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Abstra ct. The op erator spaces H

k

n

1 � k � n , generalizing the ro w and

column Hilb ert spaces, and arising in the authors' previous study of con trac-

tiv ely complemen ted subspaces of C

�

-algebras, are sho wn to b e homogeneous

and completely isometric to a space of creation op erators on a subspace of the

an ti-symmetric F o c k space. The completely b ounded Banac h-Mazur distance

from H

k

n

to ro w or column space is explicitly calculated.

Intr oduction and Preliminaries

A w ell-kno wn result of F riedman and Russo ([4, Theorem 2]) states that if a

subspace X of a C

�

-algebra A is the range of a con tractiv e pro jection on A , then X

is isometric to a J C

�

-triple, that is, a norm closed subspace of B ( H ; K ) stable under

the triple pro duct ab

�

c + cb

�

a . If X is atomic (in particular, �nite-dimensional),

then it is isometric to a direct sum of Cartan factors of t yp es 1 to 4.

The authors sho w ed in [7 ] that this latter result fails, as it stands, in the category

of op erator spaces. In that pap er, w e de�ned a family of n -dimensional Hilb ertian

op erator spaces H

k

n

, 1 � k � n , generalizing the ro w and column Hilb ert spaces R

n

and C

n

and sho w ed that in the ab o v e result, if X is atomic, the w ord \isometric"

can b e replaced b y \completely semi-isometric," pro vided the spaces H

k

n

are allo w ed

as summands along with the Cartan factors ([7, Theorem 2]). It is p oin ted out in [7 ]

that the space H

k

n

is con tractiv ely complemen ted in some B ( K ), and for 1 < k < n ,

is not completely (semi-)isometric to either of the Cartan factors B ( C ; C

n

) = H

1

n

or B ( C

n

; C ) = H

n

n

, and that these spaces app eared in a sligh tly di�eren t form

and con text in [1]. It is also sho wn in [7, Theorem 3] that �nite dimensional J C

�

-

triples whic h are con tractiv ely complemen ted in a C

�

-algebra can b e classi�ed up

to complete isometry .

In this pap er, w e study the op erator space structure of the spaces H

k

n

. Besides

b eing a generalization of the ro w and column Hilb ert spaces, as sho wn in Lemma 2.1

b elo w, they are completely isometric to the span of creation op erators on a sub-

space of the an ti-symmetric F o c k space. Th us they are related to the op erator

space denoted b y �

n

in [9 , section 9.3], whic h is the span of the creation op erators

on the full an ti-symmetric F o c k space. �

n

is the unique op erator space whic h is

completely isometric to the span of n op erators satisfying the canonical an ticom-

m utation relations (CAR), [9 , Theorem 9.3.1], and \

n

k =1

H

k

n

is completely isometric
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to �

n

. W e sho w in Theorem 2 b elo w that all �nite dimensional Hilb ertian op erator

spaces X whic h are con tractiv ely complemen ted in some C

�

-algebra are completely

isometric to the diagonal of t w o spaces, one space b eing an in tersection of some of

the spaces H

k

n

and the other space lying in the k ernel of the pro jection whic h maps

on to X . Since an y in tersection of the spaces H

k

n

is also completely isometric to a

space of creation op erators on a subspace of the full an ti-symmetric F o c k space,

Theorem 2 can b e in terpreted as sa ying that ev ery con tractiv ely complemen ted

Hilb ertian op erator space is, up to complete isometry , essen tially a space of cre-

ation op erators. This result is analogous to the result of Rob ertson, [10 ], whic h

states that ev ery c ompletely con tractiv ely complemen ted Hilb ertian op erator space

is completely isometric to either ro w or column space.

The op erator space structures of the ro w and column Hilb ert spaces R

n

and

C

n

ha v e b een w ell studied, and in particular it is kno wn that they are homoge-

neous, dual to eac h other in the op erator space sense, and ha v e completely b ounded

Banac h-Mazur distance n b et w een them. W e sho w here that H

k

n

is homogeneous

(Theorem 1) and w e giv e an explicit form ula for the completely b ounded Banac h-

Mazur distance from it to R

n

= H

n

n

and C

n

= H

1

n

(Theorem 3). This answ ers a

question w e p osed in [7 ] and sho ws, in terestingly , that the p oin ts R

n

, C

n

and H

k

n

lie on a straigh t line in the metric space of all op erator spaces of dimension n .

Recall that a Cartan factor of t yp e 1 is B ( H ; K ) for complex Hilb ert spaces H

and K . T o de�ne the Cartan factors of t yp es 2 and 3, �x a conjugation J on a

complex Hilb ert space H , that is, a conjugate-linear isometry of order 2, and for

x 2 B ( H ), let x

t

= J x

�

J . A Cartan factor of t yp e 2 (resp ectiv ely of t yp e 3) is

A ( H ; J ) = f x 2 B ( H ) : x

t

= � x g (resp ectiv ely S ( H ; J ) = f x 2 B ( H ) : x

t

= � x g ).

A Cartan factor of t yp e 4 is the spin factor (cf. [7 , Subsection 3.1]).

An op er ator sp ac e is a subspace X of B ( H ), the space of b ounded linear op erators

on a complex Hilb ert space. Its op er ator sp ac e structur e is giv en b y the sequence

of norms on the set of matrices M

n

( X ) with en tries from X , determined b y the

iden ti�cation M

n

( X ) � M

n

( B ( H )) = B ( H � H � � � � � H ). See [9 ] for the general

theory of op erator spaces, whic h is no w extensiv e and co v ered in sev eral other

monographs, for example [3], [8], and the forthcoming [2]. Let us just recall that

a linear mapping ' : X ! Y b et w een t w o op erator spaces is c ompletely b ounde d

if the induced mappings '

n

: M

n

( X ) ! M

n

( Y ) de�ned b y '

n

([ x

ij

]) = [ ' ( x

ij

)]

satisfy k ' k

cb

:= sup

n

k '

n

k < 1 . A completely b ounded map is a c ompletely

b ounde d isomorphism if its in v erse exists and is completely b ounded. Tw o op erator

spaces are c ompletely isometric if there is a linear isomorphism T b et w een them

with k T k

cb

= k T

� 1

k

cb

= 1. W e call T a c omplete isometry in this case.

In the matrix represen tation for B ( `

2

) consider the c olumn Hilb ert sp ac e C =

sp f e

i 1

: i � 1 g and the r ow Hilb ert sp ac e R = sp f e

1 j

: j � 1 g and their �nite

dimensional v ersions C

n

= sp f e

i 1

: 1 � i � n g and R

n

= sp f e

1 j

: 1 � j � n g .

Here of course e

ij

is the op erator de�ned b y the matrix with a 1 in the ( i; j )-

en try and zeros elsewhere. Although R and C are Banac h isometric, they are

not completely isomorphic; and R

n

and C

n

, while completely isomorphic, are not

completely isometric.

An op erator space is said to b e homo gene ous if ev ery b ounded linear map on

it is completely b ounded with the norm and completely b ounded norm coinciding

(see [9, 9.2]) and it is Hilb ertian if it is isometric to a Hilb ert space. A linear

map of one op erator space in to another is said to b e a c omplete semi-isometry if
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it is isometric and completely con tractiv e. The c ompletely b ounde d Banach-Mazur

distanc e b et w een t w o (completely isomorphic) op erator spaces E ; F is de�ned b y

d

cb

( E ; F ) = inf fk u k

cb

k u

� 1

k

cb

: u : E ! F complete isomorphism g :

This pap er is organized as follo ws. In section 1, w e sho w that the spaces H

k

n

are homogeneous op erator spaces. Although w e use some m ultilinear algebra, our

pro of is direct and do es not mak e use of the iden ti�cation of H

k

n

with a space of

creation op erators. In section 2 w e establish the complete isometry of H

k

n

with a

space of creation op erators and use it to describ e the �ne structure of the range

of a con tractiv e pro jection on a C

�

-algebra in case said range is isometric to a

Hilb ert space. W e also establish some sp ectral prop erties of creation op erators. In

section 3 w e compute explicitly the completely b ounded Banac h-Mazur distance

from the space H

k

n

to the column and ro w Hilb ert spaces H

1

n

and H

n

n

and state

some problems for further study .

1. Homogeneity of the sp a ces H

k

n

W e b egin b y recalling from [7, Sections 6,7] the construction of the spaces H

k

n

,

1 � k � n . Let I denote a subset of f 1 ; 2 ; : : : ; n g of cardinalit y j I j = k � 1.

The n um b er of suc h I is q :=

�

n

k � 1

�

. Let J denote a subset of f 1 ; 2 ; : : : ; n g of

cardinalit y j J j = n � k . The n um b er of suc h J is p :=

�

n

n � k

�

. Unless otherwise

noted, w e shall assume that eac h I = f i

1

; : : : ; i

k � 1

g is suc h that i

1

< � � � < i

k � 1

,

and that the collection f I

1

; : : : ; I

q

g of all suc h subsets is ordered lexicographically .

Similarly , if J = f j

1

; : : : ; j

n � k

g , then j

1

< � � � < j

n � k

and f J

1

; : : : ; J

p

g is ordered

lexicographically .

W e shall use the notation e

i

to denote the column v ector with a 1 in the i

th

p osition and zeros elsewhere. Th us e

1

; : : : ; e

n

denotes the canonical basis of column

v ectors for C

n

, and for example e

J

1

; : : : ; e

J

p

denotes the canonical basis of column

v ectors for C

p

.

The space H

k

n

is the linear span of matrices b

n;k

i

, 1 � i � n , giv en b y

b

n;k

i

=

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J ) e

J ;I

;

where e

J ;I

= e

J


 e

I

= e

J

e

t

I

2 M

p;q

( C ) = B ( C

q

; C

p

), and � ( I ; i; J ) is the signature

of the p erm utation taking ( i

1

; : : : ; i

k � 1

; i; j

1

; : : : ; j

n � k

) to (1 ; : : : ; n ).

1

Since the

b

n;k

i

are the image under a triple isomorphism (actually ternary isomorphism) of a

rectangular grid in a J W

�

-triple of rank one, they form an orthonormal basis for

H

k

n

(cf. the b eginning of subsection 5.3 and the b eginning of section 7 of [7 ]).

In the rest of this section, w e shall use the follo wing lemma ab out determinan ts,

whose pro of can b e found, for example, in [11 ].

L emma 1.1 . Let X = [ �

ij

] b e an n � m matrix. Let H � f 1 ; : : : ; n g and K �

f 1 ; : : : ; m g b oth ha v e cardinalit y r � min f n; m g . Let X

H ;K

denote the corresp ond-

ing r � r submatrix.

(i): If x

i

=

P

n

j =1

�

j i

e

j

2 C

n

for 1 � p � n , then x

1

^� � � ^ x

p

=

P

H

det X

H ;L

e

H

,

where the sum is o v er all H of cardinalit y p , L = f 1 ; : : : ; p g , and X is the

n � p matrix [ �

ij

]. (Prop. 3.3, page 84 of [11 ])

1

In [7], � ( I ; i; J ) is also denoted b y � ( I ; J ). Ho w ev er, in this pap er, � ( I ; J ) will denote the

signature of the p erm utation taking ( i

1

; : : : ; i

k � 1

; j

1

; : : : ; j

n � k

) to (1 ; : : : ;

^

i; : : : ; n )
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(ii): If X is an n � n matrix and H � f 1 ; : : : ; n g , let H

0

denote the complemen t

of H . Then det X = � ( H ; H

0

)

P

R

� ( R ; R

0

) det X

R;H

det X

R

0

;H

0

, where the

sum is o v er all sets R ha ving the same cardinalit y of H . (Prop. 3.4(1) page

87 of [11 ])

(iii): If H ; K � f 1 ; : : : ; n g ha v e cardinalit y r and n � r , and H \ K 6= ; ,

then

P

R

� ( R ; R

0

) det X

R;H

det X

R

0

;K

= 0, where the sum is o v er all sets R

ha ving cardinalit y r . (Prop. 3.4(2), page 87 of [11 ])

Let e

1

; : : : ; e

n

b e the canonical basis for the column Hilb ert space C

n

= M

n; 1

( C ) =

B ( C ; C

n

) and de�ne an isometry  : C

n

! H

k

n

via  ( e

i

) = b

n;k

i

, 1 � i � n . Let

u = [
u

1

� � � u

n

] b e a unitary matrix so that u

1

; : : : ; u

n

is an orthonormal basis

for C

n

. Then, with u

i

=

P

n

j =1

u

j i

e

j

, w e ha v e

u =

2

6

4

u

11

� � � u

1 n

.

.

. � � �

.

.

.

u

n 1

� � � u

nn

3

7

5

;

and

 ( u

i

) =

n

X

j =1

u

j i

b

n;k

j

=

n

X

j =1

u

j i

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J ) e

J ;I

:

L emma 1.2 . The ( J

0

; I

0

)-en try of the p � q matrix  ( u

i

) is giv en b y

(1) (  ( u

i

))

J

0

;I

0

=

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J )

det u

J

0

;J

det u

I

0

;I

det u

;

where u is the complex conjugate of u .

Pr o of. Let us �rst calculate the left side of (1):

(  ( u

i

))

J

0

;I

0

= e

t

J

0

 ( u

i

) e

I

0

=

n

X

j =1

u

j i

X

I \ J = ; ; ( I [ J )

c

= f j g

� ( I ; j; J ) e

t

J

0

e

J

e

t

I

e

I

0

=

�

0 J

0

\ I

0

6= ;

u

li

� ( I

0

; l ; J

0

) J

0

\ I

0

= ; ; ( I

0

[ J

0

)

c

= f l g :

Before calculating the righ t side of (1), note that � ( I ; i; J ) � ( I ; J ) = ( � 1)

i + k

; indeed,

� ( I ; i; J ) � ( I ; J ) = ( � 1)

k � 1

� ( i; I ; J ) � ( I ; J )

= ( � 1)

k � 1

� ( I ; J ) � ( i; 1 ; 2 ; � � � ;

^

i; � � � ; n � 1) � ( I ; J )

= ( � 1)

k � 1

( � 1)

i � 1

= ( � 1)

k + i

:

Therefore, the righ t side of (1) is equal to

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J ) � ( I

0

; J

0

) � ( I

0

; J

0

) � ( I ; J ) � ( I ; J )

det u

J

0

;J

det u

I

0

;I

det u

= ( � 1)

k + i

� ( I

0

; J

0

)

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I

0

; J

0

) � ( I ; J )

det u

J

0

;J

det u

I

0

;I

det u
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According to Lemma 1.1(iii), the ab o v e sum is 0 if J

0

\ I

0

6= ; . Otherwise, if

J

0

\ I

0

= ; so that ( I

0

[ J

0

)

c

= f l g , the righ t side of (1) equals

( � 1)

k � l

� ( I

0

; J

0

)( � 1)

i + l

det u

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I

0

; J

0

) � ( I ; J ) det u

J

0

;J

det u

I

0

;I

:

No w b y Lemma 1.1(ii), the ab o v e sum is the determinan t of the ( l ; i )-minor of

the matrix u , call this M

li

. Th us, for J

0

\ I

0

= ; , the righ t side of (1) is equal to

� ( I

0

; l ; J

0

)

�

( � 1)

i + l

det M

li

det u

�

= � ( I

0

; l ; J

0

) � [ the ( i; l )-en try of the in v erse of u ]

= � ( I

0

; l ; J

0

) u

li

: �

The or em 1 . H

k

n

is a homogeneous op erator space.

Pr o of. Let � b e a unitary op erator on H

k

n

. T o pro v e the theorem, it su�ces,

b y [9 , Prop. 9.2.1], to sho w that � is a complete isometry . W e shall sho w that

� ( x ) = �v xw for suitable unitary matrices v and w , and � 2 C , with j � j = 1, whic h

will complete the pro of.

Recall that  : C

n

! H

k

n

is the isometry de�ned b y  ( e

i

) = b

n;k

i

. Let  

� 1

� 

ha v e matrix u

� 1

on C

n

with resp ect to the basis e

1

; : : : ; e

n

. As in Lemma 1.2, let

u

1

; : : : ; u

n

b e the columns of u . W e shall sho w that � ( x ) = �v xw holds for ev ery

x 2 H

k

n

, where � = det u , w =

�

^

i 2 I

1

u

i

� � � ^

i 2 I

q

u

i

�

, and

v =

2

6

4

( ^

j 2 J

1

u

j

)

t

.

.

.

( ^

j 2 J

p

u

j

)

t

3

7

5

:

(The fact that v and w are unitary matrices follo ws from the de�nition of the inner

pro duct on ^

r

C

n

: ( x

1

^ � � � ^ x

r

j y

1

^ � � � ^ y

r

) = det[( x

i

j y

j

)].)

In the �rst place,  

� 1

� ( u

i

) = u

� 1

( u

i

) = e

i

, so that � ( u

i

) =  ( e

i

) = b

n;k

i

.

Th us it su�ces to pro v e

(2) v  ( u

i

) w = b

n;k

i

= det u :

Let us �rst sho w that

(3)  ( u

i

) = (det u )

� 1

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J ) ( ^

j 2 J

u

j

) ( ^

i 2 I

u

i

)

t

:

By Lemma 1.2, the pro of of (3) amoun ts to

(4)

h

( ^

j 2 J

u

j

) ( ^

i 2 I

u

i

)

t

i

J

0

;I

0

= det u

J

0

;J

det u

I

0

;I

:

The left side of (4) is giv en b y e

t

J

0

( ^

j 2 J

u

j

) ( ^

i 2 I

u

i

)

t

e

I

0

. By Lemma 1.1(i), ^

j 2 J

u

j

=

P

L

det u

L;J

e

L

, where L runs o v er the subsets of cardinalit y n � k . Hence e

t

J

0

( ^

j 2 J

u

j

)

=

P

L

det u

L;J

e

t

J

0

e

L

= det u

J

0

;J

. Similarly , ( ^

i 2 I

u

i

)

t

e

I

0

= det u

I

0

;I

, whic h pro v es

(4) and hence (3).

W e no w use (3) to pro v e (2). Note that since e

J ;I

= e

J


 e

I

= e

J

( e

I

)

t

=

( ^

j 2 J

e

j

) ( ^

i 2 I

e

i

)

t

, w e ma y write

(5) b

n;k

i

=

X

I \ J = ; ; ( I [ J )

c

= f i g

� ( I ; i; J ) ( ^

j 2 J

e

j

) ( ^

i 2 I

e

i

)

t

:
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By (3) and (5), it su�ces to pro v e

v ( ^

j 2 J

u

j

) ( ^

i 2 I

u

i

)

t

w = ( ^

j 2 J

e

j

) ( ^

i 2 I

e

i

)

t

:

This is a simple calculation. Supp ose for de�niteness that J = J

r

and I = I

s

. Then

v ( ^

j 2 J

u

j

) = e

J

r

, and ( ^

i 2 I

u

i

)

t

w = e

t

I

s

. �

R emark 1.3 . In [7, page 2230], w e de�ned an op erator space construction denoted

b y Diag ( H

k

1

n

; : : : ; H

k

m

n

) whic h dep ended on a c hoice of orthonormal basis for eac h of

the spaces H

k

j

n

. Because of the homogeneit y of the spaces H

k

n

pro v ed in Theorem 1,

this space is indep enden t of these c hoices up to complete isometry and is no w seen

to b e the in tersection H

k

1

n

\ : : : \ H

k

m

n

in the sense of op erator space theory ([9,

page 55]).

2. Anti-symmetric F ock sp a ces

Let C

n;k

h

denote the w edge (or creation) op erator from ^

k � 1

C

n

to ^

k

C

n

giv en

b y

C

n;k

h

( h

1

^ � � � ^ h

k � 1

) = h ^ h

1

^ � � � ^ h

k � 1

:

Man y prop erties of these classical op erators on the full an ti-symmetric F o c k

space are giv en in [5 , Exercises 12.4.39-40].

As in section 1, let e

1

; : : : ; e

n

b e the usual column v ector orthonormal basis for

C

n

, and let f e

I

1

; : : : ; e

I

q

g and f e

J

1

; : : : ; e

J

p

g b e the column v ector orthonormal

bases for C

q

and C

p

resp ectiv ely , and de�ne the unitary op erators U

n

j

( j = k � 1

and j = n � k ), W

n

k

; V

n

k

in the diagram b elo w as follo ws:

� U

n

k � 1

( e

I

) = e

i

1

^ � � � ^ e

i

k � 1

, where I = f i

1

< � � � < i

k � 1

g .

� U

n

n � k

( e

J

) = e

j

1

^ � � � ^ e

j

n � k

, where J = f j

1

< � � � < j

n � k

g .

� V

n

k

( e

i

1

^ � � � ^ e

i

k

) = e

j

1

^ � � � ^ e

j

n � k

, where f j

1

< � � � < j

n � k

g is the

complemen t of f i

1

< � � � < i

k

g .

� W

n

k

( e

j

1

^ � � � ^ e

j

n � k

) = � ( i; I ) � ( I ; i; J ) e

j

1

^ � � � ^ e

j

n � k

for an y i and I suc h

that I \ J = ; and ( I [ J )

c

= f i g (whic h is indep enden t of the c hoice of i

or I ).

C

q

b

n;k

i

� ! C

p

U

n

k � 1

# # U

n

n � k

^

k � 1

C

n

^

n � k

C

n

C

n;k

e

i

# # W

n

k

^

k

C

n

V

n

k

� ! ^

n � k

C

n

Note that since b

n;k

i

is a p � q matrix, it is view ed as an op erator from C

q

to C

p

.

In the de�nition of W

n

k

, � ( i; I ) is the signature of the p erm utation ( i; i

1

; : : : ; i

k � 1

) 7!

( i

1

; : : : ; i; : : : ; i

k � 1

). T o pro v e the non-dep endence on i , supp ose i; i

0

62 J . Then

� ( I ; i; J ) = � ( i

1

; : : : ; i

k � 1

; i; j

1

; : : : ; j

n � k

)

= ( � 1)

k � 1

� ( i; i

1

; : : : ; i

k � 1

; j

1

; : : : ; j

n � k

)

= ( � 1)

k � 1

� ( i; I ) � ( i

1

; : : : ; i; : : : ; i

k � 1

; j

1

; : : : ; j

n � k

) ;
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where i

1

< � � � < i < � � � i

k � 1

. Similarly ,

� ( I

0

; i

0

; J ) = ( � 1)

k � 1

� ( i

0

; I

0

) � ( i

0

1

; : : : ; i

0

; : : : ; i

0

k � 1

; j

1

; : : : ; j

n � k

) ;

where i

0

1

< � � � < i

0

< � � � i

0

k � 1

. Hence, � ( i; I ) � ( I ; i; J ) = � ( i

0

; I

0

) � ( I

0

; i

0

; J ).

It is no w a simple matter to c hec k that W

n

k

U

n

n � k

b

n;k

i

= V

n

k

C

n;k

e

i

U

n

k � 1

. Indeed,

for an y I

0

, W

k

U

n

n � k

b

n;k

i

( e

I

0

) = W

k

U

n

n � k

� ( I

0

; i; J )( e

J

) = W

k

( � ( I

0

; i; J ) e

j

1

^ � � � ^

e

j

n � k

= � ( i; I

0

) e

j

1

^ � � � ^ e

j

n � k

; and V

n

k

C

n;k

e

i

U

n

k � 1

( e

I

0

) = V

n

k

( e

i

^ e

i

0

1

^ � � � ^ e

i

0

k � 1

) =

V

n

k

( � ( i; I

0

) e

i

0

1

^ � � � ^ e

i

^ � � � ^ e

i

0

k � 1

) = � ( i; I

0

) e

j

1

^ � � � ^ e

j

n � k

.

Hence, letting C

n;k

denote the space sp f C

n;k

e

i

g yields the follo wing lemma.

L emma 2.1 . H

k

n

is completely isometric to C

n;k

.

By [7, Theorem 2, Corollary 2.8], ev ery atomic con tractiv ely complemen ted sub-

space X of a C

�

-algebra is isometrically completely con tractiv e to a direct sum of

Cartan factors of t yp es 1 to 4 and some of the spaces H

k

n

. The follo wing theorem

giv es more detailed information on what can b e said up to complete isometry in

the case of an Hilb ertian X .

Recall that a linear map of one op erator space in to another is said to b e a

c omplete semi-isometry if it is isometric and completely con tractiv e.

The or em 2 . Let X b e the range of a con tractiv e pro jection P on a C

�

-algebra A ,

and supp ose that X is isometric to a Hilb ert space. Then there exist pro jections

p; q 2 A

��

suc h that

(a): X = f pxq + (1 � p ) x (1 � q ) : x 2 X g ;

(b): The map E

0

x = pxq is a complete semi-isometry of X on to pX q ;

(c): If X is �nite-dimensional, then pX q is completely isometric to an in-

tersection of the spaces C

n;k

. If X is in�nite-dimensional, then pX q is

completely semi-isometric to either ro w or column Hilb ert space;

(d): Both X and pX q are completely isometric to the range of a con tractiv e

pro jection on B ( K ) for an appropriate Hilb ert space K .

(e): P

��

( pxq ) = x and P

��

((1 � p ) x (1 � q )) = 0, for x 2 P ( A ). Hence

P

��

: pX q ! X is the in v erse of E

0

and (1 � p ) X (1 � q ) � k er P

��

.

Pr o of.

(a): Since P ( A ) is re
exiv e, X = P ( A ) = P

��

( A

��

) = pX q + (1 � p ) X (1 � q ),

the last equalit y follo wing from [4, Prop. 4];

(b): By [7, Lemma 2.2];

(c): By Lemma 2.1 and [7, Prop. 2.6];

(d): F or X this follo ws directly from [7, Corollary 2.8], and for pX q it follo ws

directly from [7, Theorem 3(b) and Corollary 7.3].

2

(e): F or x 2 P ( A ), P

��

( pxq ) 2 P

��

( A

��

) = P ( A ), sa y P

��

( pxq ) = y 2 P ( A )

and b y [4, Prop. 4], y = py q + (1 � p ) y (1 � q ). Th us p ( P

��

( pxq )) q =

py q . No w it follo ws from [4, Prop. 1], that p ( P

��

z ) q = z for all z 2

pP

��

( A

��

) q . With z = pxq , w e ha v e pxq = py q and b y (b) x = y , pro ving

2

The authors wish to tak e this opp ortunit y to p oin t out the follo wing correction to [7, Lemma

7.2 and Corollary 7.3]. The term

�

n � 1

k � 1

�

1 = 2

should b e replaced b y

�

n � 1

k � 1

�

in the statemen ts of

Lemma 7.2 and Corollary 7.3, and in the pro of of Lemma 7.2. Accordingly , in the pro of of

Corollary 7.3, m

1 = 2

should b e replaced b y m .
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that P

��

( pxq ) = x . Moreo v er, P

��

((1 � p ) x (1 � q )) = P

��

( x � pxq ) =

x � P

��

( pxq ) = x � y = 0. �

R emark 2.2 . F or an y subset S � f 1 ; : : : ; n g , \

k 2 S

C

n;k

is exactly the space of cre-

ation op erators on the direct sum �

k 2 S

^

k � 1

C

n

. So Theorem 2 sa ys that all �nite-

dimensional con tractiv ely complemen ted Hilb ertian op erator spaces are essen tially

a space of creation op erators in the an ti-symmetric F o c k space. In particular, if

S = f 1 ; : : : ; n g , this is the space �

n

discussed in [9 , section 9.3].

The follo wing t w o prop erties of the w edge op erators follo w easily from [5, Exer-

cises 12.4.39-40]. They will b e used, together with Lemma 2.3, in section 3.

C

n;k �

h

C

n;k

h

( h

1

^ � � � ^ h

k � 1

) = ( h j h ) h

1

^ � � � ^ h

k � 1

� ( h

1

j h ) h ^ h

2

^ � � � ^ h

k � 1

+ � � � � ( h

k � 1

j h ) h ^ h

1

^ � � � ^ h

k � 2

:(6)

and

C

n;k

h

C

n;k �

h

( h

1

^ � � � ^ h

k

) =

k

X

j =1

( h

j

j h ) h

1

^ � � � ^ h

0

j

^ � � � ^ h

k

( h

0

j

= h ) :

In particular, C

n; 1

h

C

n; 1 �

h

= h 
 h , for h 2 C

n

.

L emma 2.3 . (a): tr( C

n;k �

h

C

n;k

h

) =

�

n � 1

k � 1

�

k h k

2

. In particular, C

n; 1 �

h

C

n; 1

h

=

k h k

2

.

(b): Let the (rep eated) eigen v alues of

P

m

i =1

C

n; 1

h

i

C

n; 1 �

h

i

b e �

1

� � � � � �

n

.

Then the eigen v alues of

P

m

i =1

C

n;k

h

i

C

n;k �

h

i

are precisely the sums of k eigen-

v alues of

P

m

i =1

C

n; 1

h

i

C

n; 1 �

h

i

.

Pr o of. In the �rst place, w e ha v e

tr ( C

n;k

h

C

n;k �

h

) = tr( C

n;k �

h

C

n;k

h

)

=

X

i

1

;::: ;i

k � 1

( C

n;k �

h

C

n;k

h

( e

i

1

^ � � � ^ e

i

k � 1

) j e

i

1

^ � � � ^ e

i

k � 1

)

=

X

i

1

;::: ;i

k � 1

( h ^ e

i

1

^ � � � ^ e

i

k � 1

j h ^ e

i

1

^ � � � ^ e

i

k � 1

)

=

X

i

1

;::: ;i

k � 1

det

2

6

6

4

( h j h ) ( h j e

i

1

) � � � ( h j e

i

k � 1

)

( e

i

1

j h ) 1 � � � 0

� � � � � � � � � � � �

( e

i

k � 1

j h ) 0 � � � 1

3

7

7

5

=

X

i

1

;::: ;i

k � 1

0

@

k h k

2

�

k � 1

X

j =1

j ( h j e

i

j

) j

2

1

A

=

�

n

k � 1

�

k h k

2

�

X

i

1

;::: ;i

k � 1

k � 1

X

j =1

j ( h j e

i

j

) j

2

=

�

n

k � 1

�

k h k

2

�

n

X

l =1

�

n � 1

k � 2

�

j ( h j e

l

) j

2

=

��

n

k � 1

�

�

�

n � 1

k � 2

��

k h k

2

=

�

n � 1

k � 1

�

k h k

2

:



REPRESENT A TION OF HILBER TIAN OPERA TOR SP A CES ON THE F OCK SP A CE 9

T o pro v e the second statemen t, let �

1

; : : : ; �

n

b e an orthonormal basis of C

n

consisting of eigen v ectors of

P

m

i =1

C

n; 1

h

i

C

n; 1 �

h

i

so that

P

i

( �

k

j h

i

) h

i

= �

k

�

k

. Then

m

X

i =1

C

n;k

h

i

C

n;k �

h

i

( �

i

1

^ � � � ^ �

i

k

) =

X

i

k

X

j =1

( �

i

j

j h

i

) �

i

1

^ � � � ^ h

i

^ � � � ^ �

i

k

=

X

j

�

i

1

^ � � � ^

"

X

i

( �

i

j

j h

i

) h

i

#

^ � � � �

i

k

=

2

4

X

j

�

i

j

3

5

�

i

1

^ � � � ^ �

i

k

:

Con v ersely , if � =

P

�

i

1

;::: ;i

k

�

i

1

^ � � � ^ �

i

k

is an eigen v ector of

P

m

i =1

C

n;k

h

i

C

n;k �

h

i

,

with eigen v alue � , then

�

X

�

i

1

;::: ;i

k

�

i

1

^ � � � ^ �

i

k

=

=

m

X

i =1

C

n;k

h

i

C

n;k �

h

i

X

�

i

1

;::: ;i

k

�

i

1

^ � � � ^ �

i

k

=

X

�

i

1

;::: ;i

k

X

i

X

j

( �

i

j

j h

i

) �

i

1

^ � � � ^ h

i

^ � � � ^ �

i

k

=

X

�

i

1

;::: ;i

k

X

j

�

i

1

^ � � � ^

"

m

X

i =1

C

n; 1

h

i

C

n; 1 �

h

i

�

i

j

#

^ � � � ^ �

i

k

=

X

�

i

1

;::: ;i

k

2

4

X

j

�

i

j

3

5

�

i

1

^ � � � ^ �

i

k

:

F rom this, the second statemen t follo ws. �

3. Completel y bounded Bana ch-Mazur dist ance

Recall that the completely b ounded Banac h-Mazur distance b et w een t w o (com-

pletely isomorphic) op erator spaces E ; F is de�ned b y

d

cb

( E ; F ) = inf fk u k

cb

k u

� 1

k

cb

: u : E ! F complete isomorphism g :

W e shall explicitly compute d

cb

( H

k

n

; H

1

n

). By Lemma 2.1, w e can iden tify H

k

n

with C

n;k

. F or a �xed k , let  : H

1

n

! H

k

n

b e the isometry giv en b y  ( C

n; 1

e

i

) = C

n;k

e

i

.

Recall from [6, Prop. 4] that, since  is a mapping from the column Hilb ert space

H

1

n

, k  k

cb

= k  k

ro w-cb

, where k  k

ro w-cb

:= sup fk (  ( h

1

) ; : : : ;  ( h

m

)) kg where

the suprem um is extended o v er all m � 1 and all ro w v ectors with k ( h

1

; : : : ; h

m

) k �

1. The norm k  k

col-cb

is de�ned analogously and b y [6 , Prop. 2], k  

� 1

k

cb

=

k  

� 1

k

col-cb

.

L emma 3.1 . k  k

ro w-cb

=

p

k and k  

� 1

k

col-cb

=

q

n

n � k +1

.

Pr o of. Let A = ( C

n; 1

h

1

; : : : ; C

n; 1

h

m

) and B = ( C

n;k

h

1

; : : : ; C

n;k

h

m

). W e sho w �rst that

k B k �

p

k k A k . W e ha v e AA

�

=

P

m

i =1

C

n; 1

h

i

C

n; 1 �

h

i

=

P

m

i =1

h

i


 h

i

and B B

�

=

P

m

i =1

C

n;k

h

i

C

n;k �

h

i

.
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Let the (rep eated) eigen v alues of AA

�

b e �

1

� � � � � �

n

. By Lemma 2.3(b), w e

ha v e

k B k

2

= k B B

�

k = �

1

+ � � � + �

k

� k �

1

= k k AA

�

k = k k A k

2

:

T aking m = n and h

j

= e

j

, w e ha v e AA

�

= I and B B

�

= k I , pro ving the �rst

statemen t of the Lemma.

Let D = ( C

n; 1

h

1

; : : : ; C

n; 1

h

m

)

t

and C = ( C

n;k

h

1

; : : : ; C

n;k

h

m

)

t

. W e sho w next that k D k �

q

n

n � k +1

k C k . By Lemma 2.3(a), w e ha v e D

�

D =

P

m

i =1

C

n; 1 �

h

i

C

n; 1

h

i

=

P

m

i =1

k h

i

k

2

and C

�

C =

P

m

i =1

C

n;k �

h

i

C

n;k

h

i

. Since C

�

C is a square matrix of size

�

n

k � 1

�

, again b y

Lemma 2.3(a),

k C

�

C k

�

n

k � 1

�

� tr ( C

�

C ) =

�

n � 1

k � 1

�

m

X

i =1

k h

i

k

2

:

Therefore,

k D k

2

k C k

2

=

P

m

i =1

k h

i

k

2

k C

�

C k

�

P

m

i =1

k h

i

k

2

(

n � 1

k � 1

)

(

n

k � 1

)

P

m

i =1

k h

i

k

2

=

n

n � k + 1

:

T aking m = n and h

i

= e

i

, w e ha v e D

�

D = n . By (6), C

n;k �

e

i

C

n;k

e

i

( e

i

1

^ � � � ^

e

i

k � 1

) = 0 if i 2 f i

1

; : : : ; i

k � 1

g and equal to e

i

1

^ � � � ^ e

i

k � 1

otherwise. Hence

C

�

C = ( n � k + 1) I , pro ving the second statemen t. �

The or em 3 . d

cb

( H

k

n

; H

1

n

) =

q

k n

n � k +1

, for 1 � k � n .

Pr o of. By [12 , Theorem 3.1], and the �rst paragraph of its pro of, d

cb

( H

k

n

; H

1

n

) =

k  k

cb

k  

� 1

k

cb

. No w apply Lemma 3.1 and the remarks just preceding it. �

Not surprisingly , w e obtain the result published �rst b y Mathes ([6, Prop. 7], [9 ,

p. 21]).

Cor ol lary 3.2 . d

cb

( R

n

; C

n

) = n .

Symmetry considerations in Theorem 3 suggest d

cb

( H

k

n

; H

n

n

) = d

cb

( H

n � k +1

n

; H

1

n

),

whic h can b e pro v ed b y exactly the same metho ds. Hence w e obtain the follo wing,

whic h is the answ er to Problem 1 in [7 ].

Cor ol lary 3.3 . d

cb

( H

k

n

; H

n

n

) =

q

( n � k +1) n

k

, for 1 � k � n .

R emark 3.4 . It is curious to note that b y Theorem 3 and its t w o corollaries,

d

cb

( H

k

n

; H

n

n

)d

cb

( H

k

n

; H

1

n

) = d

cb

( H

n

n

; H

1

n

), so that in the metric space of all op-

erator spaces of dimension n ([9, page 335]), the three p oin ts H

k

n

; H

1

n

; H

n

n

form a

degenerate triangle.

Since H

k

n

is distinct from ro w or column Hilb ert space, new ideas will b e needed

to solv e the follo wing problem.

Pr oblem 1 . Find d

cb

( H

k

1

n

; H

k

2

n

) for 1 < k

1

< k

2

< n .

W e ha v e already men tioned in the in tro duction that C

�

n

= R

n

and R

�

n

= C

n

in the category of op erator spaces. Hence H

1

n

and H

n

n

are op erator space duals of

eac h other. The follo wing problem is therefore of in terest and its solution w ould

certainly lead to insigh t in to Pisier's question on the op erator space dual of �

n

, [9 ,

page 175].
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Pr oblem 2 . Find the op erator space dual of H

k

n

.

Note that Theorem 2 do es not sa y an ything ab out the in�nite-dimensional case

up to complete isometry , although in this case, the space is completely semi-

isometric to R or C .

Pr oblem 3 . Are all in�nite-dimensional Hilb ertian con tractiv ely complemen ted op-

erator spaces completely isometric to a space of creation op erators on a subspace

of the an ti-symmetric F o c k space?

Pr oblem 4 . What is the completely b ounded Banac h-Mazur distance b et w een t w o

in�nite-dimensional Hilb ertian con tractiv ely complemen ted op erator spaces?
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