RANK FREQUENCIES FOR QUADRATIC TWISTS OF
ELLIPTIC CURVES

K. RUBIN AND A. SILVERBERG

Abstract. We give explicit examples of infinite families of elliptic curves E
over Q with (nonconstant) quadratic twists over Q(t) of rank at least 2 and
3. We recover some results announced by Mestre, as well as some additional
families. Suppose D is a squarefree integer and let rg (D) denote the rank of
the quadratic twist of E by D. We apply results of Stewart and Top to our
examples to obtain results of the form

#{D :|D| <x, re(D) =2} Cx4*

#{D : |D| < x, rg(D) =3} x*°
for all su Lciehtly large x.

1. Introduction

Throughout this paper E is an elliptic curve over Q defined by a Weierstrass
equation y? = f(x), where f is a monic cubic polynomial. The curve Dy? = f(x)
will be denoted Ep. When D is a nonzero integer, let re(D) denote the rank of
Ep(Q). Let

N (E, x) = #{squarefree D [Z: |[D| < x and rg(D) =},
N, (E, x) = #{squarefree D [Z: |D| < x,re(D) =r,rg(D) =r (mod 2)}.

In [2], Gouvéa and Mazur showed (using the fact that the twist E¢,y has rank one
over Q(u)) that if the Parity Conjecture holds then

N5 (E,x) > x2~H

for all su Cciehtly large x.

In Théoréme 1 of [d] Mestre showed that if j(E) YD, 1728} then there is a
polynomial g(u) CQI[u] of degree 14 such that the twist E4) has rank at least 2
over Q(u). In Theorem 3 of [@], Stewart and Top used Mestre’s result to show that

N2(E, x) X7V (log x)2

for such E and for all su [ciehtly large x. For a special family of elliptic curves E,
using a twist of E over Q(u) of rank at least 3, Stewart and Top (Theorem 6 of [9])
found lower bounds for N3(E, x). Mestre announced in Théoréme 2 of [5] that if
the torsion subgroup of E(Q) contains Z/2Z x Z/4Z, then E has a (nonconstant)
guadratic twist over Q(u) of rank at least 3.

For certain elliptic curves E, Howe, Leprévost, and Poonen (see Proposition 4 of
[8]) constructed polynomials g(u) of degree 6 such that the twist Egy,y has rank 2
over Q(u).
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2 K. RUBIN AND A. SILVERBERG

In this paper we describe a method (8f) for constructing (nonconstant) quadratic
twists of E over Q(u) of ranks (at least) 2 and 3, and obtain further examples. In the
rank 2 case (88) we show that this method recovers the above mentioned results
of Howe, Leprévost, and Poonen and of Mestre. The rank 3 cases (8d) include
Mestre’s curves and some other infinite families. In 8§ we use results of Stewart
and Top to obtain lower bounds for N, (E, x) (and for N/, ; (E, x), subject to the
Parity Conjecture) for these examples, with r =2 or 3.

The idea behind the method is that given an elliptic curve E over Q(t), it is
easy to find twists of E of rank r over extensions K/Q(t) with Gal(K/Q(t)) £
(2/2Z)"—1. When r < 3, we show how to do this with K = Q(u) for some u, for
certain families of curves.

We used PARI and Mathematica to perform the computations in this paper.
The results of the computations, including those which are too long to display in
the paper, can be found in the electronic appendix [7].

We would like to thank Jean-Francois Mestre for pointing out that the curves
with (Z/2Z = Z/8Z)-torsion are isogenous to twists of the curves in Theorem 6
of [9], and Brian Conrey for telling us about connections between rank heuristics
coming from Random Matrix Theory and Theorems -3 and B4 below.

After writing this paper we learned that the method we use here to construct
rank 2 and 3 quadratic twists is essentially the same as one of the methods used
by Mestre to prove the results announced in [8]. Since Mestre’s proofs and explicit
descriptions of the twists he obtains have not been published, and we need explicit
forms of these twists for the applications in §F, we include the details here.

2. Constructing useful twists

We begin with the following well-known result.
Lemma 2.1. If F is a field of characteristic di [erent from 2, A is an elliptic curve
over F, and K is an abelian extension of F with Gal(K/F) £2/22)4, then
rank(A(K)) = rank(AX(F))
X

where the sum is over characters X : Gal(K/F) - {£1}, and AX is Aif x =1 and
otherwise AX is the quadratic twist of A corresponding to X.

Corollary 2.2. Suppose E is an elliptic curve over Q, g1,...,9r CQ(t)™, the
fields Q(t, " i) are distinct quadratic extensions of Q(t), and rank(Eg; (Q(t))) >0
for every i. Then
v____ v____

rank(Eg, (Qt, "9192,..., " 919r))) =T
If in addition Q(t, T102,..., 010r) = Q(u) for some u, and g(u) = gi(t), then
rank(Eq)y(Qu))) =r. v v
Proof. Take A =Eg,, F = Q(t), and K = Q(t, "0102,..., 010r). By Lemma.]],

rank(Egl (Q(t1 mi ceey E)))

1
= rank(Eg, (Q(1)) +  rank(Eg, (g,4:)(Q(1)))

i=2

1
= rank(Eg; (Q(D)) =r.

i=1
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This proves the first part of the corollary, and the second is immediate. —1

Given an elliptic curve E over Q, we want to use Corollary P27 to construct twists
of E over Q(u) of “large” rank. The following lemma provides us with elements

g [Q(t) such that rank(E4(Q(t))) = 0.

Lemma 2.3. Suppose E is the elliptic curve over Q defined by y? = f(x). Then
for every nonconstant h [CQ(t) we have

rank(Ef ) (Q(1))) > 0.

Proof. The point (h(t), 1) belongs to E¢n())(Q(t)). Since this point is nonconstant,
it cannot be a torsion point. 1

Remark 2.4. Conversely, if g [CQ(t) and rank(Eg(Q(t))) > 0, then there is an
h [CQI(t) such that Eg @(h(t». To see this, let (h, k) be a point of infinite order
in Eq(Q(t)), and then f - h = k?g.

To apply Corollary P.2 we also need to know when Q(t,\/glgz, . .,\/glgd) is a
rational function field. For this we use the following well-known result.

Lemma 2.5. Suppose k [t] is g-ponconstant squarefree polynomial. Then the

2 — g(k)—1
curve s* = Kk(t) has genus —5— .

Corollary 2.6. (i) If )k CQ[t] is squarefree and 1 < deg(k) < 2, then the
function field Q(t, k) has genus zero.
(i) If kq, ko LQIt] are lipear and linearly independent over Q, then the func-
tion field Q(t, ki, ky) has genus zero.

Proof. The first statement is immediate from Lemma 5. The se\cpnd statement

follows without di Lculty by applying (i) firgg to the extension Q(t, k1)/Q(t), and
then to the extension Q(t, ki, ko)/Q(t, ky). 1

If g(t) CQ(t) CQu), then g(u) CQ(u) will denote the element g(t(u)), where
t(u) is the image of t in Q(u). We regard f as an element of Q[t].

The following two propositions summarize a method for producing twists of E
over Q(u) with ranks (at least) 2 and 3.

Proposition 2.7. Suppose h [Q(t) is such that f e h = kfj? with 9.
k [CQJt], and klﬁrefree. If deg(k) = 1, then the function field Q(t, k(1)) =
Q(u) with u = Kk(t), and we have deg(f(u)) = 6 and rank(Ef(u)@(u))) =2 If
deg(k) = 2 and the curve s? = k(t) has a rational point, then Q(t, k) = Q(u) for
some u, and rank(E¢)(Q(u))) = 2.

Proof. This follows directly from Corollary .2 (with g, = f and g, = f<h), Lemma
£33, and Corollary £8. —1

Proposition 2.8. Suppose hy, h, [CQ(t) are such that f o h; = k;ifj? for i = 1,2,
with j; CQ(t), ki [CQIt], and k; linear and Q-linearly independent. \yf thg/curve
s? = ky(t), r2 = ko(t) has a rational point, then the function field Q(t, ki, ky) =
Q(u) for some u, and rank(E¢)(Q(u))) = 3.

Proof. This follows directly from Corollary g4, Lemma .3, and Corollary Z2§. [
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To apply Propositions P.7 or .8, we want to find elements h [CQ(t) such that
f o h =kfj? with j CQ(t), k CQIt], and k linear. The following two propositions
give two possible ways of doing this.

Proposition 2.9. Suppose h(t) = %P
which permutes the roots of f. Then
f(h(t)) = F(a)(t+d)F(t)(t+8)~".

Proof. Both sides have the same divisor, and evaluate to f(a) at t = oo. —1

[Q(t) is a linear fractional transformation

Remark 2.10. Suppose E is an elliptic curve Y 2 = f(X) with £ a monic cubic,
and suppose ¢ : E — E is an isogeny. Then @(X,Y) = (0x(X), Y 9y (X)) with
Ox, @y (L), since the x-coordinate of @ is an even function on E and the y-
coordinate is an odd function.

Proposition 2.11. Suppose E is an elliptic curve Y?2 = f~(X) with £ a monic
cubic, and suppose @ : E - E is an isogeny. If ¢x and @, are as in Remark ,
u(t) = =B Q(t) is a linear fractional transformation which sends the roots of f

to the rotgtés of g, and h(t) = @x(u(t)), then
Co (uey) B2
(t+9)2

Proof. By Remark .10, f(gx(X)) = Y 29y (X)? = f(X)py(X)2. As in the proof of
Proposition 229,

f(h(®) = Fo)(t + 8)f (t)

fu®) = floyt+aFME+8)~
and the identity of the proposition follows. —1

Remark 2.12. Suppose g(u) [QJu] is squarefree and nonconstant, and let C be
the curve s = g(u). Then

rank(Eg(Q(u))) = rank(Homg(Jac(C), E)) = genus(C)
(see §4 of [9]).

3. Rank 2

The following statement is a reformulation of a result of Howe, Leprévost, and
Poonen (Proposition 4 of [3]) in a special case. The proof below is di[erent from
theirs, and uses the method described in the preceding sections.

Theorem 3.1 ([B] Proposition 4). Suppose that either

(@) E[2] has a nontrivial Galois-equivariant automorphism and Endc(E) &
Z[i], or v
(b) E has a rational subgroup of odd prime order p and Endc(E) ICZ] —p].
Then there is a squarefree polynomial g(u) of degree 6 such that the twist Eg has
rank two over Q(u).

Proof. Suppose first that we are in case (a). Let h(t) be the linear fractional
transformation which (after identifying the roots of f(x) with the nonzero elements
of E[2]) agrees with the given automorphism of E[2] on the roots of f. It follows
from the Galois-equivariance of the automorphism that h CQ(t). If h(t) = at +f3,
then (since h(t) & t) we must have a = —1, and then the set of roots of f must

be of the form {& —a, &, & + a} for some nonzero a. But this contradicts the fact
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that Endc(E) & Z][i], so h cannot be a linear polynomial. Hence in this case the
theorem follows from Propositions 2.9 and E7 and Remark 12
Now suppose we are in case (b). Let E be the quotient of E by the given
rational subgroup. Then E is an elliptic curve defined over Q by a Weierstrass
model y? = f(x) and there is an isogeny @ : E - E of degree p, also defined over
Q. Let h(t) = @x(u(t)) where @ is the x-coordinate of the isogeny ¢ (as in Remark
£.10) and p is the the linear fractional transformatlon which maps the roots of f
to the roots of f in the same way as the dual isogeny cp maps E[2] to E[2] Since (p
is defined over Q, p CQ(t). If p(t) = at + B, then after replacing f(x) by f(x +pB)
we may assume that B = 0. Then multiplication by a sends the roots of f to the
roots of f, so E is the twist of E by a. Let 1 : E — E be an isomorphism over C.
@en @1 CEhdc(E) and (@ ° 1)? = —p. This is impossible since we assumed that
—p Ehdc(E), so i cannot be a linear polynomial. Now the theorem follows in
this case from Propositions ZZTT and Z-1 and Remark Z12. —1

Remark 3.2. If E has a rational point of order 2 and j(E) & 1728, then hypothesis
(a) of Theorem B holds.

We illustrate Theorem B by using the method of 87 to construct some explicit
families of examples. In 88 we will make use of the explicit forms of the polynomials
g below.

If E is an elliptic curve over Q and E(Q) has a point of order 2, then by
translating the x-coordinate we may assume that (0, 0) is a point of order 2, and
hence E is of the form y? = x3 + ax? + bx.

Corollary 3.3. Suppose that E is y?> = x® + ax? + bx with a,b @, ab & 0,
b%® 8 4a. Let

g(u) = —ab(u? + b?)(u* + 2b%u? — a2bu? + b*).
Then Eg(y is an elliptic curve over Q(u) of rank 2, with independent points of

infinite order
e+ 1 B Ehwz+py p
ab "ah? ’ auz  'a2ud -

Proof. That these points belong to E¢(Q(u)) can be checked directly. Since they
are nonconstant, both points have infinite order. The automorphism of Q(u) which
sends u to —u fixes the first point and sends the second point to its inverse, so they
are independent in Eq(Q(u)). Since deg(g) = 6, Remark .12 and Lemma £.5 show
that the rank cannot be greater than two. —1

Remark 3.4. Corollary @ was obtained by the method of Propositions Z-7 and £-9
as follows. Let h(t) = at+b, the linear fractional transformation which switches
the two nonzero roots of . (This is where we use that f has a rational root; if
not, h would not have rational coe Lciehfs-)—By Propositions 2.7 and .9 we see
that @Ihas rank at least 2 over Q(t, —b(at+ b)) = Q(u) where we can take
u= —b(at+b). We then have{ = —(u? +b?)/(ab), and writing the curve E¢
and the points (t,1), (h(t), f(h(t))/f(t)) in terms of u we obtain the data in
Corollary B23.

Suppose now that E has a Q-rational subgroup of order 3. The x-coordinate of
the two nonzero points in this subgroup is rational, and after translating we may
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assume that this x-coordinate is zero. With this normalization one computes that
E has a model of the form

y2 = x3 + (b?/4c)x® + bx + ¢

with b,c [CQ, ¢ & 0, b® & 54c¢?, and convgrsely evepy curve defined by such an
equation has a Q-rational subgroup {O, (0, ¢),(0,— ¢©)}.

Corollary 3.5. Suppose that E is y?> = x3 + (b?/4c)x? + bx + ¢ with b,c [Q,
bc £ 0, b% & 54¢?. Let

g(u) = —bc(2u® + (18¢2 — b®)u* + (54c* + 2b3c?)u? + 54¢® — b3cH).
Then Egy( is an elliptic curve over Q(u) of rank 2, with independent points of
infinite order
ez vsez 1 B Tedqu) - 0?2 = ¢2)2) cg(u) + 3*u(u? — c)?) =
2bc ' 4b2¢? 4b2cu2(u2 +3c2)2 ' 8h3cud(u? + 3c¢?)3

Proof. As with Corollary B-3, the simplest proof is a direct calculation. 1

Remark 3.6. Corollary B:§ was obtained by the method of Propositions Z-1 g/ld
as foIIow~s. The quotient oi E by the subgroup of order 3 generated by (0, ¢)
is the curve E given by Y 2 = f(X) where

32 b(b® — 54c?) (b — 54¢?)?

X2 — X —

4c 6c2 108¢3

Let@: E - E be the isogeny given by (¢x(X),Y @y (X)) where

_ —=27¢3x3 + 27h%c?x? — (9b*c — 486bc3)x + b — 108b3c? + 2916¢*

f(X)=X3—

P = 243032 ’
_27¢3%3 — (9b*c — 486bc3)x + 2h° — 216b%¢2 + 5832c*
L 729¢3x3 '

'I:he linear fractional trarlsformation K(t) which sends the roots of f to the roots of
T in the same way that @ sends E[2] to E[2] is

b3 — 54c?)t
u() = g
6c(2bt + 3c)
As in Pro%’ fon E.IT we take h(t) = @x(u(t)) an that E¢(y has rank two
over Q(t, —c(2bt + 3c)) = Q(u) where we let u = —c(2bt + 3c). Then

t = —(u? + 3c?)/(2bc),
and writing the curve E¢( and the points (t, 1), (h(t), F(h(t))/f(t)) in terms of
u we obtain the data of Corollary B:5.

The following example is contained in Théoréme 1 of Mestre [@]. We include it
here to show how it fits into the framework of this paper. This result includes the
families in Corollaries B-3 and B-5 above. The advantages of those corollaries is that
the polynomials g(u) have smaller degree, which will lead to stronger results in §5.

Theorem 3.7 ([@]). Suppose that E : y?> = x3 + ax + b is an elliptic curve over Q
with ab & 0. Let

g(u) = —ab(b*(u* + u® + 1)° + alu*(u® + 1)*)(u* + 1).

Then Egy has rank at least 2 over Q(u).
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Proof. Let f(x) = x3+ax +b, hy(t) = \—/ggijg, and hy(t) = — 242 and apply

Corollary R.F with g =fohjandu= t. 1
4. Rank 3

Suppose for this section that E(Q) contains 3 points of order 2, i.e., f(X) has
three rational roots. After translating and scaling (scaling corresponds to taking a
guadratic twist, which is harmless for our purposes) we may assume that f(x) =
X(xX —1)(x —A) with A Q — {0, 1}.

Suppose o is a permutation of the roots {0, 1, A} of f. There is a unique linear
fractional transformation hq(t) [CQ(t) which acts on {0, 1, A} as ¢ does. By Propo-
sition P.9, as long as hg(t) is not linear there are jo CQ(t) and ks [CQIt] such that
f o hg = koFj2.

In order to use these hg in Proposition 228, we will need to find o1, 0> such that
the curve defined by r? = kg, (t), s? = kg, (t) has a rational point.

Theorem 4.1. Suppose that E is an elliptic curve of the form y2 = x(x —1)(X—A)
where A = —2a? with a Q™. Let g(u) be the polynomial of degree 12 in u

g(u) = 2N (A, u)(N (A, u) — 2D(A, u)?)(N (A, u) — 2AD(A, u)?)
where
DA, u) = A2A — 1)u? +2 — A,
N, u) = A2\ + 1)(2A — 1)%u® — 4N°(A — 1) (2A — Du®
+ 20N + DA% = 3N+ 2)uZ —ANA — 1)(A —2u + (A —2)’(A + 1).
Then Egyy has rank at least 3 over Q(u), with independent points

P, = (A,u) 1

1 2D(A,u)2’ AD(A,U)3 ?

P, = I;L(D()\,u)2—4)\u(u—1)()\(2)\—1)u+2—7\)) aA L]
2= ACA—DUZ—2ARA—D)U+A—2)Z ' A@A—DUZ—2AQRA—1)U+A—2)3
P, = AWZ+AuU—1D)ARA—DU+2—A) _ a -
3= AACA—DUZ—CA—Du+A—2)2 ' INACA—DuZ—2r—Hu+r—2)3 °

Proof. Take 0; to be the permutation of {0, 1, A} which switches 0 and 1, and
0, to be the permutation which switches 0 and A. Then the linear fractional
transformations
A2t — N2 —t+A
— ho(t) = ————
CA—Dt—A A=2t+1
act on {0,1,A} as o; and o, do, respectively. One computes in Propositions £.9
that f - hy = k;fj? and f = h, = k,fj3 where
Ki() = A =N\ —2)t+1), ko(t) = AL —AN)((2A — 1)t — A?).
If a 8 0, then k; and k, are Q-linearly independent. Setting to = (A + 1)/2, and
using that A = —2a?, one obtains
ki(to) = ka(to) = a*(A — 1)%.
These formulas give us a rational point on the curve of gengs-zqro gefingd by r2 =
ki(t),s? = ko(t). Using this point one computes that Q(t, ki(t), ka(t)) = Q(u)

where 1
u= fep-ar-1
ki(t) —a(A— 1)

hi(t) =
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and then t = N(A,u)/(2D(A, u)?). Hence if g(u) is as in the statement of the
theorem, then f(t) = g(u)/(4D(A, u)®)? and the theorem follows from Proposition
Z8. The 3 points of infinite order are computed by taking points with x-coordinates
t, h1(t), and hy(t), and expressing t in terms of u. 1

Theorem 4.2. Suppose that E is given by y? = x(x — 1)(X — A) where either
(@ A= 12 with a CQ — {0, £1}, or

aZ+2

(b) A= 2622 with a CQ—{0,2}.
Then there is a squarefree polynomial g(u) [CQJu] of degree 12 in u, which factors
into a product of three quartic polynomials, such that Eq(,) has rank at least 3 over

Q(u). (See [7] for the polynomials g(u) and independent points of infinite order.)

Proof. Take g; to be the permutation of {0, 1, A} which switches 0 and 1, ¢, to be
the permutation which switches 1 and A, and o3 to be the cyclic permutation 0 B
AB 108 0. Let h; CQ(t) be the corresponding linear fractional transformation.
Then in Propositions P.9 we have f - h; = kifji2 where

ki(t) = (1=N)((A=2)t+1), ka(t) = (I=N)A(N=A+Dt=1), ks(t) = A(A+1Dt=]7).
Now suppose A = % with a [Q — {0,£1}. Then k; and k, are Q-linearly
independent, and setting to = ;22 we find
ki(to) = a’(A —1)?,  ka(to) = a’A*(A —1)°.
These formulas give us a rational point on the curve r? = ky(t), s? = ka(t).
If A = 2@=2 with a CQ — {0, 2}, then k, and ks are Q-linearly independent,

az+1
and setting to = x we find

ka(to)) = A —1)?, ka(to) = e

az+1

L]

These formulas give us a rational point on the curve r? = ko(t),s? = ka(t).
The theorem now follows from Proposition Z.8. —1

The following example applies to essentially the same curves as Théoréme 2 of
[8].
Theorem 4.3. Suppose E[2] CEXQ) and E has a rational cyclic subgroup of order
4. Then E has a model
y2 = x(x — b)(x — a°h)
where a, b >, aB 1. Let g(u) be the poloynomial of degree 11
-5 £y be the poloy et

g(u)=—4bu (a—1)%u—a a?@> —3a+4)u—(@>+1)(a—1)
1 1

x a(@—3a+4)u’>—2a(a—Lu+a+1
1 1
x a(a+1)(a—1)%(a® — 3a+ 4)u? — 2a(a— 1)%(a? + 1)u + (a2 + 1)?
1

x a’(a—1)%(a? —3a+4)%u* — 4a’(a—1)%(@% — 3a + 4)u®
1
+2(a— 1)?(3a* — 6a° + 5a + 2)u® — 4a(a — 1)?(@% + u + (a2 + 1)? .

Then Eg) has rank at least 3 over Q(u). (See [7] for 3 independent points of
infinite order.)
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Proof. We may write E as y?> = f(x) where f has 3 rational roots. If C4 denotes
the rational cyclic subgroup of order 4, then 2C, contains a rational point, and we
may choose our model so that this point is (0,0). Denote the other roots of T by b
and bA. If Q is a generator of C4 and x(Q) is its x-coordinate, then x(Q) [Q and
a computation gives x(Q)? = Ab2. Hence A is a square, and we write A = a? with
a Q. Thus E is given by y? = f(x) := x(x — b)(x — a°b).

The quotient of E by the group generated by (0, 0) is

E:Y2=f(X):= XX+ (a—1)%b)(X + (a+ 1)%).
The isogeny from E to E is OCX, YY) = (0x(X), Y 9y (X)) where

_ (X + (a—1)20)(X + (a+ 1)2b) X2 — (a2 — 1)2h?
(px(x) - 4X ' 8Xx?2 :

The linear fractional transformation

_a(a+1)(a—1)%(t—bh)
u(t) = —(@2—3a+4)t+a@a+ )b

sends the roots of f to the roots of f. Set hy(t) = ox(U(Y)) CQ(L).

Let 0 be the permutation of {0,b, a?b} which switches b and ab, and let h, [
Q(t) be the corresponding linear fractional transformation. One computes in Propo-
sitions and 2.9 that f e hy = k;fj? and f = h, = kofj3 where

ki(t) = (a—1)ab((a® —3a+4)t—a(a+ 1)b), ko(t) =b((a® + 1)t — ab).
Setting to = a%b we find
ki(to) = (a—1)*a’h®,  ka(to) = a’b®.
These formulas give us a rational point on the gurvg qefingd by r’ = ky(t),s? =
ka(t). Using this point one computes that Q(t, k(t), kg(t)) = Q(u) where
C—1
_ k)= (a—1)%b
k() —ah
We can solve for t in terms of u (see [Z]). The theorem then follows from Proposition
3. L1

Py(X) =

Remark 4.4. The theorems above give certain infinite families of curves which
have twists of rank (at least) 3 over Q(u). The restriction to these families makes
it possible to find rational points on the genus zero curves r? = Kky(t),s? = ka(t)
which arise in the construction. It is possible to carry out the construction for
many curves not in these families. We give one example in the next theorem.

Theorem 4.5. The elliptic curve
6(ut? —33u8 —33u* + 1)y? = x> — x

has rank at least 3 over Q(u), with independent points

P, = D_u4—6u2+1 2 p, = —u'+6u’+1 » U P. = Ly o B
1 3(UZ+1)2 ’ 9(uZ+1)3 ° 2 3(UZ—1)2 ' 9(uZ—1)3 3 6u2 ' 36u3 *

Proof. The simplest proof is a direct computation. To construct this example one
takes E to be y? = x® — x and proceeds exactly as in the proofs of Theorems £.1]

and 1.7, with hy(t) = 325, ha(t) = 525, which gives

ki(t) = 6t+2, ko(t) = —6t+2.
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The curve defined by r? = ky(t),s? = ko(#) hay a rational point (r, s, t) = (2,0, 1/3),
and using this one computes that Q(t, ki, k) = Q(u) where t = u* —6u® + 1.
Proposition 28 with this input leads to the data above. —1

Remark 4.6. Let g(u) = 6(u® — 33u? — 33u + 1). Over Q(u), the rank of Eg4

(respectively Egc2y, respectively Egey) is 1 (respectively 2, respectively 3). Un-

fortunately this pattern does not continue; the rank of Egsy is 3. Replacing u by
u in P; and P, above gives two independent points on Egz2).

5. Densities

Recall the definitions of re (D) and N((E, x) = N, (E, x) from the introduction.
In this section we use results of Stewart and Top [9] to obtain lower bounds for
Nr(E,x) (and, subject to the Parity Conjecture, for N/ (E, x), as Gouvéa and
Mazur [?] did), with E and r provided by the examples of the previous sections.
The first two assertions of the following theorem are immediate from Theorems 2
and 1 of [9], and were used by Stewart and Top in that paper in several families of
examples. What is new here is that by using the examples of the previous sections
we have more curves to which we can apply these results. In addition, we show in
Theorem B.J(iii) how to use Theorem 1 of [9] along with the Parity Conjecture to
obtain results for higher rank (see also [2] and §12 of [@]).

If A is an elliptic curve over Q, let w(A) {31} denote the root number in the
functional equation of the L-function L(A,s). The Parity Conjecture asserts that
W(A) = (—1)ankAQ),

Theorem 5.1. Suppose that E is an elliptic curve over QZEL and g EQ[U] is non-
constant and squarefree. Let r = rank(Eq(Q(u))) and k = 29Q@*1

(i) For x IO
N (E,x) x5/ log?(x).
Suppose further that the irreducible factors of g all have degree at most 6.
(i) For x 11
N (E,x) K.

(iii) Suppose that the Parity Conjecture holds for all twists of E, and that there
is a rational number c such that g(c) & 0 and W(Ey()) = (—1)"**. Then
for x [T
N (E,x) K,

Proof. Without loss of generality we may assume that deg(g) = 3, since if not,
r = 0 by Remark Z-I2 and there is nothing to prove.

Let F(X,Y) =Y 2%g(X/Y), a homogeneous polynomial of degree 2k. Assertions
(i) and (ii) are immediate from Theorems 2 and 1 of [9], respectively, applied to F.

Suppose now that the Parity Conjecture holds, the irreducible factors of g all
have degree at most 6, and ¢ [Q is such that g(c) & 0 and W(Egy)) = (—1)"*.
Choose a closed interval | with rational endpoints which contains ¢ but does
not contain any roots of g, and let p(u) = %:g [Q(u) be a linear fractional
transformation which maps [0, co] onto | and (for simplicity) such that p(1) = c.
Replace g by the polynomial (yu + 8)%K(g  p) of degree at most 2k. Then we
still have that r = rank(Eg(Q(u))), and our construction guarantees that this new
polynomial g also satisfies:
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(a) the constant term of g and the coe [Cieht of u< are both nonzero,

(b) the irreducible factors of g have degree at most 6,

(©) 9(1) & 0 and w(Eqyq)) = (—1)"™,

(d) g(u)/g(1) is positive if u= 0.
Further, multiply g by the square of an integer to clear denominators of the coe [=—1
cients. If A is an elliptic curve over Q, write cond(A) for its conductor. If further
D Q™ and cond(A) is relatively prige to the conductor of the character Xp asso-
ciated to the quadratic extension Q( D)/Q, then w(Ap) = Xp(—cond(A))w(A).
Applying this with A = E4y and D = g(a/b)/g(1) for a and b positive integers
congruent to 1 modulo an integer M su Lciehtly divisible by the prime divisors of
2cond(Eg(1y), and using (c) and (d) above, gives that

(5.1) W(Eg(asny) = W(Eg@y) = (1)
Let

S = {squarefree integers D : D = F (a, b)/v? for some a,b,v [Z"
witha,b<sx,a=b=1 (mod M)},
S(x) ={D (3l D] < x}.
By Theorem 1 of [9], for x 11
(5.2) #(S(x)) [xHK.

(Note that as stated, Theorem 1 of [9] does not include the restriction a,b > 0 in
our definition of S(x). However, the proof in [9] does restrict to positive a, h.)
Theorem C of [B] implies that re(D) = r for all but finitely many D [3.
However, by (6.1), if D then w(Ep) = (—1)"*! so the Parity Conjecture tells
us that rg(D) & r. Hence rg(D) = r + 1 for all but finitely many D [CS], and so
assertion (iii) of the theorem follows from the Stewart-Top bound (B.2). —1

Corollary 5.2. Suppose that E is an elliptic curve over Q, and g CQ[u] is a
nonconstant squarefree polynomlaIE\gehose |rﬁduuble factors have degree at most 6.
Let r = rank(E¢(Q(u))) and k = g(g)+1 . If the Parity Conjecture holds for all
twists of E, and g has at least one real root, then for x 11

N5 (B, x) 3.

Proof. If g has a real root then g(Q) contains both positive and negative values (g
has no multiple roots because it was assumed to be squarefree). Thus by a result
of Rohrlich (Theorem 2 of [6]) we have

{W(Eq() 2 [Q,g(a) 20} = {1,—1}
Now the corollary follows immediately from Theorem B.(iii). —1

We now give some applications of Theorem b1 and Corollary pb-2.

Theorem 5.3. Suppose that either
(a) E[2] has a nontrivial Galois-equivariant automorphism and EndC(E) =1
Z[i], or
(b) E has a rational subgroup of odd prime order p and Endc(E) IZ] j
Then for x 11
No(E,x) 2,
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Proof. This is immediate from Theorems B.J and B.1(ii). 1

Theorem 5.4. Suppose that E[2] CEXR) and either

(a) the largest or smallest root of f is rational, or
(b) E has a rational subgroup of order 3.

If the Parity Conjecture holds for all twists of E then for x 11
NS (E,x) .

Proof. Suppose first that we are in case (a). Translating the given rational root
of f we may assume that f(x) = x3 + ax? + bx with b > 0. Since f has 3 real
roots we also have a> — 2b > a? — 4b > 0. In particular, b(a? — 2b) > 0. Let g(u)
be as in Corollary 83 Then g is divisible by g;(u) = u* —b(a® — 2b)u® +b*. We
compute that g;( b(a2 —2b)) = —2a%b?(a® — 4b) < 0, but gy (u) is positive for
large u, so g1, and hence g, has real roots. Hence the Corollary in this case follows
from Corollaries B2 and B33.

Similarly, suppose we are in case (b). Then as discussed before Corollary B.5, E
has a model y2 = x3 + (b?/4c)x? + bx + ¢ with b,c [Q, ¢ 8 0. The discriminant of
this model is A(E) = 8(b® — 54c?). Since all the 2-torsion on E is defined over R,
we have A(E) > 0. Let g(u) be as in Corollary B.5. Then g(u)/(—bc) is positive
for large u, but g(0)/(—hc) = —c*(b® — 54¢?) = —c*A(E)/8 < 0. Hence g has real
roots, so the Corollary in this case follows from Corollaries b-2 and B.3. —1

Theorem 5.5. Suppose E is defined by y? = x(x—1)(x—A\) where either A = —2a?,
or A= 152 or A=23@=2 jth a CQ and A £0. Then for x L]

az+2’ a?+1
N3(x) 8.
Proof. This is immediate from Theorems B.1(ii), £.1, E.Z, and £.5 (the last to handle
the excluded value a = 0 in Theorem E.2(a)). —1

Theorem 5.6. Suppose E[2] CEXQ) and E has a rational cyclic subgroup of order
4. Then:

() for x CIT1
N3(x) 8,

(i) if the Parity Conjecture holds for all twists of E, then for x [T1
N, (x) CxHe.

Proof. Assertion (i) follows directly from Theorems b.1(ii) and f.3. The polynomial
g of Theorem F.3 has degree 11, and hence it has a real root, so (ii) follows from
Corollary -2 and Theorem F3. —1

Remark 5.7. The conclusions of Theorems b.3, b-4, b.5, and b.g hold when E is
y? = x3 — x, by Remark .8, Theorem B.1, and Corollary BE.2.

6. Remarks and questions

Problem 6.1. Find a hyperelliptic curve C of the form s? = g(u) with g(u) CQ[u]
such that the jacobian of C is isogenous over Q to E" x< B for some elliptic curve
E and abelian variety B, either with r = 4, or with both r =3 and dim(B) < 1.
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Remark 6.2. A solution (C,E,r,B) to Problem B.J would imply, by Theorem
5.(i) and the equality in Remark E.12, that

1/(1+genus(C)) Xl/(1+r+dim(B))

log?C)  log*(x)

Remark 6.3. The reason for the restriction on r in Problem B-] is that we already
have examples when r < 3. Theorem B gives numerous examples with r = 2 and
dim(B) = 0, and Theorems .7}, £.2, £.3, and f.3 provide numerous examples with
r =3 and dim(B) = 2.

NI’(va)

Remark 6.4. The results of Stewart and Top [9] would not be needed in the
arguments of §f if the following conjecture of Caporaso, Harris, and Mazur [ii] were
known to hold. More precisely, Proposition p.§ shows that (5.7) above follows easily
from this conjecture.

Conjecture 6.5 (Caporaso, Harris, Mazur). Fix an integer h = 2. Then there is a
constant B(h) such that for every curve C of genus h defined over Q, #(C(Q)) <
B(h).

oposition 6.6. Suppose g(u) [A[u] is a squarefree polynomial, and let k =
20@)*1 Tand F(X,Y) = Y 2kg(X/Y). Fix a positive integer M and define S(x)
as in the proof of Theorem B.1(iii), with this M. If Conjecture B.5 is true and
k = 3, then for x I 1
#(S(x)) [xHk.

Proof. If a,b 4 and F(a,b) & 0, let s(F(a,b)) denote the squarefree part of
F(a,b), i.e., the unique squarefree integer D such that F(a,b) = Dn? for some
integer n. For every squarefree integer D let Ap denote therhypgrelliptic curve
Dv? = g(u) of genus k —1 = 2. The map (a,b) B3 (a/b,£b™K F(a,b)/D) defines
an injection

{(a,b) CZF: (a,b) =1,s(F(a,b)) =D} B Ap(Q)/{x1}

(where —1 denotes the hyperelliptic involution on Ap). Thus by Conjecture B.5
the order of the set on the left is bounded by B(k — 1). Let

R(x) ={(a,b) CZP:1<ab<x, (a,b)=1, F(a,h)£0, a=b=1 (mod M)}.

There is a constant K = K(g) such that if (a,b) CRI(x) then |F (a,b)] < Kx%k. It
follows that #(S(x)) = #(R((x/K)/?%))/B(k — 1) for x [IBut it is standard
to show that #(R(x)) [ x2IM? for x L, hnd the proposition follows. 1

References

[1] L. Caporaso, J. Harris, B. Mazur, How many rational points can a curve have?, in The
moduli space of curves (Texel Island, 1994) (eds. R. Dijkgraaf, C. Faber, G. van der Geer),
Progr. Math. 129, Birkhauser, Boston, 1995, pp. 13-31.

[2] F. Gouvéa, B. Mazur, The square-free sieve and the rank of elliptic curves, J. Amer. Math.
Soc. 4 (1991), 1-23.

[3] E. Howe, F. Leprévost, B. Poonen, Large torsion subgroups of split Jacobians of curves of
genus two or three, Forum Math. 12 (2000), 315-364.

[4] J-F. Mestre, Rang de courbes elliptiques d’invariant donng, C. R. Acad. Sci. Paris 314 (1992),
919-922.

[5] J-F. Mestre, Rang de certaines familles de courbes elliptiques d’invariant donng, C. R. Acad.
Sci. Paris 327 (1998), 763-764.



14 K. RUBIN AND A. SILVERBERG

[6] D. Rohrlich, Variation of the root number in families of elliptic curves, Compositio Math.
87 (1993), 119-151.

[7] K. Rubin, A. Silverberg, Electronic appendix to this paper,
http://ww.math.ohio-state.edu/ [silver/bibliography

[8] J. Silverman, Heights and the specialization map for families of abelian varieties, J. Reine
Angew. Math. 342 (1983), 197-211.

[9] C. L. Stewart, J. Top, On ranks of twists of elliptic curves and power-free values of binary
forms, J. Amer. Math. Soc. 8 (1995), 943-973.

Department of Mathematics, Stanford University, Stanford, CA 94305
E-mail address: rubin@math.stanford.edu

Department of Mathematics, Ohio State University, Columbus, Ohio 43210
E-mail address: silver@math.ohio-state.edu



	1. Introduction
	2. Constructing useful twists
	3. Rank 2
	4. Rank 3
	5. Densities
	6. Remarks and questions
	References

