43

vi., Lie Triple Systems

veckn spae oven Rl
6.1, Let 7 be a - 7 together with a trilinear map

(x,¥,2) V> [xyz], 1s called a Lie txiple system (= L.t.s.), if

FxFyF —> F
(1) [xxz] =0
(6.1) (11) [xyz] + [yzx] + [2xy] = 0 (Jacobi identity)

(111) [uvixyzl]l = [[uvxlyz] + [x[uvylzl+ [xyl[uvz]]

for all u, v, %, ¥, zé? .

Examples. 1) Let .f be a Lie algebra with product (x,y) > [xy], then

L together with (x,y,z) > [[xylz] is a L.t.s.
2) Any mof a Lie algebra closed under [[xy]z] is a

L.t.s.; the most important of this type which are not subalgebras
Swhspacer
rethened-&es-éi_={x,ax=-x}whereu€Auto\f s a2=id.

3) If i togethef with (x,y,2)t> < xyz >1is an associative

Sy age L’

Tnoeve triple system, then \?: together with

[xyzl: = < xyz > = < yXz > - < zxy > + < 2yx >

An important example of this type is F_ the vector space of
~7 ‘ % (9‘ \?w) (7] ¥, 4 y‘gl;z_f..__‘ ".Hh'zh
wctom over a field F; -<{wa)= |} = caeo
~ A Xndy 2ot -4 YR,
C

4) Let O be a commutative algebra over(d)

\Pnow- (x,7)+> xy = L(x)y. Set D(x,y) = [L(x),L(y)]. Assume

(6.2) [D(x,¥), D(u,v)] = D(D(x,y)u;V) + D(u, D(x,y)v) for all x,y,u,v& a .

spate- ‘
Iif 7 is a.sm-u-}e—of 0\/ closed under [xyz] = D(x,y)z then ;'r together .

o with (x,y,2) > [xyz] is a Lie triple system.&('l'he most important examples

—




(6.2)

(6.3)

(6.4)

by

for this type of algebras are the Jordan algebras.

Exercise. Verify that the given examples really are L.t.s.'s.

(6.1¢) implies (veplace x by xty)
[xyz] = = lyxzl.

Define L(x,¥), R(z,¥), P(x,2) € Endq):: (see Chapter III) by [xyz] =

L(x,¥)z = R(z,y)x = P(x,2)y. We see that (6.1) is equivalent to

(1) L(x,x) =0 (=> L(x,y) = - L(y,%))
(11) L(x,y) = R(x,y) - R(y,x)

(111)  [LGey)s L)1 = L{lxyul,v) + Ly, [xyv]).

| Ug F |
Lemma 1. A~$M‘JIJ of ‘¥ is an ideal of ? s 1£ff ['U\,?: F ]cmf.

Proof. Clearly the condition is necessary. Since [U«#? 1< UL

tmples [ FWFIc VL (by (6.2)) and then [ F'F UL 1= WL by the

Jacobi identity, we see that the given condition is also sufficient.

6.2. Let :F' be a Lie triple system. We recall that D e’End@? is

a derivation, 1if

[D,L(x,y)] = L(Dx,y) + L(x,Dy).

3.{

(6.3111) shows, that all L(X,¥), X,¥ é? are derivations. Let

suhspace. spanned,
be the eubmedule of w (derivation algebra of L{ ).ge%ﬁ;g-ted-by all

(F)

L(x,y) XV 67 . Another interpretation of (6.4) gives:

4

Lemma 2. L”S is an 1deal of '&(Lf) L
O(F) o o tic dgebra [48]= AB-BA
am PM‘WWo—M 3’( L a Lie Sué—-ﬂa,u&»za .1 @’(F)




(6.5)
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G DF) nt
Let % be a Subalgebra of % containing )L%/ We consider

Eé 9 V¥ = 6 @ ¥
and define for elements Xi = Hi ) X ning s xi& \F 1A=1,2) a

product. :
r} -
e(’ . ‘, eé . -
[Xl, XZ}: =<[Hl, HZ] + L(xl, x29@%1x2 - Hzxs.

The following result is fundamental.

Q.
Theorem 1. If ? is a Lie triple system, g a subalgebra of Vv (?)

containing S% , then

@ XL (C} ) = C} & ¥  together with the product (6.5) is a
Lie algebra,
(11) ©: H @& x > (-H) @ x defines an_involution of  ,
(111) s‘c’(‘ﬁ JF ) =‘%e?’ 1s an ideal of oZ’(Cg,'?‘ Ys
(1v) if x,y,2€ ¥ , then [xyzl = [Ix,yl,z],
(v) if 1/2€ ® then I = ix éf(% , £); 6x =X}

Proof. Clearly [X,X] = 0 for all X &€ Z . We have to show 3« (Xl’XZ’XS)

= [[X,%,]5 X,1 + [[%5,X,], %51 + [[X5,%], X1 = 0 for all x, e . It
is sufficient to show this equality only for (Xl,XZ,X3)é \{5 X§ X’%,
*V X
where U ,40 ,H0 is either 6& or £ . Since Cg is a subalgebra of
f\(f'( \¥) we get }(C},Cy ,CJ ) = 0. If Hiécg y X & ¥ we get
This shows \} ( C(‘;, LBL, Y ) = 0, then by cyclic permutation 3' ((2 L F Cg )
i
= ‘I(?,CE ,(’2)=0. Using (6.5) and C‘} C/S‘(y)we get
4 i :



ue

- [[H,x] 9YJ + [[x,y],H] + [ly,H],x] = L(Hx,y) + [L(x,y),H] + L(x,Hy) = 0.

Hence} (G},? , ¥) = 0 and also }(?,O;},\f ) = éf (F,F ,C’(})
= (). Finally }’(x,y,z)va [[x,y],2z] + [ly,zl,x] + [[z,x],y]
= L(x,y)z + L(y,z)x + L(z,x)y = 0, by (6.1 ii).

The other statements are easily verified (using definitions and lemma 2).

The Lie algebra CZ)= f(% s ? ) =L5@\¥ . 1is called the standaxd

imbedding of ‘7 , O is called the main involution ofog .

Examples. 1) Let F be a field, ?- Fn the L.t.s. of column veciors
over ¥ (see ex. 3,_p.‘l.3) We take as triple product [xyz] = yxtz - xytz
and get L(x,y)z = (yi:t - xyt)z. Consequently we can identify L(x,y) with
the n X n matrix yxt-xyt. The space spanned by these matrices is the space
~of all nxn skew symmetric matrices. We define a mapping of the standard

imbedding kt-’:) ® ? onto the Lie algebra of all (n+l) x (n+l) skew symmetric

A X
Aex v— ¢
A -X 0

3 This is a (well defined) 1-1 linear map onto. (;t is an easy computation

matrices by

Exeruot
L Y (and is left as an exercise) that the given map is a Lie algebra homo-

‘ morphism, hence an isomorp%

7) The above example may be generalized as follows. We

define on F(P’q), the space of all p xq matrices the triple composition

by (see ex. 3, p.43)
(aBc] = BASC - aB®C - cB®A + CA"B.



