


call bands of the sp ectrum; the in terv als b et w een bands of the sp ectrum (if an y) b eing

the gaps in the sp ectrum. One can easily construct lo cal p erio dic op erators exhibiting

gaps in the sp ectrum. F or instance, let H

0

= � � + aw ; where � is the lattice Laplacian,

a is a p ositiv e constan t and w is the op erator of the m ultiplication b y a real, p erio dic,

nonconstan t function w ( x ) ; so H

0

is a lo cal p erio dic op erator. Since � is a b ounded

op erator, it is clear that H

0

has gaps in the sp ectrum if the constan t a is large enough.

Another example of a p erio dic op erator H

0

exhibiting gaps in the sp ectrum is constructed

in [1].

According to the philosoph y of Anderson lo calization, lo calized states can app ear

in a vicinit y of mo v able edges of gaps in the sp ectrum, i.e. suc h edges that dep end on

random co e�cien ts [2,3]. It is kno wn that op erators of the form (1) with probabilit y 1

ha v e pure p oin t sp ectrum with exp onen tially deca ying eigenfunctions for lo w energies, i.e.

far enough from the sp ectrum of H

0

[4-11], and also near the end p oin ts of the sp ectrum

[15]. W e pro v e here that if the sp ectrum of the op erator H

0

has gaps, then for a su�cien tly

small constan t g the random op erator H with probabilit y 1 dev elops pure p oin t sp ectrum

with exp onen tially deca ying eigenfunctions in a vicinit y of all gaps of the op erator H

0

:

Our pro of of lo calization in the gaps is based on the m ultiscale metho d used b y v on

Dreifus and Klein [9] and Sp encer [15], and on the relev an t sp ectral prop erties of p erio dic

op erators and their restrictions to �nite domains that w e dev elop in this pap er.

1. Statemen t of Results .

W e b egin with a precise de�nition of a lo cal p erio dic op erator. Let D b e a natural

n um b er and l

2

( Z

d

; C

D

) b e the Hilb ert space of C

D

� v al ued functions ' ( x ) ; with the

standard norm k ' k

2

=

P

j ' ( x ) j

2

: Let us denote b y L

D

the linear space of all C

D

�

v al ued functions ' ( x ) : If D = 1 w e shall just write l

2

( Z

d

) and L in place of l

2

( Z

d

; C

1

)

and L

1

resp ectiv ely . No w w e in tro duce a matrix H

0

with en tries H

0

( x; y ) ; x; y 2 Z

d

;

whic h are in turn D � D � matr ices with complex en tries . W e shall consider here

just symmetric matrices H

0

; th us H

0

( x; y ) = H

�

0

( y ; x ) ; x; y 2 Z

d

; where for a matrix

(op erator) A the adjoin t to its matrix (op erator) is denoted b y A

�

: W e de�ne a norm j x j

1

for x = ( x

1

; : : : ; x

d

) 2 Z

d

as follo ws

j x j

1

= max

1 � j � d

j x

j

j

De�nition . We shall call a matrix A local if there is a natural number � such that

A ( x; y ) = 0 ; whenever j y � x j

1

> �: For a vector q = ( q

1

; : : : ; q

d

) 2 Z

d with positive

2



coordinates we shall call a matrix A q � per iodic (or just periodic) if it is local and the

following equalities hold

A ( x; y ) = A ( x + q

0

; y + q

0

) ; 8 x; y 2 Z

d

; 8 q

0

2 q

1

Z � : : : � q

d

Z (1 : 1 )

W e asso ciate with an y p erio dic matrix H

0

an op erator denoted b y same sym b ol

whose action is de�ned in standard fashion b y ( H

0

 )( x ) =

P

y

H

0

( x; y )  ( y ) : Clearly , a

p erio dic op erator H

0

is correctly de�ned as an op erator from L

D

to L

D

and it is a b ounded

self-adjoin t op erator in l

2

( Z

d

; C

D

) : In particular, a q � per iodic op erator H

0

maps an y

q � per iodic function  on to a q � per iodic function H

0

 :

Remark . If H

0

= � � + w where w is the operator of the multiplication by a

q � per iodic function, then H

0

is a q � per iodic operator.

Sc hr• odinger op erators with p erio dic p oten tials on R

d

are the sub ject of the w ell

kno wn Flo quet-Blo c h theory [12]. Since mo di�cations needed to extend the theory to the

lattice case are hard to �nd in the literature, w e will state and pro v e what w e need.

Theorem 1 : (band structure of sp ectrum). If H

0

is a periodic operator on l

2

( Z

d

; C

D

)

then its spectrum �

0

consists of a �nite number J of intervals, namely

�

0

= [

1 � i � J

[ �

(0)

i

; �

(0)

i

]; 0 � �

(0)

i

� �

(0)

i

; 1 � i � J ; �

(0)

i

< �

(0)

i +1

; 1 � i � J � 1 (1 : 2 )

De�nition. (gaps). We call the above intervals bands. If J > 1 then we shall call

the intervals ( �

(0)

i

; �

(0)

i +1

) ; 1 � i � J � 1 ; gaps in the spectrum (or just gaps).

W e ha v e already discussed in the in tro duction that p erio dic op erator with gaps in

the sp ectrum can b e easily constructed, in particular, the lattice Sc hr• odinger op erator of

the form H

0

= � � + w with a p erio dic p oten tial ma y ha v e gaps in the sp ectrum. Th us,

w e shall just assume the existence of gaps in the sp ectrum of the op erator H

0

:

>F rom no w on w e alw a ys ha v e D = 1 ; unless stated otherwise. The main op erator

w e are in terested in is the op erator H = H

0

+ g v where g is a p ositiv e constan t and the

op erators H

0

and v satisfy the follo wing assumptions:

Assumption H. H

0

is a q � per iodic self-adjoint operator on l

2

( Z

d

) with J � 1 > 0

gaps ( �

(0)

i

; �

(0)

i +1

) ; 1 � i � J � 1 :

Assumption V. v is the operator on l

2

( Z

d

) given by multiplication by v ( x ) ; where

v ( x ) ; x 2 Z

d

; are independent, identically distributed random real-valued variables on a

probability space with probability measure P : The probability distribution � of v (0) has a

3



bounded density ' with k ' k

1

� D

0

: For convenience we take R ( v ( x )) = [ � 1 ; 1] where

R ( v (0)) is the essential range of the random variable v (0) :

Theorem 2 . (lo cation of the sp ectrum). Let � ( x ) = �

!

( x ) ; x 2 Z

d

; be a set of

real-valued independent, identically distributed random variables on the probability space

(
 ; F ; P ) (! 2 
) such that for some �nite constants �

1

; �

2

we have

R ( � ( x )) = [ �

1

; �

2

] (1 : 3 )

Suppose that the operator H acts in the Hilbert space l

2

( Z

d

) and H = H

0

+ � ; where H

0

satis�es Assumption H and � is the operator given by multiplication by the function � ( � ) :

Then the following statements hold:

( i ) with probability 1 the spectrum � ( H ) of the operator H is nonrandom, i.e., there exists

a closed set � � R such that with probability 1 � ( H ) = � ; in addition to that, with

probability 1 the spectrum can be represented as follows

� ( H ) = � = � ( H

0

) + R ( � ( x )) = � ( H

0

) + [ �

1

; �

2

] (1 : 4 )

where for two subsets A; B � R A + B = f � + � : � 2 A; � 2 B g ;

( ii ) let us set � ( x ) = g v ( x ) where v satis�es Assumption V; if we use the notations of

Theorem 1 and introduce g

i

by the following equality

g

i

= ( �

(0)

i +1

� �

(0)

i

) = 2 ; 1 � i � J � 1 ; (1 : 5 )

then for any 0 � g < g

i

with probability 1 the spectrum � ( H ) = � has a nonempty gap

( �

i

; �

i +1

) ; �

i

= �

(0)

i

+ g < �

i +1

= �

(0)

i +1

� g (1 : 6 )

which is associated naturally with the gap ( �

(0)

i

; �

(0)

i +1

) in the spectrum of the unperturbed

periodic operator.

In other w ords, Theorem 2 sa ys that the sp ectrum of the random op erator H is

nonrandom and if the constan t g is small enough then it has a band-gap structure asso-

ciated naturally with the sp ectrum of the op erator H

0

: Moreo v er, taking the co e�cien t g

small enough w e can k eep op en up an y gap in the sp ectrum of the unp erturb ed p erio dic

op erator.

The main statemen t of this pap er is the follo wing.

Theorem 3 . Let H = H

0

+ g v ; where v and H

0

satisfy Assumptions V and H,

4



respectively. Assume also that for some i; 1 � i � J � 1 ; we have 0 � g < g

i

: Let us

pick numbers 


�

such that � 1 < 


�

< 0 < 


+

< 1 : Then there exists a positive number
�

p

+

=

�

p

+

( d; H

0

; D

0

; 


+

; g ) ( or respectively a positive number
�

p

�

=

�

p

�

( d; H

0

; D

0

; 


�

; g ))

such that if p

+

= � f [


+

; 1] g <

�

p

+

( p

�

= � f [ � 1 ; 


�

] g <

�

p

�

) ; we can �nd �

+

> 0

( �

�

> 0) such that H is exponentially localized in the interval ( �

i

� �

+

; �

i

) ; (( �

i

; �

i

+ �

�

))

with probability 1 : Moreover,

lim

p

+

! 0

�

+

= g (1 � 


+

) (1 : 7 )

with a similar statement being true for �

�

:

W e also pro v e a somewhat di�eren t v ersion of Theorem 3.

Theorem 3

0

. Let H = H

0

+ g v as in Theorem 3, and in addition suppose that

� fj v (0) � 1 j � " g � C "

�

; for a �nite constant C and a constant � > d: Then, if 0 � g � g

i

we can �nd �

�

( d; H

0

; D

0

; g ; C ; � ) such that H is exponentially localized in the interval

( �

i

� �

+

; �

i

) ; (( �

i

; �

i

+ �

�

)) with probability 1 :

The pro ofs of Theorems 2, 3 and 3

0

are based on auxiliary statemen ts concerning

the relationship of the sp ectrum of a p erio dic op erator A and its p erio dic restrictions to

�nite parallelepip eds in Z

d

: they will b e form ulated as theorems b elo w. In order to so,

w e in tro duce the follo wing notations. If u; v 2 Z

d

then uv = ( u

1

v

1

; : : : ; u

d

v

d

) 2 Z

d

:

De�nition . Let u; v 2 N

d

: If v = nu for some n 2 N

d we will write u � v : If in

addition, all the coordinates of n are strictly greater than 1 ; we will write u � v :

De�nition . For u 2 N

d we de�ne a parallelepiped C

u

= f 0 ; : : : ; u

1

� 1 g � : : : �

f 0 ; : : : ; u

d

� 1 g � Z

d

: We will write C

u

� C

v

; or C

u

� C

v

if u � v or u � v ; respectively.

Supp ose no w that A is a q � per iodic self-adjoin t op erator in l

2

( Z

d

; C

D

) and u � q :

Then w e in tro duce a �nite matrix

�

A

C

u

asso ciated with the op erator A as follo ws. Let

�

A

C

u

( x; y ) =

P

n 2 Z

d

A ( x; y + nu ) ; x; y 2 Z

d

(1 : 8 )

No w, w e de�ne

�

A

C

u

= f

�

A

C

u

( x; y ) ; x; y 2 C

u

g : If u = q will shall just write

�

A =

�

A

C

q

(1 : 9 )

W e call the matrix

�

A

C

u

the p erio dic restriction of the lo cal op erator A to the parallelepip ed

C

u

; u � q : Let us denote b y � ( A ) the sp ectrum of an op erator (or matrix) A:

5



Theorem 4 . Let A be a q � per iodic self-adjoint operator in l

2

( Z

d

; C

D

) : Suppose

that C

n

; n = 1 ; 2 ; : : : is a sequence of parallelepipeds such that C

q

� C

n

� C

n +1

; n � 1 :

Then

� ( A ) = [

n � 1

� (

�

A

C

n

) ; � (

�

A

C

n

) � � (

�

A

C

n +1
) � � ( A ) (1 : 10 )

This theorem enables us to con trol the sp ectrum in vicinities of gaps of the p erio dic

restrictions of the op erator H to �nite parallelepip eds.

2. Pro of of Theorems 1, 2 and 4 .

In this section w e in v estigate the lo cation of the sp ectrum of the op erators H and

H

0

: W e need �rst to extend some asp ects of the w ell kno wn Flo quet-Blo c h theory to

the p erio dic op erators H

0

follo wing the sc heme dev elop ed for m ultidimensional p erio dic

Sc hr• odinger op erators in [12].

Floquet-Bloch theory for lattice periodic operators

Let A b e a q � per iodic self-adjoin t op erator in L

D

with en tries A ( x; y ) ; x; y 2 Z

d

;

de�ned in the previous section, and let V

j

; 1 � j � d b e the unitary shift op erators acting

on Hilb ert spaces l

2

( Z

d

; C

D

) whic h act as follo ws. If e

j

; 1 � j � d; are the standard basis

v ectors in the lattice Z

d

then V

j

are de�ned b y form ulas

( V

j

	)( x ) = 	( S

j

( x )) ; S

j

( x ) = x � e

j

; x 2 Z

d

; 1 � j � d: (2 : 1 )

That is, S

j

stands for the shift in the lattice Z

d

b y the v ector e

j

: T o pro ceed further w e

need an appropriate description of q � per iodic op erators. W e adopt here the follo wing

notations:

M

D

is the set of D � D � matr ices with complex en tries;

F

D

q

is the set of q � per iodic C

D

� v al ued functions 	( x ) ; x 2 Z

d

;

M

D

q

is the set of q � per iodic M

D

� v al ued functions a ( x ) ; x 2 Z

d

;

A

D

q

is the set of q � per iodic op erators.

V

z

= V

z 1

1

: : : V

z

d

d

; z 2 Z

d

;

if a ( � ) 2 F

D

q

and z 2 Z

d

a

( z )

( x ) = a ( x � z ) ; x 2 Z

d

:

Lemma 2 : 1 . Let a be the operator given by multiplication by the periodic function

a ( � ) 2 M

D

q

: Then

( i ) for any a ( � ) 2 M

D

q

and z 2 Z

d

a; V

z

2 A

D

q

;

( ii ) A is a periodic operator with entries A ( x; y ) ; x; y 2 Z

d

; i.e. A 2 A

D

q

if and only if

6



there exist a �nite positive � and a collection of q � per iodic functions a

z

( � ) 2 F

D

q

; z 2 Z

d

;

and j z j � � such that the following representation is true

A =

P

j z j� �

a

z

V

z

; a

z

( x ) = A ( x; x � z ) ; x 2 Z

d

(2 : 2 )

If in addition A is a self-adjoint operator then the following equalities hold

a

�

z

( x ) = a

� z

( x � z ) = a

( z )

� z

( x ) ; x; z 2 Z

d

; j z j � � (2 : 3 )

Moreover, A

D

q

is an algebra and for any a ( � ) 2 F

D

q

and z 2 Z

d we have

aV

z

= V

z

a

( � z )

(2 : 4 )

P r oof : The pro of follo ws immediately from the de�nition of a q � per iodic op erator

and op erators V

j

:

F or an y parallelepip ed C

u

; u � q ; and a q � per iodic op erator A w e ha v e de�ned

the matrix

�

A

C

u

b y form ula (1 : 8) and called it the p erio dic restriction of A to C

u

: This

p erio dic restriction p ossesses the follo wing prop erties.

Lemma 2 : 2 . Let A be a q � per iodic operator with entries A ( x; y ) ; x; y 2 Z

d

;

and C

u

; u � q : Then the function
�

A

C

u

( x; y ) de�ned by formula (1 : 8) for any x; y 2 Z

d is

u � per iodic with respect to both x and y : Namely

�

A

C

u

( x + nu; y ) =

�

A

C

u

( x; y + nu ) =

�

A

C

u

( x; y ) ; x; y ; n 2 Z

d

(2 : 5 )

In addition, if A is a self-adjoint operator then the �nite matrix
�

A

C

u

( x; y ) ; x; y 2 C

u is

also self-adjoint. If B is another q � per iodic operator then the following identity holds:

�

( AB )

C

u

=

�

A

C

u

�

B

C

u

(2 : 6 )

P r oof : The statemen ts of the lemma easily follo ws from the de�nition of q � per iodic

op erators, in particular (1 : 1) :

It is clear from (2 : 4) that a q � per iodic A comm utes with the op erators V

q

j

j

; 1 �

j � d: Based on this fact, w e shall in tro duce an op erator

b

A whic h is on one hand unitarily

equiv alen t to A; and on the other hand can b e decomp osed in to �b ers

b

A ( � ) b y the direct

in tegral

7



b

A =

�

R

M

b

A ( � ) d�; M = [0 ; q

� 1

1

] � : : : � [0 ; q

� 1

d

] (2 : 7 )

where

b

A ( � ) is a j Q j � j Q j � matr ix dep ending on �: In order to do so, w e consider the

F ourier transform F for 	 2 l

2

( Z

d

; C

D

) de�ned b y the form ulas

[ F 	]( k ) =

e

	( k ) =

P

x 2 Z

d

e

2 � ik x

	( x ) (2 : 8 )

	( x ) = [ F

� 1

e

	]( x ) =

R

K

e

	( k ) e

� 2 � ik x

dk ; K = [0 ; 1]

d

(2 : 9 )

whic h is a unitary transform of l

2

( Z

d

; C

D

) to L

2

( K ; C

D

) ; i.e. the Hilb ert space of C

D

�

v al ued functions on K whic h are square in tegrable with resp ect to Leb esgue measure

dk : W e shall also consider the F ourier transform of the op erator A and denote it b y

e

A = F AF

� 1

: As it follo ws from the previous form ula

e

	 ( k ) can b e view ed as a (1 ; : : : ; 1) �

per iodic function on R

d

:

No w, to use the q � per iodicity of the op erator A and to handle q � per iodic functions

on the lattice Z

d

it is con v enien t to in tro duce the discrete torus

Q = Q

q

= Z

d

= Z

d

q

; Z

d

q

= q

1

Z � : : : � q

d

Z (2 : 10 )

where Z

d

is treated as a ring with the ordinary op eration of addition and the follo wing

op eration of m ultiplication for a; b 2 Z

d

: ( ab )

j

= a

j

b

j

; 1 � j � d: Clearly , Q as a set can

b e iden ti�ed naturally with the parallelepip ed Q = C

q

; and w e will iden tify a q � per iodic

complex-v alued function on Z

d

with the appropriate function on Q (or Q ) : The space of

C

D

� v al ued functions on Q will b e denoted b y C

D ; Q

: W e in tro duce the scalar pro duct

for � ; 	 2 C

Q

b y

� � 	 =

P

m 2 Q

�

�

m

	

m

(2 : 11 )

where �

�

is the v ector adjoin t to � : W e also in tro duce the F ourier transform

�

	 = F

q

	 of

the C

D

� v al ued functions 	 on the discrete torus Q in the ordinary w a y b y

�

	

l

= [ F

q

	]

l

= j Q j

� 1 = 2

P

m 2 Q

e

2 � iml =q

	

m

; l 2 Q ; F

�

q

F

q

= I (2 : 12 )

where I stands for the iden tit y matrix and F

�

q

is the matrix adjoin t to F

q

: In fact, F

q

is a

unitary matrix.

Returning to the construction of the direct in tegral (2 : 7) w e decomp ose the paral-

lelepip ed K in to equal smaller parallelepip eds as follo ws

8



K = [

l 2 Q

M

l

; M

l

= M + l =q ; l = ( l

1

; : : : ; l

d

) ; q = ( q

1

; : : : ; q

d

) 2 Z

d

where (2 : 13 )

l =q = ( l

1

=q

1

; : : : ; l

d

=q

d

)

and consider the corresp onding decomp osition of a function

e

	 2 L

2

( K ; C

D

)

e

	 : f

�

	

l

( � ) ; � 2 M ; l 2 Q g ;

�

	

l

( � ) =

e

	 ( � + l =q ) (2 : 14 )

As it follo ws from this form ula the function

�

	

l

( � ) is a q � per iodic function of l 2 Z

d

:

So, if w e in tro duce

b

	 ( � ) = f

�

	

l

( � ) ; l 2 Q g and the Hilb ert space L

2

( M ; C

D ; Q

) (i.e., the

Hilb ert space of C

D ; Q

� v al ued functions on M whic h are square in tegrable with resp ect

to Leb esgue measure d� ) ; then based on the form ula (2 : 14) one can de�ne the unitary

op erator W

[ W

e

	]( k ) =

b

	 ( � ) ; W : L

2

( K ; C

D

) 7! L

2

( M ; C

D ; Q

) (2 : 15 )

Therefore, w e ha v e the follo wing represen tation of L

2

( K ; C

D

) b y the constan t �b er direct

in tegral

W L

2

( K ; C

D

) = L

2

( M ; C

D ; Q

) =

�

R

M

C

D ; Q

d� (2 : 16 )

F or an op erator A in l

2

( Z

d

; C

D

) w e shall denote

b

A = W F A ( W F )

� 1

: F rom the de�nitions

(2 : 1) of the op erators V

j

w e easily obtain

[

b

V

j

b

	]

l

( � ) = exp f 2 � i ( �

j

+ l

j

=q

j

) g

b

	

l

( � ) ; 1 � j � d; l 2 Q ; � 2 M (2 : 17 )

In order to �nd the appropriate represen tation for the op erator A w e use Lemma 2.1 and

represen t q � per iodic functions a

z

( x ) as follo ws

a

z

( x ) =

P

l 2 Q

�

a

z ;l

exp f � 2 � i ( l =q ) x g ;

�

a

z ;l + �q

=

�

a

z ;l

; x; l ; � 2 Z

d

(2 : 18 )

where

�

a

z ;l

= j Q j

1 = 2

[ F

q

a

0

z

]

l

; ; a

0

z

= [ a

z ;m

; m 2 Q g ; a

z ;m

= a

z

( m ) ; m 2 Q (2 : 19 )

Then, taking in to accoun t (2 : 14) w e get
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�

[ a

z

	]( k ) =

P

m 2 Q

�

a

z ;m

e

	 ( k � m=q ) ; [

b

a

z

b

	]

l

( � ) =

P

m 2 Q

�

a

z ;l � m

b

	

m

( � ) ; l 2 Q (2 : 20 )

F or an y op erator (matrix) B acting in the �nite-dimensional space C

D ; Q

w e shall denote

b y

�

B the follo wing op erator (matrix)

�

B = F

q

B F

� 1

q

(2 : 21 )

Lemma 2 : 3 . Let U

j

; 1 � j � d be the unitary matrices on C

D ; Q de�ned by

[ U

j

	]

l

= 	

l � e

j

; l 2 Q (2 : 22 )

and hence

[

�

U

j

	]

l

= exp f 2 � il

j

=q

j

g 	

l

; l 2 Q (2 : 23 )

Let b

l

be a M

D

� v al ued function on the torus Q and denote by b the operator given by

multiplication by the function b

l

in the �nite dimensional space C

D ; Q

: Denote by b

( z )

l

=

b

l � z

; l 2 Q ; z 2 Z

d

; where l � z is understood modulo q : Then the following relationships

hold

[

�

b 	]

l

=

P

m 2 Q

�

b

l � m

	

m

; l 2 Q (2 : 24 )

bU

z

= U

z

b

( � z )

; z 2 Z

d

(2 : 25 )

P r oof : The statemen t of the lemma follo ws immediately from (2 : 12) and (2 : 21) :

Lemma 2 : 4 . Let �a

z

; j z j � � be matrices on C

D ; Q de�ned by formulas

[ � a

z

	]

l

=

P

m 2 Q

�

a

z ;l � m

	

m

; l 2 Q (2 : 26 )

Then the following relationships are true

[

b

V

j

b

	]( � ) = e

2 � i�

j

�

U

j

b

	 ( � ) ; [

b

A

b

	]( � ) = [

P

j z j� �

�a

z

e

2 � i ( �z )

�

U

z

]

b

	( � ) ; � 2 M (2 : 27 )

In addition to that, the operator A has the desired �ber structure (2 : 7) and for the matrices
b

A ( � ) the following representation is valid

b

A ( � ) =

P

j z j� �

�a

z

e

2 � i ( �z )

�

U

z

; � 2 M (2 : 28 )

The matrices b

A ( � ) ; k 2 M are self-adjoint.
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P r oof : The pro of of (2 : 27) follo ws straigh tforw ardly from (2 : 2) ; (2 : 17) ; (2 : 19) and

(2 : 20) : In turn, the equalit y (2 : 28) is a consequence of (2 : 27) and (2 : 14) � (2 : 16) : The

self-adjoin tness of

b

A ( � ) follo ws from (2 : 28) ; (2 : 27) ; (2 : 3) ; (2 : 25) :

Lemma 2 : 5 . Let us introduce the following operators in l

2

( Z

d

; C

D

)

V

j

( � ) = e

2 � i�

j

V

j

; 1 � j � d; A ( � ) =

P

j z j� �

a

z

V ( � )

z

(2 : 29 )

Then,

F

� 1

q

e

2 � i�

j

U

j

F

q

=

�

V

j

( � ) ; F

� 1

q

b

A ( � ) F

q

=

�

A ( � ) (2 : 30 )

P r oof : The statemen ts of the lemma follo ws from (1 : 9) and Lemmas 2.2 and 2.4.

Theorem 2 : 6 . If U = F

� 1

q

W F and A is a q � per iodic self-adjoint operator then

we have

U A U

� 1

=

�

R

M

�

A ( � ) d�; M = [0 ; q

� 1

1

] � : : : � [0 ; q

� 1

d

] (2 : 31 )

where the direct integral decomposition acts in the Hilbert space

�

R

M

C

D ; Q

d� (2 : 32 )

In particular, the spectrum � ( A ) can be represented in the form

� ( A ) = [

� 2 M

� (

�

A ( � )) (2 : 33 )

P r oof : The equalit y (2 : 31) follo ws immediately from Lemmas 2.4 and 2.5, whereas

the represen tation (2 : 33) is a direct consequence of (2 : 31) :

Proof of Theorem 1. In view of the represen tation (2 : 33) the sp ectrum � ( A ) equals

to the union of the range of v alues of the set of real functions �

l

( � ) ; � 2 M ( l 2 Q ) whic h

are resp ectiv ely the eigen v alues of the matrices

�

A ( � ) : It easily follo ws from Lemmas 2.4

and 2.5 that the matrices

�

A ( � ) ; and therefore their eigen v alues, are con tin uous functions

of �: This means that the union of the sets describ ed ab o v e m ust consist of a �nite n um b er

of in terv als. This completes the pro of of Theorem 1 :
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T o pro v e Theorem 2 w e will need some more auxiliary statemen ts for the q � per iodic

op erators. F or a giv en parallelepip ed C

u

and a u � per iodic C

D

� v al ued function 	( x ) ; x 2

Z

d

; let us denote b y ( �

C

u

	)( x ) ; x 2 C

u

its restriction to C

u

: Clearly �

C

u

is a one-to-one

corresp ondence b et w een u � per iodic C

D

� v al ued functions on Z

d

and all C

D

� v al ued

functions on the parallelepip ed C

u

: The statemen t b elo w is an immediate consequence of

Lemma 2.2.

Corollary 2 : 7 . Suppose that A is a q � per iodic operator in L

D

; C � C

q and

	

C

( x ) ; x 2 C is a C

D

� v al ued function on C then

�

A

C

	

C

= �

C

A�

� 1

C

	

C

(2 : 34 )

In addition to that, if 	( x ) ; x 2 Z

d

; is a u � per iodic C

D

� v al ued function and C =

C

u

� C

q then

A 	 = �

� 1

C

�

A

C

�

C

	 (2 : 35 )

Lemma 2 : 8 . Suppose that A is a q � per iodic operator in L

D

and C

q

� C

1

� C

2

:

Then the following is true

� (

�

A

C 1
) � � (

�

A

C 2
) (2 : 36 )

Moreover, the eigenfunctions of the matrix
�

A

C 1
can be naturally extended to the corre-

sponding eigenfunctions of the matrix
�

A

C 2
:

P r oof : T o pro v e the inclusion supp ose that � is an eigen v alue of the matrix

�

A

C 1
:

Then there is a function 	

1

( x ) ; x 2 C

1

suc h that

�

A

C 1
	

1

( x ) = � 	

1

( x ) ; x 2 C

1

(2 : 37 )

No w, let us extend the function 	

1

( x ) p erio dically on C

2

as follo ws

	

2

( x ) = ( �

C 2
�

� 1

C 1
	

1

)( x ) ; x 2 C

2

(2 : 38 )

Then b y a straigh tforw ard computation w e obtain from (2 : 34) and ( � A 	) the follo wing

�

A

C 2
	

2

= �

C 2
A�

� 1

C 1
	

1

= �

C 2
�

� 1

C 1

�

A

C 1
	

1

= � 	

2

(2 : 39 )

This means that � 2 � (

�

A

C 2
) that completes the pro v e of the lemma.
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F or the in v estigation of sp ectra w e will need the follo wing statemen t (e.g. [13]).

Lemma 2 : 9 . (distance to the sp ectrum). Let H be a separable Hilbert space and A

be a self-adjoint operator in H : Then if � ( A ) is the spectrum of A and � is a real number

then

dist f � ( A ) ; � g = min

	 2 H ; k 	 k = 1

k ( A � � )	 k (2 : 40 )

Pro of of Theorem 4.

Let us pro v e �rst the inclusion in the form ula (1 : 10) : T o do so assume that for a real

� there exist a natural n suc h that � is an eigen v alue of the matrix

�

A

C

n

; i.e. � 2 � (

�

A

C

n

)

and there there is a v ector 	( x ) ; x 2 C

n

suc h that

�

A

C

n

	( x ) = � 	( x ) ; x 2 C

n

(2 : 41 )

No w, from (2 : 34) w e easily obtain

( A�

� 1

C

n

	)( x ) = � ( �

� 1

C

n

	)( x ) ; x 2 Z

d

; (2 : 42 )

whic h follo ws straigh tforw ardly from the q � per iodicity of the op erator A as an op erator

in L

D

: Then for an y m > n w e de�ne

	

m

( x ) = ( �

� 1

C

n

	)( x ) ; x 2 C

m

; 	

m

( x ) = 0 ; x 62 C

m

(2 : 43 )

Let us pic k an arbitrary " > 0 and in tro duce the follo wing notation for a function �( x )

k �( x ) k

2

C

m

=

P

x 2 C

m

j �( x ) j

2

(2 : 44 )

Let us in tro duce also the for eac h j; 1 � j � d; the n um b er r

j

whic h is the ratio of the

corresp onding edges of the parallelepip eds C

m

and C

n

: Then since the function �

� 1

C

n

	 is

p erio dic it is easy to see that

k ( A � � )	

m

k

2

C

m

� C ( j C

m

j = j C

n

j )(

P

1 � j � d

r

� 1

j

) k 	 k

2

C

n

(2 : 45 )

where C = C ( �; k A k ) is a constan t dep ending on the range � of lo calization for the

op erator A and its norm only (see De�nitions in Section 1). F rom the de�nition of 	

m

it

follo ws that

k 	

m

k

2

= k 	

m

k

2

C

m

= ( j C

m

j = j C

n

j ) k 	 k

2

C

n

(2 : 46 )
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Besides, from the de�nition of the the sequence of parallelepip eds C

n

it follo ws that for

eac h j r

j

! 1 when m ! 1 : If w e set no w

e

	

m

( x ) = 	

m

( x ) = k 	

m

( x ) k then from the

relationships (2 : 45) ; (2 : 46) and the previous commen t w e obtain for an y giv en " > 0 and

for su�cien tly large m

k ( A � � )

e

	

m

k � " (2 : 47 )

>F rom this and Lemma 2.9 w e obtain the desired inclusion in (1 : 10) : Therefore w e ha v e

� ( A ) � [

n � 1

� (

�

A

C

n

) (2 : 48 )

T o complete the pro of w e ha v e to pro v e the inclusion opp osite to the one ab o v e. If w e

pic k again a p ositiv e " then in view of Lemma 2.9 w e can pic k 	 2 l

2

( Z

d

; C

D

) with norm

1 suc h that

k ( A � � )	 k � " (2 : 49 )

No w w e de�ne for an y m

	

m

( x ) = 	( x ) ; x 2 C

m

; 	

m

( x ) = 0 ; x 62 C

m

(2 : 50 )

If

e

	

m

( x ) = 	

m

( x ) = k 	

m

( x ) k then since the op erator A has a b ounded norm and v ector

	 b elong to the corresp onding Hilb ert space and has norm 1 w e can pic k a su�cien tly

large m suc h that

k ( A � � )

�

	

m

k � 2 " (2 : 51 )

No w w e note that for an y n > m b y (2 : 35) w e ha v e

�

C

n

( A � � )

�

	

m

= (

�

A

C

n

� � ) �

C

n

�

	

m

(2 : 52 )

In addition to that, the de�nition of 	

m

yields

k �

C

n

�

	

m

k

C

n

= k

�

	

m

k = 1 (2 : 53 )

>F rom (2 : 52) ; (2 : 53) and (2 : 51) w e conclude that

k (

�

A

C

n

� � ) �

C

n

�

	

m

k

C

n

� 2 " (2 : 54 )
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Therefore for an y " there is an n suc h that

dist f � (

�

A

C

n

) ; � g � 2 " (2 : 55 )

>F rom this w e ma y conclude that

� ( A ) � [

n � 1

� (

�

A

C

n

) (2 : 56 )

The last relationship together with (2 : 48) implies the equalit y in (1 : 10) that together with

Lemma 2.8 completes the pro of of Theorem 4.

Lemma 2 : 10 . Suppose that the operator A = B + � acts in l

2

( Z

d

) where B is

a q � per iodic self-adjoint operator and � ( x ) is a u � per iodic real-valued function such

that u � q and for some �nite constants �

1

; �

2

: �

1

� � ( x ) � �

2

; x 2 Z

d

: Then for any

parallelepiped C � C

u the following is true

� (

�

A

C

) � � (

�

B

C

) + [ �

1

; �

2

] � � ( B ) + [ �

1

; �

2

] (2 : 57 )

� ( A ) � � ( B ) + [ �

1

; �

2

] (2 : 58 )

P r oof : Without loss of generalit y w e ma y assume that � �

1

= �

2

= �

0

where �

0

is a

nonnegativ e constan t since w e can alw a ys rede�ne A as A = ( B + t ) + ( � � t ) ; t = ( �

2

� �

1

) = 2 :

Keeping this in mind let us note no w that for an y t w o linear b ounded op erators D

1

and

D

2

� ( D

1

) � � ( D

2

) + [ � d; d ] ; d = k D

1

� D

2

k (2 : 59 )

Indeed, if � 62 � ( D

2

) + [ � d; d ] then k ( D

2

� � )

� 1

k < d

� 1

and therefore ( D

1

� � )

� 1

is

clearly a b ounded op erator that implies (2 : 59) : Since k � k � �

0

then (2 : 59) implies the �rst

inclusion in (2 : 57) and (2 : 58) : The second inclusion in (2 : 57) follo ws from the �rst one

and (1 : 10) : The lemma is therefore pro v ed.

Pro of of Theorem 2.

Let us note that without loss of generalit y w e ma y assume that u = ( u

1

; : : : ; u

d

)

and the parameter � asso ciated with a u � per iodic lo cal op erator A satisfy the follo wing

inequalit y
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min

1 � j � d

u

j

> 2 � + 1 (2 : 60 )

If not w e ma y alw a ys pic k u

0

� u suc h that u

0

satisfy (2 : 60) and treat A as u

0

� per iodic:

W e shall assume from no w on that the inequalit y (2 : 60) is satis�ed for an y p erio d u w e

consider, in particular for u = q :

W e ha v e de�ned the p erio dic restriction

�

A

C

for an y q � per iodic op erator for C =

C

u

; u � q : W e need to extend prop erly this de�nition for lo cal op erators A whic h are

not necessarily p erio dic. This can b e done as follo ws. First of all giv en a parallelepip ed

C = C

u

+ l w e construct an appropriate u � per iodic op erator asso ciated with C and A

whic h w e shall denote b y A

( C )

: W e note that for a lo cal op erator A the represen tation (2 : 2)

is clearly still v alid. W e w an t to preserv e the self-adjoin tness for A

( C )

if A is self-adjoin t.

The op erator A is self-adjoin t if and only if the constrain ts (2 : 3) hold. In order to pro vide

these constrain ts w e represen t the set f z 2 Z

d

: j z j � � g = f 0 g [ Z [ ( � Z ) in suc h a

w a y that 0 62 Z [ ( � Z ) and Z \ ( � Z ) = ; : Clearly w e can alw a ys do this. Then w e ma y

set a

z

; z 2 Z [ f 0 g as w e wish and de�ne a

z

; z 2 ( � Z ) b y the equalities (2 : 3) : No w w e

de�ne a linear op erator �

C

whic h maps an y C

D

� v al ued function a ( x ) ; x 2 Z

d

; on to a

u � per iodic function �

C

a as follo ws

a

( C )

z

( x ) = �

C

a ( x ) = a ( x ) ; x 2 C ; a

( C )

z

( x + un ) = a

( C )

z

( x ) ; x 2 Z

d

(2 : 61 )

In other w ords, �

C

a is a u � per iodic extension of a coinciding with the function a on the

parallelepip ed C = C

u

+ l : No w since A is represen ted b y (2 : 2) w e de�ne an asso ciated

u � per iodic op erator A

( C )

b y the same form ula (2 : 2) where the a

z

; z 2 Z [ f 0 g are

replaced b y a

( C )

z

; z 2 Z [ f 0 g and the remaining functions a

( C )

z

; z 2 ( � Z ) are de�ned to

k eep the constrain ts (2 : 3) : With this de�nition the u � per iodic op erator A

( C )

asso ciated

with the self-adjoin t op erator A and the parallelepip ed C = C

u

+ l is also self-adjoin t.

Ha ving this w e de�ne the p erio dic restriction

�

A

C

of a lo cal op erator A on a parallelepip ed

C = C

u

+ l using (1 : 8) as follo ws

�

A

C

=

�

[ A

( C )

]

C

u

; C = C

u

+ l (2 : 62 )

De�nition . We say that a point x is a boundary point of a parallelepiped C if there

exists j; 1 � j � d such that either x + e

j

62 C or x � e

j

62 C : The set of boundary points

is denoted by @ C :

The statemen t b elo w sho ws that the p erio dic restriction of A on C do es not di�er

m uc h from the regular restriction A ( x; y ) ; x; y 2 Z

d

:

16



Lemma 2 : 11 . Let A be a local operator. If C = C

u

+ l ; l 2 Z

d then the following

equalities are true

�

A

C

( x; y ) = A ( x; y ) ; x; y 2 C ; dist f x; @ C g ; dist f y ; @ C g > � (2 : 63 )

where dist f x; @ C g = max

z 2 @ C

j x � z j

1

: If A is a self-adjoint operator then
�

A

C

is self-adjoint

as well.

P r oof : The statemen ts of the lemma follo ws straigh tforw ardly from (1 : 8) ; (2 : 61) ;

(2 : 62) and (2 : 60) :

The construction of the p erio dic restrictions is clearly applicable to the op erators

H = H

0

+ g v de�ned b y (1) : Whenev er w e shall need to emphasize that H dep ends on v

w e write H = H ( v ) :

Lemma 2 : 12 . The spectrum of the operator H is nonrandom with probability 1 ;

i.e. there exists a closed set � � R such that with probability 1 � ( H ) = � .

P r oof : W e note that the op erator H is metrically transitiv e and then w e can just

reference to [14].

Let P

q

b e the set of real-v alued functions � ( x ) whic h are u � per iodic for some u � q

and satisfy �

1

� � ( x ) � �

2

:

Theorem 2 : 13 . Suppose that C

n

; n = 1 ; 2 ; : : : is a sequence of parallelepipeds such

that C

q

� C

n

� C

n +1

; n � 1 : Let the operator H = H

0

+ � and the spectrum � be de�ned

as in Theorem 2. Then the nonrandom spectrum � of the operator H can be represented

as follows

� = [

� 2P

q

� [ H ( � )] = [

n � 1 ;� 2P

q

� [

�

H

C

n

( � )] = � ( �

1

; �

2

) (2 : 64 )

where

� ( �

1

; �

2

) = � ( H

0

) + [ �

1

; �

2

] (2 : 65 )

P r oof : First of all w e note that the follo wing equalities are true

[

� 2P

q

� [ H ( � )] = [

n � 1 ;� 2P

q

� [

�

H

C

n

( � )] = � ( H

0

) + [ �

1

; �

2

] (2 : 66 )

These inequalities follo w straigh tforw ardly from Theorem 4 and Lemmas 2.10 if w e note
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that for a u � per iodic � from P

q

the op erator H ( � ) is u � per iodic and, in addition to

that, w e ma y set � ( x ) � t; w her e t is a constan t suc h that � 1 � t � 1 :

Recall no w that the function � ( x ) is a random function, i.e. w e ha v e a probabilit y

space (
 ; F ; P ) and � ( x ) = �

!

( x ) where ! is a realization from 
 : Let us observ e that as

it follo ws from Lemma 2.12 there exist a set 


1

� 
 suc h that P (


1

) = 1 and

� ( H ( �

!

)) = � ; ! 2 


1

(2 : 67 )

Let us pic k an y p ositiv e " and ! suc h that (2 : 67) is true. Assume that � 2 � : Then in

view of Lemma 2.9 there exists m and a v ector 	 in the Hilb ert space suc h that k 	 k = 1

and

k ( H ( �

!

) � � )	 k � "; 	( x ) = 0 ; x 62 C

m

: (2 : 68 )

W e ma y imp ose the extra constrain t 	( x ) = 0 ; x 62 C

m

on the v ector 	 since the op erator

H is lo cal and b ounded. Then for an y n > m

H ( �

!

)	( x ) =

�

H

C

n

( �

!

)	( x ) ; x 2 C

n

(2 : 69 )

and, therefore,

k (

�

H

C

n

( �

!

) � � )	 k

C

n

� " (2 : 70 )

The last equalit y implies that

� 2 [

n � 1 ;� 2P

q

� [

�

H

C

n

( � )]

and consequen tly

� � [

n � 1 ;� 2P

q

� [

�

H

C

n

( � )] (2 : 71 )

T o pro v e the opp osite inclusion, let us pic k again a p ositiv e " and a u � per iodic � 2 P

q

:

Then w e supp ose that � 2 � [ H ( � )] : Since the op erator H is lo cal and b ounded w e can

apply again Lemma 2.9 and get for a natural m the equalit y (2 : 68) with ! dropp ed , i.e.

there exists a v ector 	 ; k 	 k = 1 suc h that

k ( H ( � ) � � )	 k � "; 	( x ) = 0 ; x 62 C

m

(2 : 72 )

No w w e note that in view of the conditions imp osed on �

!

( x )( see Theorem 2) for an y

p ositiv e � there exist a set 


�

; P (


�

) = 1 suc h that
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8 � ; 8 ! 2 


�

: 9 l = l ( � ; ! ) 2 Z

d

u

: max

x 2 C

m

+ l

j �

!

( x ) � � ( x ) k � � (2 : 73 )

Moreo v er, if w e denote 	

l

( x ) = 	( x � l ) then since � is u � per iodic w e ha v e from (2 : 72)

8 l 2 Z

d

u

: k ( H ( � ) � � )	

l

k � "; (2 : 74 )

Clearly , if w e pic k � small enough then

8 ! 2 


�

: 9 l = l ( "; ! ) 2 Z

d

u

: k ( H ( �

!

) � � )	

l

k � 2 "; (2 : 75 )

>F rom this w e immediately obtain

� � � [ H ( � )] ; � 2 P

q

(2 : 76 )

and consequen tly

� � [

� 2P

q

� [ H ( � )] (2 : 77 )

Th us, (2 : 66) ; (2 : 71) and (2 : 77) imply the desired relationships (2 : 64) that completes the

pro v e of the theorem.

In order to use the m ultiscale analysis [9] w e need to get exp onen tial estimates for

the resolv en t of the op erators H and their p erio dic restrictions. F or this purp ose w e will

adapt the Com b es-Thomas argumen t to our op erators. W e start with a description of

the relev an t resolv en ts. Let us denote b y b

x

; x 2 Z

d

; the standard basis in the the space

l

2

( Z

d

) ; i.e. b

x

( x ) = 1 ; b

x

( y ) = 0 ; y 6= x; y 2 Z

d

: In the case of l

2

( Z

d

; C

D

) w e in tro duce

the basis b

�;x

; � = 1 ; : : : ; d; i.e., b

�;x

( �; x ) = 1 ; and b

�;x

( � ; y ) = 1 ; if � 6= � or y 6= x;

� = 1 ; : : : ; d; y 2 Z

d

: Supp osing that A is a lo cal op erator (not necessarily p erio dic)

acting in l

2

( Z

d

) or in l

2

( Z

d

; C

D

) with en tries A ( x; y ) ; x; y 2 Z

d

: F or suc h an op erator

the represen tation (2 : 2) is still applicable. Then if � is a complex or real n um b er and

� 62 � ( A ) ; w e ma y consider for the cases l

2

( Z

d

) or l

2

( Z

d

; C

D

) ; resp ectiv ely , the Green's

functions

G ( � ; x; y ) = ( b

x

; ( H � � )

� 1

b

y

) ; x; y 2 Z

d

(2 : 78 )

G ( � ; x; y ) = G ( � ; �; x; � ; y ) = ( b

�;x

; ( H � � )

� 1

b

� ;y

) ; �; � = 1 ; : : : ; d; x; y 2 Z

d

(2 : 79 )

W e will often drop � and � in the notation of the resolv en t for briefness.

19



Lemma 2 : 14 . Suppose that A is a local operator described above such that for a

positive constant c we have j A ( x; y ) j � c; x; y 2 Z

d

: Suppose also that that

dist f � ; � ( A ) g = � > 0 (2 : 80 )

Then there exists a positive constant b = b ( c; � ) (� is the number associated with the local

operator A ) such that

j G ( � ; x; y ) j � 2 �

� 1

e

� b� j x � y j

; x; y 2 Z

d

(2 : 81 )

where

j x j =

P

1 � j � d

j x

j

j (2 : 82 )

Moreover, if A is u � per iodic operator then the following identity is true

G ( � ; x + u; y + u ) = G ( � ; x; y ) ; x; y 2 Z

d

(2 : 83 )

P r oof : F or � 2 C

d

let M

�

b e the op erator giv en b y m ultiplication b y

M

�

( x ) = e

2 � i ( �;x )

; x 2 Z

d

(2 : 84 )

Then in view of (2 : 2) and (2 : 4) w e ha v e

A ( � ) = M

�

AM

� 1

�

=

P

j z j� �

a

z

V ( � )

z

; V

j

( � ) = e

2 � i�

j

V

j

; 1 � j � d (2 : 85 )

Note that A ( � ) coincides with the relev an t op erator in (2 : 29) but no w � 2 C

d

: Clearly ,

the last represen tation implies the existence of a constan t K = K ( c; � ) suc h that

k A � A ( � ) k � K j � j (2 : 86 )

In view of (2 : 80) w e ha v e immediately k G ( � ) k � �

� 1

: This inequalit y together with the

inequalit y (2 : 86) imply for G ( �; � ) = ( A ( � ) � � )

� 1

k G ( �; � ) k � 2 �

� 1

; j � j < � = (2 K ) (2 : 87 )

No w w e note that

[ G ( �; � )]( x; y ) = G ( � ; x; y ) exp f 2 � i� � ( x � y ) g ; x; y 2 Z

d

(2 : 88 )

>F rom this and the ob vious inequalit y j G ( �; � )]( x; y ) j � k G ( �; � ) k w e obtain the inequalit y

(2 : 81) b y taking an appropriate � .
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The iden tit y (2 : 83) is a direct consequence of the u � per iodicity of the op erator A:

This completes the pro of of the lemma.

Lemma 2 : 15 . Suppose that the conditions of Lemma 2.14 are satis�ed and let us

consider for C = C

u

+ l ; l 2 Z

d the resolvent

G

0

C

( � ; x; y ) = [(

�

A

C

� � )

� 1

]( x; y ) ; x; y 2 C (2 : 89 )

Then the following estimate is true

j G

0

C

( � ; x; y ) j � 2 �

� 1

(1 + 2�( v ; � )) e

� b� j x � y j

u

; x; y 2 C (2 : 90 )

where b is the same constant as in Lemma 2.14 and

�( v ; � ) =

Q

1 � j � d

�

1 � e

� b� j u

j

j

�

� 1

; j x � y j

u

= min

n 2 Z

d

j x � y � nu j (2 : 91 )

P r oof : W e note �rst that in view of the de�nition of the p erio dic restriction

�

A

C

(2 : 62) w e ma y assume without loss of generalit y that A is a u � per iodic op erator and

C = C

u

: Keeping this in mind and using (2 : 83) together with the follo wing iden tit y

P

y 2 Z

d

( A ( x; y ) � � ) G ( � ; y ; z ) = �

x;z

; x; z 2 Z

d

(2 : 92 )

where �

x;z

is the delta-function w e obtain

P

n 2 Z

d

P

y 2 Z

d

( A ( x; y ) � � ) G ( � ; y ; z + un ) =

P

n 2 Z

d

�

x;z + un

; x; z 2 C (2 : 93 )

>F rom this, (1 : 8) and (2 : 5) w e obtain

P

y 2 C

(

�

A

C

( x; y ) � � )

�

G

C

( � ; y ; z ) = �

x;z

; x; z 2 C (2 : 94 )

Therefore,

G

0

C

( � ; x; y ) =

�

G

C

( � ; x; y ) =

P

n 2 Z

d

G ( � ; x; y + un ) ; x; y 2 C (2 : 95 )

>F rom this and the previous lemma w e immediately obtain

j G

0

C

( � ; x; y ) j � 2 �

� 1

P

n 2 Z

d

e

� b� j x � y � nu j

; x; y 2 C (2 : 96 )

If w e recall the de�nition (2 : 91) of j x � y j

u

one can easily pro v e that there is n

0

2 Z

d

suc h

that
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j x � y j

u

= j z j ; z = x � y � n

0

u = cu; 0 � j c

j

j � 1 = 2 ; 1 � j � d (2 : 97 )

No w w e rewrite the righ t side of the inequalit y (2 : 96) using (2 : 82) as follo ws

P

n 2 Z

d

e

� b� j x � y � nu j

=

P

n 2 Z

d

e

� b� j cu � nu j

=

Q

1 � j � d

P

n 2 Z

e

� b� j c

j

� n jj u

j

j

(2 : 98 )

W e shall need the follo wing elemen tary inequalit y

P

n 2 Z

e

� c j m � n j

� e

� c j m j

�

(1 + 2(1 � e

� c

)

� 1

�

; 0 � j m j � 1 = 2 ; c > 0 (2 : 99 )

whic h can b e v eri�ed b y a direct computation. Applying this inequalit y to the righ t side

of (2 : 98) and com bining the result with the inequalit y (2 : 96) w e get the desired estimate

(2 : 90) : The lemma is pro v ed.

Pro of of Theorem 3.

Let us consider the left edge �

i

of the gap ( �

i

; �

i

) ; the righ t edge �

i

can b e treated

in a similar w a y . W e will use the conditions for lo calization giv en in Theorem 2.1 of v on

Dreifus and Klein [9]. W e start with some de�nitions. F or u 2 Z

d

w e de�ne H

( u )

b y

H

( u )

0

( x; y ) = H

0

( x + u; y + u ) ; x; y 2 Z

d

(2 : 100 )

W e then set

H

( u )

= H

( u )

0

+ g v ; G

( u )

( � ) = ( H

( u )

0

� � )

� 1

(2 : 101 )

Notice that � ( H

( u )

) = � with probabilit y 1 : F or l 2 N ; x 2 Z

d

; w e de�ne

e

l = l (1 ; : : : ; 1)

and �

l

( x ) = C

e

l

� [ l = 2] + x ( [ y ] is the en tire part of a real n um b er y ) and for � � Z

d

@

�

� = f y 2 � : 9 z 2 Z

d

� � ; j z � y j

1

� � g (2 : 102 )

Recall that � is the range of H

0

: Also for � 2 Z

d

w e write H

�

= f H ( x; y ) ; x; y 2 � g whic h

is the matrix asso ciated with the restriction of H to � with Diric hlet b oundary conditions.

De�nition 2 : 16 . Let x 2 Z

d

; E 2 R ; m > 0 ; l > �: We say that �

l

( x ) is

( m; E ) � r eg ul ar if

max

u 2 C

q

j G

( u )

�

l

( x )

( E ; x; y ) j � e

� ml = 2

; 8 y 2 @

�

�

l

( x ) (2 : 103 )
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Otherwise we say that �

l

( x ) is ( m; E ) � sing ul ar :

Let us �x p > d; an in terv al I � R ; m

0

and D

0

(see Assumption V). The v on

Dreifus-Klein criterion sa ys that there exists B = B ( d; D

0

; m

0

; p ) < 1 suc h that if

P f �

L 0
( x ) is ( m

0

; E ) � r eg ul ar for all E 2 I g � 1 �

1

L

p

0

(2 : 104 )

for some L

0

> B ; then there exists � = � ( L

0

; m

0

; d; D

0

; p ) > 0 suc h that the sp ectrum of

H is exp onen tially lo calized in ( E

0

� � ; E

0

+ � ) :

Remark 2 : 17 . von Dreifus and Klein only discuss the case where H = � � + g v :

But their results are easily seen to extend to the case when � � is replaced by a translation

invariant operator with a �nite range �: The remark that � � can be replaced by a q �

per iodic operator H

0

is due to Spencer [16], who noticed that if the maximum over all

translations of H

0

is introduced in the de�nition (2 : 103) ; the whole proof goes through.

Theorem 3 no w follo ws from

Lemma 2 : 18 . Let us �x 0 < 


+

< 1 ; and let p

+

= � f [


+

; 1] g ; g

+

= g (1 � 


+

) : If

L is a su�ciently large positive integer such that e

L � q ; we have

lim

p

+

! 0

P f �

L

(0) is ( b ( g

+

� g

0

) = 4 ; � ) � r eg ul ar g = 1 (2 : 105 )

uniformly in � 2 [ �

i

� g

0

; �

i

] for g

0

; 0 < g

0

< g

+

; where b is given in Lemma 2.14.

Proof. Let E

L

denote the ev en t that v ( x ) � 


+

for for all x 2 �

L

(0) : If E

L

o ccurs,

and 0 < g

0

< g

+

; then for all u 2 C

q

w e ha v e from (2 : 90) that for all � 2 [ �

i

� g

0

; �

i

]

j

�

G

( u )

�

L

(0)

( � ; x; y ) j �

2

d +1

g +
exp ( � bg

00

j x � y j

e

L

) (2 : 106 )

for L su�cien tly large in relation to q ; for all x; y 2 �

L

(0) ; where g

00

= g

+

� g

0

: De�ne

no w �

( u )

L

b y the follo wing equalit y

H

( u )

0 ; �

L

(0)

=

�

H

( u )

0 ; �

L

(0)

+ �

( u )

L

(2 : 107 )

i.e. �

( u )

L

is the di�erence b et w een matrices corresp onding to the p erio dic and Diric hlet

b oundary conditions. Notice that k �

( u )

L

k � C ( H

0

) ; where C ( H

0

) is a constan t whic h

dep ends just on op erator H

0

: Then if G

�

stands for the resolv en t of the corresp onding

matrix H

�

; the resolv en t iden tit y giv es
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G

( u )

�

L

(0)

( � ) =

�

G

( u )

�

L

(0)

( � ) +

�

G

( u )

�

L

(0)

( � )�

( u )

L

G

( u )

�

L

(0)

( � )

(2 : 108 )

G

( u )

�

L

(0)

( � ; 0 ; y ) =

�

G

( u )

�

L

(0)

( � ; 0 ; y ) +

P

s;t 2 �

L

(0)

�

G

( u )

�

L

(0)

( � ; 0 ; t )�

( u )

L

( t; s ) G

( u )

�

L

(0)

( � ; s; y )

If y 2 @

�

�

L

(0) ; then using (2 : 106) w e get

j G

( u )

�

L

(0)

( � ; 0 ; y ) j �

(2 : 109 )

�

2

d +1

g

00 e

� bg

00
(

L

2
� � )

+ (2 L + 1)

2 d

C ( H

0

) k G

( u )

�

L

(0)

( � ) k e

� bg

00
(

L

2
� � )

since �

( u )

L

( t; s ) = 0 unless s; t 2 @

�

�

L

(0) : No w let W

L

( � ) b e the ev en t k G

( u )

�

L

(0)

( � ) k � L

2 d

;

for all u 2 C

q

: Then w e get

j G

( u )

�

L

(0)

( � ; 0 ; y ) j �

2

d +1

g

00 exp f � bg

00

(

L

2

� � ) g [1 + (2 L + 1)

2 d

C ( H

0

) L

2 d

] �

(2 : 110 )

� exp f �

bg

00
L

8

g

for all � 2 [ �

i

� g

0

; �

i

] ; if L is greater than a �nite constan t L

0

( d; b; g

00

; H

0

) : Th us

P f �

L

(0) is (

bg

00

4

; � ) � sing ul ar g � P fE

c

L

g + P fW

c

L

( � ) g (2 : 111 )

On the other hand, for all � 2 [ �

i

� g

0

; �

i

]

P fE

c

L

g � L

d

P ( v (0) > 


+

g � p

+

L

d

(2 : 112 )

and b y W egner's estimate

P fW

L

( � ) g �

2 D 0

g

j C

q

j

L

d

L

2d

=

2 D 0

g

j C

q

j L

� d

(2 : 113 )

This completes the pro of of the lemma, and hence Theorem 3.

Proof of Theorem 3

0

: W e use the lo calization criterion giv en b y Sp encer [15]. The

pro of is similar to the pro of of Theorem 3, so w e will only p oin t out the di�erences. Lemma

2.18 is replaced b y
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Lemma 2 : 19 . Let m

L

= 2( d + 2) l og L=L: Under the hypotheses of Theorem 3

0 we

have

lim sup

L ! 1

P f �

L

(0) is ( m

L

; �

i

) � r eg ul ar g = 1 (2 : 114 )

P r oof : The lemma is pro v ed in a similar w a y to Lemma 2.18, for scales suc h that

e

L � q : Here w e de�ne E

L

to b e the ev en t that v ( x ) � 1 � �

L

for all x 2 �

L

(0) ; where

�

L

= ( l og L )

2

=L: By our assumptions w e ha v e

P fE

c

L

g � L

d

P ( v (0) > 1 � �

L

g � C L

d

�

�

L

= C L

d

( l og L )

2�

L

�

! 0 as L ! 1 (2 : 115 )

since � > d:

Theorem 3

0

no w follo ws from Theorem 1 in [15].
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