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Abstract

Giv en a JBW*-triple Z and a normal con tractiv e pro jection P : Z � ! Z , w e sho w that the (Murra y-

v on Neumann) t yp e of eac h summand of P ( Z ) is dominated b y the t yp e of Z .

In tro duction

Con tractiv e pro jections pla y a useful role in the theory of op erator algebras and Banac h spaces. The

ranges of con tractiv e pro jections on C*-algebras form an imp ortan t sub class of those complex Banac h spaces

whose op en unit balls are b ounded symmetric domains. An imp ortan t feature of these spaces is that they

are equipp ed with a Jordan triple pro duct, induced b y the Lie algebra of the automorphism group of the

op en unit ball. Kno wn as J B

�

-triples, they ha v e b een sho wn to b e the appropriate category in whic h to

study con tractiv e pro jections; indeed the fact that the category of J B

�

-triples is stable under con tractiv e

pro jections pla y ed a k ey role in their structure theory .

Recen tly , con tractiv e pro jections on v on Neumann algebras ha v e arisen in the study of op erator spaces as

w ell as the theory of harmonic functions on lo cally compact groups. In [24 ], a family of Hilb ertian op erator

spaces w ere studied and used to classify , in an appropriate sense, the ranges of con tractiv e pro jections on

B ( H ) whic h are atomic as Banac h spaces. In [7], it w as sho wn that the Banac h space of b ounded matrix-

v alued harmonic functions on a lo cally compact group is the range of a con tractiv e pro jection on a t yp e I

�nite v on Neumann algebra. It has also b een sho wn in [8] that the Banac h space of harmonic functionals on

the F ourier algebra of a lo cally compact group G is the range of a con tractiv e pro jection on the group v on

Neumann algebra V N ( G ).

There is a Murra y-v on Neumann t yp e classi�cation for J B W

�

-triples, that is, J B

�

-triples whic h are the

dual of a Banac h space. In view of the fact, noted ab o v e, that the range of a con tractiv e pro jection on

a J B

�

-triple is again a J B

�

-triple [14 , 23 , 30 ], the ab o v e in v estigations p oin t to a natural and imp ortan t

question, namely , ho w is the Murra y-v on Neumann classi�cation of the domain a�ected b y a con tractiv e

pro jection? More precisely , giv en a J B W

�

-triple Z of t yp e X , where X = I ; I I ; or I I I , is the range of

a normal con tractiv e pro jection on Z of t yp e Y with Y � X , meaning eac h summand of the range is of

t yp e � X ? In this pap er, w e answ er this question a�rmativ ely . W e shall see that it su�ces to pro v e this

for J W

�

-triples, that is, for J B W

�

-triples whic h are linearly isometric to a w eak op erator closed subspace

of B ( H ), stable for the triple pro duct xy

�

z + z y

�

x , where B ( H ) is the v on Neumann algebra of b ounded

op erators on a Hilb ert space H .

T omiy ama [34 ] has analysed the t yp e structure of the range of a con tractiv e pro jection whic h is a v on

Neumann subalgebra of the domain. His argumen ts dep end on the crucial fact that the range is a sub algebr a .

In our in v estigation, the range, whic h automatically has an algebraic structure, need not b e a subalgebra

nor ev en a subtriple . This adds b oth generalit y and complexit y to our question.

This pap er is organized as follo ws. Section 1 is dev oted to bac kground and motiv ation for the problem.

In section 2 w e consider, as a preliminary to ol, con tractiv e pro jections on J W

�

-algebras. Prop ositions 2.5

and 2.6 sho w that if the image of a normal con tractiv e pro jection on a J W

�

-algebra is a J W

�

-subalgebra (not

necessarily with the same iden tit y), then the prop erties of b eing semi�nite or of t yp e I are passed on from

the domain to the image. In section 3 w e study normal con tractiv e pro jections on a v on Neumann algebra

of t yp e I and sho w in Prop osition 3.5 that the image is isometric to a J W

�

-triple of t yp e I. It is necessary

�
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�rst to pro v e this (in Prop osition 3.1) in the sp ecial case when the pro jection is the P eirce 2-pro jection with

resp ect to a partial isometry . Our main results, that normal con tractiv e pro jections on J W

�

-triples preserv e

b oth t yp e I and semi�niteness, app ear in section 4 as Theorems 4.2 and 4.4. Again, Prop ositions 4.1 and 4.3

deal with the sp ecial case of a P eirce 2-pro jection. Although Prop ositions 2.5 through 4.3 are eac h a sp ecial

case of Theorem 4.2 or 4.4, they are essen tial steps in the pro ofs of these theorems and they are new and of

in terest. In section 5, w e extend Theorems 4.2 and 4.4 to arbitrary J B W

�

-triples, and consider the case of

atomic J B W

�

-triples.

The authors wish to thank the referee for p oin ting out a mistak e in section 2 of an earlier v ersion and

for informing us of the pap er [4], whic h con tains the same main result. A preprin t of our pap er w as sen t to

the authors of [4 ] in July , 2001. The authors receiv ed a reprin t of [4] in Jan uary , 2002. The metho ds of the

t w o pap ers are di�eren t.

1 Motiv ation and Bac kground

Let M b e a v on Neumann algebra and let N b e a v on Neumann subalgebra of M con taining the iden tit y

elemen t of M . A p ositiv e linear map E : M ! N satisfying E x = x for x 2 N and E ( axb ) = aE ( x ) b

for x 2 M and a; b 2 N is called a c onditional exp e ctation . Conditional exp ectations ha v e pla y ed some

fundamen tal roles in the theory of v on Neumann algebras, for instance in V. Jones' theory of subfactors.

W ork in the 1950s of T omiy ama and Nak am ura-T ak esaki-Umegaki established that conditional exp ectations

are idemp oten t, con tractiv e, and completely p ositiv e mappings, and they preserv e t yp e when normal; see the

surv ey pap er of Stormer [32 ]. Con v ersely ([21 , 10.5.85]), a unital con tractiv e pro jection from one C

�

-algebra

on to a unital C

�

-subalgebra extends to a normal conditional exp ectation on the univ ersal en v eloping v on

Neumann algebra, and is in particular a conditional exp ectation on the C

�

-algebra.

A t yp e theory for w eakly closed Jordan op erator algebras, based on mo dularit y of the lattice of pro jec-

tions, and parallel to the t yp e classi�cation theory for v on Neumann algebras, w as in tro duced and dev elop ed

in the 1960s b y T opping [35 ] and Stormer [31 ]. In particular, Stormer sho w ed that a J W -algebra is of t yp e

I if and only if its en v eloping v on Neumann algebra is of t yp e I. This w as extended to t yp es I I and I I I b y

Ayup o v in 1982 [1]. In some cases the J W -algebra in these results is required to b e rev ersible. This is

discussed in [2, Remark 2.2] and in [3, Sections 1.1-1.3].

A sp ecial case of a result of Choi-E�ros in 1977 [5 ], of fundamen tal imp ortance in the rapidly adv ancing

theory of op erator spaces, states that the range of a unital completely p ositiv e pro jection on a C

�

-algebra,

while not in general a subalgebra, nev ertheless carries the structure of a C

�

-algebra. The pro of hinges

on a conditional exp ectation form ula (needed to pro v e that the abstract pro duct is asso ciativ e) whic h is

established using the Kadison-Sc h w arz inequalit y for p ositiv e linear maps. W e note suc h a pro jection is

completely con tractiv e.

A sp ecial case of a result of E�ros-Stormer in 1979 [10 ] states that the range of a unital p ositiv e pro jection

on a C

�

-algebra, while not in general a Jordan subalgebra, carries a natural Jordan algebra structure. As

b efore, the pro of dep ends on a conditional exp ectation form ula (needed to pro v e that the abstract pro duct

satis�es the Jordan iden tit y), and suc h a pro jection is con tractiv e.

The ab o v e results raised the question of what algebraic structure existed in the range of an arbitrary

con tractiv e pro jection on a C

�

-algebra. A sp ecial case of a result of F riedman and Russo in 1983 states that

the range of suc h a pro jection is linearly isometric to a subspace, closed under the triple pro duct xy

�

z + z y

�

x ,

of the second dual of the C

�

-algebra. Because of the lac k of an order structure and hence the una v ailabilit y

of the Kadison-Sc h w arz inequalit y , new tec hniques w ere needed and dev elop ed b y F riedman-Russo in their

theory of \op erator algebras without order" ([12 ]), including some conditional exp ectation form ulas for the

triple pro duct ([13, Corollary 1]).

During the 1980s, the theory of J B

�

-triples w as dev elop ed extensiv ely; for a summary , see the surv ey

[27 ]. In particular, a t yp e I theory w as dev elop ed for J B W

�

-triples b y Horn in his thesis in 1984. In this

theory , idemp oten ts (pro jections) w ere replaced b y trip oten ts (whic h are abstraction of partial isometries),

and the reduced algebra pAp w as replaced b y the P eirce 2-space of a trip oten t. Of sp ecial imp ortance here

is the algebraic fact that suc h a P eirce 2-space has an abstract structure of a Jordan algebra, and moreo v er

Horn has pro v ed that a J B W

�

-triple is of t yp e I if, and only if, it con tains a complete (=maximal) trip oten t

whose P eirce 2-space is a Jordan algebra of t yp e I. The remark able structure theorem of Horn states that
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t yp e I J B W

�

-triples are isometric to direct sums of tensor pro ducts of a comm utativ e v on Neumann algebra

b y a Cartan factor.

W e no w recall some de�nitions. A Jor dan triple system is a complex v ector space V with a Jor dan triple

pr o duct f� ; � ; �g : V � V � V � ! V whic h is symmetric and linear in the outer v ariables, conjugate linear in

the middle v ariable and satis�es the Jordan triple iden tit y

f a; b; f x; y ; z gg = ff a; b; x g ; y ; z g � f x; f b; a; y g ; z g + f x; y ; f a; b; z gg :

A complex Banac h space Z is called a J B

�

-triple if it is a Jordan triple system suc h that for eac h z 2 Z ; the

linear map

z � z : v 2 Z 7! f z ; z ; v g 2 Z

is Hermitian, that is, k e

it ( z � z )

k = 1 for all t 2 R , with non-negativ e sp ectrum and k z � z k = k z k

2

: A

J B

�

-triple Z is called a J B W

�

-triple if it is a dual Banac h space, in whic h case its predual is unique,

denoted b y Z

�

; and the triple pro duct is separately w eak* con tin uous. The second dual Z

��

of a J B

�

-triple

is a J B W

�

-triple. A norm-closed subspace of a JB*-triple is called a subtriple if it is closed with resp ect to

the triple pro duct. A JBW*-triple is called a JW*-triple if it can b e em b edded as a subtriple of some B ( H ).

The J B

�

-triples form a large class of Banac h spaces whic h include C

�

-algebras, Hilb ert spaces and spaces

of rectangular matrices. The triple pro duct in a C*-algebra A is giv en b y

f x; y ; z g =

1

2

( xy

�

z + z y

�

x ) :

In fact, A is a Jordan algebra in the pro duct

x � y =

1

2

( xy + y x )

and w e ha v e f x; y ; z g = ( x � y

�

) � z + ( y

�

� z ) � x � ( z � x ) � y

�

: A norm-closed subspace of a C

�

-algebra

is called a JC*- algebr a if it is also closed with resp ect to the in v olution � and the Jordan pro duct � giv en

ab o v e. A J C

�

-algebra is called a J W

�

- algebr a if it is a dual Banac h space.

An elemen t e in a JB*-triple Z is called a trip otent if f e; e; e g = e in whic h case the map e � e : Z � ! Z

has eigen v alues 0 ;

1

2

and 1, and w e ha v e the follo wing decomp osition in terms of eigenspaces

Z = Z

2

( e ) � Z

1

( e ) � Z

0

( e )

whic h is called the Peir c e de c omp osition of Z . The

k

2

-eigenspace Z

k

( e ) is called the Peir c e k-sp ac e . The

P eirce pro jections from Z on to the P eirce k-spaces are giv en b y

P

2

( e ) = Q

2

( e ) ; P

1

( e ) = 2( e � e � Q

2

( e )) ; P

0

( e ) = I � 2 e � e + Q

2

( e )

where Q ( e ) z = f e; z ; e g for z 2 Z . The P eirce pro jections are con tractiv e.

In later computation, w e will use frequen tly the Peir c e rules

f Z

i

( e ) Z

j

( e ) Z

k

( e ) g � Z

i � j + k

( e )

where Z

l

( e ) = f 0 g for l 6= 0 ; 1 ; 2. W e note that the P eirce 2-space Z

2

( e ) = P

2

( e )( Z ) is a Jordan Banac h

algebra with iden tit y e , the Jordan pro duct a � b = f a; e; b g and in v olution a

#

= f e; a; e g whic h satisfy

k a

#

k = k a k ; kf a; a

#

; a gk = k a k

3

where f x; y ; z g = ( x � y

�

) � z + ( y

�

� z ) � x � ( z � x ) � y

�

, in other w ords, Z

2

( e ) is a unital JB*-algebr a . A JB*-

algebra ha ving a predual is called a JBW*-algebr a . As sho wn in [36 ], the self-adjoin t parts of JB*-algebras

(resp JBW*-algebras) are exactly the JB-algebr as (resp JBW-algebr as ). F or de�nitions and basic results

ab out JB-algebras, w e refer the reader to [17 ]. If Z = Z

2

( e ), then e is called unitary . If Z

0

( e ) = f 0 g , then

the trip oten t e is called c omplete . Tw o trip oten ts u and v are said to b e ortho gonal if u � v = 0. The elemen ts

of the predual Z

�

of a JBW*-triple Z are exactly the normal functionals on Z , that is, the con tin uous linear

functionals on Z whic h are additiv e on orthogonal trip oten ts.
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Giv en an orthogonal family of trip oten ts f e

i

g

i 2 �

in a JB*-triple Z , w e can form a joint Peir c e de c omp o-

sition

Z =

M

i;j 2 �

Z

ij

where P eirce spaces Z

ij

are de�ned b y

Z

ii

= Z

2

( e

i

) ; Z

ij

= Z

1

( e

i

) \ Z

1

( e

j

) ( i 6= j )

Z

i 0

= Z

1

( e

i

) \

\

j 6= i

Z

0

( e

j

) ; Z

00

=

\

i

Z

0

( e

i

) :

W e ha v e, for z

ij

2 Z

ij

and e =

P

e

i

,

( e

k

� e )( z

ij

) = ( e

k

� e

k

)( z

ij

) =

�

0 if k =2 f i; j g

1

2

z

ij

if k 2 f i; j g :

JBW*-triples ha v e an abundance of trip oten ts. In fact, giv en a JBW*-triple Z and f in the predual

Z

�

, there is a unique trip oten t v

f

2 Z , called the supp ort trip otent of f , suc h that f � P

2

( v

f

) = f and the

restriction f j

Z

2

( v

f

)

is a faithful p ositive normal functional.

The Murra y-v on Neumann classi�cation of the v on Neumann algebras can b e extended to that of JBW*-

triples and, a JBW*-triple can b e decomp osed in to a direct sum of t yp e j ( j = I ; I I ; I I I ) summands (see

[18 , 20 ]). A JBW*-triple is called c ontinuous if it do es not con tain a t yp e I summand in whic h case, it is a

direct sum of a JW*-algebra H ( A; � ) and a w eak* closed righ t ideal of a con tin uous v on Neumann algebra,

as sho wn in [20 ], where

H ( A; � ) = f a 2 A : � ( a ) = a g

is the �xed-p oin t set of a p erio d 2 w eak* con tin uous an tiautomorphism � of a v on Neumann algebra A . It

follo ws that con tin uous JBW*-triples are JW*-triples.

A JBW*-triple Z is called typ e I if it con tains an ab elian trip oten t e suc h that Z = U ( e ) where U ( e )

denotes the w eak* closed triple ideal generated b y e . W e recall that a trip oten t e is said to b e ab elian if

the P eirce 2-space P

2

( e )( Z ) is an ab elian triple whic h is equiv alen t to sa ying that P

2

( e )( Z ) is an asso ciativ e

JBW*-algebra in the usual Jordan pro duct x � y = f x; e; y g . Horn [19 , 4.14] has sho wn that a JBW*-triple

is t yp e I if, and only if, ev ery w eak*-closed triple ideal con tains an ab elian trip oten t.

An imp ortan t class of t yp e I JBW*-triples are the follo wing six t yp es of Cartan factors :

t yp e 1 B ( H ; K ) with triple pr o duct f x; y ; z g =

1

2

( xy

�

z + z y

�

x ) ;

t yp e 2 f z 2 B ( H ; H ) : z

t

= � z g ;

t yp e 3 f z 2 B ( H ; H ) : z

t

= z g ;

t yp e 4 spin factor,

t yp e 5 M

1 ; 2

( O ) with triple pr o duct f x; y ; z g =

1

2

( x ( y

�

z ) + z ( y

�

x )) ;

t yp e 6 M

3

( O )

where B ( H ; K ) is the Banac h space of b ounded linear op erators b et w een complex Hilb ert spaces H and K ,

and z

t

is the transp ose of z induced b y a conjugation on H . Cartan factors of t yp e 2 and 3 are subtriples

of B ( H ; H ), the latter notation is shortened to B ( H ). The t yp e 3 and 4 are Jordan algebras with the usual

Jordan pro duct x � y =

1

2

( xy + y x ). A spin factor is a Banac h space that is equipp ed with a complete inner

pro duct h� ; �i and a conjugation j on the resulting Hilb ert space, with triple pro duct

f x; y ; z g =

1

2

( h x; y i z + h z ; y i x � h x; j z i j y )

suc h that the giv en norm and the Hilb ert space norm are equiv alen t.

By Horn's result in [18 ], a JBW*-triple Z is of t yp e I if, and only if, it is linearly isometric to an `

1

-sum

L

�

L

1

(


�

) 
 C

�

where C

�

is a Cartan factor. Suc h a t yp e I JBW*-triple will b e called typ e I

f in

if eac h

Cartan factor C

�

is �nite-dimensional. It has b een sho wn in [9 ] that a JBW*-triple Z is t yp e I

f in

if, and only

if, its predual Z

�

has the Dunford-P ettis prop ert y . W e recall that a Banac h space W has the Dunfor d-Pettis

pr op erty if ev ery w eakly compact op erator on W is completely con tin uous. Suc h prop ert y is inherited b y

complemen ted subspaces.
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Horn's t yp e I structural result ab o v e also sho ws that a JBW*-algebra is t yp e I as a JBW*-triple if and

only if its self-adjoin t part is a t yp e I JBW-algebra in the sense of [17 ].

Lemma 1.1 L et Z b e a JBW*-subtriple of a typ e I

f in

JBW*-triple. Then Z is typ e I

f in

.

Pr o of . By [9, Corollary 6], Z

�

has the Dunford-P ettis prop ert y . 2

W e will b egin our in v estigation of con tractiv e pro jections in the next section. A con tractiv e pro jection

P : Z � ! Z on a JB*-triple Z is a b ounded linear map suc h that P

2

= P and k P k � 1. W e will exclude the

trivial case of P = 0 whic h then implies k P k = 1. Giv en suc h a con tractiv e pro jection P on Z with triple

pro duct f� ; � ; � ; g , one can sho w, using the holomorphic c haracterization of JB*-triples [22 , 30 ], that the range

P ( Z ) is also a JB*-triple in the triple pro duct

[ x; y ; z ] = P f x; y ; z g ( x; y ; z 2 P ( Z )) :

Moreo v er, one has the follo wing conditional exp ectation form ula:

P f P x; P y ; P z g = P f P x; y ; P z g ( x; y ; z 2 Z ) :

The ab o v e result has also b een pro v ed in [14 ] for subtriples of C*-algebras, via an op erator algebra approac h

whic h also yields the form ula

P f P x; P y ; P z g = P f x; P y ; P z g :

A w eak* con tin uous pro jection on a JBW*-triple is called normal .

2 Con tractiv e pro jections on J W

�

-algebras

In this section, w e consider a JW*-algebra A � B ( H ) with p ositiv e part A

+

, inheriting v arious top ologies

of B ( H ). A p ositiv e linear functional ' of A is called a tr ac e if ' ( sxs ) = ' ( x ) for all symmetries s 2 A

and all x 2 A

+

, where a symmetry in A is a self-adjoin t elemen t s suc h that s

2

is the iden tit y in A . A

JW*-algebra A is called r eversible if a

1

; : : : ; a

n

2 A implies a

1

� � � a

n

+ a

n

� � � a

1

2 A . By [3, Corollary 1.2.10],

ev ery normal trace on a rev ersible JW*-algebra A can b e extended to a normal trace on its en v eloping v on

Neumann algebra. F urther, if ' is faithful, so is its extension. In the sequel, our J W

�

-subalgebras need not

ha v e the same iden tit y elemen t as the J W

�

-algebras whic h con tain them.

The follo wing lemma is a sp ecial case of Lemma 1.1, but the pro of b elo w is intrinsic without using the

Dunford-P ettis prop ert y .

Lemma 2.1 Every JW*-sub algebr a of a typ e I

f in

JW*-algebr a is of typ e I

f in

.

Pr o of. Let A b e a JW*-subalgebra of a t yp e I

f in

JW*-algebra B . Then A is �nite since it is a subalgebra

of a �nite algebra. Let p 2 A b e a pro jection. Then pAp is a subalgebra of the t yp e I

f in

algebra pB p .

Supp ose, for con tradiction, that pAp con tains no ab elian pro jection. By cutting do wn to a homogeneous

summand, w e ma y assume that pB p is homogeneous. Then b y [35 , Theorem 17], p can b e decomp osed in to

an y n um b er of m utually orthogonal and strongly equiv alen t pro jections in pAp . Since equiv alen t pro jections

in pAp are also equiv alen t in pB p , and since in a homogeneous t yp e I

f in

algebra, there are at most a �xed

n um b er of m utually orthogonal and strongly equiv alen t pro jcetions, w e ha v e a con tradiction. So pAp con tains

an ab elian pro jection and A is t yp e I

f in

. 2

Lemma 2.2 L et ( A; � ) b e a JW*-algebr a with identity 1 and let P : A � ! A b e a c ontr active pr oje ction. If

P ( A ) c ontains a unitary trip otent u of P ( A ) , then P 1 = P ( uu

�

u

�

u ) = P ( u � u

�

) . In p articular, if u is a

pr oje ction in A , then P 1 = u .

Pr o of. Recall that the triple pro duct in P ( A ) is giv en b y

[ x; y ; z ] = P f x; y ; z g :
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Since u is a unitary trip oten t in P ( A ), w e ha v e b y the main iden tit y

P 1 = [ P 1 ; u; [ u; u; u ]]

= [[ P 1 ; u; u ] ; u; u ] � [ u; [ u; P 1 ; u ] ; u ] + [ u; u; [ P 1 ; u; u ]]

= P 1 � [ u; [ u; P 1 ; u ] ; u ] + P 1

and b y the conditional exp ectation form ula,

P 1 = [ u; [ u; P 1 ; u ] ; u ]

= P f u; P f u; P 1 ; u g ; u g

= P f u; P ( u

2

) ; u g = P f u; u

2

; u g = P ( uu

�

u

�

u ) :

Also, P 1 = [ u; u; P 1] = P f u; u; P 1 g = P f u; u; 1 g = P ( u � u

�

). 2

Remark. The ab o v e result sho ws that there is at most one unitary trip oten t in P ( A ) whic h is a pro jection

in A . If P ( A ) is a JW*-subalgebra of A , then the iden tit y in P ( A ) is a pro jection in A and P (1

A

) = 1

P ( A )

.

A JW*-algebra A is said to b e �nite (or mo dular as in [35 ]) if its pro jections form a mo dular lattice

in whic h case A admits a cen tre-v alued trace, and therefore a separating family of normal traces. It has

b een sho wn in [3, Theorem 1.1.14] that a rev ersible JW*-algebra is �nite if, and only if, its en v eloping v on

Neumann algebra is �nite. In fact, a rev ersible JW*-algebra and its en v eloping v on Neumann algebra ha v e

the same t yp e, as sho wn in [3 , Theorem 1.3.2]. A pro jection p in a JW*-algebra A is called �nite if the

JW*-algebra pAp is �nite.

By [15, 5.3.10], a JW*-algebra A has a decomp osition

A = A

1

� A

2

where A

1

is a rev ersible JW*-algebra and A

2

is a t yp e I

2

JW*-algebra. F urther, b y [15, 6.3.14], ev ery t yp e

I

2

JW*-algebra is a direct sum of JW*-algebras of the form C ( X ; V ) where C ( X ) is an ab elian W*-algebra

and V is a spin factor. Since ev ery in�nite-dimensional spin factor V can b e em b edded as a JW*-subalgebra

of a t yp e I I

1

W*-factor R , with the canonical trace on V extended to the trace of R (cf. [3, Remark 1.2.11]),

it follo ws from the ab o v e remarks that a �nite (resp. semi�nite) JW*-algebra A can b e em b edded as a JW*-

subalgebra of a v on Neumann algebra A whic h is a direct sum of a �nite (resp. semi�nite) v on Neumann

algebra and a t yp e I I

1

v on Neumann algebra, with the faithful normal �nite (resp. semi�nite) trace on A

extending to a faithful normal �nite (resp. semi�nite) trace on A .

W e recall that, for a net ( x

�

) in a v on Neumann algebra, w e sa y that

x

�

� ! 0 str ong l y , x

�

�

x

�

� ! 0 w eak l y

and

x

�

� ! 0 str ong l y

�

, x

�

�

x

�

+ x

�

x

�

�

� ! 0 w eak l y ;

where \w eakly" refers to the w eak op erator top ology . Plainly , strong* con v ergence implies strong con v er-

gence.

Let A b e a JW*-algebra with the decomp osition A = A

1

� A

2

where A

1

is a rev ersible JW*-algebra and

A

2

is a t yp e I

2

JW*-algebra. In the rest of this section, w e alw a ys assume that A is em b edded in the v on

Neumann algebra A = A

1

� N where A

1

is the en v eloping v on Neumann algebra of A

1

and N is a t yp e I I

1

v on Neumann algebra con taining A

2

. The ab o v e remarks imply that A is �nite if, and only if, A

1

is �nite.

W e also note that if e is a �nite pro jection in A , then it is also a �nite pro jection in A .

Giv en a JW*-algebra A � A , w e de�ne A

2

= f ab : a; b 2 A g whic h is con tained in A and inherits v arious

top ologies of A .
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Lemma 2.3 L et A � A b e a JW*-algebr a. Then the fol lowing c onditions ar e e quivalent:

(i) A is �nite.

(ii) The map x 2 A

2

7! x

�

2 A

2

is str ongly c ontinuous on b ounde d spher es.

(iii) The net ( y

�

x

�

) ! 0 str ongly whenever ( x

�

) and ( y

�

) ar e b ounde d nets of self-adjoint elements in A

with ( x

�

y

�

) ! 0 str ongly in A

2

.

Pr o of. ( i ) ) ( ii ). This follo ws from the ab o v e remarks that A is �nite and the fact that the map x 7! x

�

is con tin uous on b ounded spheres in a �nite v on Neumann algebra.

( ii ) ) ( iii ). Ob vious.

( iii ) ) ( i ). If A is not �nite, then b y [35 , Lemma 23], there is an in�nite orthogonal sequence f p

n

g of

pro jections in A suc h that, for ev ery n ,

p

1

= s

n

p

n

s

n

where s

n

is a symmetry . Giv en an y normal state  of the v on Neumann algebra A , w e ha v e

X

 ( p

n

) =  (

X

p

n

) �  (1) < 1 :

So  (( s

n

p

n

)

�

( s

n

p

n

)) =  ( p

n

) ! 0 : But  (( p

n

s

n

)

�

( p

n

s

n

)) =  ( p

1

) 6! 0 for some  , a con tradiction. 2

Lemma 2.4 L et P : A � ! A b e a c ontr active pr oje ction on a JW*-algebr a A such that P ( A ) is a JW*-

sub algebr a of A . Then

(i) P ( x � x

�

) � 0 for al l x 2 A ;

(ii) P ( a � x ) = P ( a ) � x for a 2 A; x 2 P ( A ) ;

(iii) If P is we ak*-c ontinuous, then P is str ongly* c ontinuous on b ounde d spher es.

Pr o of. (i) By Lemma 2.2, P 1 is the iden tit y in P ( A ). Let ' b e a state of P ( A ). Then ' � P (1) = ' ( P 1) = 1

implies that ' � P is a state of A . Hence ' ( P ( x � x

�

)) � 0 : As ' w as arbitrary , w e ha v e P ( x � x

�

) � 0. This

implies that P is self-adjoin t.

(ii) This is pro v ed in [10 ]. W e giv e a short alternate pro of here. W e ha v e P ( a � x ) = P ( a � ( x � P (1))) =

1

2

P f a; x; P (1) g +

1

2

P f a; P (1) ; x g =

1

2

( P f P a; x; P (1) g + P f P a; P (1) ; x g ) =

1

2

( f P a; x; P (1) g + f P a; P (1) ; x g ) =

P a � x .

(iii) Let x

�

! 0 strongly*. Then x

�

� x

�

�

! 0 w eakly and hence P ( x

�

� x

�

�

) ! 0 w eakly . Using (i), (ii),

and the self-adjoin tness of P , w e ha v e

0 � P (( P x

�

� x

�

) � ( P x

�

� x

�

)

�

) = P ( x

�

� x

�

�

) � P ( x

�

) � P ( x

�

)

�

whic h implies that P ( x

�

) � P ( x

�

)

�

! 0 w eakly . 2

A JW*-algbra A is semi�nite if ev ery nonzero pro jection in A con tains a nonzero �nite pro jection. This

is equiv alen t to sa ying that A do es not con tain an y t yp e I I I summand.

Prop osition 2.5 L et A b e a semi�nite (r esp. �nite) JW*-algebr a and P a normal c ontr active pr oje ction

on A such that P ( A ) is a JW*-sub algebr a of A . Then P ( A ) is semi�nite (r esp. �nite).

Pr o of. Let A � A as b efore. Supp ose P ( A ) is of t yp e I I I. W e sho w that P ( A ) = 0. Let e 2 A b e a �nite

pro jection. Supp ose P ( e ) 6= 0. W e ha v e P ( e ) � 0 and b y sp ectral theory there exists a nonzero pro jection

p 2 P ( A ) suc h that �p � P ( e ) for some � > 0. Let ( x

�

) and ( y

�

) b e b ounded nets of self-adjoin t elemen ts in

pP ( A ) p suc h that ( x

�

y

�

) con v erges to 0 strongly . W e shall sho w that ( y

�

x

�

) con v erges to 0 strongly . Since,

as remark ed ab o v e, e is also a �nite pro jection in A , b y [28 , p.97-98], the nets ( y

�

x

�

e ) and ( ey

�

x

�

) con v erge

to 0 strongly in A . Since the nets ( ex

�

y

�

) and ( x

�

y

�

e ) b oth con v erge to 0 strongly , w e ha v e ( ex

�

y

�

) and
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( ey

�

x

�

) b oth con v erging to 0 strongly*. Let z

�

= x

�

y

�

+ y

�

x

�

whic h b elongs to pP ( A ) p . Then ( ez

�

)

and ( z

�

e ) b oth con v erge strongly* to 0. Therefore f e; z

�

; P ( e ) g � ! 0 strongly* in A . Since P is strongly*

con tin uous on b ounded spheres and P ( A ) is in particular a subtriple of A , w e ha v e

P ( e ) z

�

P ( e ) = P f P e; z

�

; P ( e ) g = P f e; z

�

; P ( e ) g � ! 0

strongly*, and hence strongly . It follo ws that

[ pP ( e ) p + (1 � p )] z

�

[ pP ( e ) p + (1 � p )] = pP ( e ) z

�

P ( e ) p � ! 0

strongly whic h giv es

z

�

= [ pP ( e ) p + (1 � p )]

� 1

pP ( e ) z

�

P ( e ) p [ pP ( e ) p + (1 � p )]

� 1

� ! 0

strongly and therefore y

�

x

�

! 0 strongly . By Lemma 2.3, pP ( A ) p is �nite, con tradicting that P ( A ) is t yp e

I I I. Hence P v anishes on ev ery �nite pro jection in A and P ( A ) = 0.

If w e apply the ab o v e argumen t to the iden tit y elemen t of a �nite A w e obtain that P ( A ) is �nite. 2

It will follo w from Theorems 4.2 and 4.4 in section 4 that Prop osition 2.5, and Prop osition 2.6 whic h

follo ws, remain true without the assumption that P ( A ) is a subalgebra. The pro of of Prop osition 2.6 is an

adaptation to the Jordan algebra setting of the pro of for v on Neumann algebras in [34].

Prop osition 2.6 L et P b e a normal c ontr active pr oje ction on a typ e I J W

�

-algebr a A and supp ose P ( A )

is a J W

�

-sub algebr a of A . Then P ( A ) is of typ e I.

Pr o of . By Prop osition 2.5, P ( A ) is a semi�nite J W

�

-algebra. Supp ose that P ( A ) con tains a t yp e I I summand.

By follo wing P b y the pro jection on to the t yp e I I part, w e can assume that P ( A ) is of t yp e I I. W e sho w

P ( A ) = 0. It su�ces to sho w that for an y �nite pro jection q in P ( A ), w e ha v e q P ( A ) q = 0. By follo wing

P with the pro jection q � q , w e ma y further assume that P ( A ) is of t yp e I I

1

. Supp ose B = P ( A ) 6= 0, w e

deduce a con tradiction.

Let A � A as b efore. There are faithful normal semi�nite traces � ; �

0

; ~�

0

on B , A , A resp ectiv ely suc h

that � is �nite and ~�

0

is an extension of �

0

. Since � � P is a normal p ositiv e functional on A , b y the

Radon-Nik o dym theorem [2 , Theorem 2.4], there is an elemen t h 2 L

1

( A; �

0

)

+

suc h that

� � P ( x ) = �

0

( f h

1 = 2

xh

1 = 2

g ) for x 2 A: (1)

Note that for self-adjoin t x 2 A and y 2 B , � � P ( y

2

� x ) = � ( P ( y

2

� x ) = � ( y

2

� P x ) b y Lemma 2.4(ii).

On the other hand, � � P ( f y xy g ) = � ( P f y xy g ) = � ( f y ; P x; y g ) = � ( y

2

� P x ), the latter b y [25 ]. Hence

� � P ( f y xy g ) = � � P ( y

2

� P x ), for self-adjoin t x 2 A; y 2 B . Applying this to a pro jection p 2 B and using

the extension prop ert y and (1), w e ha v e

~�

0

�

h

�

xp + px

2

� pxp

��

= 0 for ev ery x 2 A:

Expanding ~�

0

( h � ( p � x )) = ~�

0

( h � ( pxp )) and using the asso ciativ e trace prop erties of ~�

0

yields

~�

0

�

xhp + xph + xhp + xph

4

�

= ~�

0

�

xphp + xphp

2

�

:

Hence,

~�

0

( x ( ph + hp � 2 php )) = 0 ;

whic h is the same as �

0

( x � ( ph + hp � 2 php )) = 0. Since this is true for all x 2 A , w e ha v e ph = php = hp ,

so that h is a�liated with B

0

, the comm utan t of B (see [2]). Note that, since p is a �nite pro jection, all of

the strong pro ducts ab o v e are in L

1

(

~

A ; ~�

0

).

Since h 2 L

1

( A; �

0

), w e ma y pic k a nonzero �nite pro jection e 2 A \ B

0

(a sp ectral pro jection of h ). It

is easy to see that eB is a J W -subalgebra of A and that eB

00

= ( eB )

00

. Since B is rev ersible, B of t yp e I I

1

) B

00

of t yp e I I

1

) eB

00

of t yp e I I

1

) ( eB )

0 0

of t yp e I I

1

) eB of t yp e I I

1

. But eB = eB e � eAe is of

t yp e I

f in

b y Lemma 2.1, giving a con tradiction. Hence B = 0. 2
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3 Con tractiv e pro jections on v on Neumann algebras

Prop osition 3.1 L et M b e a von Neumann algebr a of typ e I and let e b e a p artial isometry of M . Then

the Peir c e 2-sp ac e P

2

( e ) M is a J W

�

-algebr a of typ e I.

Pr o of . W e note that P

2

( e ) M is a v on Neumann algebra with iden tit y e under the pro duct x � y = xe

�

y

and in v olution x

]

= ex

�

e as w ell as a J W

�

-algebra under x � y = f xey g = ( xe

�

y + y e

�

x ) = 2 and x

]

. Also,

( P

2

( e ) M ; � ) is a v on Neumann algebra of t yp e I if and only if ( P

2

( e ) M ; � ) is a J W

�

-algebra of t yp e I.

No w supp ose that v is a nonzero cen tral pro jection in ( P

2

( e ) M ; � ). Belo w w e shall v erify the follo wing:

(i) v is a trip oten t in M .

(ii) v � P

2

( e ) M = P

2

( v ) M as sets.

(iii) The iden tit y map : ( v � P

2

( e ) M ; � ) ! ( P

2

( v ) M ; � ), where x � y = xv

�

y and x 7! v x

�

v is the in v olution

in ( P

2

( v ) M ; � ), is a

�

-isomorphism of v on Neumann algebras.

(iv) ( P

2

( v ) M ; � ) has a non-zero ab elian pro jection.

Assuming that (i)-(iv) ha v e b een pro v ed, if there is a nonzero cen tral pro jection v suc h that v � P

2

( e ) M is

a con tin uous v on Neumann algebra, w e obtain a con tradiction that it con tains a nonzero ab elian pro jection.

So ( P

2

( e ) M ; � ) is a v on Neumann algebra of t yp e I.

It remains to v erify (i)-(iv) ab o v e.

Since v = v � v = v

]

, w e ha v e v = v � v � v = v e

�

v e

�

v = v ( ev

�

e )

�

v = v v

�

v . This pro v es (i).

Since v = ee

�

v e

�

e , w e ha v e v = ee

�

v = v e

�

e so that v v

�

e = v ( ev

�

e )

�

e = v e

�

v e

�

e = v e

�

v = v and similarly

ev

�

v = v . Hence, for y 2 M , v � P

2

( e ) y = v � P

2

( e ) y � v = v e

�

( P

2

( e ) y ) e

�

v = v v

�

ee

�

( P

2

( e ) y ) e

�

ev

�

v = P

2

( v ) y

(since v

�

v � e

�

e and v v

�

� ee

�

). This pro v es (ii).

F or x; y 2 P

2

( v ) M , w e ha v e, b y (ii), x = xe

�

v and y = v e

�

y . Therefore x � y = xe

�

y = xe

�

v e

�

v e

�

y =

xv

�

v e

�

y = xv

�

y = x � y . As for the in v olution, ex

�

e = e ( v e

�

xe

�

v )

�

e = ev

�

ex

�

ev

�

e = v x

�

v . This pro v es

(iii).

Let p = v v

�

. W e shall sho w that

(a) There is a non-zero ab elian pro jection h 2 M with h � p and c ( h ) = c ( p ), where c ( � ) denotes cen tral

supp ort.

(b) With z = hv , z is a non-zero ab elian pro jection in the v on Neumann algebra ( P

2

( v ) M ; � ). This will

pro v e (iv).

Since pM p is of t yp e I, there is a non-zero ab elian pro jection h 2 pM p suc h that c

pM p

( h ) = p . Since

h � p , w e ha v e c ( h ) � c ( p ). T o sho w equalit y here, tak e a cen tral pro jection r 2 M with h � r . Then pr is a

cen tral pro jection in pM p , so that pr = pr p � c

pM p

( h ) = p and th us p � r giv es c ( p ) � r . T aking r = c ( h ),

w e get c ( p ) � c ( h ). This pro v es (a).

W e next sho w that z is a non-zero pro jection in ( P

2

( v ) M ; � ). W e ha v e z = hv = phv v

�

v = v v

�

hv v

�

v 2

P

2

( v ) M , v z

�

v = v ( v v

�

hv v

�

v )

�

v = v v

�

hv = hv = z , z � z = z v

�

z = hv v

�

hv = hphv = hv = z , and

z z

�

= hv v

�

h = h 6= 0.

It remains to sho w that for x; y 2 M , w e ha v e

[ z � ( v v

�

xv

�

v ) � z ] v

�

[ z � ( v v

�

y v

�

v ) � z ] = (2)

= [ z � ( v v

�

y v

�

v ) � z ] v

�

[ z � ( v v

�

xv

�

v ) � z ] :

The left and righ t sides of (2) collapse to hxv

�

hy v

�

hv and hy v

�

hxv

�

hv resp ectiv ely , whic h are equal since

hM h is an ab elian subalgebra of M . F or example, the left side is equal to

z v

�

v v

�

xv

�

v v

�

z v

�

z v

�

v v

�

y v

�

v v

�

z = hv v

�

xv

�

hv v

�

hv v

�

y v

�

hv = hxv

�

hy v

�

hv :

This pro v es (b), hence (iv) and the Prop osition. 2

Let P b e a normal con tractiv e pro jection on a J B W

�

-triple Z and let f 2 P

�

( Z

�

) ha v e the supp ort

trip oten t (partial isometry in this case) v

f

. Let P

k

= P

k

( v

f

) denote the P eirce pro jections induced b y v

f

.

The follo wing comm utativit y form ulas w ere pro v ed in [16 ]. These will b e used freely in the remainder of the

pap er.

9



� P

2

P = P

2

P P

2

; P P

2

= P P

2

P ;

� P P

0

= P

0

P P

0

= P P

0

P ;

� P P

1

= P P

1

P ; P

1

P P

0

= 0 :

In the next lemma, w e shall use these form ulas to extend the �rst t w o of them to the case where the

trip oten t is not assumed to b e the supp ort of a normal functional. W e shall use the fact that, b y Zorn's

lemma, ev ery trip oten t in a J B W

�

-triple Z is the sum of an orthogonal family of trip oten ts whic h are

supp ort trip oten ts of normal functionals on Z .

The follo wing lemma is needed in the next section. In this section, it will b e used only in the case that

Z is a v on Neumann algebra, considered as a J W

�

-triple under

1

2

( xy

�

z + z y

�

x ).

Lemma 3.2 L et P b e a normal c ontr active pr oje ction on a J B W

�

-triple Z and supp ose that v is a trip otent

of the J B W

�

-triple P ( Z ) . Cho ose a set S = f f

i

: i 2 I g of p airwise ortho gonal normal functionals on P ( Z )

such that v =

P

i 2 I

v

f

i

, wher e v

f

i

is the supp ort trip otent of f

i

in P ( Z ) . L et w

i

b e the supp ort trip otent of

f

i

in Z , ne c essarily p airwise ortho gonal, and let w b e the p artial isometry

P

i 2 I

w

i

. Then

P

2

( w ) P = P

2

( w ) P P

2

( w ) ; P P

2

( w ) = P P

2

( w ) P :

Pr o of . Since w =

P

w

i

, w e ha v e P

2

( w ) =

P

i

P

2

( w

i

) +

P

j 6= k

P

1

( w

j

) P

1

( w

k

) and therefore

P

2

( w ) P P

2

( w )

=

X

i;i

0

P

2

( w

i

) P P

2

( w

i

0

) +

X

j 6= k ;j

0

6= k

0

P

1

( w

j

) P

1

( w

k

) P P

1

( w

j

0

) P

1

( w

k

0

)

+

X

j

0

6= k

0

; all i

P

2

( w

i

) P P

1

( w

j

0

) P

1

( w

k

0

) +

X

j 6= k ; all i

0

P

1

( w

j

) P

1

( w

k

) P P

2

( w

i

0

) :

Because P

2

( w

i

) P = P

2

( w

i

) P P

2

( w

i

), b y prop erties of the join t P eirce decomp osition, the �rst sum reduces

to

P

i

P

2

( w

i

) P and eac h term in the third sum is zero.

Eac h term in the fourth sum is zero as w ell. Indeed, since in the follo wing w e ma y assume k 6= i

0

,

P

1

( w

j

) P

1

( w

k

) P P

2

( w

i

0

)

= P

1

( w

j

)[ I � P

2

( w

k

) � P

0

( w

k

)] P P

2

( w

i

0

)

= P

1

( w

j

)[ P P

2

( w

i

0

) � P

2

( w

k

) P P

2

( w

i

0

) � P

0

( w

k

) P P

2

( w

i

0

)]

= P

1

( w

j

)[ P P

2

( w

i

0

) � 0 � P

0

( w

k

) P P

0

( w

k

) P

2

( w

i

0

)]

= P

1

( w

j

)[ P P

2

( w

i

0

) � P P

0

( w

k

) P

2

( w

i

0

)]

= P

1

( w

j

)[ P P

2

( w

i

0

) � P P

2

( w

i

0

)] = 0 :

The second sum reduces to

P

j 6= k

P

1

( w

j

) P

1

( w

k

) P . Indeed, if k 62 f j

0

; k

0

g , then [ P

1

( w

k

) P P

1

( w

j

0

)] P

1

( w

k

0

) =

0 since P

1

( w

j

0

) P

1

( w

k

0

) Z � P

0

( w

k

) Z and

P

1

( w

k

) P P

0

( w

k

) = 0. Th us the second sum is reduced to

P

j 6= k

P

1

( w

j

) P

1

( w

k

) P P

1

( w

j

) P

1

( w

k

). Ho w ev er,

P

1

( w

j

) P

1

( w

k

) P P

1

( w

j

) P

1

( w

k

)

= P

1

( w

j

) P

1

( w

k

) P [ I � P

2

( w

j

) � P

0

( w

j

)] P

1

( w

k

)

= P

1

( w

j

) P

1

( w

k

) P P

1

( w

k

) � P

1

( w

j

) P

1

( w

k

) P P

2

( w

j

) P

1

( w

k

)

� P

1

( w

j

) P

1

( w

k

) P P

0

( w

j

) P

1

( w

k

)

= P

1

( w

j

) P

1

( w

k

) P [ I � P

2

( w

k

) � P

0

( w

k

)] + 0 + 0

= P

1

( w

j

) P

1

( w

k

) P � P

1

( w

j

) P

1

( w

k

) P P

2

( w

k

) � P

1

( w

j

) P

1

( w

k

) P P

0

( w

k

)

= P

1

( w

j

) P

1

( w

k

) P � P

1

( w

k

) P

1

( w

j

) P P

2

( w

k

)

= P

1

( w

j

) P

1

( w

k

) P :

10



This pro v es the �rst form ula.

F or the second form ula, w e ha v e

P P

2

( w ) P = P

0

@

X

i

P

2

( w

i

) +

X

j 6= k

P

1

( w

j

) P

1

( w

k

)

1

A

P

=

X

i

P P

2

( w

i

) P +

X

j 6= k

P P

1

( w

j

) P

1

( w

k

) P

=

X

i

P P

2

( w

i

) +

X

j 6= k

P P

1

( w

j

) P

1

( w

k

) = P P

2

( w )

since

P P

1

( w

j

) P

1

( w

k

) P = ( P P

1

( w

j

) P ) P

1

( w

k

) P

= P P

1

( w

j

)( P P

1

( w

k

)

= P P

1

( w

j

) P

1

( w

k

) : 2

The follo wing lemma is probably kno wn. W e include a pro of for completeness.

Lemma 3.3 L et p b e a pr oje ction in a J B

�

-algebr a A and let A

1

( p ) b e the Peir c e 1-sp ac e. Then A

1

( p ) \ A

+

=

0

Pr o of . If x 2 A

1

( p ) \ A

+

, then let y = x

1

2

2 A

sa

and let y = y

2

+ y

1

+ y

0

b e its P eirce decomp osition with

resp ect to p . Then x = y

2

2

+ y

2

1

+ y

2

0

+ 2( y

2

+ y

0

) y

1

. Since x 2 A

1

( p ), w e ha v e y

2

2

+ y

2

1

+ y

2

0

= 0 and b ecause

the JB-algebra A

sa

is formally real, y = 0. 2

Lemma 3.4 L et P ; Z ; v ; S; w b e as in L emma 3.2 . Then

(a) The map Q = P

2

( w ) P : Z

2

( w ) ! Z

2

( w ) is a normal faithful unital c ontr active pr oje ction with r ange

P

2

( w ) P ( Z ) .

(b) The map P

2

( w ) is a line ar surje ctive isometry of P ( Z )

2

( v ) onto

P

2

( w ) P ( Z )

Pr o of . (a) By Lemma 3.2, Q

2

= P

2

( w ) P P

2

( w ) P = P

2

P = Q and Q ( Z

2

( w )) = P

2

( w ) P P

2

( w )( Z ) =

P

2

( w ) P ( Z ). T o sho w that Q is unital, note �rst that b y [11, Lemma 2.7], v

i

= w

i

+ P

0

( w

i

) v

i

so that

w

i

? ( v

i

� w

i

). By taking sums and limits, one obtains ( v � w ) ? w and k v � w k � 1. Indeed, it is easy to see

that for an y �nite set F of indices,

P

F

w

i

is the supp ort trip oten t of the normal functional

P

F

f

i

. Hence,

P

F

w

i

?

P

F

( v

i

� w

i

) so that

P

F

( v

i

� w

i

) 2 Z

0

(

P

F

w

i

) and k

P

F

w

i

�

P

F

( v

i

� w

i

) k = 1. By passing

to the limit and noting that eac h f

i

has the v alue 1 on w � ( v � w ), w e ha v e k w � ( v � w ) k = 1, and since

P

2

( w ) is con tractiv e, k w � P

2

( w )( v � w ) k � 1, and since w is an extreme p oin t, P

2

( w )( v � w ) = 0, that is,

P

2

( w ) v = w . No w v = w + P

1

( w ) v + P

0

( w ) v , so b y [15 , Lemma 1.6], P

1

( w ) v = 0 and th us v = w + P

0

( w ) v

and v = P v = P w + P P

0

( w ) x so that Qw = P

2

( w ) P w = P

2

( w )( v � P P

0

( w ) v ) = P

2

( w ) v = w and Q is

unital.

Finally w e sho w that Q is faithful. Supp ose that b 2 Z , P

2

( w ) b � 0, and P

2

( w ) P b = 0 W e shall sho w

that P

2

( w ) b = 0. In the �rst place, since P

2

( w

i

) is a p ositiv e op erator on the J B

�

-algebra P

2

( w ) Z ([17 ,

3.3.6]), P

2

( w

i

) b = P

2

( w

i

) P

2

( w ) b � 0 for ev ery i 2 I . Since P

1

( w

k

) P

1

( w

l

) b ? w

i

, w e ha v e

0 = h P

2

( w ) P b; f

i

i = h P P

2

( w ) P b; f

i

i = h P P

2

( w ) b; f

i

i = h P

2

( w ) b; f

i

i

=

X

j

h P

2

( w

j

) b; f

i

i +

X

k 6= l

h P

1

( w

k

) P

1

( w

l

) b; f

i

i = h P

2

( w

i

) b; f

i

i :

Hence P

2

( w

i

) b = 0 for all i . Therefore P

2

( w ) b =

P

i

P

2

( w

i

) b +

P

j 6= k

P

1

( w

j

) P

1

( w

k

) b =

P

j 6= k

P

1

( w

j

) P

1

( w

k

) b =

0 b y Lemma 3.3, since eac h P

1

( w

k

) P

1

( w

l

) b m ust b e p ositiv e. This pro v es that Q is faithful, and hence (a)

11



holds.

(b) Let B denote the J B W

�

-algebra P ( Z )

2

( v ). Then b y de�nition,

B = ff v ; f v xv g

P ( Z )

; v g

P ( Z )

: x 2 P ( Z ) g . But

f v ; f v xv g

P ( Z )

; v g

P ( Z )

= P f v ; P f v xv g ; v g = P f v ; f v xv g ; v g = P Q ( v )

2

x

so that B = P Q ( v )

2

P ( Z ) and

P

2

( w ) B = P

2

( w ) P Q ( v )

2

P ( Z ) = P

2

( w ) P P

2

( w ) Q ( v )

2

P ( Z ) = P

2

( w ) P ( Z ) :

No w let F

v

b e the normal state space of B , that is

F

v

= f ` 2 B

�

: k ` k = 1 = ` ( v ) g :

Recall from the �rst part of the pro of that v = P w + P P

0

( w ) v . Also, P ( w ) = P f v ; P w ; v g = P ( w )

]

implies

that for ` 2 F

v

, ` ( P ( w )) is real and 1 = ` ( v ) = ` ( P ( w )) + ` ( P P

0

( w ) v ). Therefore ` ( P ( w )) � 0 so that in fact

0 � P ( w ) � v , that is, v � P ( w ) 2 B

+

. No w for eac h i , w e ha v e f

i

( v � P w ) = f

i

( P P

0

( w ) v ) = f

i

( P

0

( w ) v ) =

f

i

( P

2

( w

i

) P

0

( w ) v ) = 0. It follo ws, using Lemma 3.3 as ab o v e, that v � P w = 0.

No w for arbitrary ` 2 F

v

, as P w = v , w e ha v e ` ( w ) = ` ( P ( w )) = ` ( v ) = 1 and b y [11 , Lemma 3.1],

` = P

2

( w )

�

`: (3)

By linearit y and the Jordan decomp osition for self-adjoin t functionals, (3) extends to all ` 2 B

�

. Hence for

b 2 B , w e ha v e k b k = sup fj ` ( b ) j : k ` k = 1 ; ` 2 B

�

g = sup fj ` ( P

2

( w ) b ) j : k ` k = 1 ; ` 2 B

�

g � k P

2

( w ) b k . This

pro v es (b). 2

Prop osition 3.5 L et P b e a normal c ontr active pr oje ction on a von Neumann algebr a M of typ e I. Then

P ( M ) is a J W

�

-triple of typ e I.

Pr o of . Let v b e an y nonzero trip oten t of P ( M ) and c ho ose w 2 M as in Lemma 3.2. By Prop osition 3.1,

M

2

( w ) is a J W

�

-algebra of T yp e I. By Lemma 3.4 (a) and [10 , Corollary 1.5], P

2

( w ) P ( M ) = Q ( M

2

( w )) is a

J W

�

-subalgebra of M

2

( w ), where Q = P

2

( w ) P . By Prop osition 2.6, Q ( M

2

( w )) is a J B W

�

-algebra of t yp e

I, and b y Lemma 3.4(b), P ( M )

2

( v ) (the P eirce 2-space of the trip oten t v of the J W

�

-triple P ( M )) is also

of t yp e I since a unital surjectiv e linear isometry is a Jordan

�

-isomorphism. One can no w c ho ose v to b e a

complete trip oten t of P ( Z ) to obtain from [19 , 4.14] that P ( M ) is a J W

�

-triple of t yp e I. 2

4 Con tractiv e pro jections on J W

�

-triples

Prop osition 4.1 L et Z b e a J B W

�

-triple of typ e I and let v b e a trip otent in Z . Then P

2

( v ) Z is a J B W

�

-

algebr a of typ e I.

Pr o of . By Horn's structure theorem, w e ma y assume that Z = L

1

(
 ; C ) where C is a Cartan factor. If

C is of t yp es 1,2, or 3, then there is a normal con tractiv e pro jection Q on L

1

(
 ;

~

C ), where

~

C is the v on

Neumann en v elop e of C , with range Z . Since P

2

( v ) Q is a normal con tractiv e pro jection from the t yp e I

v on Neumann algebra L

1

(
 ;

~

C ) on to P

2

( v ) Z , the latter is of t yp e I b y Prop osition 3.5. If C is of t yp e

4, then P

2

( v ) Z = L

1

(


2

; C ) � L

1

(


1

), where 


k

= f ! 2 
 : rank of v ( ! ) is k g , k = 0 ; 1 ; 2. Indeed,

if f 2 Z and g = P

2

( v ) f , then g = 0 on 


0

, g ( ! ) = h f ( ! ) ;

d

v ( ! ) i v ( ! ) for ! 2 


1

and g = f on 


2

.

Here w e use the notation ^v for the normal functional with supp ort trip oten t v . It follo ws that the map

g = P

2

( v ) f 2 P

2

( v ) Z 7! ( g

2

; g

1

) 2 L

1

(


2

; C ) � L

1

(


1

), where g

1

( ! ) = h f ( ! ) ;

d

v ( ! ) i for ! 2 


1

and

g

2

= g j 


2

, is a surjectiv e linear isometry .

If C is of t yp es 5 or 6, then it is �nite-dimensional and L

1

(
 ; C ) is of t yp e I

f in

. By Lemma 1.1, the

subtriple P

2

( v )( Z ) is of the same t yp e. 2

Theorem 4.2 L et P b e a normal c ontr active pr oje ction on a J W

�

-triple Z of typ e I. Then P ( Z ) is of typ e

I.
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Pr o of . By [19, 4.14], w e need only sho w that P ( Z )

2

( v ) is of t yp e I for a complete trip oten t v 2 P ( Z ). Cho ose

w 2 Z as in Lemma 3.2. By Prop osition 4.1, P

2

( w ) Z is a J W

�

-algebra of t yp e I. One can no w argue exactly

as in the pro of of Prop osition 3.5, using Lemma 3.4, to sho w that P

2

( w ) P is a faithful, normal, unital

con tractiv e pro jection of P

2

( w ) Z on to P

2

( w ) P ( Z ) (whic h is a again subalgebra b y [10 , Corollary 1.5]) and

that P

2

( w ) is a unital isometry of P ( Z )

2

( v ) on to P

2

( w ) P ( Z ). As in the pro of of Prop osition 3.5 and using

Prop osition 2.6, P

2

( w ) P ( Z ) is of t yp e I and so is P ( Z )

2

( v ). 2

Prop osition 4.3 L et Z b e a semi�nite J W

�

-triple and let v b e a p artial isometry in Z . Then Z

2

( v ) is a

semi�nite J W

�

-algebr a.

Pr o of . W e pro v e this �rst in the case that Z is a v on Neumann algebra M . If M

2

( v ) had a t yp e I I I part, w e

could follo w P

2

( v ) b y the pro jection of M

2

( v ) on to that t yp e I I I part and obtain a P eirce 2-space of M of

t yp e I I I. So w e ma y assume that M

2

( v ) is of t yp e I I I. Let p b e a �nite nonzero pro jection in M dominated

b y v

�

v . Then v p is a nonzero pro jection in M

2

( v ) dominated b y v (cf. Prop osition 3.1). W e shall sho w

that M

2

( v p ) is �nite b y sho wing that its in v olution is strongly con tin uous on b ounded spheres. Recall that

M

2

( v p ) = f x = v p ( v p )

�

a ( v p )

�

v p = v pv

�

ap : a 2 M g is a v on Neumann algebra under x � y = x ( v p )

�

y and

x

]

= v px

�

v p .

Let x

�

b e a b ounded net in M

2

( v p ). Then

x

�

s

! 0 in M

2

( v p ) ) v px

�

�

v p ( v p )

�

x

�

w

! 0 ) v px

�

�

x

�

w

! 0 )

px

�

�

x

�

w

! 0 ) px

�

�

x

�

p

w

! 0 ) x

�

p

s

! 0 ) ( b y [28 , p. 97-98] )

x

�

�

= px

�

�

s

! 0 ) x

�

x

�

�

w

! 0 ) x

�

x

�

�

v p

w

! 0 ) x

�

( v p )

�

v px

�

�

v p

w

! 0

) x

�

� x

]

�

w

! 0 ) x

]

�

s

! 0 in M

2

( v p ) :

Th us v p is a �nite pro jection whic h is a con tradiction.

T o pro v e the general case, write Z = Z

I

� Z

I I

where Z

I

is of t yp e I and Z

I I

is of t yp e I I. Since

P

2

( v ) Z = P

2

( v

1

) Z

I

� P

2

( v

2

) Z

I I

for suitable partial isometries v

1

2 Z

I

and v

2

2 Z

I I

, and w e already

kno w that P

2

( v

1

) Z

I

is of t yp e I, w e ma y assume b y [20 ] that Z is triple isomorphic to pM � H ( N ; � ),

where M and N are v on Neumann algebras of t yp e I I. Accordingly v

2

= v

0

2

+ v

00

2

so that P

2

( v

2

) Z

I I

=

P

2

( v

0

2

)( pM ) � P

2

( v

0 0

2

)( H ( N ; � )) = M

2

( v

0

2

) � H ( N

2

( v

0 0

2

) ; � ) and Q ( N

2

( v

0 0

2

)) = H ( N

2

( v

0 0

2

) ; � ) where Q is the

pro jection Q ( x ) = ( x + � ( x )) = 2 for x 2 N . By the �rst part of the pro of, b oth M

2

( v

0

2

) and N

2

( v

0 0

2

) are

semi�nite. Then b y Prop osition 2.5, P

2

( v

00

2

) H ( N ; � ) is semi�nite and the result follo ws. 2

Theorem 4.4 L et P b e a normal c ontr active pr oje ction on a semi�nite J W

�

-triple Z . Then P ( Z ) is a

semi�nite J W

�

-triple.

Pr o of . By passing to the t yp e I I I part of P ( Z ), assuming it is nonzero for con tradiction, and using [20 ], w e

ma y assume that P ( Z ) = pM � H ( N ; � ) where M and N are v on Neumann algebras of t yp e I I I. As in the

pro of of Prop osition 3.5, using Lemma 3.4, Prop osition 4.3, and Prop osition 2.5, one sho ws that P ( Z )

2

( v ) is

semi�nite for an y trip oten t v of P ( Z ). Cho osing v = 0 � 1

N

leads to P ( Z )

2

( v ) = H ( N ; � ), a con tradiction

unless H ( N ; � ) = 0. Cho osing v = p � 0 leads to P ( Z )

2

( v ) = pM p , again a con tradiction unless pM p = 0,

whic h implies that p = 0, another con tradiction. 2

5 Con tractiv e pro jections on J B W

�

-triples

In this section w e extend Theorems 4.2 and 4.4 to arbitrary J B W

�

-triples and mak e some remarks on the

atomic case. A close examination of the pro of of Theorem 4.2 rev eals that it carries o v er to the case of

J B W

�

-triples if w e can sho w that the range of a faithful normal p ositiv e unital pro jection on a T yp e I

JBW*-algebra is T yp e I. This is pro v ed in the follo wing Prop osition, of whic h (a) w as pro v ed in [10 ] for

JC-algebras.

Prop osition 5.1 L et P b e a faithful, p ositive, unital, normal pr oje ction on a J B W

�

-algebr a A . Then

13



(a) P ( A ) is a sub algebr a of A .

(b) If A is of typ e I, then P ( A ) is of typ e I.

Pr o of . Using the Kadison-Sc h w arz inequalit y , extended to J B -algebras in [26, Theorem 1.2], if x 2 P ( A ),

then P ( x

2

) � x

2

� P ( x )

2

� x

2

= 0 (cf. [10 , Lemma 1.2 (3)]). Since P is faithful, and P ( P ( x

2

) � x

2

) = 0, w e

ha v e P ( x

2

) � x

2

= 0 so that x

2

2 P ( A ). This pro v es (a).

T o pro v e (b), let A b e of t yp e I, and supp ose for con tradiction, that P ( A ) has t yp e I I or I I I summands.

As b efore, b y follo wing P b y the pro jection on to these summands, w e ma y assume that P ( A ) is of t yp e I I

or I I I. In eac h of these cases, P ( A ) remains a subalgebra of A . By the halving lemma, [17 , 5.2.15], there

exist four orthogonal pro jections with sum the iden tit y of P ( A ), with eac h pair exc hanged b y a symmetry

(see [17 , p.122]). By the argumen t in [17 , 5.2.8], eac h suc h pair are strongly connected. Since P is unital

and P ( A ) is a subalgebra of A , the ab o v e also holds in A . By the co ordinatization theorem [17 , 2.8.9], A

is a Jordan matrix algebra, that is, A is isomorphic to H

4

( R ) for some *-algebra R . By [17 , 2.7.6], R is

asso ciativ e and therefore A is a JW*-algebra. But this leads to a con tradiction b ecause w e ha v e already

sho wn in Prop osition 2.6 that P ( A ) is of t yp e I in this case. 2

No w, pro ceeding exactly as in the pro of of Theorem 4.2 w e ha v e the result for JBW*-triples.

Theorem 5.2 L et P b e a normal c ontr active pr oje ction on a J B W

�

-triple Z of typ e I. Then P ( Z ) is of

typ e I.

As noted b efore, a t yp e I I JBW*-triple is a JW*-triple. It follo ws from Prop osition 4.1 and Theorem 4.4

that if Z is a semi�nite JBW*-triple, then P

2

( e ) Z is also a semi�nite JBW*-algebra. Using this fact, no w

there is no di�cult y of extending the pro of of Theorem 4.4 to the case of JBW*-triples.

Theorem 5.3 L et P b e a normal c ontr active pr oje ction on a semi�nite J B W

�

-triple Z . Then P ( Z ) is a

semi�nite J B W

�

-triple.

T omiy ama [34 ] has pro v ed that the a v on Neumann algebra whic h is the range of a normal con tractiv e

pro jection on an atomic v on Neumann algebra is itself atomic. It is also kno wn (see [33 , Exercise 8, p.334])

that a v on Neumann algebra M � B ( H ) is atomic if and only if there is a faithful family of normal

conditional exp ectations of B ( H ) on to M . W e end with a v ery simple pro of of a result whic h extends

T omiy ama's theorem to J B W

�

-triples. The pro of follo ws from a result in [6] whic h states that a JBW*-

triple is atomic if, and only if, its predual has the Radon-Nik o dym prop ert y . It is clearly false without the

normalit y assumption on P . W e �rst state a lemma of indep enden t in terest.

Lemma 5.4 L et Z b e a typ e I

f in

JBW*-triple and let P : Z � ! Z b e a normal c ontr active pr oje ction. Then

P ( Z ) is a typ e I

f in

JBW*-triple.

Pr o of . W e note that P ( Z ) is norm-closed. By w eak* con tin uit y of P and the Krein-Sm uly an Theorem, P ( Z )

is also w eak* closed. Also, P induces a con tractiv e pro jection P

�

: f 2 Z

�

7! f � P 2 Z

�

on the predual Z

�

.

By [9 ], Z

�

has the Dunford-P ettis prop ert y . The predual of P ( Z ) iden ti�es with Z

�

=P

� 1

�

(0) whic h is linearly

isometric to the complemen ted subspace P

�

( Z

�

) of Z

�

, and therefore has the Dunford-P ettis prop ert y . Hence

b y [9] again, P ( Z ) is of t yp e I

f in

. 2

Prop osition 5.5 L et Z b e an atomic JBW*-triple and let P : Z � ! Z b e a normal c ontr active pr oje ction.

Then the r ange P ( Z ) is (line arly isometric to) an atomic JBW*-triple.

Pr o of . As in the pro of of Lemma 5.4, the predual of P ( Z ) is linearly isometric to a complemen ted subspace

of the predual Z

�

whic h has the Radon-Nik o dym prop ert y . So P ( Z ) is atomic b y [6]. 2
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