi
ity in this result, i.e. to �nd a non-ordered analogof the main theorem of Alfsen-Shultz [1℄. This will be a
hieved in ourTheorem 3.3 below, but at the expense of some other axioms.1.2. JB�-triples and ternary rings of operatorsA Jordan triple system is a 
omplex ve
tor spa
e V with a triple produ
tf�; �; �g : V � V � V �! V whi
h is symmetri
 and linear in the outervariables, 
onjugate linear in the middle variable and satis�es the Jordantriple identityfa; b; fx; y; zgg = ffa; b; xg; y; zg � fx; fb; a; yg; zg + fx; y; fa; b; zgg:A 
omplex Bana
h spa
e A is 
alled a JB�-triple if it is a Jordan triplesystem su
h that for ea
h z 2 A; the linear mapD(z) : v 2 A 7! fz; z; vg 2 Ais Hermitian, that is, keitD(z)k = 1 for all t 2 R, with non-negativespe
trum in the Bana
h algebra of operators generated by D(z) andkD(z)k = kzk2: A summary of the basi
 fa
ts about JB*-triples 
anbe found in [25℄ and some of the referen
es therein, su
h as [22℄,[12℄, and[13℄.A JB�-triple A is 
alled a JBW �-triple if it is a dual Bana
h spa
e, inwhi
h 
ase its predual is unique, denoted by A�; and the triple produ
t



State spa
es of JB�-triples 9is separately weak* 
ontinuous. The se
ond dual A�� of a JB�-triple is aJBW �-triple.The JB�-triples form a large 
lass of Bana
h spa
es whi
h in
ludeC�-algebras, Hilbert spa
es, spa
es of re
tangular matri
es, and JB*-algebras. The triple produ
t in a C*-algebra A is given byfx; y; zg = 12 (xy�z + zy�x):In a JB*-algebra with produ
t x Æ y, the triple produ
t is given byfx; y; zg = (x Æ y�) Æ z + z Æ (y� Æ x) � (x Æ z) Æ y�. An element e in aJB*-triple A is 
alled a tripotent if fe; e; eg = e in whi
h 
ase the mapD(e) : A �! A has eigenvalues 0; 12 and 1, and we have the followingde
omposition in terms of eigenspa
esA = A2(e)�A1(e) �A0(e)whi
h is 
alled the Peir
e de
omposition of A. The k2 -eigenspa
e Ak(e) is
alled the Peir
e k-spa
e. The Peir
e proje
tions from A onto the Peir
ek-spa
es are given byP2(e) = Q2(e); P1(e) = 2(D(e) �Q2(e)); P0(e) = I � 2D(e) +Q2(e)where Q(e)z = fe; z; eg for z 2 A. The Peir
e proje
tions are 
ontra
tive.For any tripotent v, the spa
e A2(v) is a JB*-algebra under the produ
tx � y = fx v yg and involution x℄ = fv x vg. JBW*-triples have anabundan
e of tripotents. In fa
t, given a JBW*-triple A and f in thepredualA�, there is a unique tripotent vf 2 A, 
alled the support tripotentof f , su
h that f Æ P2(vf ) = f and the restri
tion f jA2(vf ) is a faithfulpositive normal fun
tional.An important 
lass of JBW*-triples are the following six types of Car-tan fa
tors (see [8, pp. 292-3℄) :type 1 B(H;K), with triple produ
t fx; y; zg = 12(xy�z + zy�x);type 2 fz 2 B(H;H) : zt = �zg;type 3 fz 2 B(H;H) : zt = zg;type 4 spin fa
tor (de�ned below),type 5 M1;2(O) with triple produ
t fx; y; zg = 12(x(y�z) + z(y�x));type 6 M3(O)where O denotes the 8 dimensional 
omplex O
tonians, B(H;K) is theBana
h spa
e of bounded linear operators between 
omplex Hilbert spa
esH and K, and zt is the transpose of z indu
ed by a 
onjugation on H.Cartan fa
tors of type 2 and 3 are obviously subtriples of B(H;H), thelatter notation is shortened to B(H), while type 4 
an be embedded as asubtriple of some B(H). The type 3 and 4 are Jordan algebras with the



10 Matthew Neal, Bernard Russousual Jordan produ
t x Æ y = 12(xy + yx). Abstra
tly, a spin fa
tor is aBana
h spa
e that is equipped with a 
omplete inner produ
t h�; �i and a
onjugation j on the resulting Hilbert spa
e, with triple produ
tfx; y; zg = 12(hx; yiz + hz; yix � hx; jzijy)su
h that the given norm and the Hilbert spa
e norm are equivalent.An important example of a JB�-triple is a ternary ring of operators(TRO). This is a subspa
e of B(H) whi
h is 
losed under the produ
txy�z. Every TRO is (
ompletely) isometri
 to a 
orner pA(1 � p) of aC*-algebra A. TRO's play an important role in the theory of quantizedBana
h spa
es (operator spa
es), see [11℄ for the general theory and [10℄for the role of TRO's. For one thing, as shown by Ruan [24℄, the inje
tivesin the 
ategory of operator spa
es are TRO's (
orners of inje
tive C*-algebras) and not, in general, operator algebras.Motivated by a 
hara
terization for JB*-triples as 
omplex Bana
hspa
es whose open unit ball is a bounded symmetri
 domain, we gavein [23℄ a holomorphi
 operator spa
e 
hara
terization of TRO's up to
omplete isometry. As a 
onsequen
e, we obtained a holomorphi
 operatorspa
e 
hara
terization of C*-algebras as well. Sin
e a 
losed left ideal ina C*-algebra is a TRO, Theorem 1.2 below will allow us, in our fa
ialoperator spa
e 
hara
terization of left ideals (Theorem 3.4) to restri
t toTROs from the beginning. The following is the main result of [23℄.Theorem 1.2 ([23℄,Theorem 4.3). Let A � B(H) be an operator spa
eand suppose that Mn(A)0 is a bounded symmetri
 domain for some n � 2.Then A is n-isometri
 to a ternary ring of operators (TRO). IfMn(A)0 isa bounded symmetri
 domain for all n � 2, then A is ternary isomorphi
and 
ompletely isometri
 to a TRO.2. Atomi
 de
omposition of fa
ially symmetri
 spa
es2.1. Contra
tive proje
tions on fa
ially symmetri
 spa
esIn this subse
tion, we shall assume that Z is a strongly fa
ially symmet-ri
 spa
e with dual U = Z�. If fvig is a 
ountable family of mutuallyorthogonal minimal geometri
 tripotents, then v = sup vi exists as it isthe support geometri
 tripotent of P 2�ifi, where vi = vfi . This fa
t willbe used in the proof of the following lemma.Lemma 2.1. Let fvig be a 
ountable family of mutually orthogonal min-imal geometri
 tripotents, with v =: sup vi. Then v =Pi vi (w*-limit).



State spa
es of JB�-triples 11Proof. Note �rst that by [15, Cor. 3.4(a) and Lemma 1.8℄, for ea
h n � 1,�n1 (P2(vi) + P0(vi)) = nX1 P2(vi) + P0( nX1 vi);so by [15, Cor. 3.4(b)℄,P2( nX1 vi)�n1 (P2(vi) + P0(vi)) = nX1 P2(vi);and hen
e Pn1 P2(vi) is a 
ontra
tive proje
tion. For ' 2 Z, by orthogo-nality, nX1 kP2(vi)'k = k nX1 P2(vi)'k � k'k;so that P11 kP2(vj)'k � k'k and with Qn :=Pn1 P2(vi) and for m � n,kQm'�Qn'k = kQn'k � kQm'kso that Qn' 
onverges to a limit, 
all it Q', and Q is a 
ontra
tiveproje
tion.For ea
h x 2 U , Q�nx 
onverges in the weak*-topology to Q�x. Ap-plying this with x = v and re
alling that P2(vi)�v = vi, we obtainPn1 vi = Q�nv ! y in the weak*-topology for some y 2 U2(v). On theother hand, sin
e hy;P 2�ifii = 1, by [15, Theorem 4.3(
)℄, we haveFv � Fy and therefore by strong fa
ial symmetry, y = v + y0, wherey0 2 U0(v). Sin
e y 2 U2(v) we must have y0 = 0 and hen
e y = v. utLemma 2.2. Suppose that Z is neutral and satis�es JP. Let fvig be a
ountable family of mutually orthogonal minimal geometri
 tripotents,with v =: sup vi. Then [1i=1[Z2(vi)[Z1(vi)℄ is norm total in Z2(v)+Z1(v).Proof. Let W be the norm 
losure of the 
omplex span of [1i=1[Z2(vi) [Z1(vi)℄. We �rst show thatZ2(v) + Z1(v) �W: (2.1)If ' 2 Z2(v) + Z1(v) and ' 62 W , then there exists x 2 U , kxk � 1with hx; 'i 6= 0 and hx;W i = 0. We'll show that x 2 U0(v). Sin
e ' 2Z2(v) + Z1(v) implies hx; 'i = 0, this is a 
ontradi
tion, proving (2.1).Let sn =Pn1 vj and for � 2 Z of norm one, let � = �2 + �1 + �0 be itsgeometri
 Peir
e de
omposition with respe
t to sn. By JP (for minimalgeometri
 tripotents), �2; �1 2W . Thereforehsn � x; �i = hsn; �2i � hx; �0i = hP2(sn)sn � P0(sn)x; �i



12 Matthew Neal, Bernard Russoso thatjhsn � x; �ij � kP2(sn)sn � P0(sn)xk = max(kP2(sn)snk; kP0(sn)xk) = 1:Thus kPn1 vi�xk = 1 so by Lemma 2.1, kv�xk � 1. By [15, Theorem 4.6℄,v+U0(v)1 is a fa
e in the unit ball of U , and sin
e v = (v+x)=2+(v�x)=2,v � x 2 v + U0(v)1, proving x 2 U0(v) and hen
e (2.1).To show that equality holds in (2.1), note �rst that it is obvious thatZ2(vi) � Z2(v), and if ' 2 Z1(vi), then by 
ompatibility, P0(v)' =P0(v)P1(vi)' 2 Z1(vi). But P0(v)' = P0(v)P0(vi)' 2 Z0(vi) so thatP0(v)' = 0, as required. utCorollary 2.1. P0(v) = �1i=1P0(vi) (strong limit).Proof. Let Qn = �n1 P0(vi). Let ' 2 Z have geometri
 Peir
e de
omposi-tion '2+'1+'0 with respe
t to v. Sin
e Z0(v) � Qn(Z), Qn'0 = '0 !'0 = P0(v)'. It remains to show that Qn('2+'1)! 0. By Lemma 2.2, itsuÆ
es to prove that Qn ! 0 for every i and every  2 Z2(vi)[Z1(vi).But for any  2 Zk(vi) for k = 2; 1, Qn = QnPk(vi) = 0 as soon asn � i. utProposition 2.1. Suppose that Z is neutral and satis�es JP. Let fuigi2Ibe an arbitrary family of mutually orthogonal minimal geometri
 tripo-tents. Then Q := �i2IP0(ui) exists as a strong limit and Q is a 
ontra
-tive proje
tion with range \i2IZ0(ui).Proof. Fix f 2 Z. For ea
h 
ountable set � � I, let g� := �i2�P0(ui)f ,whi
h exists as a norm limit by Corollary 2.1.With � := inf kg�k, where � runs over the 
ountable subsets of I, we
an �nd a sequen
e �n of 
ountable sets su
h that � = limkg�nk, andhen
e a 
ountable set � = [n�n � I su
h that kg�k = �. It remains toprove that �i2IP0(ui)f = �i2�P0(ui)f:For � > 0, 
hoose a �nite set A0 � � su
h that for all �nite sets A withA0 � A � �, k�i2AP0(ui)f ��i2�P0(ui)fk < �:By the neutrality of P0(uj) and the de�nition of �, for any j 62 �,P0(uj)�i2�P0(ui)f = �i2�P0(ui)f:Hen
e, for any �nite subset B with A0 � B � I,k�i2BP0(ui)f ��i2�P0(ui)fk= k�i2B��P0(ui)[�i2B\�P0(ui)f ��i2�P0(ui)f ℄k� k�i2B\�P0(ui)f ��i2�P0(ui)fk < �:ut



State spa
es of JB�-triples 132.2. Jordan de
ompositionIn this subse
tion we introdu
e the Jordan de
omposition property. Weuse it in pla
e of atomi
ity to obtain Proposition 2.4, whi
h 
ontains theanalogs of [17, Prop. 2.9℄ and [18, Prop. 2.4℄. Propositions 2.2 and 2.3and Lemmas 2.3 and 2.4 are taken from an unpublished note of YaakovFriedman and the se
ond named author in 1990.Proposition 2.2. Let F be a norm exposed fa
e of the unit ball of anormed spa
e Z, and let I denote the 
losed unit interval. The followingare equivalent.(a) (spRF )1 � 
o(IF [ �IF ).(b) For ea
h non-zero f 2 spRF;9 g; h 2 R+F with f = g � h andkfk = kgk + khk.(
) �(spRF )1 � 
o(F [ �F ).(d) For ea
h non-zero f 2 spRF;9 g; h 2 R+F with f = g � h andg ? h.Proof. (a))(
). If f 2 spRF and kfk = 1, then f = ��� � (1 � �)�� ,with �; �; � 2 I and �; � 2 F . If � = 0 or 1, then f 2 �F so assume that0 < � < 1. We have1 = kfk = k��� � (1� �)��k � ��+ (1� �)� � � _ � � 1:Sin
e � < 1; � = � = 1:(
))(b). If 0 6= f 2 spRF , then kfk�1f = �� � (1 � �)� with � 2 Iand �; � 2 F . Sin
e k��k + k(1� �)�k = �+ (1� �) = 1, we havekfk = kfk(k��k + k(1� �)�k) = k(kfk�)�k + k(kfk(1 � �))�k:(b))(a). Let f 2 (spRF )1 and assume 0 < kfk � 1. With f = g � hand kfk = kgk + khk with g; h 2 R+F , we havef = kgk(kgk�1g) + khk(�khk�1h) + (1� kfk) � 0 2 
o(IF [ �IF ):(d))(b). If g ? h, then kfk = kg � hk = kgk + khk.(b))(d). If g; h 2 R+F and F = Fx for some x 2 U of norm one,then kg+ hk = g(x) +h(x) = kgk+ khk. Therefore, kg�hk = kgk+ khk,i.e., g ? h. utDe�nition 2.1. A norm exposed fa
e of the unit ball of a normed spa
eZ satis�es the Jordan de
omposition property if (one of) the 
onditionsof Proposition 2.2 holds.It is elementary that if F satis�es the Jordan de
omposition property,then ext (spRF )1 = extF [ ext (�F ).



14 Matthew Neal, Bernard RussoLemma 2.3. Let Z be a neutral SFS spa
e, let F be a norm exposed fa
eof Z1and let f 2 F . Then Sv(f)(F ) � F and P2(f)F � R+F , wherePk(f) denotes Pk(v(f)) for k = 0; 1; 2.Proof. Let F = Fu for some u 2 GT . Then by the minimality property ofthe polar de
omposition ([15, Theorem 4.3(
)℄), Fv(f) � Fu and by strongfa
ial symmetry, S�v(f)u = u. Thus if � 2 Fu; hSv(f)�; ui = h�; ui = 1 i.e.,Sv(f)� 2 Fu, whi
h proves the �rst statement.By what was just proved,[P2(f) + P0(f)℄(F ) = I + Sv(f)2 (F ) � F:Thus, if g 2 F ,kP2(f)gk� P2(f)gkP2(f)gk�+ kP0(f)gk� P0(f)gkP0(f)gk� 2 F:Sin
e F is a fa
e, P2(f)g=kP2(f)gk 2 F . utProposition 2.3. In a neutral SFS spa
e, the Jordan de
omposition isunique whenever it exists, i.e., if u 2 GT and for i = 1; 2, if f = �1��1 =�2 � �2 with �i; �i 2 R+Fu, 1 = kfk = k�ik + k�ik, then �1 = �2 and�1 = �2.Proof. Apply P2(�1) and P2(�1) to f = �1 � �1 = �2 � �2 to obtain�1 = P2(�1)�2 � P2(�1)�2 and ��1 = P2(�1)�2 � P2(�1)�2: Sin
e �i ? �i,1 = k�1k+ k�1k � kP2(�1)�2k+ kP2(�1)�2k+ kP2(�1)�2k+ kP2(�1)�2k= k[P2(�1) + P2(�1)℄�2k+ k[P2(�1) + P2(�1)℄�2k� k�2k+ k�2k = 1:Therefore k�1k = kP2(�1)�2k+ kP2(�1)�2k.Case 1. P2(�1)�2 6= 0. In this 
ase, P2(�1)�2 6= 0, otherwise we wouldhave �1 = 0 and hen
e �1 = �2 = 0. We then have�1k�1k = kP2(�1)�2kk�1k P2(�1)�2kP2(�1)�2k + kP2(�1)�2kk�1k ��P2(�1)�2kP2(�1)�2k� :Sin
e Fu is a fa
e, �P2(�1)�2kP2(�1)�2k 2 Fu:On the other hand, by Lemma 2.3, P2(�1)�2 2 R+Fu, so that P2(�1)�2 =0, a 
ontradi
tion, so this 
ase does not o

ur.



State spa
es of JB�-triples 15Next, as above, apply P2(�2) and P2(�2) to f = �1 � �1 = �2 � �2 toobtain �2 = P2(�2)�1 � P2(�2)�1 and ��2 = P2(�2)�1 � P2(�2)�1: Sin
e�i ? �i, as above we obtain k�2k = kP2(�2)�1k+ kP2(�2)�1k.Case 2. P2(�2)�1 6= 0. Exa
tly as in 
ase 1, this implies that P2(�2)�1 6=0 and leads to a 
ontradi
tion unless �2 = 0. So this 
ase does not o

ur.Case 3. P2(�2)�1 = P2(�1)�2 = 0. In this 
ase, �1 = P2(�1)�2 and �2 =P2(�2)�1, so that k�1k = k�2k. It follows that �2(v(�1)) = hP2(�1)�2; v(�1)i =0 and k�1k = �1(v(�1)) = f(v(�1)) = �2(v(�1))� �2(v(�1))= �2(v(�1)) � k�2k = k�1k;implying v(�2) � v(�1). Similarly, using P2(�2)�1 = 0 leads to k�2k =�1(v(�2)) and v(�1) � v(�2).Thus v(�2) = v(�1), and we now have�1 = P2(�1)f = P2(�1)�2 � P2(�1)�2 = P2(�1)�2 = P2(�2)�2 = �2:utLemma 2.4. Let F be a norm exposed fa
e satisfying the Jordan de
om-position property. Then(a) spRF \ ispRF = f0g.(b) If Z is a neutral strongly symmetri
 spa
e, then the proje
tion ofspCF = spRF + ispRF onto spRF is 
ontra
tive.Proof. Let h 2 spRF \ ispRF , and suppose that khk = 1. By Proposi-tion 2.2, h = �if + �(�ig) = 
f1 + Æ(�g1)for some f; g; f1; g1 2 F and �; �; 
; Æ 2 R with � � 0; � = 1 � �; 
 �0; Æ = 1� 
; f ? g, and f1 ? g1. With F = Fu for some u 2 GT , we havei(�� �) = h(u) = 
 � Æ, so thath = 12 i(f � g) = 12(f1 � g1): (2.2)Applying su

essively P2(f) and P2(g) to (2.2) we obtainif = P2(f)f1 � P2(f)g1 and � ig = P2(g)f1 � P2(g)g1:Therefore2 = kifk+ kigk � kP2(f)f1k+ kP2(f)g1k+ kP2(g)f1k+ kP2(g)g1k= (kP2(f)f1k+ kP2(g)f1k) + (kP2(f)g1k+ kP2(g)g1k)� kf1k+ kg1k = 2:



16 Matthew Neal, Bernard RussoIf P2(f)f1 = 0, then if = �P2(f)f1 2 R+F , a 
ontradi
tion. Similarly,P2(f)g1 6= 0. Sin
e iF is a fa
e, andif = kP2(f)f1k� P2(f)f1kP2(f)f1k�+ kP2(f)g1k��P2(f)g1kP2(f)g1k� ;P2(f)f1kP2(f)f1k 2 iF:On the other hand, by Lemma 2.3,P2(f)f1kP2(f)f1k 2 Falso. This is a 
ontradi
tion whi
h proves (a).Now let g + ih 2 spRF + ispRF . Write g = a� � b� with � ? �,�; � 2 F , and kgk = a+ b. Then hg; v� � v�i = a+ b, andkg + ihk � jhg + ih; v� � v�ij = ja+ b+ ihh; v� � v�ij= [(a+ b)2 + hh; v� � v�i2℄1=2 � a+ b = kgk;proving (b). utIf Z is a dual spa
e, so that ea
h norm exposed fa
e is weak*-
ompa
t,then (b) and the Jordan de
omposition property imply that spCF is
losed, so that Z2(F ) = spCF .De�nition 2.2. A WFS spa
e satis�es property JD if every symmetri
fa
e satis�es the Jordan de
omposition property. In this 
ase, we say thatZ is base normed.It is important to note that this property is hereditary, that is, if Zsatis�es JD, then so does any geometri
 Peir
e spa
e Zk(u). Indeed, ifFw \ Zk(u) is a lo
al fa
e 
orresponding to a geometri
 tripotent w 2Uk(u), and � 2 spR [Fw \ Zk(u)℄, then � = �g � �h, with g; h 2 Fwand k�k = � + �. From this it follows that Pk(u)g; Pk(u)h 2 Fw and� = �Pk(u)g � �Pk(u)h.Proposition 2.4. Let Z be a SFS spa
e satisfying JD.(a) I=M.(b) Suppose furthermore that Z is neutral and satis�es JP. Let v 2 Mand suppose that w 2 GT and w>v. Then w 2M.



State spa
es of JB�-triples 17Proof. Let v 2 I and suppose Fv 
ontains two distin
t elements f1; f2and set f = f1 � f2. Then f = �g � �h with �; � 2 R+ and g; h 2 Fv .By evaluating at v one sees that � = � = 1=2. Therefore Fv 
ontainsorthogonal elements g and h with orthogonal supports vg and vh su
hthat vg � v, vh � v. Sin
e v 2 I, vg = v = vh, a 
ontradi
tion. Thus Fv
onsists of a single point and v 2M. This proves (a).To prove (b), we �rst show that Fw � Z1(v). Let  =  2 +  1 +  0be the Peir
e de
omposition of  2 Fw � Z2(w) with respe
t to v. Weshall show that  2 =  0 = 0. In the �rst pla
e, by [17, Prop. 2.4℄,  2 =P2(v) =  (v)fv and sin
e v 2 U1(w), fv 2 Z1(w). (To see this laststep, note that for k = 0; 2, Pk(w)fv = Pk(w)P2(v)fv = P2(v)Pk(w)fv =hPk(w)fv ; vifv = hfv; Pk(w)�vifv = 0.) On the other hand, sin
e v andw are 
ompatible,  2 = P2(v)P2(w) = P2(w)P2(v) 2 Z2(w), showingthat  2 2 Z2(w) \ Z1(w) = f0g. Now  =  1 +  0 2 Fw, so Sv =� 1 +  0 2 �Fw by [15, Theorem 2.5℄, so that  0 2spR Fw. Hen
e,if  0 6= 0,we 
an write  0=k 0k = �� � �� with �; � 2 Fw, �; � � 0and � + � = 1. Sin
e �; � 2 Fw, as shown above, �2 = �2 = 0 and 0=k 0k = �(�1 + �0) � �(�1 + �0) so that ��1 � ��1 = 0, � = � = 1=2(sin
e �1(w) = �1(w) = 1) and k�0 � �0k = k2 0=k 0kk = 2. Sin
e2 = k�0 � �0k � k�0k+ k�0k � 1 + 1 = 2;k�0k = 1 and by neutrality of P0(v) ([15, Lemma 2.1℄, �1 = 0, im-plying �0 = � 2 Fw, a 
ontradi
tion as �0(w) = hP2(w)P0(v)�;wi =hP2(w)�; P0(v)�wi = 0. Therefore  0 = 0 and Fw � Z1(v).Now that we know Fw � Z1(v), we show that Fw is a single point.Suppose to the 
ontrary that there exist g; h 2 Fw with g 6= h. Thenf := g�h is a non-zero element of spRFw, so f = ��� with �; � 2 R+Fwand k�k + k�k = kfk. Sin
e �(w) = �(w), � 6= 0 and � 6= 0, and sin
e� ? � , v� and v� are orthogonal geometri
 tripotents in U2(w) and hen
eU2(v� + v� ) � U2(w). Moreover, by [15, Theorems 2.3,2.5℄,U2(w) = spw� fvG : G 2 SF ; G � Z2(w)g� spw� fvG : G 2 SF ; G � Z1(v)g� spw� fvG : G 2 SF ; Sv(G) = �Gg = U1(v):Then by [18, Cor. 2.3℄, v 2 U1(v�)\U1(v� ) and by JP, v 2 U2(v� + v� ) �U2(w), that is, w ` v, a 
ontradi
tion. ut2.3. Rank 2 fa
es; spin fa
torIn this se
tion we assume that Z is a neutral, strongly fa
ially symmetri
spa
e satisfying JD and JP.



18 Matthew Neal, Bernard RussoLemma 2.5. Let v 2 M and ' 2 Z1(v), k'k = 1, and suppose thatw := v' is minimal in U1(v). Then either ' is a global extreme point orthe midpoint of two orthogonal global extreme points.Proof. Sin
e w is minimal in U1(v), the fa
e Fw \Z1(v) in Z1(v) exposedby w, 
onsidered as a geometri
 tripotent of U1(v), is the single pointf'g. For any element  2 Fw, P1(v) = ', sin
e for k = 0; 2,  k(w) =hPk(v) ;wi = h ;Pk(v)�wi = 0. Thus every  2 Fw has the form  = 2 + '+  0 where  k = Pk(v) for k = 0; 2.If Fw = f'g, there is nothing more to prove. So assume otherwisein the rest of this proof. As in the proof of Proposition 2.4(a), Fw then
ontains two orthogonal elements � = �2 + ' + �0 and � = �2 + ' + �0.Further2 = k� � �k = k�2 � �2k+ k�0 � �0k � k�2k+ k�2k+ k�0k+ k�0k= k�2 + �0k+ k�2 + �0k � k�k+ k�k = 2:This proves k�2 + �0k = 1 = k�2 + �0k, and setting u := v�2 2 U2(v)and ~u = v�0 2 U0(v) one obtains �(u+ ~u) = k�2k+ k�0k = k�2+�0k = 1so � 2 Fw \ Fu+~u.We show next that Fw \ Fu+~u is the single point f�g. Suppose to the
ontrary that Fw \ Fu+~u is not a singleton. Then, as above, it 
ontainstwo orthogonal elements �0 and � 0 with k�02 � � 02k+ k�00 � � 00k = 2.We next 
laim thatu = v�02 = v� 02 ; ~u(�00) = k�00k ; ~u(� 00) = k� 00k:Indeed,1 = hu+ ~u; �02 + �00i = �02(u)+�00(~u) � j�02(u)j+j�00(~u)j � k�02k+k�00k � 1;so that �00(~u) = k�00k and �02(u) = k�02k, and hen
e v�02 � u, and v�02 = u,sin
e u, being a multiple of v, is minimal, and hen
e inde
omposable. Theproofs for � 02 and � 00 are similar.We next show that there are positive numbers �; � and an extremepoint � su
h that �02 = �� and � 02 = ��. Indeed, �02 = P2(v)�0 = �0(v)fv =�02(v)fv , where fv is the extreme point 
orresponding to v 2 M, andk�02k = �02(u) = �02(v)fv(u). Sin
e u is a multiple of v, fv(u) 6= 0 and�02 = k�02kfv(u)fv and similarly � 02 = k� 02kfv(u)fv:Writing fv(u) = rei�, we have �02 = k�02kr (e�i�fv) and � 02 = k� 02kr (e�i�fv).Finally, assuming without loss of generality that � � �, we have2 = k�02 � � 02k+ k�00 � � 00k = k�02k � k� 02k+ k�00 � � 00k � 1 + k� 00k � k� 02k;



State spa
es of JB�-triples 19whi
h implies that � 02 = 0 and k� 00k = 1. By neutrality of P0(v), � 0 = � 00whi
h is a 
ontradi
tion.This proves that Fw \ Fu+~u is a single point f�g and hen
e � =�2+'+�0 is a global extreme point. Then so is ~� := �Sv� = ��2+'��0and ' = (� + ~�)=2, 
ompleting the proof. utWe 
an now prove versions of [17, Prop. 3.2,Lemma 3.6℄ without as-suming our spa
e is atomi
. First, we need the following lemma, the 
on-
lusion of whi
h is in the hypotheses of [17, Prop. 3.2,Lemma 3.6℄.Lemma 2.6. Let v 2M, and let w 2 GT \ U1(v). Suppose that w 62 M.Then Fw is a rank 2 fa
e, that is, w = w1 + w2 where w1 and w2 areorthogonal minimal geometri
 tripotents.Proof. There are two possibilities: (i) w is minimal in U1(v); and (ii) wis not minimal in U1(v).In 
ase (i), w is the support geometri
 tripotent for some extremepoint ' of the unit ball of Z1(v). Sin
e by assumption ' is not a globalextreme point, by Lemma 2.5, ' is the midpoint of two orthogonal globalextreme points, and therefore w is the sum of two orthogonal minimalgeometri
 tripotents.In 
ase (ii), w = w1 + w2 where w1; w2 2 GT \ U1(v), w1 ? w2, andby [18, Cor. 2.3℄, w1>v, w2>v, so w1; w2 2M by Proposition 2.4(b). utProposition 2.5. Assume that Z also satis�es FE and STP. Let v 2M,and let w 2 GT \ U1(v). Suppose that w 62 M. Then(a) If � and � are orthogonal elements of Fw, then � and � are extremepoints, � + � = fw1 + fw2 and v� + v� = w, where w = w1 + w2a

ording to Lemma 2.6.(b) Ea
h norm exposed fa
e of Z1, properly 
ontained in Fw, is a point.(
) If � is an extreme point of Fw, then there is a unique extreme point ~�of Fw orthogonal to �.(d) With � = (fw1 + fw2)=2, Fw = [f[�; �℄ : � 2 extFwg, where [�; �℄ isthe line segment 
onne
ting � and �.Proof. Case (i). w is minimal in U1(v).(a) In the proof of Lemma 2.5, it was shown that if Fw 
ontains twoorthogonal elements, then these elements are global extreme points. On
ethis is known, the equalities � + � = fw1 + fw2 and v� + v� = w followexa
tly as in the proof of [17, Prop. 3.2℄.(b) Suppose that Fu � Fw and Fu 6= Fw. By [14, Lemma 2.7℄ if � 2 Fu,there exists � 2 Fw with � ? �. Then � and � are extreme points. ThusFu 
onsists only of extreme points, and so it 
ontains only one element.



20 Matthew Neal, Bernard Russo(
) If � is an extreme point of Fw, then as in the proof of (b), thereexists an extreme point ~� 2 Fw orthogonal to �. Sin
e by (a), � + ~� =fw1 + fw2 , ~� is unique.(d) The proof is exa
tly the same as in [17, Lemma 3.6℄.Case (ii). w is not minimal in U1(v).In the �rst pla
e, sin
e Z1(v) satis�es JD, and Fw \ Z1(v) is not apoint, it must 
ontain two orthogonal elements g and h with orthogonalsupports vg and vh in U1(v). Then by [18, Cor. 2.3℄, vg>v, vh>v, so byProposition 2.4(b), vg; vh 2 M and g; h are global extreme points. Afternoting that Z1(v) satis�es FE and STP (by [15, Lemma 2.8,Cor. 4.12℄),it now follows exa
tly as in the proof of 
ase (i) that (a)-(d) hold for thefa
e Fw \ Z1(v). In parti
ular Fw \ Z1(v) =f��+(1��)~� : �; ~� 2 Fw \Z1(v)\ extZ1; � ? ~�; v�+ v~� = w; 0 � � � 1g:Now take two orthogonal elements �; � 2 Fw and Peir
e de
omposeea
h one with respe
t to v:� = �2 + �1 + �0 ; � = �2 + �1 + �0:Sin
e �1; �1 2 Fw, as noted above we may write�1 = ��+ (1� �)~� ; �1 = ��+ (1� �) ~�;where � and ~� are orthogonal global extreme points lying in Fw \ Z1(v)with v� + v~� = w, and similarly for �; ~�.We 
an partially eliminate � and ~� as follows. Sin
e �1 = P1(v)� =P2(w)P1(v)� 2 Z2(w) and w = v� + v~�, by [17, Lemma 2.3℄�1 = 
1�+ 
2 ~�+  (2.3)for s
alars 
1; 
2 and  2 Z1(�) \ Z1(~�). Sin
e j
1j+ j
2j = k
1�+ 
2~�k =kP2(v�)�1+P0(v~�)�1k � 1 and sin
e 1 = �1(w) = 
1+ 
2+ (w) = 
1+ 
2we have 
1 + 
2 = 1 and 0 � 
1; 
2 � 1. Denote 
1 by 
 in what follows.We shall now prove that�0; �0 2 Z1(v�) and v�0v�0 2M; (2.4)and  in (2.3) is zero: (2.5)To prove (2.4), note that sin
e v� 2 U1(v), v� is 
ompatible with v ,so Pk(v�)�0 2 Z0(v) for k = 2; 1; 0. Sin
e �2 = P2(v)� = h�; vifv andfv = P2(�)fv + P1(�)fv + P0(�)fv= hfv; v�i�+ P1(�)fv + P0(�)P2(v)fv= h�; vi�+ P1(�)fv + hP0(�)fv; vifv= P1(�)fv;
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es of JB�-triples 21it follows that �2 2 Z1(�). Moreover, sin
e S�v�w = w, we have Sv�Fw �Fw. Hen
e Sv�� = ��2 + 
�+ (1� 
)~��  + Sv��0 2 Fw;and therefore� + Sv��2 = 
�+ (1� 
)~�+ (�0 + Sv��0)=2 2 Fw:Let � 0 := (�0 + Sv��0)=2. We'll show � 0 = 0. Re
all that for any � 2 Z,kP1(v)�+ P0(v)�k = k � Sv[P1(v)�+ P0(v)�℄k = kP1(v)� � P0(v)�k:Hen
e, if � 0 6= 0, then 
� + (1 � 
)~� � (�0 + Sv��0)=2 2 Fw, when
e� 0 2 spR Fw, and by the property JD,� 0=k� 0k = �(�1 + �0)� (1� �)(�1 + �0)with �; � 2 Fw and � 2 [0; 1℄. Note here that�2 = P2(v)P2(w)� = hP2(w)�; vifv 2 Z1(w);so �2 = 0 and similarly �2 = 0. As in Proposition 2.4(b), this implies� = 1=2; �1 = �1, k�0 � �0k = 2 and k�0k = 1 = k�0k. By neutrality,�1 = 0 = �1, whi
h 
ontradi
ts the fa
t that � = �1 + �0 2 Fw. Thus,� 0 = 0, proving that �0 2 Z1(v�). A similar proof shows that �0 2 Z1(v�).Now v�0 2 U0(v) \ U1(v�), and if v�0 ` v�, then v� 2 U2(v�0) �U0(v), by [15, Cor. 3.4℄, a 
ontradi
tion. Now by the two 
ase lemma([18, Prop. 2.2℄), v�0>v� and v�0 is a minimal geometri
 tripotent byProposition 2.4(b). A similar proof shows that �0 2 M. This proves(2.4).We next prove (2.5). Re
all that � = �2 + 
�+ (1� 
)~�+  + �0; andnote that � 0 := �SvSv�� = �2 + 
�+ (1� 
)~��  + �0;and �SvSv�� = �. If we let � 00 := (� + � 0)=2 then �; � 0; � 00 2 Fw \ �?, inparti
ular  = � 00� � 0 2 �?. Suppose that  is not a multiple of a globalextreme point. Sin
e  2 Z1(v�)\Z1(v~�), and v is not minimal, we havev�; v~� 2 U2(v ) and w = v� + v~� 2 U2(v ). But v� � w 2 U2(v ) andv� ? v , implying v� 2 U0(v ) \ U2(v ), a 
ontradi
tion.We 
on
lude that  = �' is a multiple of a global extreme point '.From (2.3), if � 6= 0, then ' is a di�eren
e of two elements of Fw, hen
ean extreme point of (spR Fw)1, whi
h implies that ' 2 Fw [ F�w. Thisis a 
ontradi
tion sin
e �� = �'(w) =  (w) =  (v� + v~�) = 0. Hen
e� = 0 proving (2.5).



22 Matthew Neal, Bernard RussoWe next show that Fw\f�g?\f�g? = ;. Suppose there exists a point� 0 lying in Fw \ f�g? \ f�g?. By the above 
al
ulations, one member ofthe set f�1; (� 0)1; �1g is a 
onvex 
ombination of the other two. From thisit follows exa
tly as in the proof of Lemma 2.5 that the 
orresponding
onvex 
ombination of two elements of the orthogonal set f�; � 0; �g is anextreme point, whi
h is a 
ontradi
tion. Thus Fw \ f�g? \ f�g? = ;.We 
an now 
omplete the proof of (a), and (b)-(d) will follow as in
ase (i). If Fv� 6= f�g, then by JD, Fv� 
ontains two orthogonal elementsg; h. But we have proved that in this 
ase Fw\fgg?\fhg? = ;. However,this set 
ontains � and this 
ontradi
tion shows that � (and by symmetry�) is an extreme point. This 
ompletes the proof of Proposition 2.5. utOn
e we know the result of Proposition 2.5 above, the proof in [17℄shows that the main result of [17℄ holds with atomi
 repla
ed by JD andJP. We formalize this in the next theorem.Theorem 2.1. Let Z be a neutral strongly fa
ially symmetri
 spa
e whi
hsatis�es FE, STP, JP and JD. If v 2M and u 2 GT \U1(v), then Z2(u)is isometri
 to the dual of a 
omplex spin fa
tor.Proof. The argument in [17℄, from [17, Corollary 3.7℄ to [17, Theorem4.16℄ uses only the following results from [17℄ and does not otherwiseinvoke the atomi
 assumption made there: [17, Prop. 2.9,Cor. 2.11,Prop.3.2,Lemma 3.6℄.On the one hand, [17, Prop. 2.9℄ and [17, Cor. 2.11℄ remain true ifatomi
 is repla
ed there by JD and JP, as shown in our Proposition 2.4(a).On the other hand, [17, Prop 3.2℄ remains true if atomi
 is repla
ed byJD and JP, as shown in our Proposition 2.5(a),(b),(
); and [17, Lemma3.6℄ remains true if atomi
 is repla
ed by JD and JP, as shown in ourProposition 2.5(d). Thus Theorem 2.1 is proved. ut2.4. Atomi
 de
ompositionThe following is the main result of this se
tion.Theorem 2.2. Let Z be a neutral strongly fa
ially symmetri
 spa
e sat-isfying the pure state properties, and satisfying JP and JD. Then Z =Za �`1 N , where Za and N are strongly fa
ially symmetri
 spa
es satis-fying the same properties as Z, N has no extreme points in its unit ball,and Za is the norm 
losed 
omplex span of the extreme points of its unitball.
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es of JB�-triples 23Proof. If Z has no extreme points in its unit ball, there is nothing to prove.If it has an extreme point, then there exists a maximal family fuigi2I ofmutually orthogonal minimal geometri
 tripotents. Let Q := �i2IP0(ui)be the 
ontra
tive proje
tion on Z with Q(Z) = \i2IZ0(ui) guaranteedby Proposition 2.1. We shall show that N := Q(Z) and Za := (I �Q)(Z)have the required properties. By maximality, N has no extreme points inits unit ball.For a �nite subset A of I and QA := �i2AP0(ui), by JP,(I �QA)(Z) (2.6)= Z2(�Aui)� Z1(�Aui)= (�AZ2(ui))� (�i6=j[Z1(ui) \ Z1(uj)℄)� (�A[Z1(ui) \ Z0(�j 6=iuj)℄) :Sin
e I�QA ! I�Q strongly, it follows that every element of (I�Q)(Z) isthe norm limit of elements from [A(I�QA)(Z). Sin
e obviously Z2(ui) ?Q(Z), in order to prove Za ? N , it suÆ
es to prove that for every i 2 I,Z1(ui) ? Q(Z): (2.7)For ea
h i, let Qi = �j2I�figP0(uj) and for ' 2 Z1(ui), write ' =Qi'+ (I �Qi)'. Note thatQi(Z1(ui)) = Z1(ui) \ [\j2I�figZ0(uj)℄and that(I �Qi)(Z1(ui)) is the norm 
losure of ��nitej2I�fig [Z1(ui) \ Z1(uj)℄:For the latter, note that for a �nite subset A � I � fig, if Qi;A denotesthe partial produ
t for Qi, then(I �Qi;A)P1(ui) =XA P2(uj)P1(ui) +Xk 6=l P1(uk)P1(ul)P1(ui)+XA P1(uj)P0(Xk 6=j uk)P1(ui)= 0 + 0 +XA P1(uj)P1(ui):Thus, (I�Qi)' 
an be approximated in the norm by elements from spa
esof the form �j2A[Z1(ui) \ Z1(uj)℄, where A is a �nite subset of I � fig.Now (2.7) is redu
ed to proving that Qi(Z1(ui)) ? Q(Z) and (I �Qi)(Z1(ui)) ? Q(Z). Sin
e Z1(ui) \ Z1(uj) � Z2(ui + uj) and Q(Z) �Z0(ui + uj), it is 
lear that [Z1(ui)\Z1(uj)℄ ? Q(Z). It remains to showthat �Z1(ui) \ [\j2I�figZ0(uj)℄� ? Q(Z): (2.8)



24 Matthew Neal, Bernard RussoSuppose g 2 Z1(ui)\ [\j2I�figZ0(uj)℄ and h 2 Q(Z). Then either vg `ui or vg>ui. In the �rst 
ase, sin
e by Theorem 2.1, U2(vg) is isometri
 toa spin fa
tor, there is a minimal geometri
 tripotent ~ui with ~ui ? ui and~ui 2 U0(�j2I�figuj). This 
ontradi
ts the maximality. Therefore vg is aminimal geometri
 tripotent and g is a multiple of an extreme point  . Ifh = h2+ h1 + h0 is the geometri
 Peir
e de
omposition of h with respe
tto vg, then sin
e vg is 
ompatible with all the uk, hj 2 Q(Z). Now h2 isalso a multiple of  and  2 Z1(ui); hen
e h2 2 Z0(ui) \ Z1(ui) = f0g.Sin
e vh1 2 U1(vg), either vh1 ` vg or vh1>vg. In the �rst 
ase we wouldhave vg 2 U2(vh1) � Q(Z), a 
ontradi
tion. In the se
ond 
ase, h1 wouldbe a multiple of  , again a 
ontradi
tion. We 
on
lude that h1 = 0 andtherefore h = h0 2 Z0(vg) so that g ? h as required, proving (2.8) andthus the de
omposition Z = Za �`1 N .It is elementary that all the properties of Z transfer to any L-summand.Finally, the set of extreme points of the unit ball of Z whi
h lie in(I � Q)(Z) are norm total in (I � Q)(Z), sin
e every element from theright side of (2.6) is a linear 
ombination of at most two extreme pointsby Lemma 2.5 and Proposition 2.5(d). ut3. Chara
terization of one-sided ideals in C�-algebras3.1. Contra
tive proje
tions on Bana
h spa
esAn interesting question about general Bana
h spa
es, whi
h is relevantto this paper, is to determine under what 
onditions the interse
tion of1-
omplemented subspa
es is itself 1-
omplemented. Although this maybe true if the 
ontra
tive proje
tions onto the subspa
es form a 
ommut-ing family, we have been unable to prove it or �nd it in the literature,without adding some other assumptions. The hypothesis of weak sequen-tial 
ompleteness used in Corollary 3.2 and Theorem 3.1 is satis�ed inL-embedded spa
es, as noted in subse
tion 1.1.Lemma 3.1. Let X be a Bana
h spa
e and let fPigi2I be a family of
ommuting 
ontra
tive proje
tions on X. Then W := \i2IP �i (X�) is therange of a 
ontra
tive proje
tion on X�.Proof. Let F denote the 
olle
tion of �nite subsets of I. For ea
h A 2 F ,let QA = �i2APi. Sin
e the unit ball B(X�)1 is 
ompa
t in the weak*-operator topology (= point-weak*-topology), there is a subnet fRÆgÆ2D ofthe net fQ�AgA2F 
onverging in this topology to an element R 2 B(X�)1.Thus RÆ = Q�u(Æ), where u : D ! F is a �nalizing map (8A 2 F ;9Æ0 2D; u(Æ) � A;8Æ � Æ0), and for every x 2 X� and f 2 X,hRx; fi = limÆ hRÆx; fi:
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es of JB�-triples 25It is now elementary to show that R2 = R and Rx = x if and only ifx 2W . For 
ompleteness, we in
lude the details.For x 2 X�; f 2 X,hR2x; fi = limÆ hRÆRx; fi = limÆ hRx;Qu(Æ)fi= limÆ limÆ0 hRÆ0x;Qu(Æ)fi = limÆ limÆ0 hx;Qu(Æ0)Qu(Æ)fi= limÆ0 hx;Qu(Æ0)fi = limÆ0 hRÆ0x; fi = hRx; fi:Thus R2 = R.If x 2 W , then Q�Ax = x for every A 2 F , so that hRx; fi =limÆhRÆx; fi = limÆhQ�u(Æ)x; fi = hx; fi, so that Rx = x.Conversely, if Rx = x, thenhP �i x; fi = hP �i Rx; fi = limÆ hRÆx; Pifi= limÆ hP �i Q�u(Æ)x; fi = limÆ hRÆx; fi = hRx; fi = hx; fi;so that x 2W . utWe 
annot 
on
lude from the above proof that \i2IPi(X) is the rangeof a 
ontra
tive proje
tion onX. On the other hand, we have the followingtwo immediate 
onsequen
es.Corollary 3.1. Let X be a re
exive Bana
h spa
e, and let fPigi2I bea family of 
ommuting 
ontra
tive proje
tions on X with ranges Xi =Pi(X). Then Y := \i2IXi is the range of a 
ontra
tive proje
tion on X.Corollary 3.2. Let X be a weakly sequentially 
omplete Bana
h spa
e,and let fPigi2N be a sequen
e of 
ommuting 
ontra
tive proje
tions on Xwith ranges Xi = Pi(X). Then Y := \i2NXi is the range of a 
ontra
tiveproje
tion on X.Proof. With Qn = P1 � � �Pn, there is a subsequen
e Q�nk 
onverging to anelement R 2 B(X�)1 in the weak*-operator topology, that is, for x 2 X�and f 2 X, hx;Qnkfi ! hRx; fi, so that fQnkfg is a weakly Cau
hysequen
e. By assumption, Qnkf 
onverges weakly to an element Sf , andit is elementary to show that R = S�, and S is a 
ontra
tive proje
tionon X with range Y . utTheorem 3.1. Let X be a weakly sequentially 
omplete Bana
h spa
e,and let fPigi2I be a family of neutral 
ommuting 
ontra
tive proje
tionson X with ranges Xi = Pi(X). Then Y := \i2IXi is the range of a
ontra
tive proje
tion on X.



26 Matthew Neal, Bernard RussoProof. We note �rst that for any 
ountable subset � � I, by Corollary 3.2,there is a 
ontra
tive proje
tion Q� (not ne
essarily unique). with range\i2�Xi Now, for f 2 X, de�ne�f = inf� infQ� kQ�fk:There exists a sequen
e �(n) and a 
hoi
e of 
ontra
tive proje
tion Q�(n)with �f � kQ�(n)fk � �f + 1=n. Set � = [n�(n) and let Q� be a 
on-tra
tive proje
tion on X with range \i2�Xi. Sin
e Q�(X) � Q�(n)(X),we have kQ�fk = kQ�Q�(n)fk � kQ�(n)fk implying �f = kQ�fk, and sokQ�fk � kQ�fk for all 
ountable subsets � of I.If Q0� is any other 
ontra
tive proje
tion with range Q�(X), thenQ�f = Q0�Q�f = Q�Q0�f = Q0�f so that we may unambiguously de-�ne an element Qf 2 \i2�Xi by Qf := Q�f . By the neutrality of theproje
tions, it follows that Qf 2 \i2IXi. Indeed, if j 2 I � �, thenkQ�[fjgfk = kPjQ�fk � kQ�fk � kQ�[fjgfk;and by the neutrality of Pj , PjQ�f = Q�f . Hen
e Qf 2 \i2IXi. Con-versely, if f 2 \i2IXi, then in parti
ular, f 2 Q�(X), so Qf = Q�f = f .We have shown that Q is a nonlinear nonexpansive proje
tion of Xonto Y . It remains to show that Q is a
tually linear. For this it suÆ
esto observe that, by neutrality, if Qf = Q�f , then Qf = Q�f for any
ountable set � � �. Then, if f; g 2 X and Qf = Q�f; Qg = Q�g, andQ(f + g) = Q�(f + g) for suitable 
ountable sets �; �; � of I, then with� = � [ � [ �,Q(f + g) = Q� (f + g) = Q�f +Q�g = Qf +Qg:ut3.2. Chara
terization of predual of Cartan fa
torIn this subse
tion we show that the entire ma
hinery of [18℄ 
an be re-peated with appropriate modi�
ations to yield an extension of the mainresult of [18℄ to non-atomi
 fa
ially symmetri
 spa
es satisfying JD, andstated in Theorem 3.2 below. As noted below, the assumption that Z isL-embedded in its se
ond dual needs to be added to the assumptions in[18℄. As was done in the proof of Theorem 2.1, we shall expli
itly indi
atethe modi�
ations needed in [18℄, se
tion by se
tion, to prove Theorem 3.2.In the proof of [18, Lemma 1.2℄ it was stated that the interse
tion ofa 
ertain family of 1-
omplemented subspa
es, is itself 1-
omplemented.As noted in Se
tion 3.1, this is problemati
al in general. However, [18,Lemma 1.2℄ is used in [18℄ only in the 
ontext of a re
exive Bana
hspa
e, hen
e it is 
overed by Corollary 3.1. The role of the assumption
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es of JB�-triples 27of atomi
 in [18, Proposition 1.5℄ is to obtain the property expressed inProposition 1.1(b). But as shown in Theorem 2.2, this property will beavailable to us.By Proposition 2.4(b) and Lemma 2.6 respe
tively, [18, Proposition2.4℄ and [18, Proposition 2.5℄ remain true with atomi
 repla
ed by JD.[18, Corollary 2.7℄ depends only on [18, Proposition 2.5℄ and Theorem 2.1,while the part of [18, Lemma 2.8℄ 
on
erned with the property FE isimmediate from [18, Corollary 2.7℄ and [18, Proposition 2.4℄. Finally, [18,Corollary 2.9℄ is immediate from [17, Proposition 2.9℄ whi
h, as alreadyremarked in the proof of Theorem 2.1, remains true with atomi
 repla
edby JD (Proposition 2.4(a)).The only relian
e on atomi
ity in [18, Se
tion 3℄ o

urs in [18, Lemma3.2℄ and [18, Proposition 3.7℄. The former depends only on [18, Corollaries2.7 and 2.9℄ and the latter on [18, Proposition 1.5℄, whi
h as just noted,are both valid with atomi
 repla
ed by JD. In the proof of [18, Proposition3.12℄ it was stated that the interse
tion of a family of Peir
e-0 subspa
es ofan orthogonal family of minimal geometri
 tripotents is 1-
omplemented,and in fa
t the net of partial produ
ts 
onverges strongly to the proje
tionon the interse
tion. As no proof was provided for this in [18℄, we provideda proof in Proposition 2.1. Re
all that Proposition 2.1 was also the keyengredient of the proof of the atomi
 de
omposition in Theorem 2.2 above.With these remarks we 
an now assert the following modi�
ation of[18, Theorem 3.14℄.Proposition 3.1. Let Z be a neutral SFS spa
e and assume the purestate properties FE,ERP, and STP, and the properties JD and JP. As-sume that there exists a minimal geometri
 tripotent v with U1(v) of rank1 and a geometri
 tripotent u with u ` v. Then U has an M -summandwhi
h is linearly isometri
 with the 
omplex JBW �-triple of all symmet-ri
 \matri
es" on a 
omplex Hilbert spa
e (Cartan fa
tor of type 3). Inparti
ular, if Z is irredu
ible, then Z� is isometri
 to a Cartan fa
tor oftype 3.The only possible relian
e on atomi
ity in [18, Se
tion 4℄ o

urs in [18,Lemma 4.9℄ and [18, Proposition 4.11℄. The former depends only on [17,Lemma 3.6℄, whi
h is valid in the presen
e of JD by Proposition 2.5(d),and the latter on [18, Lemma 1.2℄, whi
h as noted above is needed only forre
exive Bana
h spa
es. But [18, Lemma 4.9℄ states expli
itly that re
ex-ivity. Note that the \
lassi�
ation s
heme", embodied in [18, Proposition4.20℄ does not involve atomi
 so is valid in the presen
e of JD.The only relian
e on atomi
ity in [18, Se
tion 5℄ o

urs in [18, Lemma5.2℄, whi
h depends on [17, Corollary 2.11℄. As already noted, the latteris valid in the presen
e of JD. In the proof of [18, Lemma 5.5℄ it was
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tion of a family of Peir
e-0 subspa
es of a fam-ily of geometri
 tripotents whi
h are either orthogonal or 
ollinear is 1-
omplemented, and in fa
t the net of partial produ
ts 
onverges stronglyto the proje
tion on the interse
tion. As no proof was provided for thisin [18℄, we provided a proof of the 1-
omplementedness of the interse
-tion in Theorem 3.1. This is the only pla
e in this paper and one of twopla
es in [18℄ where the assumption of L-embeddedness is used. Althoughit is problemati
al whether the strong 
onvergen
e of the partial produ
tsexists, nevertheless, it is suÆ
ient to take a subnet of the net of partialsums in the proof of [18, Lemma 5.5℄. The same remark applies to [18,Lemma 6.6℄.With these remarks we 
an now assert the following modi�
ation of[18, Theorem 5.10℄.Proposition 3.2. Let Z be a neutral SFS spa
e of spin degree 4, whi
h isL-embedded and whi
h satis�es FE,STP,ERP, and JP and JD. Then Zhas an L-summand whi
h is linearly isometri
 to the predual of a Cartanfa
tor of type 1. In parti
ular, if Z is irredu
ible, then Z� is isometri
 toa Cartan fa
tor of type 1.The only relian
e on atomi
ity in [18, Se
tion 6℄ o

urs in [18, Lemma6.2℄. However, this dependen
e is on earlier results whi
h have been es-tablished in the presen
e of JD. As noted above for [18, Lemma 5.5℄, [18,Lemma 6.6℄ holds under the assumption of L-embeddedness.With these remarks we 
an now assert the following modi�
ation of[18, Theorem 6.8℄.Proposition 3.3. Let Z be a neutral SFS spa
e of spin degree 6, whi
h isL-embedded and whi
h satis�es FE,STP,ERP, and JP and JD. Then Zhas an L-summand whi
h is linearly isometri
 to the predual of a Cartanfa
tor of type 2. In parti
ular, if Z is irredu
ible, then Z� is isometri
 toa Cartan fa
tor of type 2.The results of [18, Se
tion 7℄ 
arry over verbatim in the presen
e of JD.The proof of [18, Theorem 7.1℄ on pages 75{79 of [18℄ yields the followingmodi�
ation.Proposition 3.4. Let Z be a neutral SFS spa
e whi
h satis�es FE, STP,ERP, and JP and JD, and let v; ~v be orthogonal minimal geometri
tripotents in U := Z� su
h that the dimension of U2(v + ~v) is 8 andU1(v + ~v) 6= f0g. Then there is an L-summand of Z whi
h is isomet-ri
 to the predual of a Cartan fa
tor of type 5, i.e., the 16 dimensionalJBW �-triple of 1 by 2 matri
es over the O
tonions. In parti
ular, if Zis irredu
ible, then Z� is isometri
 to the Cartan fa
tor of type 5.
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es of JB�-triples 29Similarly, the proof of [18, Theorem 7.8℄ appearing on pages 79{82 of[18℄ yields the following modi�
ation.Proposition 3.5. Let Z be a neutral SFS spa
e of spin degree 10 whi
hsatis�es FE,STP,ERP, and JP and JD, and has no L-summand of typeI2. Then Z 
ontains an L-summand whi
h is isometri
 to the predual of aCartan fa
tor of type 6, i.e., the 27 dimensional JBW �-triple of all 3 by 3hermitian matri
es over the O
tonions. In parti
ular, if Z is irredu
ible,then Z� is isometri
 to the Cartan fa
tor of type 6.Finally, the proof of [18, Theorem 8.2℄ on pages 83{84 of [18℄ yieldsthe following modi�
ation.Theorem 3.2. Let Z be a neutral strongly fa
ially symmetri
 spa
e sat-isfying FE, STP, ERP, whi
h is L-embedded and whi
h satis�es JP andJD. For any minimal geometri
 tripotent v in U , there is an L-summandJ(v) of Z isometri
 to the predual of a Cartan fa
tor of one of the types1-6 su
h that v̂ 2 J(v). If Z is the norm 
losure of the 
omplex linearspan of its extreme points, then it is isometri
 to the predual of an atomi
JBW �-triple.3.3. Spe
tral duality and Chara
terization of dual ball of JB�-tripleIf Z is an L-embedded, base normed, neutral strongly fa
ially symmetri
spa
e satisfying JP and the pure state properties, then by Theorems 3.2and 2.2, its dual Z� is a dire
t sum Z� = (Za)� �`1 N� where (Za)� isisometri
 to an atomi
 JBW �-triple. We shall identify (Za)� with thisJBW �-triple in what follows.Lemma 3.2. Suppose that Z is as above and assume that Z is the dualof a Bana
h spa
e B. For a 2 B, if â denotes the 
anoni
al image of ain Z�, and Q is the proje
tion of Z� onto (Za)�, then kQâk = kak.Proof. For a 2 B with kak = 1, let g be an extreme point of the nonempty
onvex w*-
ompa
t set ff 2 Z : kfk = 1 = f(a)g. Then g 2 extZ1, so gvanishes on N�. Thus1 = kak = kâk � kQâk � jhQâ; gij = jhâ; gij = jhg; aij = 1:utIn order to show that the spa
e B is isometri
 to a JB�-triple, itsuÆ
es to show that the image of the map a 7! Qâ is 
losed under the
ubing operation in (Za)�, and is hen
e a subtriple of (Za)�. To showthis we need a spe
tral assumption on the elements of B. To make thisde�nition, we need a lemma.



30 Matthew Neal, Bernard RussoLemma 3.3. Let Z be a neutral WFS spa
e satisfying PE. Let fFB :B 2 Bg be a family of norm 
losed fa
es of Z1, where B denotes the setof non-empty Borel subsets of the 
losed interval [a; b℄.(a) Suppose that(i) if B1 \B2 = ;, then FB1 ? FB2 and vB1[B2 = vB1 + vB2 .For f 2 C[a; b℄, if P = fs0; : : : ; sng is a partition of [a; b℄ and T =ft1; : : : ; tng are points with si�1 � ti � si, the Riemann sums S(P; T; f) =Pn1 f(tj)v(sj�1 ;sj℄ 
onverge in norm to an element R f dvB = R f(t) dvB(t)of Z� as the mesh jP j = minfsj � sj�1g ! 0.(b) Suppose that (i) holds, with [a; b℄ = [0; kxk℄ for some x 2 Z�, andsuppose that x satis�es the further 
onditions:(ii) hx; FBi � B for ea
h interval B 2 B;(iii) S�FBx = x for B 2 B;(iv) hx; F?(0;kxk℄i = 0.Then x = R t dvB(t).Proof. For the proof of (a), it suÆ
es to show that for every � > 0, thereis a Æ > 0, su
h thatkS(P; T; f)� S(P 0; T 0; f)k < � if jP j; jP 0j < Æ: (3.1)By the uniform 
ontinuity of f , let Æ > 0 
orresponden
e to a toleran
eof �=2. If jP j; jP 0j < Æ, then S(P; T; f) � S(P [ P 0; T 00; f), where T 00 isany sele
tion of points, is of the form Pm1 �jvj , where j�j j < �=2 andv1; : : : ; vm are orthogonal geometri
 tripotents. ThuskS(P; T; f)� S(P [ P 0; T 00; f)k = maxj j�j j < �=2and (3.1) follows.For the proof of (b), it suÆ
es to prove that x is the weak*-limit ofthe Riemann sums 
orresponding to f0(t) := t, for by (a), x will also bethe norm limit. In what follows, F(0;kxk℄ will be denoted by F . By (iii)and (iv) hx;Z1(F ) + Z0(F )i = 0:Also, ea
h Riemann sum P tjv(sj�1;sj℄ 2 U2(F ), sohX tjv(sj�1;sj ℄; Z1(F ) + Z0(F )i = 0:Sin
e Z2(F ) = spCF , it suÆ
es to prove that for every  2 F ,hx� S(P; T; f0);  i ! 0 as jP j ! 0:
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e vF =P vi where vi = v(si�1;si℄, if  2 F � �iZ2(vi)��i6=j[Z1(vi)\Z1(vj)℄, then1 = hvF ;  i = hvF ;XP2(vi) +Xi6=j P1(vi)P1(vj) i=Xhvi; P2(vi) i �X kP2(vi) k = kXP2(vi) k � k k = 1:Therefore  =X kP2(vi)k P2(vi)kP2(vi)k +Xi6=j P1(vi)P1(vj) 2 
o (Fv1 [ � � � [ Fvn) +�i6=j[Z1(vi) \ Z1(vj)℄:By (iii), hx;Z1(FB)i = 0 for every B 2 B: Therefore hx;  i = hx;P �i ii,where  i 2 Fvi ; �i � 0;P �i = 1. Also, hS(P; T; f0);  i = hP tivi;P�j ji =P ti�i.By (ii), hx;  ii 2 (si�1; si℄, sojhx� S(P; T; f0);  ij = jX �i(hx;  ii � ti)j � jP j:The lemma is proved. utLet us observe that if Z is the dual of a JB�-triple A, then ea
helement x 2 A satis�es the 
onditions (i)-(iv) of Lemma 3.3. Indeed, ifC denotes the JB*-subtriple of A generated by x, then C is isometri
 toa 
ommutative C*-algebra and 
onsists of norm limits of elements p(x)where p is an odd polynomial on (0; kxk℄, 
f. [22, 1.15℄ and [5, p. 438℄;and if W denotes the JBW �-triple generated by x in A��, then W isa 
ommutative von Neumann algebra. Thus, if x = wjxj is the polarde
omposition of x in W , and jxj = R �de� is the spe
tral de
ompositionof jxj inW , and the fa
e FB is de�ned as the fa
e exposed by the tripotentwe(B) 2 A��, then the family fFB : B 2 Bg satis�es (i), as shown in[20, Theorem 3.2℄. It also follows from [20, Theorem 3.2℄ that for every� > 0, there is a partition of [0; kxk℄ su
h that kx �P tjv(sj�1;sj ℄k < �.If B is a subinterval of [0; kxk℄, and � 2 FB , then with vj = v(sj�1;sj ℄,Bj = B \ (sj�1; sj ℄, there exist �k 2 FBk (if Bk 6= ;) and �k � 0 withP�k = 1 su
h that hx; �i is approximated byhX tjvj ; XBk 6=;�k�ki = XBj 6=; tj�j 2 
o ([Bj 6=;Bj);proving (ii). Again, using [20, Theorem 3.2℄ we shall show that (iii) and(iv) hold. Sin
e x is approximated in norm byP tjvj , where vj = v(sj�1;sj ℄,to prove (iii), it suÆ
es to prove that vBv�Bvjv�BvB = vBv�Bvj = vjv�BvB .
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e vB = P vBj where Bj = B \ (sj�1; sj℄, it is trivial to 
he
k thatea
h of the terms vBv�Bvjv�BvB ; vBv�Bvj ; vjv�BvB 
ollapses to vBj . Sin
ethe support of the spe
tral measure of jxj lies in [0; kxk℄, (iv) also holds.There is another property of elements of a JB�-triple that we need toin
orporate into our de�nition. It is based on the following observation.If x is an element of a JB�-triple A, let f(x) denote the element of Cwhi
h is the norm limit of odd polynomials pn whi
h 
onverge uniformlyto f 2 C0([0; kxk), and let ~f(x) = R f(�) de�. Sin
e pn(x) = ~pn(x),f(x)� ~f(x) = f(x)� pn(x) + ~pn(x)�X pn(tk)vk+X pn(tk)vk �X f(tk)vk +X f(tk)vk � ~f(x);whi
h shows that ~f(x) = f(x) 2 A.De�nition 3.1. A strongly fa
ially symmetri
 spa
e Z with a predualZ� is strongly spe
tral if, for every element x 2 Z�, there exists a familyfFB : B 2 Bg of norm 
losed fa
es of the 
losed unit ball Z1, whereB is the set of nonempty Borel subsets of (0; kxk℄, satisfying (i)-(iv) inLemma 3.3 and whi
h also satis�es(v) For every f 2 C0(0; kxk), the element R f dvB is weak*-
ontinuous,that is, lies in Z�.Although somewhat 
ompli
ated, this 
ondition is pre
isely the ana-logue of a strongly spe
tral 
ompa
t base K of a base normed spa
e Vgiven by Alfsen and Shultz in [1℄. There it is given simply as the 
onditionthat in the order unit spa
e V� ea
h element a de
omposes as an orthog-onal di�eren
e a+ � a� of two positive elements. Here orthogonal meansthat a+ and a� are supported on real spans of orthogonal fa
es ofK. Sin
eV� is unital, the unit may be used together with a and this property to
arve out an orthogonal 
olle
tion of fa
es similar to the one above, anda latti
e of orthogonal elements of V� whi
h generate a spa
e whi
h isisometri
 to a full spa
e of 
ontinuous fun
tions, and hen
e 
losed underthe 
ontinuous fun
tional 
al
ulus. Sin
e there is no unit in our spa
e Z�,we must assume that elements x 2 Z� may be de
omposed in the abovefashion, and that the resulting 
ontinuous fun
tional 
al
ulus operates inZ�. Note that this is entirely a linear property, and has obvious quantumme
hani
al signi�
an
e. The fa
es FB are the states 
orresponding to ob-servations of some value in B for the observable x. The probability if thishappening for a state  is j (vB)j.We now have the following 
hara
terizations of JB*-triples. In this
hara
terization, the property JP must hold for all orthogonal fa
es, not
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es of JB�-triples 33just extreme points. Thus it simply says that the (ne
essarily 
ommuta-tive) produ
t of the symmetries SF and SG 
orresponding to orthogonalfa
es F and G is SF_G.Theorem 3.3. The predual Z� of a Bana
h spa
e Z is isometri
 to aJB*-triple if and only if Z is an L-embedded, base normed, strongly spe
-tral, neutral strongly fa
ially symmetri
 spa
e whi
h satis�es the purestate properties and JP.Before proving this theorem, we require one more lemma.Lemma 3.4. Let 	 (resp. 	?) denote the proje
tion of Z onto its atomi
part Za (resp. nonatomi
 part Zn) given by Theorem 2.2. For any normexposed fa
e G � Z1, Ga := 	(G) \ �Z1 and Gn := 	?(G) \ �Z1 arefa
es in Za and Zn respe
tively, andG = 
o (Ga [Gn): (3.2)Moreover, writing G = Fw for some geometri
 tripotent w, then 	�w isa geometri
 tripotent, and F	�w = Ga: (3.3)Proof. To show that Ga is a fa
e in (Za)1, let ��+ (1� �)� 2 Ga where�; � 2 (Za)1. Then �� + (1 � �)� = 	f for some f 2 G, and f =��+(1��)�+fn. Sin
e kfk = 1 = k��+(1��)�k, fn = 0 and �; � 2 G,k�k = 1 = k�k, and � 2 G \ Za, proving that Ga is a fa
e. Similarly forGn.If f 2 G has de
omposition f = fa + fn = kfak fakfak + kfnk fnkfnk , thensin
e G is a fa
e, fakfak ; fnkfnk 2 G. This proves � in (3.2). If ga := 	g 2	G \ �Z1 for some g 2 G, then kgak = 1 so g = ga = 	g 2 G. A similarargument for 	?(G) \ �Z1 proves � in (3.2).To prove (3.3), let g 2 	(G)\�Z1. Then hg; 	�wi = hg; wi = 1 so thatg 2 F	�w. On the other hand, if g 2 F	�w, then 1 = kgk = hg; 	�wi =h	g;wi so that 	g 2 Fw. Sin
e g = 	g+	?g and kgk = k	gk, 	?g = 0,	g = g and g 2 	(G) \ �Z1.It remains to show that 	�w is a geometri
 tripotent, that is,h	�w; (Ga)?i = 0:Note �rst that G? = G?a \G?n by (3.2). If � 2 G?a , h	�w; �i = hw;	(�)iand this will be zero if 	(�) 2 G?. To prove this, �rst let � 2 Ga.Then � ? �, hen
e 	(�) ? 	(�) and sin
e 	(�) = �, 	(�) 2 G?a . Then	(�) 2 G?a \G?n = G? as required. ut



34 Matthew Neal, Bernard RussoProof of Theorem 3.3. Assume that Z is a strongly fa
ially symmetri
spa
e satisfying the hypotheses of the theorem. Suppose x is an elementof Z�. By the spe
tral axiom and Lemma 3.3, there is an element y 2 Z�su
h that for � > 0 there exists Æ > 0 su
h that, with f0(t) = t andf1(t) = t3, kx� S(P; T; f0)k < � and ky � S(P 0; T 0; f1)k < �for all partitions P; P 0 with mesh less than Æ. Fix a 
ommon partitionP = fs0; : : : ; sng with jP j < Æ, and write vi = v(si�1;si℄ and (vi)a = 	�(vi).Then by (3.3),k	�(x̂)�X ti(vi)ak < � and k	�(ŷ)�X t3i (vi)ak < �:Sin
e in general kfaaag�fbbbgk � ka� bk(kak2+kakkbk+kbk2), andsin
e the (vi)a are orthogonal tripotents in the JBW �-triple (Za)�, wehave kf	�(x̂); 	�(x̂); 	�(x̂)g �X t3i (vi)ak < 3�kxk2;and therefore kf	�(x̂); 	�(x̂); 	�(x̂)g � 	�(y)k < �(3kxk2 + 1). It followsthat 	(
Z�) is a norm 
losed subspa
e of the JBW*-triple Z�a that is 
losedunder the 
ubing operation. Hen
e 	(Z�) is a subtriple of Z�a as required.The 
onverse, that the dual Z of a JB*-triple is a strongly fa
ially sym-metri
 spa
e satisfying the 
onditions of the theorem, has already beenmentioned above. That the spe
tral axiom is satis�ed was shown pre
ed-ing De�nition 3.1. The proofs that it is a strongly fa
ially symmetri
 basenormed spa
e 
an be found in [16℄, the proofs that it satis�es the purestate properties 
an be found in [12℄, the proof of the L-embeddedness
an be found in [6℄, and the proof of FE 
an be found in [9℄. utWe 
an restate Theorem 3.3 from another viewpoint as follows: for aBana
h spa
e X, its open unit ball is a bounded symmetri
 domain ifand only if X� is an L-embedded, base normed, strongly spe
tral, neutralstrongly fa
ially symmetri
 spa
e whi
h satis�es the pure state propertiesand JP.3.4. One-sided ideals in C�-algebrasTogether with Theorem 1.2, Proposition 3.7 and Theorem 3.4 below givefa
ial and linear operator spa
e 
hara
terizations of C*-algebras and leftideals of C*-algebras. This work was inspired by [7℄, in whi
h Theorem 1.2is used to 
hara
terize left ideals as TRO's whi
h are simultaneously ab-stra
t operator algebras with right 
ontra
tive approximate unit.We start by motivating the main result of this subse
tion. Re
all thata TRO is made into a JB�-triple by symmetrizing the ternary produ
t.



State spa
es of JB�-triples 35Remark 3.1. If J is a 
losed left ideal in a C*-algebra and J possesses aright identity e of norm 1, then J is a TRO and E := �0e � is a maximalpartial isometry in M2;1(J), that is, P0(E) = 0.Proof. By a remark of Ble
her (see [7, Lemma 2.9℄), xe� = x for all x 2 J ,so that x = xe�e and in parti
ular, e is a partial isometry, and so is E.For �xy � 2M2;1(J),P0(E) �xy � = (I �EE�) �xy � (I �E�E)= �1 00 1� ee� � �xy � (I � e�e)= � x(1� e�e)(1� ee�)y(1 � e�e)� = 0:utConversely, we have the following.Proposition 3.6. Let A be a TRO. Suppose there is a norm one elementx in A su
h that the fa
e in (M2;1(A)�)1 exposed byX := � 0x� 2M2;1(A)is maximal. Then A is 
ompletely isometri
 to a left ideal in a C*-algebra,whi
h ideal 
ontains a right identity element.Proof. Let B = M2;1(A). If V is the partial isometry in B�� su
h thatFX = FV , then X = V + P0(V )�X = V , so that x is a partial isometryin A, whi
h we denote by v.We next prove that v is a right unitary in A; that is, x = xv�v, for allx 2 A. Indeed, for x 2 A,D(V; V ) �x0 � = 12  �0v � �0v �� �x0 �+ �x0 � �0v �� �0v �!= �xv�v=20 � ;and P2(V ) �x0 � = �0v � �0v �� �x0 � �0v �� �0v � = 0:
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e P1(V ) �x0 � = �x0 �, and�xv�v=20 � = D(V; V ) �x0 � = P2(V ) �x0 �+ 12P1(V ) �x0 � = 12 �x0 � :We next show that the map  : a 7! av� is a 
omplete isometry of Aonto a 
losed left ideal J of the C*-algebra AA� and vv� is a right iden-tity of J . In the �rst pla
e, sin
e k (x)k2 = kxv�k2 = k(xv�)(xv�)�k =kxv�vx�k = kxx�k,  is an isometry. By the same argument, with W =diag (v; v; : : : ; v), for X 2Mn(A), kXW �k = kXk, so that  is a 
ompleteisometry.If 
 2 AA� is of the form 
 = ab� with a; b 2 A, and y 2 J :=  (A),say y = xv�, then 
y = ab�xv� 2 Av� = J . By taking �nite sums andthen limits, J is a left ideal in C. Finally, with e = vv� and y = xv� 2 J ,ye = xv�vv� = xv� = y. utFor the general 
ase we have the following result.Theorem 3.4. Let A be a TRO. Then A is 
ompletely isometri
 to a leftideal in a C*-algebra if and only if there exists a 
onvex set C = fx� :� 2 �g � A1 su
h that the 
olle
tion of fa
esF� := F� 0x�=kx�k� �M2;1(A)�;form a dire
ted set with respe
t to 
ontainment, F := sup� F� exists, and(a)-(d) hold, where(a) The set f� 0x� � : � 2 �g separates the points of F ;(b) F? = 0 (that is, the partial isometry V 2 (M2;1(A))�� with F = FVis maximal);(
) hF; � 0x� �i � 0 for all � 2 �;(d) S�F �� 0x� �� = � 0x� � for all � 2 �.Proof. We �rst assume that we have a 
losed left ideal L in a C*-algebraB. In this part of the proof, to avoid 
onfusion with dual spa
es, wedenote the involution in B by x℄. The set of positive elements of the openunit ball of the C*-algebra L \ L℄, whi
h we will denote by (u�)�2�, isa 
ontra
tive right approximate unit for L. Let u = w�-limu� 2 B��.Identifying L�� with B��u, we now verify the properties (a)-(d).
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es of JB�-triples 37For ea
h �, u�=ku�k = v� + v0� where v� = w�- lim(u�=ku�k)n is thesupport proje
tion of u�=ku�k, that is, Fu�=ku�k = Fv� � B�, and v0� isan element orthogonal to v�. Sin
e u� " u, u = sup� r(u�=ku�k), wherer(u�=ku�k) is the range proje
tion of u�=ku�k. For ea
h �xed � 2 �,we apply the fun
tional 
al
ulus to u�=ku�k as follows. Let fn(0) =0; fn(t) = 1 on [1=n; 1℄ and linear on [0; 1=n℄. Then fn(u�=ku�k) 2 (L \L℄)+1 and so as above fn(u�=ku�k) = v�(�;n) + v0�(�;n) and supn v�(�;n) =r(u�=ku�k). Thereforeu = sup� r(u�=ku�k) = sup� supn v�(�;n) � sup� v� = v say:On the other hand, sin
e v� � (1 + 1�ku�kku�k )u, it follows that v � u andtherefore u = v.It is 
lear thatF� = F� 0u�=ku�k� = F� 0v� � � F� 0u�;and therefore that sup� F� exists. We show that it equals F� 0u�. Supposethat for some a; b 2 B��, F� � F�ab � for every �. This is equivalent to� 0v� � = Q(� 0v� �) �ab � = � 0v�b�v� � ;or v�b�v� = v�. On the other hand, sin
e v0� = u�=ku�k � v� ! 0,u�b�u� = ku�k2(v� + v0�)b�(v� + v0�)! u;so that ub�u = u and as above, F� 0u� � F�ab �, proving that sup� F� =F� 0u�.Let us now prove (a). Sin
e u� " u, the 
onvergen
e is strong 
onver-gen
e. We 
laim �rst that B \ B��2 (u) is weak*-dense in B��2 (u). Indeedwith x 2 B��2 (u) of norm 1, there is a net b� 2 B with b� ! x strongly.Then u�b�u� ! uxu = x, and sin
e u�u = u�r(u�)u = u�r(u�) = u�,u�b�u� 2 B \ B��2 (u), proving the 
laim. We 
laim next that L \ L℄ =B��2 (u) \ B. If y 2 L \ L℄, then y = bu = u
℄ for some b; 
 2 B��, hen
ey = uyu 2 B��2 \ B. Sin
e B��2 (u) = uB��u � B��u = L��, we have



38 Matthew Neal, Bernard RussoB��2 (u) \ B � L�� \ B = L. If x 2 B��2 (u) \ B, then x℄ 2 B��2 (u) \ B,proving that x 2 L \ L℄.Let M denote the TRO �LL�. Let f; g be two elements of F� 0u� whi
hare not separated by � 0C �. It follows that � 0C � annihilates f � g 2M�2 (� 0u�). This 
ontradi
ts the fa
t, impli
it in the pre
eding paragraph,that the linear span of C is w*-dense in L��2 (u) = B��2 (u). This proves(a).To prove (b), it suÆ
es to show that for a; b 2 L��, 1� � 0u� � 0u��!�ab � 1� � 0u�� � 0u�! = 0:This redu
es to�1 00 1� u� �ab � (1� u) = � a(1� u)(1� u)b(1� u)� = 0;whi
h is true sin
e u is a right identity for L��.To prove (
), let N denote the TRO �BB �. Note that F� 0u� is thenormal state spa
e of N��2 �� 0u�� and that� 0u� � = � 0pu� � [0; u℄ � 0pu� �is the square of the self-adjoint element� 0pu� �℄ = � 0u� [0;pu�℄ � 0u� = �0 00 pu� � � 0u� = � 0pu� � :Hen
e (
) follows.From the proof of (
), � 0u� � 2 N��2 �� 0u��, so it is �xed by S�F .To prove the 
onverse, assume that A is a TRO satisfying the 
on-ditions of the theorem. Let B denote the TRO �AA�. As in the �rstpart of the proof, for ea
h �, there exists a partial isometry v� 2 A��and an element v0� 2 A��0 (v�) su
h that � ox�=kx�k� = � 0v� � + � 0v0� � and
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es of JB�-triples 39F� 0x�=kx�k� = F� 0v� �. Sin
e sup� F� 0v� � = F exists, let F = F�uv � with�uv � a partial isometry in (M2;1(A))��. We shall show that u = 0. In the�rst pla
e, P2(� 0v� �)(�uv �) = � 0v� �, whi
h redu
es to P2(v�)v = v�. Sin
e�0v � is the image of �uv � under a 
ontra
tive proje
tion, kvk � 1, andtherefore P1(v�)v = 0 (by [12, Lemma 1.5℄). Thus v = v� + v0� with v0�orthogonal to v�, and it follows that the support partial isometry u(v) ofthe element v 2 A�� satis�es u(v) � v�. It follows that � 0v� � � � 0u(v)�and sin
e �uv � is the least upper bound, we have �uv � � � 0u(v) �. Thus�uv � = P2(� 0u(v)�) �uv � = � 0P2(u(v))v � = �0v � ;showing that u = 0.Conditions (b) and (d) imply that � 0x� � lies in the von Neumannalgebra B��2 (� 0v �) while 
ondition (
) implies that � 0x� � � 0 in that vonNeumann algebra. In parti
ular, � 0x� � is self-adjoint, vx��v = x�. We
laim that 
ondition (a) implies that � 0C � 
annot annihilate any non-zeroelement of B�2(� 0v �). Indeed, suppose � 0C � ( 1 �  2) = 0 where  1 �  2is the Jordan de
omposition of a fun
tional  in the self adjoint part ofB�2(� 0v �). Note that sin
e fv�g is dire
ted, and v� � x� � v, it follows thatk 1k = �0v � ( 1) = sup � 0C � ( 1) == sup � 0C � ( 2) = �0v � ( 2) = k 2kand this 
ontradi
ts (a), as  1=�;  2=� 2 F , where � is the 
ommonnorm of  1 and  2. It follows that the bipolar (� 0C �0)0 = B��2 (� 0v �).Consequently, the w* 
losure of spCC is A��2 (v) and sin
e the norm 
losureof a 
onvex set is the same as its weak 
losureA \A��2 (v) = A \ spCw* = A \ spCk�k = spCk�kis a C*-subalgebra of A��2 (v).



40 Matthew Neal, Bernard RussoWe are now in a position to show that A is 
ompletely isometri
 to aleft ideal of a C*-algebra. Exa
tly as in the proof of the right unital 
asewe have A � Av�v. We de�ne a map 	 : A ! AA� by 	(a) = av�. The
rux of the matter is to show that the range of 	 lies in AA�. If that isthe 
ase, then sin
e for X;Y;Z 2Mn(A), with D = diag(v�; : : : ; v�),XY �ZD = XD(Y D)�ZD; is a 
omplete isometry. Moreover, if b; 
 2 A then (b
�)av� = (b
�a)v�shows that the range of  is a left ideal. It remains to show that Av� �AA�.Note �rst that, for a 2 A, av�x� 2 A, sin
eav�x� = av�x1=2� � x1=2� = av�(v(x1=2� )�v)v�x1=2�= (av�v)(x1=2� )�(vv�x1=2� ) = a(x1=2� )�x1=2� 2 A:Next, sin
e v belongs to the w*-
losure of spR C, and for ea
h a 2 A,fav�y : y 2 spRCg is a 
onvex subset of A (sin
e av�y = P�iav�x�i =P�ia(x1=2�i )�x1=2�i 2 A), it follows that a belongs to the norm 
losure offav�y : y 2 spRCg. Now va�av�y = va�av�vy�v = va�ay�v = (ya�a)℄ 2A \ A��2 (v) and therefore va�a belongs to the norm 
losure of the setfva�av�y : y 2 spRCg and hen
e va�a 2 A. Using the triple fun
tional
al
ulus in the TRO A, we haveav� = a1=3(a1=3)�a1=3v� = a1=3(v(a1=3)�a1=3)� 2 AA�:utIn Theorem 3.4, the elements x� represent a right approximate unit
ast in purely linear terms. Similar language 
an be used to 
hara
terizeC*-algebras.Proposition 3.7. Let A be a TRO. Then A is 
ompletely isometri
 to aunital C*-algebra if and only if there is a norm one element x in A su
hthat the 
omplex linear span spC(F )) of the fa
e F in A� exposed by x
oin
ides with A�.Note that a 
hara
terization of non-unital C*-algebras 
an also begiven with obvious modi�
ations as in Theorem 3.4.From another viewpoint, we have 
hara
terized TRO's A up to 
om-plete isometry by fa
ial properties of Mn(A)�, sin
e by Theorem 1.2, thisis equivalent to �nding an isometri
 
hara
terization of JB*-triples U interms of fa
ial properties of U�. This is exa
tly what we have done inTheorem 3.3, whi
h is the non-ordered version of Alfsen-Shultz's fa
ial
hara
terization of state spa
es of JB-algebras in the pioneering paper[1℄.
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