Complex Analysis Math 147—Winter 2006
Homework answers—Chapter 4;February 8, 2006

1. 1+4/3
2. 2m
3. Bye
4. 2+ 3

5. 71/2

(the actual value of the integral is —17/3+5i which has modulus v/514/3 = 7.557
and 77/2 is approximately 11).

6. 7/2+ 6i.

~J

. Jocos(z/2)dz = F(m + 2i) — F(0) = 2cosh 1, where F(z) = 2sin(z/2).

oo

. (a) Let F(z) = log|z| + iargz where 0 < argz < 27. Thus F is defined on
D:=C—-{z=a+iy:2 >0,y =0} We need to prove that F’(z) exists and
equals 1/z for all z € D. We shall use the following three facts to justify the
steps following them.

(1) z = exp(F(z)) for z € D
[Proof: exp(log |z| +iarg z) = exp(log |z|) exp(iarg z) = |z| exp(iarg z) = z]

(2) F(z) # F(z0) for z,20 € D and z # z
[Proof: If F(z) = F(z), then z = exp(F(z)) = exp(F(z0)) = 20

(3) F is continuous on D.

[Proof: It suffices to prove that arg z is continuous on D. The argument for this
is similar to the solution of problem 12 on the review problems for chapters 1-3.
First of all, the function arg 2 is not defined for z = 0. Let 2y = x¢ be a positive
real number. If y > 0, then arg(zy + iy) = tan~'(y/xy) — 0 as y — 0.

Also, if y < 0, then arg(zo+iy) = 2r—tan~'(—y/zy) — 27 as y — 0. Therefore,
lim, ., arg z does not exist, and so arg z is not continuous at zy = zy if xy > 0.

Now, using (1)—(3), and the fact that exp’(w) = expw, we prove that F'(z) =
1/z:

F(z) = F(z) 1 B 1
_ o z=20  exp(F(2))—exp(F(20))
z 20 F(z)fF(')(zo) . F(z)—F(I,)Zo) °
so that
iy L) = Flz0) _ 1 _ 1 _ 1
Z—20 Z— 2 limp )~ F(z) eXp(F;fg;:;x(ig(zo)) exp’(F(2)) exp(F(20))



10.

11.

(b) Let G(z) = log |z| 4+ i arg z where —7/4 < arg z < 7n/4. Thus G is defined
on F:=C—{z=uz+1y:x=—y >0} Prove that G'(2) exists and equals
1/z for all z € E.

Proof: We shall use the following three facts to justify the steps following them.
(1) z=exp(G(z)) for z € £
(2) G(2) # G(zp) for z,29 € F and z # z

(3) G is continuous on E.

Now
G(z) — G(=) 1 B 1
T
so that
lim G(z) — G(z) _ 1 _ 1 _ 1 _ i
I lim(e) . ag) “RGA-GEE D exp/(G(20))  exp(G(0)) 20

(¢c) Jo, L dz = Log (i) — Log (—i) = mi
(d) fo, Ldz = F(i) — F(—i) = —mi, where F(z) = log|z| + i arg z and
0 < argz < 2m.

The curve C' is given by the function () = exp(—it), 0 < ¢t < 2x. Thus

Jotde=[5" Vv(zz)dt: o (=i) dt = —2mi.

(a) H'(z) = exp(cLogz)c/z. Since H(z) = exp(cLogz) and since 2¢2¢ = »°+4
(proof?), this can be written as H'(z) = cz¢7 L.

(b) {zreC:—n/d <argz <7}

(

c) (1+e™)(1—1)/2

A polynomial has an antiderivative everywhere.



