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Complex Analysis Math 147—Winter 2006
Homework answers—Chapter 2;January 24, 2006

. (a) The line segment from 4—6i to 7—>5i; the Cartesian equation is t—4 = 3y+18

(b) The line segment from w to z; if you insist, the equation would be

r—Rw  y—Sw

R —FRw Sz — Sw

where w = Rw + iSw, z = Rz 4+ iSz.

() =t+i(4t - 1), 0 <t < 10.
. (t) =2cost +3+i2(sint — 1), 0 <t < 27.

. bye

f is continuous, so lim, .3,9; f(2) = f(3+2i) = 18 — 4

limZ—>ZO (f(Z) - f(ZO)) = hmz—>zo He)=i(z) . hmz—>2’0(z - ZO) = f/(ZO) -0=0.

Z2—20
f(2)=f(z0) =2—20 = (x —x0) —i(y — yo), where z = x +iy and zg = x¢ + iyo.
First let z approach zy horizontally, so that z = x + iy. Then

f(Z)—f(zo):x—xo

Z— 20 r — X

=1

so that if f'(zg) existed, it would equal 1. On the other hand, if z approaches
zg vertically, so that z = zy + 4y, then

f(z) = f(20) _ —i(y — ¥o) - _1

Z— 2 i(y — vo)

so that if f'(zg) existed, it would equal -1. Thus f’(z) does not exist at any
point 2.

This is a polynomial in z and so differentiable everywhere, and f/(z) = 3(2 +
i)2% — 2iz + 4.

NO.
)= f0)  ()?_ (w—iy)?® 2®—y*— iy

z—0 22 (z4iy)? 2?2 —y? + vy

Along the line y = =z, this approaches —1, and along the line y = 0, this
approaches 1. So f’(0) does not exist.

The Cauchy-Riemann equations are satisfied at z = ¢ and nowhere else. The
partial derivatives are continuous everywhere, and in particular at z = i, so f
is differentiable at z = 7 only, and hence analytic nowhere.
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YES, the Cauchy-Riemann equations are satisfied at (0,0). However, with
f =u+iv, u, and v, are not continuous at (0,0). This explains why f’(0) does
not exist. Here are some details:

We have u(z,y) = (2* — 3zy?)/(2* + y?) for (z,y) # (0,0), and u(0,0) = 0, and
v(z,y) = (y° — 32%y)/(2? + y?) for (z,y) # (0,0), and v(0,0) = 0. So

uz(0,0) = lim,_o(u(x,0) — u(0,0))/x = lim, g z/z =1 and

vy(0,0) = lim,_(v(0,y) —v(0,0))/y = lim,_oy/y = 1. This shows that one of
the two Cauchy-Riemann equations is satisfied at (0, 0).

However, for (z,y) # (0,0), uz(z,y) = (z* = 3y* +62%y*)/(2* +¢*)*. If (z,y) —
(0,0) along the line y = z then wu,(z,z) = 42*/4z* = 1; if (x,y) — (0,0) along
the line « = 0 then u,(0,y) = —3y*/y* = —3. Therefore lim(, ,)_(0,0) U (, y)
does not exist, and so u, is not continuous at (0, 0).

NOWHERE.

If f=wu+iv, then f'(2) = u,(x,y) + iv,(z,y) and therefore u, = v, = v, =
uy, = 0 in D. By the mean value theorem, for any two points zi, 2z, in D which
can be connected by a straight line lying in D, we can find points (x3,y3) and
(x4,y4) on that straight line such that

f(22) = f(z1) = w(@a,y2) —u(zr,y1) +i(v(22,42) — v(T1, 1))
= ugy(xs,ys3)(r2 — 1) + uy(z3,Y3) (Y2 — 1)
+ i[ve (T4, Ys) (T2 — 1) + vy (24, Ys) (Y2 — 1))

Therefore f(z1) = f(22). Since D is connected, any two points z,w in D can be
connected by a finite sequence of line segments lying in D, and it follows that
f(2) = f(w) and f is a constant.

The function f = u+iv is defined on C — {0}. The Cauchy-Riemann equations
are satisfied everywhere on C — {0} and the partial derivatives u, and w, are
continuous on C — {0}. Therefore f is differentiable at every point of C — {0},
and therefore analytic on C — {0}.

NO. Let f(2) =1if |2 <l and f(2) =14+ion{z:|z—3] < 1}. So f is defined
and non constant on the open set D = {z: |2| < 1}U{z: |z — 3| < 1}, but Rf
is constant on D.

If you add the condition that D is connected, then from u, = u, = 0 the
Cauchy-Riemann equations tell you that v, = v, = 0 and by Problem 13, f is
a constant.

NO. Let f(z) =1if [z <1 and f(z) =ion {z:|z—3| < 1}.

However, again, if D is connected then f is a constant.



PROOF: u? + v? = ¢ implies that
Ul + v, = 0 = uu, + vy,

Using the Cauchy-Riemann equations, this becomes
uvy — vuy = 0 = vvy, + uy,

s fel-le)

The determinant of this matrix is u? + v?> = ¢, so if ¢ = 0 then v = v = 0 so
f = 01is constant. If ¢ # 0, then by linear algebra, v, = u, = 0 and we can use
Problem 13 again.

or in matrix form



