
REPRESENTATION OF CONTRACTIVELY COMPLEMENTEDHILBERTIAN OPERATOR SPACES ON THE FOCK SPACEMATTHEW NEAL AND BERNARD RUSSOAbstra
t. The operator spa
es Hkn 1 � k � n, generalizing the row and
olumn Hilbert spa
es, and arising in the authors' previous study of 
ontra
-tively 
omplemented subspa
es of C�-algebras, are shown to be homogeneousand 
ompletely isometri
 to a spa
e of 
reation operators on a subspa
e of theanti-symmetri
 Fo
k spa
e. The 
ompletely bounded Bana
h-Mazur distan
efrom Hkn to row or 
olumn spa
e is expli
itly 
al
ulated.Introdu
tion and PreliminariesA well-known result of Friedman and Russo ([4, Theorem 2℄) states that if asubspa
e X of a C�-algebra A is the range of a 
ontra
tive proje
tion on A, then Xis isometri
 to a JC�-triple, that is, a norm 
losed subspa
e of B(H;K) stable underthe triple produ
t ab�
 + 
b�a. If X is atomi
 (in parti
ular, �nite-dimensional),then it is isometri
 to a dire
t sum of Cartan fa
tors of types 1 to 4.The authors showed in [7℄ that this latter result fails, as it stands, in the 
ategoryof operator spa
es. In that paper, we de�ned a family of n-dimensional Hilbertianoperator spa
es Hkn , 1 � k � n, generalizing the row and 
olumn Hilbert spa
es Rnand Cn and showed that in the above result, if X is atomi
, the word \isometri
"
an be repla
ed by \
ompletely semi-isometri
," provided the spa
esHkn are allowedas summands along with the Cartan fa
tors ([7, Theorem 2℄). It is pointed out in [7℄that the spa
e Hkn is 
ontra
tively 
omplemented in some B(K), and for 1 < k < n,is not 
ompletely (semi-)isometri
 to either of the Cartan fa
tors B(C;Cn) = H1nor B(Cn;C) = Hnn , and that these spa
es appeared in a slightly di�erent formand 
ontext in [1℄. It is also shown in [7, Theorem 3℄ that �nite dimensional JC�-triples whi
h are 
ontra
tively 
omplemented in a C�-algebra 
an be 
lassi�ed upto 
omplete isometry.In this paper, we study the operator spa
e stru
ture of the spa
es Hkn. Besidesbeing a generalization of the row and 
olumn Hilbert spa
es, as shown in Lemma 2.1below, they are 
ompletely isometri
 to the span of 
reation operators on a sub-spa
e of the anti-symmetri
 Fo
k spa
e. Thus they are related to the operatorspa
e denoted by �n in [9, se
tion 9.3℄, whi
h is the span of the 
reation operatorson the full anti-symmetri
 Fo
k spa
e. �n is the unique operator spa
e whi
h is
ompletely isometri
 to the span of n operators satisfying the 
anoni
al anti
om-mutation relations (CAR), [9, Theorem 9.3.1℄, and \nk=1Hkn is 
ompletely isometri
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2 MATTHEW NEAL AND BERNARD RUSSOto �n. We show in Theorem 2 below that all �nite dimensional Hilbertian operatorspa
es X whi
h are 
ontra
tively 
omplemented in some C�-algebra are 
ompletelyisometri
 to the diagonal of two spa
es, one spa
e being an interse
tion of some ofthe spa
es Hkn and the other spa
e lying in the kernel of the proje
tion whi
h mapsonto X . Sin
e any interse
tion of the spa
es Hkn is also 
ompletely isometri
 to aspa
e of 
reation operators on a subspa
e of the full anti-symmetri
 Fo
k spa
e,Theorem 2 
an be interpreted as saying that every 
ontra
tively 
omplementedHilbertian operator spa
e is, up to 
omplete isometry, essentially a spa
e of 
re-ation operators. This result is analogous to the result of Robertson, [10℄, whi
hstates that every 
ompletely 
ontra
tively 
omplemented Hilbertian operator spa
eis 
ompletely isometri
 to either row or 
olumn spa
e.The operator spa
e stru
tures of the row and 
olumn Hilbert spa
es Rn andCn have been well studied, and in parti
ular it is known that they are homoge-neous, dual to ea
h other in the operator spa
e sense, and have 
ompletely boundedBana
h-Mazur distan
e n between them. We show here that Hkn is homogeneous(Theorem 1) and we give an expli
it formula for the 
ompletely bounded Bana
h-Mazur distan
e from it to Rn = Hnn and Cn = H1n (Theorem 3). This answers aquestion we posed in [7℄ and shows, interestingly, that the points Rn, Cn and Hknlie on a straight line in the metri
 spa
e of all operator spa
es of dimension n.Re
all that a Cartan fa
tor of type 1 is B(H;K) for 
omplex Hilbert spa
es Hand K. To de�ne the Cartan fa
tors of types 2 and 3, �x a 
onjugation J on a
omplex Hilbert spa
e H , that is, a 
onjugate-linear isometry of order 2, and forx 2 B(H), let xt = Jx�J . A Cartan fa
tor of type 2 (respe
tively of type 3) isA(H; J) = fx 2 B(H) : xt = �xg (respe
tively S(H; J) = fx 2 B(H) : xt = �xg).A Cartan fa
tor of type 4 is the spin fa
tor (
f. [7, Subse
tion 3.1℄).An operator spa
e is a subspa
eX of B(H), the spa
e of bounded linear operatorson a 
omplex Hilbert spa
e. Its operator spa
e stru
ture is given by the sequen
eof norms on the set of matri
es Mn(X) with entries from X , determined by theidenti�
ation Mn(X) �Mn(B(H)) = B(H �H � � � � �H). See [9℄ for the generaltheory of operator spa
es, whi
h is now extensive and 
overed in several othermonographs, for example [3℄, [8℄, and the forth
oming [2℄. Let us just re
all thata linear mapping ' : X ! Y between two operator spa
es is 
ompletely boundedif the indu
ed mappings 'n : Mn(X) ! Mn(Y ) de�ned by 'n([xij ℄) = ['(xij )℄satisfy k'k
b := supn k'nk < 1. A 
ompletely bounded map is a 
ompletelybounded isomorphism if its inverse exists and is 
ompletely bounded. Two operatorspa
es are 
ompletely isometri
 if there is a linear isomorphism T between themwith kTk
b = kT�1k
b = 1. We 
all T a 
omplete isometry in this 
ase.In the matrix representation for B(`2) 
onsider the 
olumn Hilbert spa
e C =spfei1 : i � 1g and the row Hilbert spa
e R = spfe1j : j � 1g and their �nitedimensional versions Cn = spfei1 : 1 � i � ng and Rn = spfe1j : 1 � j � ng.Here of 
ourse eij is the operator de�ned by the matrix with a 1 in the (i; j)-entry and zeros elsewhere. Although R and C are Bana
h isometri
, they arenot 
ompletely isomorphi
; and Rn and Cn, while 
ompletely isomorphi
, are not
ompletely isometri
.An operator spa
e is said to be homogeneous if every bounded linear map onit is 
ompletely bounded with the norm and 
ompletely bounded norm 
oin
iding(see [9, 9.2℄) and it is Hilbertian if it is isometri
 to a Hilbert spa
e. A linearmap of one operator spa
e into another is said to be a 
omplete semi-isometry if



REPRESENTATION OF HILBERTIAN OPERATOR SPACES ON THE FOCK SPACE 3it is isometri
 and 
ompletely 
ontra
tive. The 
ompletely bounded Bana
h-Mazurdistan
e between two (
ompletely isomorphi
) operator spa
es E;F is de�ned byd
b(E;F ) = inffkuk
bku�1k
b : u : E ! F 
omplete isomorphism g:This paper is organized as follows. In se
tion 1, we show that the spa
es Hknare homogeneous operator spa
es. Although we use some multilinear algebra, ourproof is dire
t and does not make use of the identi�
ation of Hkn with a spa
e of
reation operators. In se
tion 2 we establish the 
omplete isometry of Hkn with aspa
e of 
reation operators and use it to des
ribe the �ne stru
ture of the rangeof a 
ontra
tive proje
tion on a C�-algebra in 
ase said range is isometri
 to aHilbert spa
e. We also establish some spe
tral properties of 
reation operators. Inse
tion 3 we 
ompute expli
itly the 
ompletely bounded Bana
h-Mazur distan
efrom the spa
e Hkn to the 
olumn and row Hilbert spa
es H1n and Hnn and statesome problems for further study.1. Homogeneity of the spa
es HknWe begin by re
alling from [7, Se
tions 6,7℄ the 
onstru
tion of the spa
es Hkn,1 � k � n. Let I denote a subset of f1; 2; : : : ; ng of 
ardinality jI j = k � 1.The number of su
h I is q := � nk�1�. Let J denote a subset of f1; 2; : : : ; ng of
ardinality jJ j = n � k. The number of su
h J is p := � nn�k�. Unless otherwisenoted, we shall assume that ea
h I = fi1; : : : ; ik�1g is su
h that i1 < � � � < ik�1,and that the 
olle
tion fI1; : : : ; Iqg of all su
h subsets is ordered lexi
ographi
ally.Similarly, if J = fj1; : : : ; jn�kg, then j1 < � � � < jn�k and fJ1; : : : ; Jpg is orderedlexi
ographi
ally.We shall use the notation ei to denote the 
olumn ve
tor with a 1 in the ithposition and zeros elsewhere. Thus e1; : : : ; en denotes the 
anoni
al basis of 
olumnve
tors for Cn, and for example eJ1 ; : : : ; eJp denotes the 
anoni
al basis of 
olumnve
tors for Cp.The spa
e Hkn is the linear span of matri
es bn;ki , 1 � i � n, given bybn;ki = XI\J=;;(I[J)
=fig �(I; i; J)eJ;I ;where eJ;I = eJ 
 eI = eJetI 2Mp;q(C) = B(Cq ;Cp), and �(I; i; J) is the signatureof the permutation taking (i1; : : : ; ik�1; i; j1; : : : ; jn�k) to (1; : : : ; n).1 Sin
e thebn;ki are the image under a triple isomorphism (a
tually ternary isomorphism) of are
tangular grid in a JW �-triple of rank one, they form an orthonormal basis forHkn (
f. the beginning of subse
tion 5.3 and the beginning of se
tion 7 of [7℄).In the rest of this se
tion, we shall use the following lemma about determinants,whose proof 
an be found, for example, in [11℄.Lemma 1.1. Let X = [�ij ℄ be an n � m matrix. Let H � f1; : : : ; ng and K �f1; : : : ;mg both have 
ardinality r � minfn;mg. Let XH;K denote the 
orrespond-ing r � r submatrix.(i): If xi =Pnj=1 �jiej 2 Cn for 1 � p � n, then x1^� � �^xp =PH detXH;LeH ,where the sum is over all H of 
ardinality p, L = f1; : : : ; pg, and X is then� p matrix [�ij ℄. (Prop. 3.3, page 84 of [11℄)1In [7℄, �(I; i; J) is also denoted by �(I; J). However, in this paper, �(I; J) will denote thesignature of the permutation taking (i1; : : : ; ik�1; j1; : : : ; jn�k) to (1; : : : ; î; : : : ; n)



4 MATTHEW NEAL AND BERNARD RUSSO(ii): IfX is an n�nmatrix andH � f1; : : : ; ng, letH 0 denote the 
omplementof H . Then detX = �(H;H 0)PR �(R;R0) detXR;H detXR0;H0 , where thesum is over all sets R having the same 
ardinality of H . (Prop. 3.4(1) page87 of [11℄)(iii): If H;K � f1; : : : ; ng have 
ardinality r and n � r, and H \ K 6= ;,then PR �(R;R0) detXR;H detXR0;K = 0, where the sum is over all sets Rhaving 
ardinality r. (Prop. 3.4(2), page 87 of [11℄)Let e1; : : : ; en be the 
anoni
al basis for the 
olumn Hilbert spa
eCn =Mn;1(C) =B(C;Cn) and de�ne an isometry  : Cn ! Hkn via  (ei) = bn;ki , 1 � i � n. Letu = [ u1 � � � un ℄ be a unitary matrix so that u1; : : : ; un is an orthonormal basisfor Cn. Then, with ui =Pnj=1 ujiej , we haveu = 264 u11 � � � u1n... � � � ...un1 � � � unn 375 ;and  (ui) = nXj=1 ujibn;kj = nXj=1 uji XI\J=;;(I[J)
=fig �(I; i; J)eJ;I :Lemma 1.2. The (J 0; I 0)-entry of the p� q matrix  (ui) is given by(1) ( (ui))J0;I0 = XI\J=;;(I[J)
=fig �(I; i; J)detuJ0;J detuI0;Idet u ;where u is the 
omplex 
onjugate of u.Proof. Let us �rst 
al
ulate the left side of (1):( (ui))J0;I0 = etJ0 (ui)eI0= nXj=1 uji XI\J=;;(I[J)
=fjg �(I; j; J)etJ0eJetIeI0= � 0 J 0 \ I 0 6= ;uli�(I 0; l; J 0) J 0 \ I 0 = ;; (I 0 [ J 0)
 = flg:Before 
al
ulating the right side of (1), note that �(I; i; J)�(I; J) = (�1)i+k; indeed,�(I; i; J)�(I; J) = (�1)k�1�(i; I; J)�(I; J)= (�1)k�1�(I; J)�(i; 1; 2; � � � ; î; � � � ; n� 1)�(I; J)= (�1)k�1(�1)i�1 = (�1)k+i:Therefore, the right side of (1) is equal toXI\J=;;(I[J)
=fig �(I; i; J)�(I 0; J 0)�(I 0; J 0)�(I; J)�(I; J)det uJ0;J detuI0;Idetu= (�1)k+i�(I 0; J 0) XI\J=;;(I[J)
=fig �(I 0; J 0)�(I; J)det uJ0;J detuI0;Idetu
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ording to Lemma 1.1(iii), the above sum is 0 if J 0 \ I 0 6= ;. Otherwise, ifJ 0 \ I 0 = ; so that (I 0 [ J 0)
 = flg, the right side of (1) equals(�1)k�l�(I 0; J 0)(�1)i+ldetu XI\J=;;(I[J)
=fig �(I 0; J 0)�(I; J) det uJ0;J detuI0;I :Now by Lemma 1.1(ii), the above sum is the determinant of the (l; i)-minor ofthe matrix u, 
all this M li. Thus, for J 0 \ I 0 = ;, the right side of (1) is equal to�(I 0; l; J 0) � (�1)i+l detM lidetu � = �(I 0; l; J 0)� [ the (i; l)-entry of the inverse of u℄= �(I 0; l; J 0)uli: �Theorem 1. Hkn is a homogeneous operator spa
e.Proof. Let � be a unitary operator on Hkn . To prove the theorem, it suÆ
es,by [9, Prop. 9.2.1℄, to show that � is a 
omplete isometry. We shall show that�(x) = �vxw for suitable unitary matri
es v and w, and � 2 C, with j�j = 1, whi
hwill 
omplete the proof.Re
all that  : Cn ! Hkn is the isometry de�ned by  (ei) = bn;ki . Let  �1� have matrix u�1 on Cn with respe
t to the basis e1; : : : ; en. As in Lemma 1.2, letu1; : : : ; un be the 
olumns of u. We shall show that �(x) = �vxw holds for everyx 2 Hkn, where � = detu, w = � ^i2I1ui � � � ^i2Iqui �, andv = 264 (^j2J1uj)t...(^j2Jpuj)t 375 :(The fa
t that v and w are unitary matri
es follows from the de�nition of the innerprodu
t on ^rCn: (x1 ^ � � � ^ xrjy1 ^ � � � ^ yr) = det[(xijyj)℄.)In the �rst pla
e,  �1� (ui) = u�1(ui) = ei, so that � (ui) =  (ei) = bn;ki .Thus it suÆ
es to prove(2) v (ui)w = bn;ki = detu:Let us �rst show that(3)  (ui) = (det u)�1 XI\J=;;(I[J)
=fig �(I; i; J) (^j2Juj) (^i2Iui)t :By Lemma 1.2, the proof of (3) amounts to(4) h(^j2Juj) (^i2Iui)tiJ0;I0 = detuJ0;J detuI0;I :The left side of (4) is given by etJ0 (^j2Juj) (^i2Iui)t eI0 . By Lemma 1.1(i), ^j2Juj =PL detuL;JeL, where L runs over the subsets of 
ardinality n�k. Hen
e etJ0 (^j2Juj)= PL detuL;JetJ0eL = detuJ0;J . Similarly, (^i2Iui)t eI0 = detuI0;I , whi
h proves(4) and hen
e (3).We now use (3) to prove (2). Note that sin
e eJ;I = eJ 
 eI = eJ(eI)t =(^j2Jej) (^i2Iei)t, we may write(5) bn;ki = XI\J=;;(I[J)
=fig �(I; i; J) (^j2Jej) (^i2Iei)t :



6 MATTHEW NEAL AND BERNARD RUSSOBy (3) and (5), it suÆ
es to provev (^j2Juj) (^i2Iui)t w = (^j2Jej) (^i2Iei)t :This is a simple 
al
ulation. Suppose for de�niteness that J = Jr and I = Is. Thenv (^j2Juj) = eJr , and (^i2Iui)t w = etIs . �Remark 1.3. In [7, page 2230℄, we de�ned an operator spa
e 
onstru
tion denotedby Diag(Hk1n ; : : : ; Hkmn ) whi
h depended on a 
hoi
e of orthonormal basis for ea
h ofthe spa
es Hkjn . Be
ause of the homogeneity of the spa
es Hkn proved in Theorem 1,this spa
e is independent of these 
hoi
es up to 
omplete isometry and is now seento be the interse
tion Hk1n \ : : : \ Hkmn in the sense of operator spa
e theory ([9,page 55℄). 2. Anti-symmetri
 Fo
k spa
esLet Cn;kh denote the wedge (or 
reation) operator from ^k�1Cn to ^kCn givenby Cn;kh (h1 ^ � � � ^ hk�1) = h ^ h1 ^ � � � ^ hk�1:Many properties of these 
lassi
al operators on the full anti-symmetri
 Fo
kspa
e are given in [5, Exer
ises 12.4.39-40℄.As in se
tion 1, let e1; : : : ; en be the usual 
olumn ve
tor orthonormal basis forCn, and let feI1 ; : : : ; eIqg and feJ1 ; : : : ; eJpg be the 
olumn ve
tor orthonormalbases for Cq and Cp respe
tively, and de�ne the unitary operators Unj (j = k � 1and j = n� k), Wnk ; V nk in the diagram below as follows:� Unk�1(eI) = ei1 ^ � � � ^ eik�1 , where I = fi1 < � � � < ik�1g.� Unn�k(eJ) = ej1 ^ � � � ^ ejn�k , where J = fj1 < � � � < jn�kg.� V nk (ei1 ^ � � � ^ eik ) = ej1 ^ � � � ^ ejn�k , where fj1 < � � � < jn�kg is the
omplement of fi1 < � � � < ikg.� Wnk (ej1 ^ � � � ^ ejn�k) = �(i; I)�(I; i; J)ej1 ^ � � � ^ ejn�k for any i and I su
hthat I \ J = ; and (I [ J)
 = fig (whi
h is independent of the 
hoi
e of ior I). Cq bn;ki�! CpUnk�1 # # Unn�k^k�1Cn ^n�kCnCn;kei # #Wnk^kCn V nk�! ^n�kCnNote that sin
e bn;ki is a p� q matrix, it is viewed as an operator from Cq to Cp.In the de�nition ofWnk , �(i; I) is the signature of the permutation (i; i1; : : : ; ik�1) 7!(i1; : : : ; i; : : : ; ik�1). To prove the non-dependen
e on i, suppose i; i0 62 J . Then�(I; i; J) = �(i1; : : : ; ik�1; i; j1; : : : ; jn�k)= (�1)k�1�(i; i1; : : : ; ik�1; j1; : : : ; jn�k)= (�1)k�1�(i; I)�(i1; : : : ; i; : : : ; ik�1; j1; : : : ; jn�k);



REPRESENTATION OF HILBERTIAN OPERATOR SPACES ON THE FOCK SPACE 7where i1 < � � � < i < � � � ik�1. Similarly,�(I 0; i0; J) = (�1)k�1�(i0; I 0)�(i01; : : : ; i0; : : : ; i0k�1; j1; : : : ; jn�k);where i01 < � � � < i0 < � � � i0k�1. Hen
e, �(i; I)�(I; i; J) = �(i0; I 0)�(I 0; i0; J).It is now a simple matter to 
he
k that Wnk Unn�kbn;ki = V nk Cn;kei Unk�1. Indeed,for any I 0, WkUnn�kbn;ki (eI0) = WkUnn�k�(I 0; i; J)(eJ) = Wk(�(I 0; i; J)ej1 ^ � � � ^ejn�k = �(i; I 0)ej1 ^ � � � ^ ejn�k ; and V nk Cn;kei Unk�1(eI0) = V nk (ei ^ ei01 ^ � � � ^ ei0k�1) =V nk (�(i; I 0)ei01 ^ � � � ^ ei ^ � � � ^ ei0k�1) = �(i; I 0)ej1 ^ � � � ^ ejn�k .Hen
e, letting Cn;k denote the spa
e spfCn;kei g yields the following lemma.Lemma 2.1. Hkn is 
ompletely isometri
 to Cn;k.By [7, Theorem 2, Corollary 2.8℄, every atomi
 
ontra
tively 
omplemented sub-spa
e X of a C�-algebra is isometri
ally 
ompletely 
ontra
tive to a dire
t sum ofCartan fa
tors of types 1 to 4 and some of the spa
es Hkn . The following theoremgives more detailed information on what 
an be said up to 
omplete isometry inthe 
ase of an Hilbertian X .Re
all that a linear map of one operator spa
e into another is said to be a
omplete semi-isometry if it is isometri
 and 
ompletely 
ontra
tive.Theorem 2. Let X be the range of a 
ontra
tive proje
tion P on a C�-algebra A,and suppose that X is isometri
 to a Hilbert spa
e. Then there exist proje
tionsp; q 2 A�� su
h that(a): X = fpxq + (1� p)x(1� q) : x 2 Xg;(b): The map E0x = pxq is a 
omplete semi-isometry of X onto pXq;(
): If X is �nite-dimensional, then pXq is 
ompletely isometri
 to an in-terse
tion of the spa
es Cn;k. If X is in�nite-dimensional, then pXq is
ompletely semi-isometri
 to either row or 
olumn Hilbert spa
e;(d): Both X and pXq are 
ompletely isometri
 to the range of a 
ontra
tiveproje
tion on B(K) for an appropriate Hilbert spa
e K.(e): P ��(pxq) = x and P ��((1 � p)x(1 � q)) = 0, for x 2 P (A). Hen
eP �� : pXq ! X is the inverse of E0 and (1� p)X(1� q) � kerP ��.Proof.(a): Sin
e P (A) is re
exive, X = P (A) = P ��(A��) = pXq+(1� p)X(1� q),the last equality following from [4, Prop. 4℄;(b): By [7, Lemma 2.2℄;(
): By Lemma 2.1 and [7, Prop. 2.6℄;(d): For X this follows dire
tly from [7, Corollary 2.8℄, and for pXq it followsdire
tly from [7, Theorem 3(b) and Corollary 7.3℄. 2(e): For x 2 P (A), P ��(pxq) 2 P ��(A��) = P (A), say P ��(pxq) = y 2 P (A)and by [4, Prop. 4℄, y = pyq + (1 � p)y(1 � q). Thus p(P ��(pxq))q =pyq. Now it follows from [4, Prop. 1℄, that p(P ��z)q = z for all z 2pP ��(A��)q. With z = pxq, we have pxq = pyq and by (b) x = y, proving2The authors wish to take this opportunity to point out the following 
orre
tion to [7, Lemma7.2 and Corollary 7.3℄. The term �n�1k�1�1=2 should be repla
ed by �n�1k�1� in the statements ofLemma 7.2 and Corollary 7.3, and in the proof of Lemma 7.2. A

ordingly, in the proof ofCorollary 7.3, m1=2 should be repla
ed by m.



8 MATTHEW NEAL AND BERNARD RUSSOthat P ��(pxq) = x. Moreover, P ��((1 � p)x(1 � q)) = P ��(x � pxq) =x� P ��(pxq) = x� y = 0. �Remark 2.2. For any subset S � f1; : : : ; ng, \k2SCn;k is exa
tly the spa
e of 
re-ation operators on the dire
t sum �k2S ^k�1Cn. So Theorem 2 says that all �nite-dimensional 
ontra
tively 
omplemented Hilbertian operator spa
es are essentiallya spa
e of 
reation operators in the anti-symmetri
 Fo
k spa
e. In parti
ular, ifS = f1; : : : ; ng, this is the spa
e �n dis
ussed in [9, se
tion 9.3℄.The following two properties of the wedge operators follow easily from [5, Exer-
ises 12.4.39-40℄. They will be used, together with Lemma 2.3, in se
tion 3.Cn;k�h Cn;kh (h1 ^ � � � ^ hk�1) = (hjh)h1 ^ � � � ^ hk�1 � (h1jh)h ^ h2 ^ � � � ^ hk�1+ � � � � (hk�1jh)h ^ h1 ^ � � � ^ hk�2:(6)and Cn;kh Cn;k�h (h1 ^ � � � ^ hk) = kXj=1 (hj jh)h1 ^ � � � ^ h0j ^ � � � ^ hk (h0j = h):In parti
ular, Cn;1h Cn;1�h = h
 h, for h 2 Cn.Lemma 2.3. (a): tr(Cn;k�h Cn;kh ) = �n�1k�1�khk2. In parti
ular, Cn;1�h Cn;1h =khk2.(b): Let the (repeated) eigenvalues of Pmi=1 Cn;1hi Cn;1�hi be �1 � � � � � �n.Then the eigenvalues of Pmi=1 Cn;khi Cn;k�hi are pre
isely the sums of k eigen-values of Pmi=1 Cn;1hi Cn;1�hi .Proof. In the �rst pla
e, we havetr(Cn;kh Cn;k�h ) = tr(Cn;k�h Cn;kh )= Xi1;:::;ik�1 (Cn;k�h Cn;kh (ei1 ^ � � � ^ eik�1)jei1 ^ � � � ^ eik�1)= Xi1;:::;ik�1 (h ^ ei1 ^ � � � ^ eik�1 jh ^ ei1 ^ � � � ^ eik�1)= Xi1;:::;ik�1 det2664 (hjh) (hjei1) � � � (hjeik�1)(ei1 jh) 1 � � � 0� � � � � � � � � � � �(eik�1 jh) 0 � � � 1 3775= Xi1;:::;ik�10�khk2 � k�1Xj=1 j(hjeij )j21A= � nk � 1�khk2 � Xi1;:::;ik�1 k�1Xj=1 j(hjeij )j2= � nk � 1�khk2 � nXl=1 �n� 1k � 2�j(hjel)j2= �� nk � 1���n� 1k � 2�� khk2 = �n� 1k � 1�khk2:



REPRESENTATION OF HILBERTIAN OPERATOR SPACES ON THE FOCK SPACE 9To prove the se
ond statement, let �1; : : : ; �n be an orthonormal basis of Cn
onsisting of eigenve
tors of Pmi=1 Cn;1hi Cn;1�hi so that Pi (�kjhi)hi = �k�k. ThenmXi=1 Cn;khi Cn;k�hi (�i1 ^ � � � ^ �ik ) = Xi kXj=1 (�ij jhi)�i1 ^ � � � ^ hi ^ � � � ^ �ik= Xj �i1 ^ � � � ^ "Xi (�ij jhi)hi# ^ � � � �ik= 24Xj �ij35 �i1 ^ � � � ^ �ik :Conversely, if � =P�i1;:::;ik�i1 ^ � � � ^ �ik is an eigenve
tor of Pmi=1 Cn;khi Cn;k�hi ,with eigenvalue �, then�X�i1;:::;ik�i1 ^ � � � ^ �ik == mXi=1 Cn;khi Cn;k�hi X�i1;:::;ik�i1 ^ � � � ^ �ik= X�i1;:::;ik Xi Xj (�ij jhi)�i1 ^ � � � ^ hi ^ � � � ^ �ik= X�i1;:::;ik Xj �i1 ^ � � � ^ " mXi=1 Cn;1hi Cn;1�hi �ij# ^ � � � ^ �ik= X�i1;:::;ik 24Xj �ij35 �i1 ^ � � � ^ �ik :From this, the se
ond statement follows. �3. Completely bounded Bana
h-Mazur distan
eRe
all that the 
ompletely bounded Bana
h-Mazur distan
e between two (
om-pletely isomorphi
) operator spa
es E;F is de�ned byd
b(E;F ) = inffkuk
bku�1k
b : u : E ! F 
omplete isomorphism g:We shall expli
itly 
ompute d
b(Hkn ; H1n). By Lemma 2.1, we 
an identify Hknwith Cn;k. For a �xed k, let  : H1n ! Hkn be the isometry given by  (Cn;1ei ) = Cn;kei .Re
all from [6, Prop. 4℄ that, sin
e  is a mapping from the 
olumn Hilbert spa
eH1n, k k
b = k krow-
b, where k krow-
b := supfk( (h1); : : : ;  (hm))kg wherethe supremum is extended over all m � 1 and all row ve
tors with k(h1; : : : ; hm)k �1. The norm k k
ol-
b is de�ned analogously and by [6, Prop. 2℄, k �1k
b =k �1k
ol-
b.Lemma 3.1. k krow-
b = pk and k �1k
ol-
b =q nn�k+1 .Proof. Let A = (Cn;1h1 ; : : : ; Cn;1hm ) and B = (Cn;kh1 ; : : : ; Cn;khm ). We show �rst thatkBk � pk kAk. We have AA� = Pmi=1 Cn;1hi Cn;1�hi = Pmi=1 hi 
 hi and BB� =Pmi=1 Cn;khi Cn;k�hi .



10 MATTHEW NEAL AND BERNARD RUSSOLet the (repeated) eigenvalues of AA� be �1 � � � � � �n. By Lemma 2.3(b), wehave kBk2 = kBB�k = �1 + � � �+ �k � k�1 = kkAA�k = kkAk2:Taking m = n and hj = ej , we have AA� = I and BB� = kI , proving the �rststatement of the Lemma.Let D = (Cn;1h1 ; : : : ; Cn;1hm )t and C = (Cn;kh1 ; : : : ; Cn;khm )t. We show next that kDk �q nn�k+1kCk. By Lemma 2.3(a), we have D�D = Pmi=1 Cn;1�hi Cn;1hi = Pmi=1 khik2and C�C =Pmi=1 Cn;k�hi Cn;khi . Sin
e C�C is a square matrix of size � nk�1�, again byLemma 2.3(a), kC�Ck� nk � 1� � tr(C�C) = �n� 1k � 1� mXi=1 khik2:Therefore, kDk2kCk2 = Pmi=1 khik2kC�Ck � Pmi=1 khik2(n�1k�1)( nk�1) Pmi=1 khik2 = nn� k + 1 :Taking m = n and hi = ei, we have D�D = n. By (6), Cn;k�ei Cn;kei (ei1 ^ � � � ^eik�1) = 0 if i 2 fi1; : : : ; ik�1g and equal to ei1 ^ � � � ^ eik�1 otherwise. Hen
eC�C = (n� k + 1)I , proving the se
ond statement. �Theorem 3. d
b(Hkn; H1n) =q knn�k+1 , for 1 � k � n.Proof. By [12, Theorem 3.1℄, and the �rst paragraph of its proof, d
b(Hkn ; H1n) =k k
bk �1k
b. Now apply Lemma 3.1 and the remarks just pre
eding it. �Not surprisingly, we obtain the result published �rst by Mathes ([6, Prop. 7℄, [9,p. 21℄).Corollary 3.2. d
b(Rn; Cn) = n.Symmetry 
onsiderations in Theorem 3 suggest d
b(Hkn ; Hnn ) = d
b(Hn�k+1n ; H1n),whi
h 
an be proved by exa
tly the same methods. Hen
e we obtain the following,whi
h is the answer to Problem 1 in [7℄.Corollary 3.3. d
b(Hkn ; Hnn ) =q (n�k+1)nk , for 1 � k � n.Remark 3.4. It is 
urious to note that by Theorem 3 and its two 
orollaries,d
b(Hkn ; Hnn )d
b(Hkn ; H1n) = d
b(Hnn ; H1n), so that in the metri
 spa
e of all op-erator spa
es of dimension n ([9, page 335℄), the three points Hkn ; H1n; Hnn form adegenerate triangle.Sin
e Hkn is distin
t from row or 
olumn Hilbert spa
e, new ideas will be neededto solve the following problem.Problem 1. Find d
b(Hk1n ; Hk2n ) for 1 < k1 < k2 < n.We have already mentioned in the introdu
tion that C�n = Rn and R�n = Cnin the 
ategory of operator spa
es. Hen
e H1n and Hnn are operator spa
e duals ofea
h other. The following problem is therefore of interest and its solution would
ertainly lead to insight into Pisier's question on the operator spa
e dual of �n, [9,page 175℄.
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