REAL ANALYSIS
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Problem 1.

Prove that

liminf(a, — b,) > liminf a,, — limsup b,
n—00 n—00 N—s00

for any real sequences {a,}, {b,}.



Problem 2.

Let 2 be the space of all infinite sequences of 0's and 1’s,
Y2 ={0 | @=wwows...wp...,w; €{0,1}}.

Show that

d(@, 1) = 0, if o =u;
2™ ifw; =, fori < m, butw,, # u,

is a metric on X2.



Problem 3.

Suppose that >~ | a, converges absolutely. Does it imply that the series

oo

Z(an—i—ai—l—...—i—a@

n=1

converges?



Problem 4.

Fix k € Nand define f : [; — Rby f(x) = zj (here x = (z, . ..

Show that f is continuous.



Problem 5.

For z = (z1,...,x,) € R" define |z| = (2} + ...+ x%)m. Suppose f maps
R"™ onto R" in such a way that |f(z) — f(y)| > |z — y| for any z,y € R
Suppose A is an open subset of R". Prove that f(A) is open.



