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Abstract. An atomic decomposition is proved for facially symmetric spaces which
satisfy some affine geometric axioms compatible with notions from the quantum me-
chanical measuring process. This is then applied to yield, under appropriate assump-
tions, geometric characterizations, up to isometry, of the unit ball of the dual space of
a JB”-triple, and up to complete isometry, of one-sided ideals in C*-algebras.
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Introduction

The Jordan algebra of self-adjoint elements of a C*-algebra A has
long been used as a model for the bounded observables of a quantum
mechanical system, and the states of A as a model for the states of the
system. The state space of this Jordan Banach algebra is the same as the
state space of the C*-algebra A and is a weak*-compact convex subset
of the dual of A. With the development of the structure theory of C*-
algebras, and the representation theory of Jordan Banach algebras, the
problem arose of determining which compact convex sets in locally convex
spaces are affinely isomorphic to such a state space. In the context of
ordered Banach spaces, such a characterization has been given for Jordan
algebras in the pioneering paper by Alfsen and Shultz, [1].

After the publication of [1], and the corresponding result for C*-
algebras [4], there began in the 1980s a development of the theory of
J B*-triples which paralleled in many respects the functional analytic as-
pects of the theory of operator algebras. JB*-triples, which are charac-
terized by holomorphic properties of their unit ball, form a large class
of Banach spaces supporting a ternary algebraic structure which includes
C*-algebras, Hilbert spaces, and spaces of rectangular matrices, to name a
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few examples. In particular, most of the axioms used by Alfsen and Shultz
were shown to have non-ordered analogs in the context of .JB*-triples (see
[12]). By the end of the decade, a framework was proposed by Friedman
and Russo in [15] in which to study the analog of the Alfsen-Shultz re-
sult for JB*-triples. A characterization of those convex sets which occur
as the unit ball of the predual of an irreducible JB*-triple was given in
[18]. Since JB*-triples have only a local order, the result characterizes
the whole unit ball, which becomes the “state space” in this non-ordered
setting.

Guided by the approach of Alfsen and Shultz in the binary context, it
seemed clear that to prove a geometric characterization of predual unit
balls of global (that is, not irreducible) JBW*-triples would require a
decomposition of the space into atomic and non-atomic summands and
a version of spectral duality. These goals have remained elusive in the
framework of the axioms used in [18]. In the present paper, by introducing
the very natural axiom asserting the existence of a Jordan decomposition
in the linear span of every norm-exposed face, we are able to prove the
atomic decomposition. In addition, by imposing a spectral axiom every
bit as justified as the one in the Alfsen-Shultz theory, we are able to
give a geometric characterization of the unit ball of the dual of a global
JB*-triple. These results give positive answers to Problems 1,2 and 3 in
[18]. Moreover, when combined with the recent characterization of ternary
rings of operators (TROs) in terms of its linear matricial norm structure
[23], we obtain a facial operator space characterization of TROs and one-
sided ideals in C*-algebras, which responds to a question of D. Blecher.

The main results of this paper are Theorems 4, 7, and 8, which we
state here.

Theorem 2.2. Let Z be a neutral strongly facially symmetric space sat-
isfying the pure state properties, and satisfying JP and JD. Then Z =
Z, ot N, where Z, and N are strongly facially symmetric spaces satis-
fying the same properties as Z, N has no extreme points in its unit ball,
and Z, is the norm closed complex span of the extreme points of its unit

ball.

Theorem 3.3. The predual 7, of a Banach space 7 is isometric to a JB*-
triple if and only if Z is an L-embedded, base normed, strongly spectral,
strongly facially symmetric space which satisfies the pure state properties
and JP.

Theorem 3.4. Let A be a TRO. Then A is completely isometric to a left
ideal in a C*-algebra if and only if there exists a convex set C' = {x) :



State spaces of JB*-triples 3

A € A} C Ay such that the collection of faces
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form a directed set with respect to containment, F := sup, F) exists, and

(a)-(d) hold, where

(a) The set {[f } : A € A} separates the points of F';
T

(b) F+ =0 (that is, the partial isometry V € (My1(A))** with F = Fy
is maximal);

(c) (F, L?/\}) >0 for all X € A;

(d) S}'}( 0 }) = [;}J for all X € A.

T

This paper is organized as follows. In section 1 we recall the back-
ground on facially symmetric spaces and on JB*-triples and TRO’s. Sec-
tion 2 is devoted to a proof of the atomic decomposition. The first sub-
section contains a result for certain contractive projections on facially
symmetric spaces and the second subsection introduces and studies the
Jordan decomposition property. The third subsection gives a geometric
characterization of spin factors, improving on the main result of [17].
The main result of section 2, the atomic decomposition (Theorem 2.2), is
proved in the fourth subsection.

The main applications occur in section 3. After giving some elemen-
tary results, interesting in their own right, on contractive projections on
Banach spaces in the first subsection, the second subsection then uses all
of the machinery developed up to there to give a geometric characteriza-
tion of Cartan factors, improving on the main result of [18]. The spectral
duality axiom is introduced in the next subsection and used together with
the atomic decomposition to give a geometric characterization of the dual
ball of a global JB*-triple (Theorem 7). The final subsection applies the
latter to give an operator space characterization of one-sided ideals in
C*-algebras (Theorem 8).

1. Preliminaries

Facially symmetric spaces were introduced in [14] and studied in [15] and
[17]. In [18], the complete structure of atomic facially symmetric spaces
was determined, solving a problem posed in [14]. It was shown, more
precisely, that an irreducible neutral strongly facially symmetric space is
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linearly isometric to the predual of one of the Cartan factors of types
1 to 6, provided that it satisfies some natural and physically significant
axioms, four in number, which are known to hold in the preduals of all
JBW*-triples. As in [1], the study of state spaces of Jordan algebras (see
also the books [2],[3]), we shall refer to these axioms as the pure state
properties. Since we can regard the entire unit ball of the dual of a JB*-
triple as the “state space” of a physical system, cf. [14, Introduction], we
have given a geometric characterization of such state spaces.

The project of classifying facially symmetric spaces was started in [17],
where, using two of the pure state properties, denoted by STP and FE,
geometric characterizations of complex Hilbert spaces and complex spin
factors were given. The former is precisely a rank 1 JBW*-triple and a
special case of a Cartan factor of type 1, and the latter is the Cartan
factor of type 4 and a special case of a JBW *-triple of rank 2. For a
description of all of the Cartan factors, see [8, pp. 292-3]. The explicit
structure of a spin factor naturally embedded in a facially symmetric
space was then used in [18] to construct abstract generating sets and
complete the classification in the atomic case.

The main objective of this paper is to establish the global structure of
facially symmetric spaces. While this is of interest in its own right, and
for the purposes of physics, it also yields, when combined with the results
of [23], a purely affine geometric operator space characterization of one
sided ideals of C*-algebras.

1.1. Facially symmetric spaces

Let Z be a complex normed space. Elements f,g € Z are orthogonal,
notation f L g, if [|f 4+ gll = [If —gll = [lf[| + llgll- A norm ezposed face
of the unit ball Z; of Z is a non-empty set (necessarily # Z1) of the form
F, ={f € Z: f(x) = 1}, where z € Z*, ||z|| = 1. Recall that a face G
of a convex set K is a non-empty convex subset of K such that if g € G
and h, k € K satisfy g = Ah + (1 — M)k for some X € (0,1), then h, k € G.
In particular, an extreme point of K is a face of K. We denote the set of
extreme points of K by ext K. An element u € Z* is called a projective
unit if |u|| = 1 and (u, F}) = 0. Here, for any subset S, S+ denotes
the set of all elements orthogonal to each element of S. F and U denote
the collections of norm exposed faces of Z; and projective units in Z*,
respectively.

Motivated by measuring processes in quantum mechanics, we defined
a symmetric face to be a norm exposed face F in Z; with the following
property: there is a linear isometry Sp of Z onto Z, with S% = I (we call
such maps symmetries), such that the fixed point set of Sp is (SpF) @ F*
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(topological direct sum). A complex normed space Z is said to be weakly
facially symmetric (WFS) if every norm exposed face in Z; is symmetric.
For each symmetric face F' we defined contractive projections Py (F'), k =
0,1,2 on Z as follows. First P,(F) = (I — Sg)/2 is the projection on the
—1 eigenspace of Sp. Next we define P»(F) and Py(F) as the projections
of Z onto SpF and F* respectively, so that Py(F) + Py(F) = (I + Sg)/2.
A geometric tripotent is a projective unit u € U with the property that
F := F, is a symmetric face and S}, u = u for some choice of symmetry Sg
corresponding to F'. The projections Py (F,) are called geometric Peirce
projections.

GT and SF denote the collections of geometric tripotents and symmet-
ric faces respectively, and the map GT > u — F, € SF is a bijection [15,
Proposition 1.6]. For each geometric tripotent v in the dual of a WFS
space Z, we shall denote the geometric Peirce projections by Pg(u) =
Py(Fy),k =0,1,2. Also we let U := Z*, Zy(u) = Zy(F,) := Pr(u)Z and
Ui(u) = Ug(F,) := Pg(u)*(U), so that we have the geometric Peirce de-
compositions 7 = Zy(u) + Z1(u) + Zy(u) and U = Uy (u) + Uy (u) + Up(u).
A symmetry corresponding to the symmetric face F, will sometimes be
denoted by S,. Two geometric tripotents u; and uy are orthogonal if
uy € Up(ug) (which implies ug € Ug(uy)) and colinear if uy € Uy (ug) and
ug € Uy (uq). More generally, elements a and b of U are orthogonal if one
of them belongs to Us(u) and the other to Uy(u) for some geometric tripo-
tent u. Two geometric tripotents u and v are said to be compatible if their
associated geometric Peirce projections commute, i.e., [Py (u), Pj(v)] =0
for k,7 € {0,1,2}. By [15, Theorem 3.3], this is the case if u € U (v)
for some k& = 0,1,2. For each G € F, vg denotes the unique geometric
tripotent with F,, = G.

A contractive projection () on a normed space X is said to be neutral if
for each £ € X, [|Q&|| = ||£]| implies Q¢ = £. A normed space Z is neutral
if for every symmetric face F', the projection Py(F') corresponding to some
choice of symmetry Sg, is neutral.

A WES space Z is strongly facially symmetric (SFS) if for every norm
exposed face F' in Z; and every y € Z* with |ly|| = 1 and F C F),, we
have Syy =y, where Sr denotes a symmetry associated with F'.

The principal examples of neutral strongly facially symmetric spaces
are preduals of JBW *-triples, in particular, the preduals of von Neumann
algebras, see [16]. In these cases, as shown in [16], geometric tripotents
correspond to tripotents in a JBW?*-triple and to partial isometries in
a von Neumann algebra. Moreover, because of the validity of the Jor-
dan decomposition for hermitian functionals on JB*-algebras, spcF is
automatically norm closed (cf. Lemma 2.4).
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In a neutral strongly facially symmetric space Z, every non-zero ele-
ment has a polar decomposition [15, Theorem 4.3]: for 0 # f € Z there
exists a unique geometric tripotent v = v(f) = vy with f(v) = | f|| and
(v,{f}+) = 0. Let M denote the collection of minimal geometric tripo-
tents of U, i.e., M = {v € GT : Uy(v) is one dimensional}. If Z is a
neutral strongly SFS space satisfying PE, then the map f — v(f) is a
bijection of ext Z; and M ([17, Prop. 2.4]).

A partial ordering can be defined on the set of geometric tripotents
as follows: if u,v € GT, then u < v if F,, C F,, or equivalently ([15,
Lemma 4.2]), Py(u)*v = u or v — u is either zero or a geometric tripotent
orthogonal to u. Let Z denote the collection of indecomposable geometric
tripotents of U, i.e., Z={v € GT :u € GT, u < v = u = v}. In general,
M C Z, and under certain conditions, (Proposition2.4(a) below and [17,
Prop. 2.9]), M coincides with Z.

We now recall the definitions of the pure state properties and other
axioms.

Definition 1.1. Let f and g be extreme points of the unit ball of a neutral
SES space Z. The transition probability of f and g is the number

(flg) == f(v(g))-

A neutral SFS space Z is said to satisfy “symmetry of transition proba-
bilities” STP if for every pair of extreme points f,g € ext Z1, we have

(flg) = (9l

In order to guarantee a sufficient number of extreme points, the fol-
lowing definition was made in [17] and assumed in [18]. For the present
paper, this definition is too strong and will be abandoned. It will turn
out that the property (b) of Proposition 1.1 will be available to us and
suffice for our purposes.

Definition 1.2. A normed space Z is said to be atomic if every symmetric
face of Z; has an extreme point.

Definition 1.3. A neutral SFS space Z is said to satisfy property FE if
every norm closed face of Z; different from Z; is a norm exposed face.
We use the terminology PE for the special case of this that every extreme
point of Z; is norm exposed.

The following consequence of atomicity will be more useful to us in
this paper.

Proposition 1.1 ([17],Proposition 2.7). If Z is an atomic SFS space
satisfying PE, then
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(a) U =3pM (weak*-closure), where M is the set of minimal geometric
tripotents.
(b) Z1 = toext Zy (norm closure).

Definition 1.4. A neutral SFS space Z is said to satisfy the “extreme
rays property” ERP if for every u € GT and every f € ext Z1, it follows
that Py(u)f is a scalar multiple of some element in ext Z;. We also say
that Py(u) preserves extreme rays.

Definition 1.5. A WF'S space Z satisfies JP if for any pair u,v of or-
thogonal geometric tripotents, we have

SuSv — Su—H)a (11)

where for any geometric tripotent w, S, is the symmetry associated with
the symmetric face F,,.

The property JP was defined and needed in [18] only for minimal
geometric tripotents u and v. The more restricted definition given here is
needed only in Proposition 2.4(b), where ironically, the involved geometric
tripotents turn out to be minimal. (The assumption of JP is used in
subsection 2.1 only for minimal geometric tripotents.) As in Remark 4.2 of
[18],with identical proofs, JP implies the following important joint Peirce
rules for orthogonal geometric tripotents v and v:

Zy(u+v) = Zo(u) + Za(v) + Z1(u) N Zy(v),
Zl(u + U) = Zl(u) N Z[](U) + Zl(v) N Zo(’u),
Zo(u+v) = Zo(u) N Zy(v).

Definitions 1.1,1.3 and 1.4 are analogs of physically meaningful axioms
in [1]. In the Hilbert space model for quantum mechanics, property JP
for minimal geometric tripotents is interpreted as follows. Choose & ® ¢
to be the state exposed by a yes/no question v and n ® n to be the state
exposed by another u, and complete £, to an orthonormal basis. For any
state vector ( expressed in this basis, the symmetry S, (resp. S,) changes
the sign of the coefficient of £ (resp. ) and S, 4, changes the sign of both
coefficients.

We need the concept of L-embeddedness for the proofs of Theorems 3.2
and 3.3. This is defined as follows. A linear projection P on a Banach
space X is called an L-projection if ||z| = ||Px| + ||(I — P)z|| for every
x € X. The range of an L-projection is called an L-summand. The space
X is said to be an L-embedded space if it is an L-summand in its second
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dual. These concepts are studied extensively in [19, Chapter IV]. The
predual of a JB*-triple is an example of an L-embedded space ([6]) and
every L-embedded space is weakly sequentially complete ([19, Theorem
2.2,page 169].

The following is the main result of [18]. We have added the assumption
of L-embeddedness, which seems to have been overlooked in [18]. This
omission was discovered in the process of proving Theorem 3.2. More
precisely, our Theorem 3.1 is needed in the proofs of [18, Lemmas 5.5 and
6.6]. In addition, our Proposition 2.1 is needed for [18, Theorem 3.12], and
our Corollary 3.1 is needed three times in [18, Proposition 4.11]. Cartan
factors are defined in the next subsection.

Theorem 1.1 ([18],Theorem 8.3). Let Z be an atomic neutral strongly
facially symmetric space satisfying FE, STP, ERP, and JP. If Z is L-
embedded, then 7 = @ﬁl Jo where each J, is isometric to the predual of a
Cartan factor of one of the types 1-6. Thus Z* is isometric to an atomic
JBW?*-triple. If Z is irreducible, then Z* is isometric to a Cartan factor.

One of our main objectives in this paper is to be able to drop the
assumption of atomicity in this result, i.e. to find a non-ordered analog
of the main theorem of Alfsen-Shultz [1]. This will be achieved in our
Theorem 3.3 below, but at the expense of some other axioms.

1.2. JB*-triples and ternary rings of operators

A Jordan triple system is a complex vector space V with a triple product
{,,-} : V xV xV — V which is symmetric and linear in the outer
variables, conjugate linear in the middle variable and satisfies the Jordan
triple identity

{a,b,{,y,2}} = {{a, b, 2}y, 2} — {x,{b,a,y}, 2} + {2, y,{a, b, 2}}.

A complex Banach space A is called a JB*-triple if it is a Jordan triple
system such that for each z € A, the linear map

D(z):ve A {z,z,0v} €A
is Hermitian, that is, |[e*”(*)]] = 1 for all £ € R, with non-negative
spectrum in the Banach algebra of operators generated by D(z) and

ID(2)]] = |z]|*>. A summary of the basic facts about JB*-triples can
be found in [25] and some of the references therein, such as [22],[12], and
[13].

A JB*-triple A is called a JBW *-triple if it is a dual Banach space, in
which case its predual is unique, denoted by A,, and the triple product
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is separately weak® continuous. The second dual A** of a JB*-triple is a
JBW*-triple.

The JB*-triples form a large class of Banach spaces which include
C*-algebras, Hilbert spaces, spaces of rectangular matrices, and JB*-
algebras. The triple product in a C*-algebra A is given by

1
fo,y,2} = 5 (0y'z+ 2y"3).

2
In a JB*-algebra with product z o y, the triple product is given by
{z,y,2} = (roy*)oz+zo0(y*ox)— (roz)oy* An element e in a

JB*-triple A is called a tripotent if {e,e,e} = e in which case the map
D(e) : A — A has eigenvalues 0, 3 and 1, and we have the following
decomposition in terms of eigenspaces

A= AQ(@) &>, Al(e) &>, Ao(e)

which is called the Peirce decomposition of A. The %—eigenspace Ag(e) is
called the Peirce k-space. The Peirce projections from A onto the Peirce
k-spaces are given by

Py(e) = Q*(e), Pi(e) =2(D(e) = Q*(¢)), Pole) =1—2D(e) +Q(e)

where Q(e)z = {e, z, e} for z € A. The Peirce projections are contractive.

For any tripotent v, the space As(v) is a JB*-algebra under the product
-y = {2 v y} and involution z# = {v z v}. JBW*-triples have an
abundance of tripotents. In fact, given a JBW*-triple A and f in the
predual A,, there is a unique tripotent v; € A, called the support tripotent
of f, such that f o Py(vy) = f and the restriction f‘Az(uf) is a faithful
positive normal functional.

An important class of JBW*-triples are the following six types of Car-
tan factors (see [8, pp. 292-3]) :

type 1 B(H, K), with triple product {z,y, 2z} = %(Ty*z + zy*x),
type 2 {z € B(H,H) : 2! = —2},

type 3 {z € B(H,H) : 2! = 2},

type 4 spin factor (defined below),

type 5 M 2(O) with triple product {z,y,z} = $(z(y*z) + z(y*z)),
type 6 M3(0)

where O denotes the 8 dimensional complex Octonians, B(H, K) is the
Banach space of bounded linear operators between complex Hilbert spaces
H and K, and 2! is the transpose of z induced by a conjugation on H.
Cartan factors of type 2 and 3 are obviously subtriples of B(H, H), the
latter notation is shortened to B(H ), while type 4 can be embedded as a
subtriple of some B(H). The type 3 and 4 are Jordan algebras with the
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usual Jordan product z oy = %(”I‘y + yx). Abstractly, a spin factor is a
Banach space that is equipped with a complete inner product (-,-) and a
conjugation j on the resulting Hilbert space, with triple product

(w.9,2) = 5 (@97 + {2.9)7 — (2. 2)jy)

such that the given norm and the Hilbert space norm are equivalent.

An important example of a JB*-triple is a ternary ring of operators
(TRO). This is a subspace of B(H) which is closed under the product
xy*z. Every TRO is (completely) isometric to a corner pA(1 — p) of a
C*-algebra A. TRO’s play an important role in the theory of quantized
Banach spaces (operator spaces), see [11] for the general theory and [10]
for the role of TRO’s. For one thing, as shown by Ruan [24], the injectives
in the category of operator spaces are TRO’s (corners of injective C*-
algebras) and not, in general, operator algebras.

Motivated by a characterization for JB*-triples as complex Banach
spaces whose open unit ball is a bounded symmetric domain, we gave
in [23] a holomorphic operator space characterization of TRO’s up to
complete isometry. As a consequence, we obtained a holomorphic operator
space characterization of C*-algebras as well. Since a closed left ideal in
a C*-algebra is a TRO, Theorem 1.2 below will allow us, in our facial
operator space characterization of left ideals (Theorem 3.4) to restrict to
TROs from the beginning. The following is the main result of [23].

Theorem 1.2 ([23],Theorem 4.3). Let A C B(H) be an operator space
and suppose that My (A)g is a bounded symmetric domain for some n > 2.
Then A is n-isometric to a ternary ring of operators (TRO). If M, (A)g is
a bounded symmetric domain for all n > 2, then A is ternary isomorphic
and completely isometric to a TRO.

2. Atomic decomposition of facially symmetric spaces
2.1. Contractive projections on facially symmetric spaces

In this subsection, we shall assume that Z is a strongly facially symmet-
ric space with dual U = Z*. If {v;} is a countable family of mutually
orthogonal minimal geometric tripotents, then v = supw; exists as it is
the support geometric tripotent of 327 f;, where v; = vy,. This fact will
be used in the proof of the following lemma.

Lemma 2.1. Let {v;} be a countable family of mutually orthogonal min-
imal geometric tripotents, with v =: supv;. Then v =Y, v; (w*-limit).
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Proof. Note first that by [15, Cor. 3.4(a) and Lemma 1.8], for each n > 1,

n

17 (Py(vi) + Po(vi)) = Y Pa(vi) + Bo(D_ vi),

so by [15, Cor. 3.4(b)],

n

Py(Y_ v I (Pa(vi) + Po(vi)) = Y Pa(vi),

1

and hence Y7 P,(v;) is a contractive projection. For ¢ € Z, by orthogo-
nality,

n n
YRl =113 Pa(wi)ell < ell,
1 1
so that Y277 || Pa(vj)¢l| < |l¢]l and with @, := -7 P2(v;) and for m > n,
1Qme — Quell = [|Qnell — |Qmel|

so that @, converges to a limit, call it QQy, and () is a contractive
projection.

For each = € U, @}z converges in the weak*-topology to Q*z. Ap-
plying this with # = v and recalling that P(v;)*v = wv;, we obtain

Tv, = Qv — y in the weak*-topology for some y € Us(v). On the
other hand, since (y,>.27'f;) = 1, by [15, Theorem 4.3(c)], we have
F, C Fy and therefore by strong facial symmetry, ¥y = v + yg, where
yo € Up(v). Since y € Uz(v) we must have yg = 0 and hence y = v. O

Lemma 2.2. Suppose that Z is neutral and satisfies JP. Let {v;} be a
countable family of mutually orthogonal minimal geometric tripotents,
with v =: supv;. Then U2, [Za(v;)UZ; (v;)] is norm total in Zy(v)+2Z; (v).

Proof. Let W be the norm closure of the complex span of U, [Z3(v;) U
Z1(v;)]. We first show that

Zy(v) + Z1(v) C W. (2.1)

If ¢ € Zy(v) + Z1(v) and ¢ ¢ W, then there exists x € U, ||z] <1
with (z,¢) # 0 and (z, W) = 0. We'll show that = € Uy(v). Since ¢ €
Zy(v) + Z1(v) implies (x, ¢) = 0, this is a contradiction, proving (2.1).

Let s, = > 1 vj and for p € Z of norm one, let p = py + p1 + po be its
geometric Peirce decomposition with respect to s,. By JP (for minimal
geometric tripotents), po, p1 € W. Therefore

(sn £ 2, p) = (sn, p2) £ (z,p0) = (Pa(sn)sn £ Po(sn)z, p)
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so that
[(sn £ 2, p)| < ||Pa(sn)sn £ Po(sn)z]| = max([|P2(sn)snl, [[Po(sn)z) = 1.

Thus || .7 vi£z|| = 1 so by Lemma 2.1, |jv+z| < 1. By [15, Theorem 4.6],
v+Up(v); is a face in the unit ball of U, and since v = (v+x) /24 (v—1)/2,
v+ax € v+ Uy(v)1, proving z € Up(v) and hence (2.1).

To show that equality holds in (2.1), note first that it is obvious that
Zy(vi) C Zy(v), and if ¢ € Zi(v;), then by compatibility, Py(v)e =
Py(v)Py(vi)e € Zi(vi). But Py(v)p = Py(v)Po(vi)e € Zy(vi) so that
Py(v)e = 0, as required. O

Corollary 2.1. Py(v) = II°, Py(v;) (strong limit).

)

Proof. Let Qn = IIT{ Py(v;). Let ¢ € Z have geometric Peirce decomposi-
tion 9 + 1 + o with respect to v. Since Zy(v) C Qn(Z), Qnypo = vo —
w0 = Py(v)p. It remains to show that @, (p2+¢1) — 0. By Lemma 2.2, it
suffices to prove that Q,1 — 0 for every i and every 1 € Zy(v;) U Z1(v;).
But for any ¢ € Zy(v;) for k = 2,1, Qn¢p = QnPx(v;)1) = 0 as soon as
n > i. |

Proposition 2.1. Suppose that Z is neutral and satisfies JP. Let {u;}icy
be an arbitrary family of mutually orthogonal minimal geometric tripo-
tents. Then Q := Il;c;Py(u;) exists as a strong limit and @Q is a contrac-
tive projection with range NicyZo(u;).

Proof. Fix f € Z. For each countable set A\ C I, let gy := II;c\Po(u;)f,
which exists as a norm limit by Corollary 2.1.

With « := inf ||g)||, where A runs over the countable subsets of I, we
can find a sequence A, of countable sets such that o = lim||g,, ||, and
hence a countable set u = U,\, C I such that ||g,| = a. It remains to
prove that

Ilic 1 Po(u;) f = i Po(us;) f-
For € > 0, choose a finite set Ay C p such that for all finite sets A with
Ay C A Cp,
[ lic aPo(u;) f — HigpPo(u;) f < e.

By the neutrality of Py(u;) and the definition of «, for any j & p,
Py(uj) HicyPo(ui) f = iy Po(us) f-
Hence, for any finite subset B with Ao C B C I,
[ Tiep Po(ui) f — HicyPo(u) |

= e Po(ui)[ieprpPo(ui) f — HiePo(ui) f
< | HieBruPo(ui) f — e, Po(us) fl| < e.O
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2.2. Jordan decomposition

In this subsection we introduce the Jordan decomposition property. We
use it in place of atomicity to obtain Proposition 2.4, which contains the
analogs of [17, Prop. 2.9] and [18, Prop. 2.4]. Propositions 2.2 and 2.3
and Lemmas 2.3 and 2.4 are taken from an unpublished note of Yaakov
Friedman and the second named author in 1990.

Proposition 2.2. Let F' be a norm exposed face of the unit ball of a
normed space Z, and let I denote the closed unit interval. The following
are equivalent.

(a) (sprF')1 C coIF U —IF).

(b) For each non-zero f € sprF,3 g,h € RYF with f = g — h and
11 = llgl + 1A

(c) O(sprF)1 C co(FU—F).

(d) For each non-zero f € sprF,3 g,h € RYF with f = g — h and
gL h.

Proof. (a)=(c). If f € sprF and ||f|| = 1, then f = Aao — (1 — \)fT,
with a, B, € I and 0,7 € F. If A\=0 or 1, then f € =F so assume that
0 < A< 1. We have

L=lfll=lrac = (1 =N)p7[| <Aa+(1-A)B<aVi <L

Since A <1, a==1.
(c)=(b). If 0 # f € sprF, then |[f||"'f = Ao — (1 — \)7 with A € [
and 0,7 € F. Since ||Ao|| + ||[(1 = A)7|| = A+ (1 — A) = 1, we have

A= LA+ 1= A7l = (ANl + A = A7l

(b)=(a). Let f € (sprF) and assume 0 < ||f|| < 1. With f =g —h
and ||f|| = llg| + ||| with g,h € RTF, we have

£ =lgliClgll™"g) + Il (=lIAlI~" ) + (1 = [If]]) - 0 € co(IF U ~IF).

(d)=(b). If g L h, then || f[| = |lg — Al = llgll + [[All

(b)=(d). If g,h € RTF and F = F, for some x € U of norm one,
then [lg +hll = g(z) + h(x) = ||gl| + ||h[|. Therefore, [lg + Al = [lg]| + [,
i.e., g L h. O

Definition 2.1. A norm exposed face of the unit ball of a normed space
Z satisfies the Jordan decomposition property if (one of) the conditions
of Proposition 2.2 holds.

It is elementary that if F' satisfies the Jordan decomposition property,
then ext (sprF)1 = ext F Uext (—F).
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Lemma 2.3. Let Z be a neutral SFS space, let F' be a norm exposed face
of Zyand let f € F. Then Syp(F) C F and Py(f)F C RYF, where
Py(f) denotes Py(v(f)) for k=0,1,2.

Proof. Let F' = F,, for some u € GT7. Then by the minimality property of
the polar decomposition ([15, Theorem 4.3(c)]), F,(s) C Fy, and by strong
facial symmetry, S;(f)u = u. Thus if p € Fy, (Sy5)p,u) = (p,u) =1 i.e,
Sy(p)p € Fu, which proves the first statement.

By what was just proved,

_ I+ Sy

[Po(f) + Po(f)](F) 5

(F) C F.
Thus, if g € F,

1700l (g ran) + 1809l (i) < -

Since F' is a face, Po(f)g/||P2(f)g|l € F. 0

Proposition 2.3. In a neutral SFS space, the Jordan decomposition is
unique whenever it exists, i.e., ifu € GT and fori=1,2, if f =o01—11 =
oy — 1o with 7,0; € RYF,, 1= ||f|l = |lojl| + |7ll, then o1 = 02 and
T = T9.

Proof. Apply Py(o1) and Py(7) to f = 01 — 71 = 09 — 7o to obtain
o1 = PQ(O'l)O'Q — PQ(O'l)TQ and —T1 = PQ(Tl)O'Q — PQ(Tl)TQ. Since ag; 1 Ti,

L= [lo1] + Il < |Pe(or)oz + | Pe(o1) 2|l + | Pa(m1)oz | + || Pa(71) 72|
= [[P2(01) + Pa(71)]oa|| + [[[P2(01) + Po(71)] 72|
< loa|| + (|72l = 1.
Therefore ||o1|| = || Pa(o1)o2|| + || P (o) 2|l
Case 1. Py(01)12 # 0. In this case, Py(01)o2 # 0, otherwise we would

have 07 = 0 and hence o7 = 09 = 0. We then have

o1 [ P2(01)oz] Py(o1)oy n [P2(01) 72| <P2(01)T2>_

loull ol [Pa(o1)on]l o] [1P2(01) 72

Since Fy, is a face,
—Py(01)72

[ P2(01) 72l

On the other hand, by Lemma 2.3, Py(01)m2 € RTF,, so that Py(oy)m =
0, a contradiction, so this case does not occur.

u:



State spaces of JB*-triples 15

Next, as above, apply Py(02) and Py(19) to f =01 — 11 = 09 — 79 to
obtain 09 = PQ((IQ)O’l - PQ(O’Q)Tl and —T9 — PQ(TQ)O’l - PQ(TQ)Tl. Since
a; 1 Tj, A8 above we obtain ||0'2H = HP2(02)0'1|| + ||P2(02)7'1H.

Case 2. Py(09)71 # 0. Exactly as in case 1, this implies that Py(09)o1 #
0 and leads to a contradiction unless o9 = 0. So this case does not occur.

Case 3. P2(0'2)7_1 == PQ((Il)TQ = 0. In this case, o1 = PQ(O’l)O'Q and 09 =
Py(03)01, so that ||o1]] = ||o2]|. It follows that m9(v(01)) = (Po(01) 72, v(07)) =
0 and

lovl] = o1(v(o1)) = f(v(01)) = o2(v(01)) = T2(v(01))
= 02(v(01)) < [lozfl = [lov,
implying v(o2) < v(oy). Similarly, using Py(o2)71 = 0 leads to [jo2] =

o1(v(o2)) and v(oq) < v(o9).
Thus v(o2) = v(o7), and we now have

g1 = PQ(Ul)f = PQ(O'l)O'Q — PQ(Ul)TQ == PQ(O'l)O'Q == PQ(O'Q)O'Q = 0'2.|:|

Lemma 2.4. Let F be a norm exposed face satisfying the Jordan decom-
position property. Then

(a) spr F NisprF' = {0}.
(b) If Z is a neutral strongly symmetric space, then the projection of
spcF = sprF + isprF onto sprF is contractive.

Proof. Let h € sprF NisprF, and suppose that ||h|| = 1. By Proposi-
tion 2.2,

h = aif + B(—ig) = vf1 +(—gq1)

for some f,g, fi,91 € F and o, 5,7, € R witha > 0,6 =1—a,y >
0,6 =1—~,f Lg, and f; L g;. With F' = F,, for some u € GT, we have
i(a — B) = h(u) =y — 9, so that

1. 1
h=35i(f —9) =35 —gq1). (2.2)
Applying successively Py (f) and Py(g) to (2.2) we obtain

if = Py(f)f1 — P2(f)g1 and —ig = Py(g)f1 — P2(g9)g1.

Therefore

2= |lif]| + lligll < [P(f)f1ll + 1P (fgrll + [1P2(g) fll + [ P2(g) g1 |
= () fall + [1P2(g) frll) + ([[P2(far |l + |1 P2(g) g1 )
< Al + llgall = 2.
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If Po(f)f1 = 0, then if = —Py(f)f1 € RTF, a contradiction. Similarly,
Py(f)g1 # 0. Since iF is a face, and

if = 1Pl () + 1Rl

P2(f)91>
1P (f) f1ll ’

P2 (f)gnl

Py(f) fr

" € i F

1P () fll
On the other hand, by Lemma 2.3,

Py(f)f1 cF

1P (f) fall

also. This is a contradiction which proves (a).
Now let g + ih € sprF + isprF. Write g = ap — bo with p L o,
p,o € F,and ||g|| = a +b. Then (g,v, — v,) = a +b, and

lg +ih| > [{g + ih,v, —vs)| = la+ b+ i(h,v, — vy)|
=[(a+b)2+ (h,v, —vs)"]? > a+b=|gl,

proving (b). O

If Z is a dual space, so that each norm exposed face is weak*-compact,
then (b) and the Jordan decomposition property imply that spcF is
closed, so that Zy(F') = spcF.

Definition 2.2. A WFS space satisfies property JD if every symmetric
face satisfies the Jordan decomposition property. In this case, we say that
Z is base normed.

It is important to note that this property is hereditary, that is, if Z
satisfies JD, then so does any geometric Peirce space Zj(u). Indeed, if
Fy N Zk(u) is a local face corresponding to a geometric tripotent w €
Uk(u), and p € spg [Fw N Zg(u)], then p = ag — Bh, with g,h € F,
and |[p|| = « + B. From this it follows that Py(u)g, Py(u)h € Fy, and
p = aPy(u)g — BPy(u)h.

Proposition 2.4. Let Z be a SFS space satisfying JD.

(a) T=M.
(b) Suppose furthermore that Z is neutral and satisfies JP. Let v € M
and suppose that w € GT and wTv. Then w € M.
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Proof. Let v € T and suppose F,, contains two distinct elements fi, fo
and set f = f1 — fo. Then f = ag — Sh with a,83 € RT and g,h € F,.
By evaluating at v one sees that a = 3 = 1/2. Therefore F, contains
orthogonal elements g and h with orthogonal supports v, and v, such
that vy < v, vy, < w. Since v € I, vy = v = vy, a contradiction. Thus F,
consists of a single point and v € M. This proves (a).

To prove (b), we first show that F,, C Zi(v). Let b = 19 + 11 + 1y
be the Peirce decomposition of ¢ € F,, C Zs(w) with respect to v. We
shall show that 19 = 1y = 0. In the first place, by [17, Prop. 2.4], 1y =
Py(v)y = ¢(v)f, and since v € Uy(w), f, € Z1(w). (To see this last
step, note that for & = 0,2, Py(w)fy = Pp(w)Pa(v)fy = P2(v)Pe(w) fy =
(P (w) fo,v) fo = {fu, Px(w)*v)f, = 0.) On the other hand, since v and
w are compatible, Yo = Po(v)Py(w)y) = Py(w)Pa(v)yp € Zy(w), showing
that ¢ € Zy(w) N Z1(w) = {0}. Now ¢ = 91 + 1pg € Fy, so Sy¢p =
-1 + g € —F, by [15, Theorem 2.5], so that ¢y €spr Fy,. Hence,
if 19 # 0,we can write ¥y/||vol| = Ao — pur with o,7 € Fy, A,u > 0

and A\ + p = 1. Since 0,7 € F,, as shown above, oo = 75 = 0 and
Yo /lloll = Aor + o0) — u(m + 710) so that Aoy —pum =0, A =p =1/2
(since o1 (w) = 1 (w) = 1) and ||og — 7o|| = ||2¢0/||%0]||| = 2. Since

2 = [loo = 7ol < llooll + [Irol <1+ 1 =2,

|looll = 1 and by neutrality of Py(v) ([15, Lemma 2.1], o3 = 0, im-
plying g = o € Fy, a contradiction as og(w) = (Py(w)FPy(v)o,w) =
(Py(w)o, Py(v)*w) = 0. Therefore g = 0 and F,, C Z;(v).

Now that we know F,, C Z;(v), we show that F, is a single point.
Suppose to the contrary that there exist g,h € F,, with g # h. Then
f := g—his a non-zero element of sprF,,, so f = c—7 witho,7 € RTF,
and |o| + ||7|| = || f||- Since o(w) = 7(w), 0 # 0 and 7 # 0, and since
o L 7, v, and v, are orthogonal geometric tripotents in Us(w) and hence
Us(vy + v;) C Ug(w). Moreover, by [15, Theorems 2.3,2.5],

Us(w) =5p% {vg : G € SF,G C Zy(w)}
csp” {vg:Ge€SF,GC Z(v)}
C 5" {vg: G € SF,S,(G) = —G} = Uy (v).

Then by [18, Cor. 2.3, v € Uy (v,) NU;i(v;) and by JP, v € Ua(v, +v;) C
Us(w), that is, w F v, a contradiction. O
2.8. Rank 2 faces; spin factor

In this section we assume that Z is a neutral, strongly facially symmetric
space satisfying JD and JP.
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Lemma 2.5. Let v € M and ¢ € Zi(v), ||¢| = 1, and suppose that
w = vy, is minimal in Uy (v). Then either ¢ is a global extreme point or
the midpoint of two orthogonal global extreme points.

Proof. Since w is minimal in Uy (v), the face F, N Z;(v) in Z;(v) exposed
by w, considered as a geometric tripotent of Uj(v), is the single point
{¢}. For any element ¢ € F,,, P,(v)1) = ¢, since for k = 0,2, ¢y (w) =
(Pg(v),w) = (¢, Px(v)*w) = 0. Thus every ¢ € F,, has the form ¢ =
Y9 + ¢ + 1y where ¢ = Py (v)y for k =0,2.

If F, = {¢}, there is nothing more to prove. So assume otherwise
in the rest of this proof. As in the proof of Proposition 2.4(a), F,, then
contains two orthogonal elements 0 = 09 + ¢ + 09 and 7 = 19 + ¢ + 7.
Further

2= lo =7l = lloa = 72l + lloo = 7ol < llo2ll + [[72ll + llooll + lI7oll
= lloa + ool + 72 + 70l < llo| + [I7]] = 2.

This proves |02 + o9l = 1 = |72 + 70||, and setting u := v,, € Us(v)
and @ = v,, € Up(v) one obtains o(u+u) = ||oz|| + |loo|| = ||o2 + 00| =1
soo € FyNFyiq.

We show next that Fy, N F, 14 is the single point {o'}. Suppose to the
contrary that Fy, N F, 4 is not a singleton. Then, as above, it contains
two orthogonal elements o’ and 7’ with |0, — || + ||of, — 7| = 2.

We next claim that

u=vy =vy (o) =llogll , alrg) = [l
Indeed,
1= (u+a,03 +0p) = oy(u)+oy(a) < |oy(u)|+|og(a)] < [logll+llogll <1,

so that og (@) = ||og|| and o5 (u) = [|o3]|, and hence vy < u, and v,y = u,
since u, being a multiple of v, is minimal, and hence indecomposable. The
proofs for 75 and 7 are similar.

We next show that there are positive numbers A\, and an extreme
point p such that o5, = Ap and 75 = pp. Indeed, o, = Py(v)o' = o' (v)f, =
ob(v) fy, where f, is the extreme point corresponding to v € M, and
llos|l = ob(u) = o4(v) fy(u). Since w is a multiple of v, f,(u) # 0 and

ol L Il
oy = fv and similarly =, = fo-
? fu(u) ’ ? fo(u) ’
Writing f,(u) = re', we have o} = —HUTIQH (e7f,) and 75 = ”?H (e7f,).

Finally, assuming without loss of generality that A > u, we have

2= loz = w2l + llog = 7oll = lloall = lIm2ll + llog — 7ol < 1+ [l7ll = [I2ll,
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/ !

which implies that 75 = 0 and ||7}|| = 1. By neutrality of Py(v), 7" = 7,
which is a contradiction.

This proves that F,, N F,y5 is a single point {o} and hence o =
o2+ p+0oq is a global extreme point. Then so is & := —Sy,0 = —o9+yp—0g
and ¢ = (0 + 7)/2, completing the proof. O

We can now prove versions of [17, Prop. 3.2,Lemma 3.6] without as-
suming our space is atomic. First, we need the following lemma, the con-
clusion of which is in the hypotheses of [17, Prop. 3.2,Lemma 3.6].

Lemma 2.6. Let v € M, and let w € GT NU(v). Suppose that w & M.
Then F,, is a rank 2 face, that is, w = wi + wo where wy and ws are
orthogonal minimal geometric tripotents.

Proof. There are two possibilities: (i) w is minimal in U;(v); and (ii) w
is not minimal in U; (v).

In case (i), w is the support geometric tripotent for some extreme
point ¢ of the unit ball of Z;(v). Since by assumption ¢ is not a global
extreme point, by Lemma 2.5, ¢ is the midpoint of two orthogonal global
extreme points, and therefore w is the sum of two orthogonal minimal
geometric tripotents.

In case (ii), w = wy + w9 where wy,wy € GT NUp(v), wy L wy, and
by [18, Cor. 2.3], w1 Tv, wyTwv, so wy,wy € M by Proposition 2.4(b). O

Proposition 2.5. Assume that Z also satisfies FE and STP. Let v € M,
and let w € GT NUy(v). Suppose that w ¢ M. Then

(a) If o and T are orthogonal elements of Fy,, then o and T are extreme
points, 0 + T = fy, + fuw, and vy + v; = w, where w = wy + wa
according to Lemma 2.6.

(b) Each norm exposed face of Z1, properly contained in Fy,, is a point.

(c¢) If p is an extreme point of Fy,, then there is a unique extreme point p
of Fy orthogonal to p.

(d) With & = (fuw, + fuw,)/2, Fuw = U{[§, p] : p € extFy}, where [€, p] is

the line segment connecting & and p.
Proof. Case (i). w is minimal in U; (v).

(a) In the proof of Lemma 2.5, it was shown that if F, contains two
orthogonal elements, then these elements are global extreme points. Once
this is known, the equalities o + 7 = fy,, + fu, and v, + v, = w follow
exactly as in the proof of [17, Prop. 3.2].

(b) Suppose that F,, C F,, and F,, # F,,. By [14, Lemma 2.7] if o € F,,,
there exists 7 € F, with 7 L 0. Then o and 7 are extreme points. Thus
F,, consists only of extreme points, and so it contains only one element.
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(c) If p is an extreme point of Fy,, then as in the proof of (b), there
exists an extreme point p € F,, orthogonal to p. Since by (a), p + p =
Fun + funs f i unique.

(d) The proof is exactly the same as in [17, Lemma 3.6].

Case (ii). w is not minimal in Uy (v).

In the first place, since Z;(v) satisfies JD, and F,, N Z;(v) is not a
point, it must contain two orthogonal elements g and h with orthogonal
supports vy and vy, in U;(v). Then by [18, Cor. 2.3], vy Twv, vy Tw, so by
Proposition 2.4(b), vy, v, € M and g, h are global extreme points. After
noting that Z;(v) satisfies FE and STP (by [15, Lemma 2.8,Cor. 4.12]),
it now follows exactly as in the proof of case (i) that (a)-(d) hold for the
face F\y N Zy(v). In particular Fy, N Z;(v) =
A+ =XNp:p,pe FynZi(v)Next Zi,p L p,v,+v; =w,0< <1}

Now take two orthogonal elements o,7 € F,, and Peirce decompose
each one with respect to v:

o=09+01+09 , T=T9+T1 + 7.
Since o1, 71 € Fy,, as noted above we may write
0'1:>\,0+(]-7)\),5 ’ 71:M¢+(1*,U)¢~>a
where p and p are orthogonal global extreme points lying in F, N Z(v)
with v, +v; = w, and similarly for ¢, ¢.

We can partially eliminate ¢ and ¢ as follows. Since 71 = Py (v)T =

Py (w) Py (v)T € Zo(w) and w = v, + vz, by [17, Lemma 2.3]
TL=cp+op+y (2.3)

for scalars ¢, co and ¢ € Z1(p) N Z1(p). Since |c1| + |co| = ||c1p + c2p]| =

| P2(vp)71 + Po(vp)7i|| < 1 and since 1 = 71(w) = ¢1 +ca +1p(w) = c1 + ¢

we have ¢ +co =1 and 0 < ¢q,c9 < 1. Denote ¢; by ¢ in what follows.
We shall now prove that

70,00 € Z1(v,) and vve, € M, (2.4)

and
¥ in (2.3) is zero. (2.5)
To prove (2.4), note that since v, € U;(v), v, is compatible with v ,
so Py(v,)10 € Zy(v) for k =2,1,0. Since 19 = Py(v)T = (7,v) f, and
fv = PZ(p)fv + Pl(p)fv + Pﬂ(p)fv
= (fu,vp)p + P1(p) fo + Po(p) Pa(v) fo
= <p,v>p + Pl(p)fv + <P0(p)fvuv>fv
- -Pl(p)fva
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it follows that 7, € Z1(p). Moreover, since S5) w = w, we have S, Fy, C
F,,. Hence

Sy, 7= T2+ cp+ (1 —c)p— 1+ Sy, 70 € Fy,

and therefore

T+ 5,7 N
T" =cp+ (1 =c)p+ (10 + Su,70)/2 € Fy.
Let 7' := (70 + Sy, 70)/2. We'll show 7' = 0. Recall that for any ¢ € Z,
[P1(0)¢ + Po(v)d] = || = Su[P1(v)¢ + Fo(v) gl = [[Pr(v)d — Po(v)él.

Hence, if 7' # 0, then cp + (1 — ¢)p — (10 + Sy, 70)/2 € Fy, whence
7’ € spr Fy, and by the property JD,

/7' = e + &) — (1 — a)(m1 +1m0)
with &, n € F,, and « € [0, 1]. Note here that

§2 = Pa(v) Po(w)§ = (P (w)€,v) fo € Z1(w),

so & = 0 and similarly 7o = 0. As in Proposition 2.4(b), this implies
o = 1/2,6 = m, € — ml =2 and [l&] = 1 = noll. By neutrality,
& = 0 = m, which contradicts the fact that £ = & + & € Fy,. Thus,
7' =0, proving that 7p € Z;(v,). A similar proof shows that oy € Z;(v,).

Now v,, € Up(v) N Ui(v,), and if vy = v,, then v, € Us(vg) C
Uy(v), by [15, Cor. 3.4], a contradiction. Now by the two case lemma
([18, Prop. 2.2]), v, Tw, and v, is a minimal geometric tripotent by
Proposition 2.4(b). A similar proof shows that oy € M. This proves
(2.4).

We next prove (2.5). Recall that 7 =79+ ¢p+ (1 — ¢)p + ¢ + 79, and
note that

= _S’US’UPT =Ty +cp+ (1 - C)ﬁ — Y+ 70,

and —S,S,,0 = 0. If we let 7/ := (7 + 7')/2 then 7,7/, 7" € F,Not, in
particular ¢ = 7/ — 7' € 0. Suppose that v is not a multiple of a global
extreme point. Since ¢ € Z1(v,) N Z1(v;), and vy is not minimal, we have
vp,v5 € Us(vy) and w = v, +v; € Usz(vy). But v, < w € Uy(vy) and
Vg L vy, implying v, € Up(vy) N Usz(vy), a contradiction.

We conclude that ¥ = ayp is a multiple of a global extreme point ¢.
From (2.3), if @ # 0, then ¢ is a difference of two elements of F,,, hence
an extreme point of (spr Fy)1, which implies that ¢ € F,, U F_,,. This
is a contradiction since +a = ap(w) = Y(w) = (v, + v;) = 0. Hence
a = 0 proving (2.5).
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We next show that F,,N{o}-N{7}*+ = 0. Suppose there exists a point
7' lying in F,, N {o}* N {7}*. By the above calculations, one member of
the set {71, (7')1, 01} is a convex combination of the other two. From this
it follows exactly as in the proof of Lemma 2.5 that the corresponding
convex combination of two elements of the orthogonal set {r,7',0} is an
extreme point, which is a contradiction. Thus F,, N {o}* N {7}t = 0.

We can now complete the proof of (a), and (b)-(d) will follow as in
case (i). If F,,_ # {7}, then by JD, F,_ contains two orthogonal elements
g, h. But we have proved that in this case F,, N {g}* N{h}* = 0. However,
this set contains o and this contradiction shows that 7 (and by symmetry
o) is an extreme point. This completes the proof of Proposition 2.5. O

Once we know the result of Proposition 2.5 above, the proof in [17]
shows that the main result of [17] holds with atomic replaced by JD and
JP. We formalize this in the next theorem.

Theorem 2.1. Let Z be a neutral strongly facially symmetric space which
satisfies FE, STP, JP and JD. Ifv € M and u € GT NU;(v), then Zy(u)

is isometric to the dual of a complex spin factor.

Proof. The argument in [17], from [17, Corollary 3.7] to [17, Theorem
4.16] uses only the following results from [17] and does not otherwise
invoke the atomic assumption made there: [17, Prop. 2.9,Cor. 2.11,Prop.
3.2,Lemma 3.6].

On the one hand, [17, Prop. 2.9] and [17, Cor. 2.11] remain true if
atomic is replaced there by JD and JP, as shown in our Proposition 2.4(a).
On the other hand, [17, Prop 3.2] remains true if atomic is replaced by
JD and JP, as shown in our Proposition 2.5(a),(b),(c); and [17, Lemma
3.6] remains true if atomic is replaced by JD and JP, as shown in our
Proposition 2.5(d). Thus Theorem 2.1 is proved. 0

2.4. Atomic decomposition

The following is the main result of this section.

Theorem 2.2. Let Z be a neutral strongly facially symmetric space sat-
isfying the pure state properties, and satisfying JP and JD. Then Z =
Zo ®Y N, where Z, and N are strongly facially symmetric spaces satis-
fying the same properties as Z, N has no extreme points in its unit ball,
and Z, is the norm closed complez span of the extreme points of its unit
ball.
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Proof. If Z has no extreme points in its unit ball, there is nothing to prove.
If it has an extreme point, then there exists a maximal family {u;};c; of
mutually orthogonal minimal geometric tripotents. Let Q := IT;c; Py(u;)
be the contractive projection on Z with Q(Z) = NjerZo(u;) guaranteed
by Proposition 2.1. We shall show that N := Q(Z) and Z, := (I — Q)(2)
have the required properties. By maximality, N has no extreme points in
its unit ball.
For a finite subset A of I and Q4 := II;c 4Py(u;), by JP,

(I - Qa)(2) 20
= ZQ(ZAUZ‘) S5, Zl(ZAUi)
= (®aZ2(wi)) ® (Bigi[Z1(ui) N Z1(uj)]) & (©alZ1 (i) N Zo(Zj2iu;)]) -

Since I—Q 4 — I—Q strongly, it follows that every element of (I—Q)(Z) is
the norm limit of elements from U4 (I —Q4)(Z). Since obviously Z(u;) L
Q(Z), in order to prove Z, 1 N, it suffices to prove that for every i € I,

Z1(ui) L Q(Z). (2.7)

For each i, let Q; = Iljer_q;3Po(uy) and for ¢ € Zi(u;), write ¢ =
Qip + (I — Q;)p. Note that

Qi(Z1(ui)) = Z1(ui) N [Njer—qiy Zo(uy)]
and that

(I — Q;)(Z1(u;)) is the norm closure of @gienlif%} [Z1(us) N Zy(uy)].
For the latter, note that for a finite subset A C I — {3}, if Q; 4 denotes
the partial product for @;, then

(1= Qia)P () = 3 Palutg) Pr (i) + 3 P (k) Py () P ()
) k#l
+ > Pu(ug)Po(d ug) Pr(us)
A k#j
=040+ > Pi(uj)Pr(u;).
A

Thus, (I —Q;)¢ can be approximated in the norm by elements from spaces
of the form ®;ca[Z1(u;) N Z1(u;)], where A is a finite subset of I — {i}.
Now (2.7) is reduced to proving that Q;(Z1(u;)) L Q(Z) and (I —
Q)71 (u) L Q(Z). Since Zy(us) 1 Za(uj) © Zo(us +uy) and Q(Z) C
Zo(u; 4+ uj), it is clear that [Z; (u;) N Z1(uy)] L Q(Z). It remains to show

that
(71(ui) N [Njer—y Zo(u))]) L Q7). (2.8)
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Suppose g € Z1(ui) N[Njer—{i3Zo(uz)] and h € Q(Z). Then either vy
u; or vy Tu;. In the first case, since by Theorem 2.1, Us(v,) is isometric to
a spin factor, there is a minimal geometric tripotent u; with @; 1 u; and
; € Up(Xjer—qiyuy). This contradicts the maximality. Therefore v, is a
minimal geometric tripotent and g is a multiple of an extreme point ¢. If
h = hg + h1 + hq is the geometric Peirce decomposition of h with respect
to vg, then since v, is compatible with all the uy, h; € Q(Z). Now hy is
also a multiple of ¢ and ¢ € Z;(u;); hence hy € Zg(u;) N Z1(u;) = {0}.
Since vy, € Ui(vy), either vy, = vy or vy, Tvg. In the first case we would
have v, € Us(vp,) C Q(Z), a contradiction. In the second case, h; would
be a multiple of ¥, again a contradiction. We conclude that hy = 0 and
therefore h = hg € Zy(vgy) so that g L h as required, proving (2.8) and
thus the decomposition Z = 7, ot N.

It is elementary that all the properties of Z transfer to any L-summand.
Finally, the set of extreme points of the unit ball of Z which lie in
(I — Q)(Z) are norm total in (I — Q)(Z), since every element from the
right side of (2.6) is a linear combination of at most two extreme points
by Lemma 2.5 and Proposition 2.5(d). 0

3. Characterization of one-sided ideals in C*-algebras
3.1. Contractive projections on Banach spaces

An interesting question about general Banach spaces, which is relevant
to this paper, is to determine under what conditions the intersection of
1-complemented subspaces is itself 1-complemented. Although this may
be true if the contractive projections onto the subspaces form a commut-
ing family, we have been unable to prove it or find it in the literature,
without adding some other assumptions. The hypothesis of weak sequen-
tial completeness used in Corollary 3.2 and Theorem 3.1 is satisfied in
L-embedded spaces, as noted in subsection 1.1.

Lemma 3.1. Let X be a Banach space and let {P;}ic; be a family of
commuting contractive projections on X. Then W := Nijc P} (X™) is the
range of a contractive projection on X*.

Proof. Let F denote the collection of finite subsets of I. For each A € F,
let Q4 = I;caP;. Since the unit ball B(X*); is compact in the weak*-
operator topology (= point-weak*-topology), there is a subnet { Rs }5¢p of
the net {Q%} 4. 7 converging in this topology to an element R € B(X™);.
Thus Rs = Q;’;(d), where u : D — F is a finalizing map (VA € F,34, €
D,u(d) > A,V§ > §p), and for every z € X* and f € X,

(Re, f) = lim(Ry, f).
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It is now elementary to show that R? = R and Rz = z if and only if
x € W. For completeness, we include the details.
For z € X*, f € X,

(R’z, f) = lim{Rs R, f) = lim(Rz, Qus) f)
= limlim(Ry 2, Quep) f) = limTim{z, Qus) Qus) f)

Thus R? = R.

If x € W, then Q%x = z for every A € F, so that (Rz,f) =
limg(Rsx, f) = lim(;(QZ(&):c,f) = (x, f), so that Rz = x.

Conversely, if Rz = z, then

(Pi'z, [) = (P Rz, f) = lim{Ryz, i f)

so that x € W. O

We cannot conclude from the above proof that N;ec; P;(X) is the range
of a contractive projection on X. On the other hand, we have the following
two immediate consequences.

Corollary 3.1. Let X be a reflexive Banach space, and let {P;}icr be
a family of commuting contractive projections on X with ranges X; =
P;(X). Then'Y := Nier X; is the range of a contractive projection on X.

Corollary 3.2. Let X be a weakly sequentially complete Banach space,
and let {P;}ien be a sequence of commuting contractive projections on X
with ranges X; = P;(X). Then'Y := NienX; is the range of a contractive
projection on X.

Proof. With Qn, = Py --- P,, there is a subsequence (), converging to an
element R € B(X*); in the weak*-operator topology, that is, for z € X*
and f € X, (z,Qn,f) = (Rx, f), so that {Qn, f} is a weakly Cauchy
sequence. By assumption, @)y, f converges weakly to an element Sf, and
it is elementary to show that R = S*, and S is a contractive projection
on X with range Y. O

Theorem 3.1. Let X be a weakly sequentially complete Banach space,
and let {P;}ic; be a family of neutral commuting contractive projections
on X with ranges X; = P;(X). Then Y := N1 X; is the range of a
contractive projection on X.
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Proof. We note first that for any countable subset A C I, by Corollary 3.2,
there is a contractive projection @), (not necessarily unique). with range
NiexX; Now, for f € X, define

ay = infinf [Qaf]-

There exists a sequence \(™ and a choice of contractive projection Q)
with ap < |Qy fIl < ay +1/n. Set u = UpA™ and let Q, be a con-
tractive projection on X with range N;ec,X;. Since Q,(X) C Qy\wm (X),
we have @ f]| = |Qu@yen £l < @y £ implying ay = [Qu ]l and so
1Qufll < |@xf]] for all countable subsets A of I.

If QL is any other contractive projection with range @Q,(X), then
Quf = QuQuf = QuQ,f = Q),f so that we may unambiguously de-
fine an element Qf € N;c, X; by Qf := Q,f. By the neutrality of the
projections, it follows that Qf € N;c;X;. Indeed, if j € I — p, then

1QuugiyfIl = 1B Qufll < Qufll < 1Quugsy fII;

and by the neutrality of P;, P;Q,f = Q,f. Hence Qf € N;c;X;. Con-
versely, if f € N;erX;, then in particular, f € Q,(X), so Qf = Quf = f.

We have shown that () is a nonlinear nonexpansive projection of X
onto Y. It remains to show that () is actually linear. For this it suffices
to observe that, by neutrality, if Qf = @Q,f, then Qf = Q,f for any
countable set A D p. Then, if f,g € X and Qf = Q. f, Qg = Qug, and
Q(f +g9) = Q,(f + g) for suitable countable sets u,v, o of I, then with
T=pUrdo,

QU +9)=Q:(f+9) =Q:f+Qr9g=Qf +Qg.0

3.2. Characterization of predual of Cartan factor

In this subsection we show that the entire machinery of [18] can be re-
peated with appropriate modifications to yield an extension of the main
result of [18] to non-atomic facially symmetric spaces satisfying JD, and
stated in Theorem 3.2 below. As noted below, the assumption that Z is
L-embedded in its second dual needs to be added to the assumptions in
[18]. As was done in the proof of Theorem 2.1, we shall explicitly indicate
the modifications needed in [18], section by section, to prove Theorem 3.2.

In the proof of [18, Lemma 1.2] it was stated that the intersection of
a certain family of 1-complemented subspaces, is itself 1-complemented.
As noted in Section 3.1, this is problematical in general. However, [18,
Lemma 1.2] is used in [18] only in the context of a reflexive Banach
space, hence it is covered by Corollary 3.1. The role of the assumption
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of atomic in [18, Proposition 1.5] is to obtain the property expressed in
Proposition 1.1(b). But as shown in Theorem 2.2, this property will be
available to us.

By Proposition 2.4(b) and Lemma 2.6 respectively, [18, Proposition
2.4] and [18, Proposition 2.5] remain true with atomic replaced by JD.
[18, Corollary 2.7] depends only on [18, Proposition 2.5] and Theorem 2.1,
while the part of [18, Lemma 2.8] concerned with the property FE is
immediate from [18, Corollary 2.7] and [18, Proposition 2.4]. Finally, [18,
Corollary 2.9] is immediate from [17, Proposition 2.9] which, as already
remarked in the proof of Theorem 2.1, remains true with atomic replaced
by JD (Proposition 2.4(a)).

The only reliance on atomicity in [18, Section 3] occurs in [18, Lemma
3.2] and [18, Proposition 3.7]. The former depends only on [18, Corollaries
2.7 and 2.9] and the latter on [18, Proposition 1.5], which as just noted,
are both valid with atomic replaced by JD. In the proof of [18, Proposition
3.12] it was stated that the intersection of a family of Peirce-0 subspaces of
an orthogonal family of minimal geometric tripotents is 1-complemented,
and in fact the net of partial products converges strongly to the projection
on the intersection. As no proof was provided for this in [18], we provided
a proof in Proposition 2.1. Recall that Proposition 2.1 was also the key
engredient of the proof of the atomic decomposition in Theorem 2.2 above.

With these remarks we can now assert the following modification of
[18, Theorem 3.14].

Proposition 3.1. Let Z be a neutral SFS space and assume the pure
state properties FE,ERP, and STP, and the properties JD and JP. As-
sume that there exists a minimal geometric tripotent v with Uy (v) of rank
1 and a geometric tripotent u with u = v. Then U has an M -summand
which is linearly isometric with the complex JBW *-triple of all symmet-
ric “matrices” on a complex Hilbert space (Cartan factor of type 3). In
particular, if Z is irreducible, then Z* is isometric to a Cartan factor of
type 3.

The only possible reliance on atomicity in [18, Section 4] occurs in [18,
Lemma 4.9] and [18, Proposition 4.11]. The former depends only on [17,
Lemma 3.6], which is valid in the presence of JD by Proposition 2.5(d),
and the latter on [18, Lemma 1.2}, which as noted above is needed only for
reflexive Banach spaces. But [18, Lemma 4.9] states explicitly that reflex-
ivity. Note that the “classification scheme”, embodied in [18, Proposition
4.20] does not involve atomic so is valid in the presence of JD.

The only reliance on atomicity in [18, Section 5] occurs in [18, Lemma
5.2], which depends on [17, Corollary 2.11]. As already noted, the latter
is valid in the presence of JD. In the proof of [18, Lemma 5.5] it was
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stated that the intersection of a family of Peirce-0 subspaces of a fam-
ily of geometric tripotents which are either orthogonal or collinear is 1-
complemented, and in fact the net of partial products converges strongly
to the projection on the intersection. As no proof was provided for this
in [18], we provided a proof of the 1-complementedness of the intersec-
tion in Theorem 3.1. This is the only place in this paper and one of two
places in [18] where the assumption of L-embeddedness is used. Although
it is problematical whether the strong convergence of the partial products
exists, nevertheless, it is sufficient to take a subnet of the net of partial
sums in the proof of [18, Lemma 5.5]. The same remark applies to [18,
Lemma 6.6].

With these remarks we can now assert the following modification of
[18, Theorem 5.10].

Proposition 3.2. Let Z be a neutral SFS space of spin degree 4, which is
L-embedded and which satisfies FE,STP,ERP, and JP and JD. Then Z
has an L-summand which is linearly isometric to the predual of a Cartan
factor of type 1. In particular, if Z is irreducible, then Z* is isometric to
a Cartan factor of type 1.

The only reliance on atomicity in [18, Section 6] occurs in [18, Lemma
6.2]. However, this dependence is on earlier results which have been es-
tablished in the presence of JD. As noted above for [18, Lemma 5.5], [18,
Lemma 6.6] holds under the assumption of L-embeddedness.

With these remarks we can now assert the following modification of
[18, Theorem 6.8].

Proposition 3.3. Let Z be a neutral SFS space of spin degree 6, which is
L-embedded and which satisfies FE,STP,ERP, and JP and JD. Then Z
has an L-summand which is linearly isometric to the predual of a Cartan
factor of type 2. In particular, if Z is irreducible, then Z* is isometric to
a Cartan factor of type 2.

The results of [18, Section 7] carry over verbatim in the presence of JD.
The proof of [18, Theorem 7.1] on pages 75 79 of [18] yields the following
modification.

Proposition 3.4. Let Z be a neutral SFS space which satisfies FE, STP,
ERP, and JP and JD, and let v,v be orthogonal minimal geometric
tripotents in U := Z* such that the dimension of Us(v + 0) is 8 and
Ui(v +v) # {0}. Then there is an L-summand of Z which is isomel-
ric to the predual of a Cartan factor of type 5, i.e., the 16 dimensional
JBW*-triple of 1 by 2 matrices over the Octonions. In particular, if Z
is irreducible, then Z* is isometric to the Cartan factor of type 5.
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Similarly, the proof of [18, Theorem 7.8] appearing on pages 79 82 of
[18] yields the following modification.

Proposition 3.5. Let Z be a neutral SFS space of spin degree 10 which
satisfies FE,STP,ERP, and JP and JD, and has no L-summand of type
Iy. Then Z contains an L-summand which is isometric to the predual of a
Cartan factor of type 6, i.e., the 27 dimensional JBW*-triple of all 3 by 3
hermitian matrices over the Octonions. In particular, if Z is irreducible,
then Z* is isometric to the Cartan factor of type 6.

Finally, the proof of [18, Theorem 8.2] on pages 83 84 of [18] yields
the following modification.

Theorem 3.2. Let Z be a neutral strongly facially symmetric space sat-
isfying FE, STP, ERP, which is L-embedded and which satisfies JP and
JD. For any minimal geometric tripotent v wn U, there is an L-summand
J(v) of Z isometric to the predual of a Cartan factor of one of the types
1-6 such that v € J(v). If Z is the norm closure of the complex linear
span of its extreme points, then it is isometric to the predual of an atomic

JBW*-triple.

3.8. Spectral duality and Characterization of dual ball of JB*-triple

If Z is an L-embedded, base normed, neutral strongly facially symmetric
space satisfying JP and the pure state properties, then by Theorems 3.2
and 2.2, its dual Z* is a direct sum Z* = (Z,)* @~ N* where (Z,)* is
isometric to an atomic JBW*-triple. We shall identify (Z,)* with this
JBW*-triple in what follows.

Lemma 3.2. Suppose that 7 is as above and assume that 7 is the dual
of a Banach space B. For a € B, if a denotes the canonical image of a
in Z*, and Q is the projection of Z* onto (Z,)*, then ||Qall = ||a]|.

Proof. For a € B with ||a]| = 1, let g be an extreme point of the nonempty
convex w*-compact set {f € Z: | f|| =1= f(a)}. Then g € extZ;, so g
vanishes on N*. Thus

1= |laf| = [la]l > |Qall > [{Qa, g)| = [{a, g)| = [{g,a)| = 1.0

In order to show that the space B is isometric to a JB*-triple, it
suffices to show that the image of the map a — @a is closed under the
cubing operation in (Z,)*, and is hence a subtriple of (Z,)*. To show
this we need a spectral assumption on the elements of B. To make this
definition, we need a lemma.
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Lemma 3.3. Let Z be a neutral WFS space satisfying PE. Let {Fp :
B € B} be a family of norm closed faces of Z1, where B denotes the set
of non-empty Borel subsets of the closed interval [a,b].

(a) Suppose that
(i) if By N By =0, then Fp, 1. Fp, and vg,uB, = vB, + UB,.
For f € Cla,b], if P = {so,...,sn} is a partition of [a,b] and T =
{t1,...,tn} are points with s;_1 < t; < s;, the Riemann sums S(P,T, f) =
21 f(tj)ves; ;) converge in morm to an element [ f dvg = [ f(t) dvp(t)
of Z* as the mesh |P| = min{s; — s; 1} — 0.

(b) Suppose that (i) holds, with [a,b] = [0, ||z||]] for some x € Z,, and
suppose that x satisfies the further conditions:
(ii) (x, Fg) C B for each interval B € B;
(iii) St = = for B € B;
(iv) <$=F(J6,Ha;||}> =0.

Then x = [tdup(t).

Proof. For the proof of (a), it suffices to show that for every e > 0, there
is a & > 0, such that

IS(P,T, f) = S(P', T, f)|| < eif [P|,|P'| <. (3.1)

By the uniform continuity of f, let § > 0 correspondence to a tolerance
of ¢/2. If |P|,|P'| < 6, then S(P,T,f) — S(PUP',T",f), where T" is
any selection of points, is of the form Y 7" a;v;, where || < €/2 and
v1,..., Uy are orthogonal geometric tripotents. Thus

IS(P.T, f) = S(PU P, T", f)]| = max |aj| < ¢/2
J

and (3.1) follows.

For the proof of (b), it suffices to prove that z is the weak*-limit of
the Riemann sums corresponding to fo(t) := ¢, for by (a), = will also be
the norm limit. In what follows, F{ |, will be denoted by F. By (iii)
and (iv)

(x, Z1(F) + Zy(F)) = 0.

Also, each Riemann sum 3°¢;v | € Ua(F), so

55155

<Z tj/v(s]‘fl,s]‘}ﬂ Zl(F) + ZO(F)> — 0
Since Zy(F') = spcF, it suffices to prove that for every ¢ € F,

(x —S(P,T, fo),¥) — 0 as |P| — 0.
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Since vp = > v; where v; = V(s;
Z1(vj)], then

1= (vr, ) = (vr, Y Pa(vi) + Y Pi(v;) Pi(vj)9)
i#]
= (i, Py(vi)h) <Y [ Pa(wi)voll = | Y Pa(wi)bl| < [0l = 1.
Therefore

5] ifp € F C @& Zo(v;) DDz [Z1(v5) N

—1,

ES Z || P (v;) ||£ EUZ;H + ZPl v;) Py (v)9

i7]
€ co(Fy, U+ UFy, ) + ®ixj[Z1(vi) N Z1(v5)].

By (iii), (x, Z1(Fp)) = 0 for every B € B. Therefore (x,v) = (x, > \jw;),
Where "g/}z S Fvi, >\i Z 0, Z >\i =1. AISO, <S(P, T, fg),”g/)> = <Z tivi, Z)\jlﬁj) =
Dot

By (ii), <I,”Q/)Z> c (82;1,51‘], SO

(2 = S(P,T, fo), ¥)] =13 Nil(w, a) — ta)| < |P.

The lemma is proved. O

Let us observe that if Z is the dual of a JB*-triple A, then each
element x € A satisfies the conditions (i)-(iv) of Lemma 3.3. Indeed, if
C denotes the JB*-subtriple of A generated by x, then C' is isometric to
a commutative C*-algebra and consists of norm limits of elements p(x)
where p is an odd polynomial on (0, | z||], cf. [22, 1.15] and [5, p. 438];
and if W denotes the JBW *-triple generated by z in A**, then W is
a commutative von Neumann algebra. Thus, if + = w|z| is the polar
decomposition of z in W, and |z| = [ Ade,, is the spectral decomposition
of |z| in W, and the face F'p is defined as the face exposed by the tripotent
we(B) € A**, then the family {Fp : B € B} satisfies (i), as shown in
[20, Theorem 3.2]. It also follows from [20, Theorem 3.2] that for every
e > 0, there is a partition of [0, [|z]] such that ||z — 3 tjv, | 5l < e
If B is a subinterval of [0, [|z[|], and p € Fp, then with v; = v(,, | .,
Bj = BN (ijl,Sj], there exist p; € Fpg, (if By # @) and A\, > 0 with
> A = 1 such that (z, p) is approximated by

(D _tivis D Aepr) = D tiAj € co(Up,29B;),

B #£0 B;#0

proving (ii). Again, using [20, Theorem 3.2] we shall show that (iii) and
(iv) hold. Since x is approximated in norm by _ t,;v;, where v; = U(s;_1,5;]s
to prove (iii), it suffices to prove that vgvjvjvpve = vVRYV; = VjVRVE.
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Since vp = Y vp, where B; = BN (s;j_1,s;], it is trivial to check that
each of the terms vpvpvjvEVE, VRVRY;, vjugvp collapses to vg; . Since
the support of the spectral measure of |z| lies in [0, ||z[], (iv) also holds.

There is another property of elements of a JB*-triple that we need to
incorporate into our definition. It is based on the following observation.
If z is an element of a JB*-triple A, let f(x) denote the element of C
which is the norm limit of odd polynomials p,, which converge uniformly

to f € Co([0, |lz])), and let f(x) = [ F(A) dey. Since py(x) = pu(2),

f@) = f(x) = f(®) = pu() + ulx) = Y polt)vn
+ > palte)ve — > F(t)ve + Y fte)or — f(),

which shows that f(z) = f(z) € A.

Definition 3.1. A strongly facially symmetric space Z with a predual
Z, is strongly spectral if, for every element x € Z,, there exists a family
{Fp : B € B} of norm closed faces of the closed unit ball Z;, where
B is the set of nonempty Borel subsets of (0, | z||], satisfying (i)-(iv) in
Lemma 3.3 and which also satisfies

(v) For every f € Cy(0,]||z]), the element [ fdvp is weak*-continuous,
that is, lies in Z,.

Although somewhat complicated, this condition is precisely the ana-
logue of a strongly spectral compact base K of a base normed space V
given by Alfsen and Shultz in [1]. There it is given simply as the condition
that in the order unit space Vi each element a decomposes as an orthog-
onal difference a; — a_ of two positive elements. Here orthogonal means
that a4 and a_ are supported on real spans of orthogonal faces of K. Since
V, is unital, the unit may be used together with a and this property to
carve out an orthogonal collection of faces similar to the one above, and
a lattice of orthogonal elements of V, which generate a space which is
isometric to a full space of continuous functions, and hence closed under
the continuous functional calculus. Since there is no unit in our space Z,
we must assume that elements z € Z, may be decomposed in the above
fashion, and that the resulting continuous functional calculus operates in
Z.. Note that this is entirely a linear property, and has obvious quantum
mechanical significance. The faces F'p are the states corresponding to ob-
servations of some value in B for the observable z. The probability if this
happening for a state 9 is | (vp)].

We now have the following characterizations of JB*-triples. In this
characterization, the property JP must hold for all orthogonal faces, not
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just extreme points. Thus it simply says that the (necessarily commuta-
tive) product of the symmetries Sp and S corresponding to orthogonal
faces F' and G is Spva.

Theorem 3.3. The predual Z, of a Banach space Z is isometric to a
JB*-triple if and only if 7 is an L-embedded, base normed, strongly spec-
tral, neutral strongly facially symmetric space which satisfies the pure
state properties and JP.

Before proving this theorem, we require one more lemma.

Lemma 3.4. Let ¥ (resp. 1) denote the projection of Z onto its atomic
part Z, (resp. nonatomic part Z,) given by Theorem 2.2. For any norm
exposed face G C 7y, Gy = W(G) N 0Z; and Gy, := ¥H(G) N 0Z, are
faces in Z, and Z,, respectively, and

G = co (G, UG,). (3.2)

Moreover, writing G = F,, for some geometric tripotent w, then ¥*w is
a geometric tripotent, and

Fyey = Ga- (33)

Proof. To show that G, is a face in (Z,)1, let A\p+ (1 — N)o € G, where
p.0 € (Zg)1. Then Ap + (1 — N)o = ¥Uf for some f € G, and f =
Ap+(1=X)o+ fn. Since || f|| =1 = ||Ap+ (1 =N, fn =0and p,o € G,
lpll =1 =|o|, and p € G N Z,, proving that G, is a face. Similarly for
Ghn.

If f € G has decomposition f = f, + f, = HfaH”}c—ZH + an||H§—:H, then

since G is a face, Hﬁ—ZH’ H;—ZH € G. This proves C in (3.2). If g, := ¥g €
UG N OZy for some g € G, then ||gq|| =1 s0 g = go = ¥g € G. A similar
argument for ¥-(G) N 97, proves O in (3.2).

To prove (3.3), let ¢ € W(G)NIZ;. Then (g, ¥*w) = (g, w) = 1 so that
g € Fyp+y. On the other hand, if g € Fy=y, then 1 = |g|| = (g, ¥*w) =
(Wg,w) so that Wg € F,,. Since g = Wg+W¥gand ||g| = ||¥g|, ¥g =0,
Vg=gand g€ ¥(G)NIZ.

It remains to show that ¥*w is a geometric tripotent, that is,

(T*w, (Gy)H) = 0.

Note first that Gt = G- N G;: by (3.2). If p € G, (T*w,p) = (w,¥(p))
and this will be zero if ¥(p) € G*. To prove this, first let 0 € G,.
Then p L o, hence ¥(p) L ¥(o) and since ¥ (o) = o, ¥(p) € G+. Then
¥(p) € GENGL =G as required. 0
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Proof of Theorem 3.3. Assume that Z is a strongly facially symmetric
space satisfying the hypotheses of the theorem. Suppose = is an element
of Z,. By the spectral axiom and Lemma 3.3, there is an element y € Z,
such that for € > 0 there exists 6 > 0 such that, with fo(t) = ¢ and

fl(t) :t3a
H’L‘*S(.P,T,f())” < € and ||y7 S(PlaTlafl)H <e€

for all partitions P, P’ with mesh less than §. Fix a common partition
P = {s0,...,8,} with |P| < §, and write v; = v(s,_, 5, and (vi)q = ¥*(v;).
Then by (3.3),

12°(3) — 3 tiwi)all < € and [ 2°(5) — 3 £(w)all < e.

Since in general [|{aaa} — {b0b}[| < [|a —bl/(||al|® + [lal/||]| +16]]%), and
since the (v;), are orthogonal tripotents in the JBW*-triple (Z,)*, we
have

o™ (&), v (&), v (@)} = D 1] (vi)all < 3ellz]|?,
and therefore |[{U*(2), ¥*(2),0*(2)} — U*(y)|| < e(3|z|> + 1). It follows
that ¥(Z,) is a norm closed subspace of the JBW*-triple Z* that is closed
under the cubing operation. Hence ¥(Z,) is a subtriple of Z as required.

The converse, that the dual Z of a JB*-triple is a strongly facially sym-
metric space satisfying the conditions of the theorem, has already been
mentioned above. That the spectral axiom is satisfied was shown preced-
ing Definition 3.1. The proofs that it is a strongly facially symmetric base
normed space can be found in [16], the proofs that it satisfies the pure
state properties can be found in [12], the proof of the L-embeddedness
can be found in [6], and the proof of FE can be found in [9]. O

We can restate Theorem 3.3 from another viewpoint as follows: for a
Banach space X, its open unit ball is a bounded symmetric domain if
and only if X* is an L-embedded, base normed, strongly spectral, neutral
strongly facially symmetric space which satisfies the pure state properties

and JP.

3.4. One-sided ideals in C*-algebras

Together with Theorem 1.2, Proposition 3.7 and Theorem 3.4 below give
facial and linear operator space characterizations of C*-algebras and left
ideals of C*-algebras. This work was inspired by [7], in which Theorem 1.2
is used to characterize left ideals as TRO’s which are simultaneously ab-
stract operator algebras with right contractive approximate unit.

We start by motivating the main result of this subsection. Recall that
a TRO is made into a JB*-triple by symmetrizing the ternary product.
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Remark 3.1. If J is a closed left ideal in a C*-algebra and .J possesses a
right identity e of norm 1, then J is a TRO and F := [S} is a maximal
partial isometry in Moy ;(.J), that is, Py(£) = 0.

Proof. By a remark of Blecher (see [7, Lemma 2.9]), ze* = z for all z € J,
so that x = xe*e and in particular, e is a partial isometry, and so is E.

For |:§:| S Mg,l(g]),

Py(E) m = (I - EEY) m (I - E*E)

S N [ e

= L0 o1 2 ey =00

Conversely, we have the following.

Proposition 3.6. Let A be a TRO. Suppose there is a norm one element
x in A such that the face in (Mg 1(A)*)1 exposed by

X = |:2:| € MQJ(A)
is mazimal. Then A is completely isometric to a left ideal in a C*-algebra,

which ideal contains a right identity element.

Proof. Let B = My ;(A). If V is the partial isometry in B** such that
Fx = Fy, then X =V + Py(V)*X =V, so that = is a partial isometry
in A, which we denote by v.

We next prove that v is a right unitary in A; that is, x = xv*v, for all

SIEREEHIENE)

D(V,V) m =

and
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€z

Since P (V) {I} = {0

0 }, and

) 5] i 3o 5] - )

We next show that the map 9 : a — av* is a complete isometry of A
onto a closed left ideal .J of the C*-algebra AA* and vv* is a right iden-
tity of .J. In the first place, since ||[¢(z)|?> = ||zv*||? = ||(zv*)(zv*)*|| =
|xv*va*|| = ||Jzz*||, ¢ is an isometry. By the same argument, with W =
diag (v,v,...,v), for X € M, (A), | XW*|| = || X]|, so that v is a complete
isometry.

If ¢ € AA* is of the form ¢ = ab* with a,b € A, and y € J := 1)(A),
say y = zv*, then cy = ab*zv* € Av* = J. By taking finite sums and
then limits, J is a left ideal in C'. Finally, with e = vv* and y = xv* € J,
ye = zvFov* = vt = y. O

For the general case we have the following result.

Theorem 3.4. Let A be a TRO. Then A is completely isometric to a left
ideal in a C*-algebra if and only if there exists a convex set C = {x) :
A € A} C Ay such that the collection of faces

0

F/\ =F
[wnmn

} C My (A)",

form a directed set with respect to containment, F := sup, F) exists, and

(a)-(d) hold, where

(a) The set { Li) } : A € A} separates the points of F;
A

(b) F+ = 0 (that is, the partial isometry V € (Myq(A))*™ with F = Fy
is mazimal);

(c) (F, [fx}) >0 for all A € A;

0 D = Lfﬂ for all X € A.

5

(@ s (

Proof. We first assume that we have a closed left ideal L in a C*-algebra
B. In this part of the proof, to avoid confusion with dual spaces, we
denote the involution in B by z!. The set of positive elements of the open
unit ball of the C*-algebra L N L¥, which we will denote by (uy)ea, is
a contractive right approximate unit for L. Let u = w*-limuy € B**.
Identifying L** with B**u, we now verify the properties (a)-(d).
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For each A, uy/|jur| = vy + v where vy = w*-lim(uy/||u,||)" is the
support projection of wy/[luyll, that is, F, /4, = Fu, C B*, and oY is
an element orthogonal to vy. Since uy T u, u = supy r(uy/||ux||), where
r(up/|lupll) is the range projection of wy/||uy||. For each fixed u € A,
we apply the functional calculus to w,/||u,| as follows. Let f,(0)
0, fn(t) =1 on [1/n,1] and linear on [0,1/n]. Then f,(u,/||uul) € (L
L¥){ and so as above fi,(u,/|luyl]) = V() + vg(#’n) and sup,, vx(.n)

ol

r(uy/||uyll)- Therefore

u = sup r(uy/[lu,ll) = supsupvy(, ) < supvy = v say.
Il pon A

On the other hand, since vy < (1 4+ 1%y it follows that v < w and

[luxll
therefore u = v.

It is clear that
F\=F 0 =F 01 C F 01
{UA/HUA”} L}A} [U}

and therefore that sup, F) exists. We show that it equals F[ 0] . Suppose

u

a} for every A. This is equivalent to

b

ol =eap )= L]

or vab*vy = vy. On the other hand, since v?\ =uy/||ur| —vx — 0,

that for some a,b € B**, F C F[

unb*uy = ||lurll*(va + v3)b*(vr +03) — u,

so that ub*u = u and as above, F[O] C F{a}’ proving that sup, F) =

b

F 01"

u

Let us now prove (a). Since uy T u, the convergence is strong conver-
gence. We claim first that B N B3*(u) is weak*-dense in B3*(u). Indeed
with z € B3*(u) of norm 1, there is a net b, € B with b, — x strongly.
Then uybyu, — uzru = x, and since uy,u = w,r(uy,)u = uyr(u,) = vy,
uxbat, € B N By*(u), proving the claim. We claim next that L N LF =

Bi*(u) N B. If y € LN LY, then y = bu = uc* for some b,c € B**, hence
y = uyu € B3* N B. Since B3*(u) = uB*u C B*™u = L**, we have

Uu
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By*(u)NB C L*NB = L. If v € B}*(u) N B, then 2! € B3*(u) N B,
proving that 2 € L N LY.

Let M denote the TRO {é} . Let f, g be two elements of F{O} which

u

0}. It follows that {0

c C’} annihilates f — g €

are not separated by [

M ( [2} ). This contradicts the fact, implicit in the preceding paragraph,

that the linear span of C is w*-dense in L5*(u) = B3*(u). This proves
(a).

To prove (b), it suffices to show that for a,b € L**,

(- CIET) 6 L) -

This reduces to

Blgu} [Z} (1 —u)= [(1 _a(ul)b_(lu)_ u)} =0,

which is true since u is a right identity for L**.
To prove (c), let N denote the TRO [g

u

}. Note that F{O} is the

normal state space of Ng* <[2D and that

=[]0 ]

is the square of the self-adjoint element

[l = [ o (2= 5 s 1= [ ]

Hence (c¢) follows.

From the proof of (c), L? } € Ny3* <[2D, so it is fixed by Sj.
A L

To prove the converse, assume that A is a TRO satisfying the con-

.. A .
ditions of the theorem. Let B denote the TRO [A} As in the first
part of the proof, for each A, there exists a partial isometry vy € A**

0 0
and an element v € A**(v)) such that { o } = [ } + [ } and
3 € 457 () aflaal] = Loa] T 1o
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F{ 0 }:F[O-.Sincesup)‘F[O}:Fexists,letF:F{u} with

ox/llzall Y X v

:)L a partial isometry in (My;(A))**. We shall show that u = 0. In the

f;rs-t place, Py( 0 )( U )= 0 which reduces to Pa(vy)v = vy. Since
’ vy | v vy |’

2 is the image of :ﬂ under a contractive projection, ||v]| < 1, and

therefore Py(vy)v = 0 (by [12, Lemma 1.5]). Thus v = vy + v§ with v}
orthogonal to vy, and it follows that the support partial isometry u(v) of
the element v € A** satisfies u(v) > wvy. It follows that [ 0 } < { 0 }

V) u(v)

and since [u} is the least upper bound, we have {“} < { 0 } Thus
v v u(v)

=D [ = [t = 0]

showing that u = 0.
Conditions (b) and (d) imply that [IO } lies in the von Neumann
A

algebra B3*( [2}) while condition (c) implies that [IO } > 0 in that von
A
Neumann algebra. In particular, [IO } is self-adjoint, vav = xz). We
A

claim that condition (a) implies that [ } cannot annihilate any non-zero

C
«|0 0

element of Bj( ; ). Indeed, suppose C (11 — 19) = 0 where 1)1 — 19

is the Jordan decomposition of a functional ¢ in the self adjoint part of

B3 ( Lﬂ ). Note that since {v,} is directed, and vy < z) < v, it follows that

forll = 3] o) = sup [ £] o) == sup | £] ) = || (wa) = )
and this contradicts (a), as ¥/, ¥9/a € F, where « is the common

norm of ¥y and 9. It follows that the bipolar ([g} )0 = B;*({ﬂ)
0

Consequently, the w* closure of spcC is A5*(v) and since the norm closure
of a convex set is the same as its weak closure

- ——w —Alll _ Al
ANAS (v)=AnspC =AnNspC"" =spC
is a C*-subalgebra of A5*(v).
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We are now in a position to show that A is completely isometric to a
left ideal of a C*-algebra. Exactly as in the proof of the right unital case
we have A C Av*v. We define a map ¥ : A — AA* by ¥(a) = av*. The
crux of the matter is to show that the range of ¥ lies in AA*. If that is
the case, then since for X,Y,Z € M, (A), with D = diag(v*,...,v*),

XY*ZD = XD(YD)*ZD,

1 is a complete isometry. Moreover, if b,c € A then (bc*)avx = (bc*a)v*
shows that the range of ¢ is a left ideal. It remains to show that Av* C
AA*.

Note first that, for a € A, av*z) € A, since

/2 1/2 1/2 1/2
av*xy = (w*m)\/ -.’I})\/ = av*(v(m)\/ )*v)v*m)\/

= (av*v)(xy ) (vo*2)?) = a(x)/?)* 2}/ € A,

Next, since v belongs to the w*-closure of spr C, and for each a € A,
{av*y : y € spg C} is a convex subset of A (since av*y = Y wav*zy, =
ZOAZ(I(”I&{Q)*T;{2 € A), it follows that a belongs to the norm closure of
{av*y : y € spg C}. Now wa*av*y = va*av*vy*v = va*ay*v = (ya*a)f €
A N A5*(v) and therefore va*a belongs to the norm closure of the set
{va*av*y : y € spr C} and hence va*a € A. Using the triple functional
calculus in the TRO A, we have

av® = a1/3(a1/3)*a1/3v* _ al/S(U(a1/3)*al/3)* e AA*.O

In Theorem 3.4, the elements x) represent a right approximate unit
cast in purely linear terms. Similar language can be used to characterize
C*-algebras.

Proposition 3.7. Let A be a TRO. Then A is completely isometric to a
unital C*-algebra if and only if there is a norm one element x in A such
that the complex linear span spc(F)) of the face F in A* exposed by x
coincides with A*.

Note that a characterization of non-unital C*-algebras can also be
given with obvious modifications as in Theorem 3.4.

From another viewpoint, we have characterized TRO’s A up to com-
plete isometry by facial properties of M, (A)*, since by Theorem 1.2, this
is equivalent to finding an isometric characterization of JB*-triples U in
terms of facial properties of U*. This is exactly what we have done in
Theorem 3.3, which is the non-ordered version of Alfsen-Shultz’s facial
characterization of state spaces of JB-algebras in the pioneering paper

[1].
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