7h

get (g>l + vy =8y eUbnv and we are back in the case, from

which we derived UL =1—O . We proved:

; i
If dim Vv 22 and gq(x,y) (a_._ non degenerate bilinear form then the

Jordan algebraw= F1leV is simple. (

| Next we show that the Jordan algebra F1leV, we considered above, (

kis special. | For this purpose we have to introduce the \Clifford i

!algebra fG(V,q) ! l

Let ?f(v) be the tensor algebra over V, that is

?(V) = evl, where V°:=Fl and V' =
i»0

the multiplication in

Wy -

v,
=1
7(V) is defined for the generators X°* x =«x,

(alﬁ. ‘ .-&as) . (as+l®. . .@ar) = al&. . .@asﬂ_a. K a.. (then linearly
extended). It is obvious that £(V) is an associative algebra

with unit element 1. Let E be the ideal generated by

{x@x - g(x)1;x ev} . The quotient algebra

F(V)
'C—(qu) = /E

is called the Clifford algebra of qg.

Let m:F18V —>4, the canonical map x% x + & , then by the

definition we have

(a0l + xX)°(al + x) +(€ = 0'L2l + 20x + xX®x + 5

m(al + x)2

———

LOLZ + q(x,x)j 1+ 20x +R = 1((al + x)°)

which implies, that m(FleV) is a (Jordan) subalgebra of °C+, and

T: F1lV +¢C+ a homomorphism. One can show that m (restricted to
Fle®V) is 1 = 1. This shows that F1leV is isomorphic to the subalgebra
mT(F1eV) in & +, hence it is special.

8.3. Let 'Srbe an arbitrary algebra over F with involution



An algebra‘e?ls called alternative, if

x > X. By g}ﬁ we denote the algebra of nxn matrices with entries

3 %

o 3 ; : =t

in & ~Lne 5 we have the standard involution X - X , where

X = (aij) if X = (aij) and Y is the transposed of Y € {}h. (Verify

that X + %t is an involution.) The space of symmetric elements

relative to this involution is denoted by %;({} )

‘%(%) =1Lxé/3 x—"t}

Clearly XOY = % (XY + ¥X) C‘%(f@‘) if X,Y e%(& )

(XY denotes the usual matrix product). This shows, thatqi(éa )

together with (X,Y)P+ YOV is an algebra. Without proof we state the

following important result (seeiglj&acobson, Structure and
[Eg;;ggggéations of Jordan Algebras). Thadlam 1 m p.\27
S S sl

Theorem 2. For n23 ( 93 U@ ), o) is a Jordan algebra, iff either

é} is associative or n = 3 andfi}ls alternative and any j-

Q
symmetric element o in V , satisfies (ax)y = o(xy) for all x,yé"9

(8.1) x(xy) A_’,x,énéiin) yx2 for all x,yClé}

PR, L
Tf (v53)-1s & simple pair and.&}an associative Artinian

algebra, then(ﬁ({} ) is a simple Jordan algebra.

8.4. In order to present a class of \exceptional Jordan algebrasl

we first have to introduce}CazleX algebras.l

Letsé?be an alternative algebra with unit element e and non

degenerate quadratic form g such that

G2 o whixdse + glxle =0

for all x € &+ , where t(x): = q(x,e) = g(x + e) - g(x) - gle).

For example F, or F®F, or the algebra of 2x2 matrices over F have
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these properties, relative to g(qg) = az,q(aeg) = qf Oor g(a) =
det a.
It is fairly easy to show that

x> % :=t(x)le - x |
defines an involution on &?. (Compare the following with the
construction of the complex numbers from the reals.) Let;é be as
described ahove and o1 an isomorphic copy oféé’(identiﬁy el with
1) and UEF,u # 0. In the direct sum

(&, u) = &£ @dl
we define a product by
(x + y1)(u + vl): = (xu + uvy) + (vx + yu)l.
A simple verification shows
(x + y1)2 = £(x + y1) (x + y1) + q(x + yl)e = 0,
where qu + yl): = q(x) - ug(y), which is again non degenerate
(H# 0). But it is not clear whether the alternative laws (8.l)
hold in (égﬂi). This is settled by the following result:

a) (ﬁ,u) alternative, iff agassociative,

b) (&£ ,u) associative, iff ¥ associative and commutative,

c) (&,u) commutative, iff & = Fe.

Therefore we can easily construct four classes of alternative

algebras with the required properties. Starting with

&G

0 Fe, and Hy # 0 we get
&?1 = (Fe,ul), which is commutative; then for o # 0
5@: = (Fe,ul,uz) is associative, and
&23 = (Fe,ul,uz,UB) is alternative (u3 # 0).
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It can be shown that &?3 is not associative, thereforé ah
algebra i?4 = ( Z%,u), U # 0, would no longer be alternative.

The indicated construction is called the Cayley—Digkson con-

struction.
%

) _
“ré = (Fe,ul,uz) is called a (generalized) gquaternion algebra

and:%% = (Fe,ul,uz,u3) is called a Cayley algebra (or octonion

is either a guadratic extension of Fe, or le = Fe®Fe.

algebra).
Exercise: Choose an appropriate basis in %}i (i =1,2,3)
and determine the multiplication table of this basis. (For more

information about these algebras (land, cf course, many other

topics) see: |Braun-Koecher, Jordan-Algebren; N. Jacobson,

2 BookS

Structure and Representations of Jordan Algebras; and R.D.

Schafer, An Introduction to Nonassociative Algebras.).

8.5. Now let'cfbe a Cayley algebra, thenﬂc—has an involution
X > x = t(x)e - x, the symmetric elements then are obviously

exactly the elements in Fe. But for o€ F we have trivially a(xy)=

x(ay). Therefore theorem 2 applies to show, that

, 0y XqX,

6 (?(73) = X = ;{lazx:,) ;e EF, Xy € ,{,_
. X2X30L3

together with XOY = %(XY + ¥YX) is a Jordan algebra. This algebra

is simple and exceptional.

IX. Quadratic Jordan Algebras.

Orie-die Letiﬁ be a commutative ring with unit element 1. A map of



