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Complex Analysis Math 147—Winter 2006
Homework answers—Chapter 3;January 30, 2006

. exp(z + 271) = exp zexp 2mi and exp 2mi = e cos 2 + eV sin 2 = 1

. From exp(z+w) = exp z exp w you get exp zexp(—z) = lorexp(—z) = 1/ exp 2.

Hence, exp z/ expw = exp zexp(—w) = exp(z — w).

. expz = e“cosy+ietsiny , so |exp z|* = (e“ cosy)?+ (e siny)? = (e*)*(cos® z +

2x) = (%), and | exp 2| = €*.

sin
Since argw = 6 if w = |w|(cos @+ isinf), y is an argument of exp(z + iy). But
any two arguments differ by an integral multiple of 27, so every argument of

exp(z + iy) is of the form y + 2k7 for some k € Z.

. exp(x + iy) = —1 means e*cosy = —1 and e*siny = 0. From the latter,

siny = 0 so y = km with £k € Z Now coskm = 1 if k is even and coskm = —1
if k£ is odd. So putting y = k7 in e* cosy = —1 shows that x = 0 and y = k=
with k odd. So exp(z) = —1 if and only if z = ikw with £k odd.

.expz = 1+ 1 is the same as e cosy = 1 and e*siny = 1, which is the same

as e* = v/2 and tany = 1. Thus = = logv/2 and y = 7/4 + 27k with k € Z.
Hence exp z = 1 + i if and only if z = log /2 + i(7/4 + 2rk) with k € Z.

. expz = e” cosy +1e” sin y is never zero since cos y and sin y are never both zero.

On the other hand, if w # 0, then exp z = w if and only if z = log |w| + i arg w.
Here arg w represents all the arguments of w # 0, for example arg w = {Argw+
2rk : k € Z}.

. bye

sin(z + 2m) = sin z cos 27 + cos zsin 27 = sin z

cos(z + 2m) = cos z cos 27 — sin 2 sin 27 = cos 2

sin(z 4+ 7/2) = sin z cos /2 + cos xsin /2 = cos z

sin z = sin x cosh y + i cos x sinh y, so | sin z|? = (sin x cosh y)? + (cos x sinh y)? =
sin x cosh®yy + cos? wsinh®y = sin?z(1 + sinh®y) + cos?xsinh®y = sinx +
(sin? x + cos? x) sinh® y = sin® z + sinh®y.

Similarly, | cos z|? = cos? z + sinh? y.

sin z = 0 is the same as exp(2iz) = 1, so by problem 6, 2iz = log1 + iarg 1 =
{2kmi : k € Z} so that z = km with k € Z.

cos z = cos x cosh y—i sin z sinh y, so that cos z = 2 if and only if cos z coshy = 2
and sin x sinhy = 0. Looking at the last equation, either sinhy = 0 or sinx = 0.
If sinhy = 0, then ¢ = 1 soy = 0 and cosz = 2 which is impossible.
Therefore sinx = 0 so that x = kr for k € Z and from cosx coshy = 2 you get
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coshy = 2/ cos km, that is, coshy = 2 if k is even and coshy = —2 if k is odd.
But coshy is always positive, so cos z = 2 if and only if z = 2km + i cosh™*(2),
k € Z (there are two values for cosh™"(2)).

YES.

logi =log |i| +iargi = {i(w/2 + 27k) : k € Z} so

(1/2)logi = {i(n/4+ kn : k € Z} and

i'/? = exp((1/2)logi) = {exp((1/2)i(n/2 + 27k) : k € Z}

= {exp(i(w/4 + km)) : k € Z} so that

log(i'/?) = log |i'/?| + i arg(i'/?) = {i(n /4 + k=) : k € Z}.

NO.

log(i?) = log(—1) = log | — 1] + iarg(—1) = {i(7 + 2kn) : k € Z}

From problem 12,

2logi = {2i(n/2 + 27k) : k € Z} = {i(7 + 4nk) : k € Z}, so log(i?) # 2log .

We begin by writing arg z = {Arg z + 27k : k € Z}. Then
272 = exp((1/2) log ) = exp((1/2)(log |2| + i arg 2))

= SXp((1/2)(10g |2]) exp(i(arg 2)/2) = {|2|'? exp(i((Arg2)/2) + k) : k € Z},

log(2/?) = log |2'/?| + i arg(2'/?) = {log |2|"/? + i((Arg 2)/2 + k7) : k € Z)}.

It is useful to use the chain rule here. g(z) = 2%+ 1 is differentiable everywhere
and f(z) := Log z is differentiable at every z in the set D which is the comple-
ment of the non-positive real axis, that is D =C—{z=x+iy:y=0and z <
0} Hence Log (2%2+1) = f(g(z)) is differentiable at every z for which 2>+1 € D,
that is, on the set C — {z =z + iy : x = 0 and |y| > 1}. Since this set is an
open set, Log (22 4+ 1) is analytic there.

The principal value of 7' is exp(i Logi) = exp(i(iArgi)) = e/

The principal value of (1 —4)% is

exp(4i Log (1 —i)) = exp(4i [log|1 —i| + tArg (1 —4)])

= exp(4i(log /2 — i /4)) = exp(m + 2ilog 2).

i' = exp(ilogi) = exp(i(log || + i argi)) = exp(— argi)

= {exp(—(7/2 + 2km)) : k € Z}. These are positive numbers so

'] = i* = {exp(—(7/2 + 2km)) : k € Z}.



