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V. Lie Algebras
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5.1. We recall that an algebra 55 overth multiplication

(x,y) —> [xy]) is called a Lie algebra, if

[xx] = 0

[[xylz] + [[yzlx] + [[zx]y] = 0  (Jacobi identity)

for all x,y,z Ez .

In Lie algebras (and only in Lie algebras) one denotes the left-multi-

plications by adx, (adx)y = [xyl. (5.1) implies
[iy] = - [yx] ,
and the Jacobi identity then may be written as
ad[xy] = [adx, adyl].

Let ?‘f be a Lie algebra.

Lemma 1. If /l/“!/ ,49 are ideals of 35 , then [UI«LO] is an ideal of
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Proof. We need only prove [a[uv]] € [UM‘O] for a é‘Sf s U e W,

v E fQ . But this is immediately seen from the Jacobi identity.
]

Corollary. _]_;_f_OiS an ideal of of , then the "derived modutes" &

=&, x(n-%-l) a [ﬁ, (n) x,(nz] and the powers of -, xm‘l ,

ascmd"d hain
=iofa nv\éj are ideals of;f . If x is N@gtherian (l.e. has a.c.c. on w"‘d‘hm

ideals) then there exists a unique maximal solvable ideal of X’ . the

radical of oZJ (see 1.5). Also there exists a unique maximal nilpotent

m""/\‘;‘ berg pp.S -6 (solvable) Yadical
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ideal in 'Z , the nilradical.

Exenaia 1 2) wucha Tecobi 1dewht
Exercise. a) [Z Yt m-l-n( ) tn en Mo, Y
b) f(n)c_ zzn Cb) induchom en N, Tacohi \Jevd‘\"-y,c‘z (ai

\ fxmw P} ¢) The nilradical is contained in the radical.,

(R

We assume now, that ,Z is a finite dimensional Lie algebra over a field

F. 1In this case, there is a canonical bilinear{form A on ;8 , the so -

called Killing form, defined by

A(x,y) = trace (adx)(ady).

pys = A0y, %) =
1Y) )% /‘_A/z\_ﬁ(h,g‘]).z,—\ = X(» t\j_);b:))
Lemma 2. (1) ) is symmetric and associative

&é' o ([%y)) = [d(,.),vm,)]

G1i) Alex,y) = k(x,a_ly) for any o €
Proof. (1) the symmetry of A is obvious. By definition and Jacobi iden-
tity AM([xy],2z) = tr ad[xyladz = tr (adx ady adz - ady adx adz)
= tr (adx [ady, adz]) = tr adx ad[yz] = x(x, [yz]).
(11) a e Aut i 1is equivalent to o adx os_l = ad(ox). ‘Therefore
A(ox,y) = tr ad ox ady = tr o adx o1 ady

= tr adx a_l(ady)a = A (x, a-ly).

There is a fundamental result.

Theorem 1. (CARTAN Criterion). Let oz' be a finite dimensional Lie algebra

over a field of characteristic O. Then L 1is semi-simple, iff the Killing
"

form is non degenerate. Ce o vadeal s O

Exercise: Read the proof of the Cartan Criterion in any book on Lie algebras.
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An immediate application of theorem 1 and Dieudonne's theorem (1.9)

is the following:

Theorem 2. If f is a finite dimensional semi-simple Lie algebra over

a field of char. O, then ;f is a direct sum of simple ideals.

4
Note: Condition (ii) in Dieudonne's theorem holds since oip has no
solvable ideal.

We shall give another application of the Cartan Criterion.

Theorem 3. (Zassenhaus). If x is as in theorem 2, then apyv derivation

D_g_i;ff is of the formD=add,d€f .

Proof. Since the Killing form A is non degenerate, there exists d e Ff
such that

trace (D adx) = A(d,x).

Let Et = D - ad 4, then E is a derivation and

trace (E' ad x)n trace(D ad x)- trace (ad d ad ;é= 0.

Then A(Ex,y) = tr(ad(Ex)ac&))r- er((E, adxlady))
= tr@[adx, ady])= tr(E ad[xy])a 0, by (5.4),

Since ) is non degenerate, we get Ex = 0 for all x or D = ad d.



