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Problem 1.

Prove that
lim inf
n→∞

(an − bn) ≥ lim inf
n→∞

an − lim sup
n→∞

bn

for any real sequences {an}, {bn}.



Problem 2.

Let Σ2 be the space of all infinite sequences of 0’s and 1’s,

Σ2 = {ω̄ | ω̄ = ω1ω2ω3 . . . ωk . . . , ωi ∈ {0, 1}} .

Show that

d(ω̄, ū) =

{
0, if ω̄ = ū;
2−m, if ωi = ui for i < m, but ωm 6= um

is a metric on Σ2.



Problem 3.

Suppose that
∑∞

n=1 an converges absolutely. Does it imply that the series
∞∑

n=1

(an + a2
n + . . . + an

n)

converges?



Problem 4.

Fix k ∈ N and define f : l1 → R by f(x) = xk (here x = (x1, . . . , xk, . . .) ∈ l1).
Show that f is continuous.



Problem 5.

For x = (x1, . . . , xn) ∈ Rn define |x| =
(
x2

1 + . . . + x2
n

)1/2. Suppose f maps
Rn onto Rn in such a way that |f(x) − f(y)| ≥ |x − y| for any x, y ∈ R2.
Suppose A is an open subset of Rn. Prove that f(A) is open.


