Solution of Homework 1

Problem (1.4):

Solution:By definition,

RHS = |z+w|
= (z4+w)(z+w)
= (z4+w)(z+w)
= 2Z+ 2w+ wz +ww
= |2|* + |w|* + 2Re(2W)
= LHS

Similarly,

|z 4+ w|? = (2 + w)(z + w)

2 —w|)? = (z —w)(z — w)

We can get (b) i

Problem (1.9):
Solution: Here is one way to prove that ¢ is one to one and onto.

1: we can check that for z € D,
11—z
o) = it
Z,(1—,2)(1+z)
(1+2)(1+2)
1P+ (E-2)
IR TE

;;,the imaginary part of ¢(z) is % > 0, ¢(2) is well defined from D to

2: It is obvious to show that if ¢(z1) = ¢(22), then 21 = 25. So ¢ is
injective.



3: Choose p(w) = ijr—g check it in the same way as in 1, it is a well defined
map from U to D, and ¢ o ¢(w) = ¢ o p(w) = w. A

Problem (1.12)

Solution:

If we want to solve the equation like: z" = z; for a fixed integer n, and
complex number z;. We can write

20 = |Zo‘ez’(90+2k7r)

- (8g+2k) .
Then z;, = \zoﬁe’ S L fork €0,1,2,....,n — 11is all the roots for 2" =

VAR

Using the result above, we have

11 1 9 1 17 1 ;25
(1)zg = 270e"™20, 29 = 270e""20, 23 = 270e""20, 24 = 210e"720, z5 =
1 - 33
270e'm20,
.1 .7 s 11
(2)z1 = €2, 29 = €'"6, 23 =€
il 1 5 T 3 11
(3)z1 = €76, 20 = €2, 23 = €"T6,24 = €76, 25 = €'"2,25 = €' 6
- 5 - 17
Dz = €12, 29 = " 121
Problem (1.29)
Solution:
By definition,
0 1( 0 .0 )
_— = —(— — 77—
0z 20x 0Oy
0 1 0 .0

7z~ 2\ gy
Using the formula above,we have
(Dz + L.
(2) + yi.



(3)0.
4)2z —32°>. 1

Problem (1.43)

Solution:

f 1s holomorphic on U, then

So we have:

Alf ()

Problem (1.47)

Solution:
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Suppose f(z,y) = u(z,y)+v(z,y

function. Then

),

u(z,y) and v(x,y) are harmonic real

|f($,y)‘ - \/u(xay)Q + ”U(x,y)Q

So,
dlog |f(z,y)| _ ulw,y) 25 + v(w, y) 25
O u(z,y)? +v(z, y)?
8log|f(:r:,y)\ u(z, y)au(x Dty ?J)%g;’y)
dy u(z,y)* + v(z,y)?
And,
0?log | f(z,y)] _ Q(u(x,y)%+v(x,y)%)
Ox? O u(z,y)* +v(z,y)?
_ulz, y) alzl) 4o, y) o) 4 (2draly2  (eleal )2
u(z, y)* + v(z,y)?
2(u(, y) P5E + v, y) 22
(u(z ,y) +v(x,y)?)?
O?log|f(z,y)| g(u(w, ) phi )‘|‘U(93 ?J)av(wy))
Oy? dy u(z, y) +v(z,y)?
e y) T ol y) T+ () 4 ()’
u(z,y)® + ( y)?
2(ue,y) T + v, y) )’
(u(z y) + v(,y)?)?
Since f is holomorphic, we have
ou_ v
or Oy
u_ v
oy  Ox



So we have

0log|f| , 0*log]f]

Ox? Oy? =0

log | f| is harmonic. W

Problem (2.4) Solution:

(1)
choose v(t) = e, t € [0, 2m)

2m 2m
iy 1,
7{ dz—/ —d / —ctidt = 2
eZ 0 el

(2)Let us do the calculate in 4 lines,
Ll:z=1+vyi,y€[-1,1],

% N 14
T+ =—i—
3

I,

L2:z = —1+yi,y € [-1,1],

]{ n 14
Z4+ 27 =—i—
3

Lo

L3:z =2 —i,x € [—1,1],

]éz+z23—z'g
3
—Ls

Liz =z +i,x € [-1,1],
2
_ 2—- .4
%z+zz— %

Ly

Add them up,



(3) By cauchy integral formula, since f(z)
domain with boundary v, we know that

2
dz =10
%8—!—22 °

v

(4) Use the similar way in(2).H

_ 2z
T 8422

1s holomorphic in the



