Complex Analysis Math 147—Winter 2008
Solution to Assignment 7—March 17, 2008

Assignment 7 Complete the proof of Proposition 22.3 as follows. Suppose that G =
AU B where A, B are open, non-empty, and disjoint. Let zg, z1, ..., 2, be a finite sequence
of points in D with 29 = a, z, = b and such that the line segments [z;_1, 2] := {szx + (1 —
s)zk—1 : s € [0,1]} all lie in D. Choose one of these segments which has one endpoint in
A and the other in B, and denote it by [p, ¢]. Then [0,1] = SUT where S = {s € [0,1] :
s¢q+(1—s)pe A} and T = {t € [0,1] : t¢+ (1 —t)p € B}. S and T are each non-empty,
since 0 € Sand 1 €T.

(a) Prove that S is equal to a set of the form {0} U S’ where S’ is open. Prove that T is
equal to a set of the form {1} UT" where T” is open.

Proof: Let sp € S — {0} so that py := soq + (1 — so)p € A. Since A is
open in C, there exists § > 0 with B(pg,d) C A. I claim that

(so—0/2M,sp+6/2M) C S where M = mjax]zj].

Assuming this claim to be true, we have that S — {0} is a union of open
intervals, completing the proof of (a).
Proof of claim: If s € (s9 —9/2M, so+6/2M), then |s—so| < 6/2M and

|sq+ (1 —s)p—(s0g+ (1 —s0)p)| < [(s—50)q+ (s0—8)p| < 2[s—s0|M <.

Therefore sq + (1 — s)p € B(po,6) C Aand s € S.
(The proof for T is similar)

(b) Complete the proof of Proposition 22.3 by deriving a contradiction (Hint: Consider
a =sup S and the three cases a = 0,0 =1,0 < a < 1).

Proof: If & = 0, then S = {0} and 7' = (0.1]. This cannot happen,
since A is open; the argument is the same as the one on (a) which shows
that [0,0/2M) C S.

If « =1, then S = [0,1) and T" = {1}. This cannot happen, since
B is open; the argument is tha same as the one on (a) and shows that
(0,1—06/2M])CT.

It must be that 0 < o < 1. If « € S, then T' = (a, 1] and S = [0, o],
which contradicts (a). If o € T, then T' = [a, 1], which contradicts (a).

We have a contradiction in each of the three possibilities for o, so Propo-
sition 22.3 is proved.



