Complex Analysis Math 147—Winter 2008 Homework
answers—Assignment 9,10; March 17, 2008

Assignment 9 For a fixed complex number a with |a| < 1, define a function ¢,
by

() zZ+a
al2) = —.
14 1+az

Although ¢,(z) is defined for all z # —1/a, we shall consider it as a function on the

closed unit disk |z| < 1. Prove the following statements.

(a) If |z| < 1 then |@.(2)] < 1.
Proof:

zZ+a

1+az

<1 & |z+ad <[1+azf

s |22+ a)? < 14 |azf?
& |1 —lal*) <1—]al”
s 2P <1
& |zl <1

(b) If |z] =1 then |p.(2)] = 1.
Proof: Same steps as in (a).

(c) ¢, is a one to one function, that is, if |z1] < 1,]22] < 1 and if @,(21) = @a(22),
then z; = 2.
Proof:

z21+a . 2o+ a
1—|—621 N 1"—622

& 2+ ’(Z|22’2 = Z9 + |a|221

& 21— |a]?) = 2(1 = |a?)

& 21 = 29

(d) ¢, is an onto function, that is, if |wy| < 1, then there is a zy with |zp] < 1 and

©va(20) = wo.
Proof:
Zo+a _
— =Wy < 2o+ a=wy+ weazy
1+az
& 2(l —awy) =wy —a
Wy — a
<~ 20 = —
1 — awy

(e) What is the inverse of ¢,?
Proof: From (d) (¢q)™' = ¢_q.



Assignment 10 Let f be an arbitrary analytic function on the unit disk |z| < 1
which is one to one and onto, that is, if |21| < 1, |22| < 1 and if f(z1) = f(22), then
21 = z9; and if |wp| < 1, then there is a zg with |z9] < 1 and f(29) = wg. Prove the
following statements.

(a) If £(0) =0, then f(z) = "%z for some real 6.

Proof: By Schwarz’s lemma, |f(z)| < |z| for all |z| < 1. The inverse of f also
satisfies the hypothesis of Schwarz’s lemma. Hence |f(2)| < |z| for all |z| < 1.
Thus |z| = [f71(f(2))] < |f(2)| < || for every |z| < 1. Thus |f(z)| = |z| for
some z # 0. By Schwarz’s lemma again, f(z) = cz for all |z|] < 1 and some
constant ¢ with |c| = 1.

(b) If f(0) = a # 0, let g(z) be defined by g(z) = p_(f(2)). Then g(z) = ez for
some real 6.
Proof: The function g is one-to-one and onto, analytic and ¢g(0) = 0. So by

(a), g(z) = €z for some real 6.

(c) The function f has the form

f(2) = €”pa(2),

for some 6 real and |a| < 1.
Proof:

F(2) = @al0_a(f(2)) = 0alg(2)) = wal(e?2) = eifs g _ 2T o=y

1 —ae?z 1—ae 0z

Thus f(2) = epy(2), where b = e~?a.



