ABSORBING BOUNDARY CONDITIONS FOR DOMAIN DECOMPOSITION

BJORN ENGQUIST^� AND HONG-KAI ZHAO^y

Abstract. In this paper we would like to point out some similarities between two artificial boundary conditions. One is the far field or absorbing boundary conditions for computations over unbounded domain. The other is the boundary conditions used at the boundary between subdomains in domain decomposition. We show some convergence result for the generalized Schwarz alternating method (GSAM), in which a convex combination of Dirichlet data and Neumann data is exchanged at the artificial boundary. We can see clearly how the mixed boundary condition and the relative size of overlap will affect the convergence rate. These results can be extended to more general coercive elliptic partial differential equations using the equivalence of elliptic operators. Numerically first and second order approximations of the Dirichlet to Neumann operator are constructed using local operators, where information tangential to the boundary is included. Some other possible extensions and applications are pointed out. Finally numerical results are presented.

Key Words. partial differential equation (PDE), domain decomposition, Schwarz alternating methods (SAM), absorbing boundary condition, Dirichlet to Neumann (DtN) operator, immersed interface problem, trace theorem.

1. Introduction. There are some similarities in the requirements for two classes of artificial boundary conditions. One consisting of those conditions used in computer simulations over unbounded domains and the other of those used in domain decomposition. In both cases the original problem does not contain these artificial boundary conditions and the differential equation is valid across the location of the artificial boundaries. The boundary condition should thus be as ”transparent” as possible for true information and not introduce significant errors. Usually some local approximations of some sort of Dirichlet to Neumann (DtN) map are used at the artificial boundary. In this paper we will show both the similarities and differences between these classes of boundary conditions. We will also describe how techniques which were developed in simulation over unbounded domains can be beneficial as boundary conditions in domain decomposition.

We shall use the term absorbing boundary condition (ABC) for the artificial boundary condition which is used to limit the computational domain in simulations over unbounded domains. Depending on application, these types of boundary conditions go under many names, for example, radiation, far field or open.

� Department of Mathematics, University of California at Los Angeles, Los Angeles, CA 90095-1555,

<engquist@math.ucla.edu>

y Department of Mathematics, Stanford University, Stanford, CA 94305-2125

<zhao@math.stanford.edu>

The basic requirements for ABCs are, stability, accuracy and computational efficiency. First of all, well posedness of the initial boundary value problem and the stability of the corresponding computational algorithm is clearly necessary. With accuracy, we here mean that the true solution should well satisfy the ABC. The stability will then guarantee a good approximation over all. The ABC should also be computationally efficient. This is, for example, why local ABCs are often preferred over global ones, at least for time dependent problems.

In domain decomposition the computational domain is subdivided into different parts which are connected by artificial boundary conditions. The purpose may be to reduce the computational complexity or to facilitate parallel processing. We shall here consider the iterative Schwarz alternating method (SAM) for elliptic problem. It is also possible to study time dependent problems in terms of overlapping grids.

In domain decomposition the subproblems with their boundary conditions must be individually well posed. Computational efficiency is also important. Accuracy at the artificial boundary, however, plays a slightly different role compared to ABC. The solution is not expected to satisfy the artificial boundary condition directly but only in the limit of an iterative process. The source term in the artificial boundary condition will be iteratively adjusted to achieve accuracy. The standard methodology is to use Dirichlet or Neumann conditions, in which errors are damped out in iterations due solely to the overlap. We will show that ”better” boundary conditions will give faster convergence, in particular, if the overlaps between the domains are small. Better boundary conditions may include derivatives both normal and tangential to the boundaries, as is common for ABCs. In the spirit of ABCs, this ’better’ boundary condition will introduce an extra cancellation (absorbing) effect at the artificial boundary between subdomains and prevent error from passing from one subdomain to other subdomains freely even with no overlap at all. All of these analysis have used the ellipticity of the PDE. However the idea can be extended to more general situations.

2. Schwarz Alternating Method. The classical SAM method is an iterative method which solves the subproblem in each subdomain alternately and couple the subproblems together by overlapping each subdomain and exchanging function value (Dirichlet data) at the artificial boundaries. The classical SAM method is convergent for elliptic PDEs and its convergence rate is related to the size of overlap of the subdomains. This can be easily seen by either maximum principle or variational interpretation. (see [20],[13],[14]).

Recently many new variants of classical SAM have been proposed for domain decomposition method with or without overlap. (see [3],[1],[4],[16]) Our paper is motivated by the new modified SAM method, proposed by P.L.Lions ([15]), in which there are exchanges of a convex combination of Neumann and Dirichlet data at the artificial boundaries. Convergence was proved in a very general setting with no overlap. The proof is based on delicate energy estimates and Sobolev inequalities. However no estimates on the convergence has been done. Here we will study convergence properties for even more general artificial boundary conditions. We will see improved convergence properties due to the ’positive’ property of the DtN operator. (See definition1 below.)

In [23] some analysis was done in linear algebra context and in [22] some analysis was done on the discretized equation. In our paper we are mainly interested in the better understanding of the effect of boundary conditions at the artificial boundary which is also useful in other situations such as overlapping grids and interface problems. In many practical applications, domain decomposition method has also been used as a preconditioner combined with a Krylov subspace method (see [21]), which could be a potential use for the techniques discussed here.

An interesting application of the generalized SAM is to interface problems where the solutions to the elliptic PDE and their derivatives may be discontinuous across some interface due to the discontinuities in the coefficients or singular sources along the interface. This kind of interface problems occur very often in e.g. multiphase or free surface fluid problems, phase transition problems and immersed boundary problems. A domain decomposition along the interface is very natural since we can solve well behaved problems in each subdomain using any good numerical scheme and only couple the subproblems together by the prescribed interface conditions. In this situation the usual elliptic solver can not work well due to the discontinuities across the interface where the PDE is not defined. Even the traditional non-overlapping method in domain decomposition will not work since the Steklov-Poincaré operator or the Schur complement at the interface is not clear. Some brief discussion and references will be presented at the end of section4.

For simplicity we first define the generalized SAM in the case where the whole domain Ω is decomposed into two subdomains Ω_1 and Ω_2 (i.e. Ω = Ω_1 ∪ Ω_2) with the two artificial boundaries Γ_1, Γ_2 intersecting ∂Ω. Denote Ω_{11} = Ω_1 \ Ω_2, Ω_{22} = Ω_2 \ Ω_1 if there is overlap. (see figure 1)

The elliptic PDE with Dirichlet boundary data is: Lu = f in Ω u = g on ∂Ω (1) where L is some elliptic differential operator. We generalize the classical SAM method to the following two formulations.

(i) additive version.

Fig. 1. Domain decomposition with two subdomains.

Set u^0_i initially in Ω_i, i = 1, 2 and construct u^n_i in parallel

Lu^n_1 = f in Ω_1 u^n_1 = g on ∂Ω_1\Γ_1

Λ_1u^n_1 + λ_1 ∂u^n_1 ∂n_1 = Λ_1u^{n−1}_2 + λ_1 ∂u^{n−1}_2 ∂n_1 on Γ_1 (2)

and Lu^n_2 = f in Ω_2 u^n_2 = g on ∂Ω_2\Γ_2

Λ_2u^n_2 + λ_2 ∂u^n_2 ∂n_2 = Λ_2u^{n−1}_1 + λ_2 ∂u^{n−1}_1 ∂n_2 on Γ_2 n = 1, 2, . . . , (3)

(ii) multiplicative version.

Set u^0_i initially in Ω_i and construct u^{2k+1}_1 in Ω_1 and u^{2k+2}_2 in Ω_2 sequentially,

Lu^{2k+1}_1 = f in Ω_1 u^{2k+1}_1 = g on ∂Ω_1\Γ_1

Λ_1u^{2k+1}_1 + λ_1

∂u^{2k+1}_1 ∂n_1 = Λ_1u^{2k}_2 + λ_1 ∂u^{2k}_2 ∂n_1 on Γ_1 (4)

and Lu^{2k+2}_2 = f in Ω_2 u^{2k+2}_2 = g on ∂Ω_2\Γ_2

Λ_2u^{2k+2}_2 + λ_2

∂u^{2k+2}_2 ∂n_2 = Λ_2u^{2k+1}_1 + λ_2

∂u^{2k+1}_1 ∂n_2 on Γ_2 k = 0, 1, 2, . . . , (5)

The solution u^n in Ω can be composed in many ways from u^n_1 and u^n_2 such that u^n ∈ H^1(Ω) ∩ C(Ω) and, u^n = u^n_i , in Ω_i \ (Ω_1 ∩ Ω_2). Λ_i’s are some operators and λ_i’s are 4

constants. It is easily seen that if Λ_1 = Λ_2 = I(identity operator) and λ_1 = λ_2 = 0, then the above multiplicative version becomes the classical SAM. If Λ_1 = Λ_2 = constant > 0 and λ_1 = λ_2 = 1 then it is the modified SAM proposed by P.L. Lions in [15]. We can also change Λ_i, λ_i’s with every iteration. This will give us an accelerated version of the generalized SAM which is discussed briefly in section4. In particular if the Dirichlet data and Neumann data are exchanged alternately then we get the Dirichlet to Neumann type or the relaxation procedure in [16]. Many variants of the classical SAM method can be regarded as a particular choice of Λ_i and λ_i. Without loss of generality we will normalize λ_i’s to be 1 if they are not zero, i.e. if the generalized SAM does not degenerate to classical SAM.

Although the practical implementation of the additive scheme and the multiplicative scheme can be quite different, the convergence analysis in two subdomain case is about the same. We will mainly do analysis on the additive scheme for easier bookkeeping. The corresponding results for multiplicative scheme will be mentioned without proof and the differences will be pointed out.

At the artificial boundaries in our generalized SAM, a generalized Robin type of boundary condition is imposed. In order to have well-posedness for each subdomain problem, we need some requirement on the operators Λ_i, i = 1, 2

Definition 1. Let γ_0 be an open (relative to ∂Ω) subset of ∂Ω. A bounded linear operator Λ : H^{1/2}(γ_0) → H^{−1/2}(γ_0) is said to be positive if for ∀u ∫ γ_0 uΛu ≥ 0 It is said to be strictly positive if ∫ γ_0 uΛu > 0, if u ≠ 0.

Let Λ(x, η) denote the symbol of the pseudo-differential operator Λ. If Λ is (strictly) positive then Λ(x, η) ≥ (>)0, ∀x ∈ γ_0, ∀η The identity operator Λu = u|_{γ0} is a trivial strictly positive operator. The DtN operator for the Laplace equation −Δu = 0, inΩ u = 0 on ∂Ω \ γ_0 Λu = ∂u ∂n |_{γ0} is a positive operator. This is also true for any second order coercive PDE.

It is very easy to see the following lemma for the well-posedness of the two subproblems in Ω_1, Ω_2

Lemma 2.1. If Λ_i : H^{1/2}(∂Ω_i \ ∂Ω) −→ H^{−1/2}(∂Ω_i \ ∂Ω), i = 1, 2 are positive operators, then the two boundary value problems (2),(3) and (4),(5) are well-posed in H^1.

Theoretically the perfect choice of Λ_i’s are the corresponding DtN operators which gives the convergence in two steps even with no overlap. It can be seen through the following lemma.

Lemma 2.2. A second order coercive elliptic PDE Lu = f in Ω can be solved by the generalized SAM without overlap in two steps if Λ_1(or Λ_2) is the Dirichlet to Neumann operator at the artificial boundary Γ_1(or Γ_2) for the corresponding homogeneous PDE in Ω_2(or Ω_1) with homogeneous boundary condition on ∂Ω_2 ∩ ∂Ω(or ∂Ω_1 ∩ ∂Ω). (see figure 1)

Proof: We will show that in two steps we can get the exact solution u in Ω. Let e^n_i = u − u^n, i = 1, 2 be the error function. Then e^n_i will satisfy the following homogeneous equation and boundary condition,

Le^1 = 0 in Ω_1 e^1 = 0 on ∂Ω_1 ∩ ∂Ω ∂e^1 ∂n_1 + Λ_1e^1 =

∂e^0_2 ∂n_1 + Λ_1e^0_2 on Γ_1, where n_1 is the outer normal for Ω_1 Similarly we have the following problem in Ω_2,

Le^1_2 = 0 in Ω_2 e^1_2 = 0 on ∂Ω_2 ∩ ∂Ω ∂e^1_2 ∂n_2 + Λ_2e^1_2 =

∂e^0_1 ∂n_2 + Λ_2e^0_1 on Γ_2, where n_2 is the outer normal for Ω_2 Since Λ_1 (Λ_2) is the DtN operator at Γ_1,(Γ_2) in Ω_2,(Ω_1), we must have,

∂e^0_2 ∂n_1 + Λ_1e^0_2 = −

∂e^0_2 ∂n_2 + Λ_1e^0_2 = 0

( ∂e^0_1 ∂n_2 + Λ_2e^0_1 = −

∂e^0_1 ∂n_1 + Λ_2e^0_1 = 0)

and we get e^1 = 0 in Ω_1 (e^1_2 = 0 in Ω_2). Hence we get the exact solution in two steps.

Remark: This result is essentially the same as the exact non-reflecting boundary conditions in [10]. In general the DtN operator is a global operator and to find its action on u is equivalent to solving a Dirichlet problem. Here we are going to use a positive operator to approximate the DtN operator at the artificial boundary. Due to the positivity of DtN operator for strictly elliptic PDEs, we will show convergence through iterations. For ordinary differential equations with constant coefficients DtN operator can be easily found, (see [24]). For more general elliptic PDEs in simple geometries it is possible to incorporate this into the solving procedure by appropriate finite element formulation, (see [9]).

Since we are interested in the convergence, we only need to look at error function sequence e^n_i = u − u^n_i , i = 1, 2 which satisfies the corresponding homogeneous equation and homogeneous boundary conditions at ∂Ω ∩ ∂Ω_i. From now on we shall assume that f = 0, g = 0 in (1) and analyze how u^n_i converges to 0 in Ω_i, i = 1, 2. In the rest of our paper we use two special problems in section3 to analyze the convergence properties of the generalized SAM and generalize the analysis to more general situations in section4. In section5 numerical schemes using local operators to approximate the DtN operator are derived and analyzed. Finally some numerical results are shown in section6.

3. Convergence Analysis of the Generalized SAM for two model problems. In this section we will use Fourier analysis for the Laplace equation in two special geometries. These two model problems let us see very intuitively why the generalized SAM works and how the convergence rate depends on Λ_i, the size of overlap and the size of the subdomains. This is possible since for these two model problems the explicit formula of the convergence rate can be derived. Using the spectral equivalence of the elliptic differential operators we will see that the analysis for these two simple model problems can be generalized to more general elliptic PDEs and geometries in the case of two subdomains.

Model Problem 1: { − △ u = f in Ω u = g on ∂Ω Ω = {(x, y)| − l_1 ≤ x ≤ l_2, 0 ≤ y ≤ 2π} Ω_1 = {(x, y)| − l_1 ≤ x ≤ δ, 0 ≤ y ≤ 2π}, Ω_2 = {(x, y)| − δ ≤ x ≤ l_2, 0 ≤ y ≤ 2π} 0 ≤ δ < min(l_1, l_2) Γ_1 = {(x, y)|x = δ, 0 ≤ y ≤ 2π}, Γ_2 = {(x, y)|x = −δ, 0 ≤ y ≤ 2π},

Theorem 3.1. For model problem 1 (see figure 2) the generalized additive Schwarz alternating method, (2) - (3). (λ_1 = λ_2 = 1) is convergent if Λ_1 = Λ_2 = Λ is strictly positive. If there is overlap, then there is a constant 0 < ρ < 1 such that

‖ u − u^n_i ‖_H1_{(Ωi)}≤ ρ ‖ u − u^{n−2}_i ‖_H1_{(Ωi)} i = 1, 2 7

Fig. 2. Rectangular domain with both subdomains touching the boundary.

where ρ depends on Λ, the size of Ω_i(l_i) and the size of overlap δ. If there is no overlap (δ = 0) then

lim_{n→∞} ‖ u − u^n_i ‖_H1_{(Ωi)}→ 0 i = 1, 2 lim_{n→∞} ‖ u − u^n_i ‖_H1/2_{(Γi)}→ 0 i = 1, 2

Proof: Without loss of generality we assume f = g = 0. After Fourier transform in y in Ω_1 Ω_2, we have,

− û_i^n_{xx}(x, η) + η^2û_i(x, η) = 0, i = 1, 2 (6) where û_i is the Fourier transform of u_i, η is the Fourier mode for y. After multiplying both sides by û_i and integrating by parts we have the following relation, ∫ δ −l1 | û_1^n_x |^2 +η^2 | û_1^n |^2 dx = Reû_1^nû_1^n_x |_{x=δ} ∫ l_2 −δ | û_2^n_x |^2 +η^2 | û_2^n |^2 dx = −Reû_2^nû_2^n_x |_{x=−δ} (7)

These two relations are the Fourier transform of the following identity ∫ Ω | ▽u |^2= ∫ ∂Ω u ∂u ∂n i.e. the H^1 seminorm of solution is bounded by some boundary integral and the DtN operator is positive.

From (6) and the homogeneous boundary condition on ∂Ω we have,

û_1^n(x, η) = A^n_1 (η)(e^{λx} − e^{−2λl1}e^{−λx}) x ∈ [−l_1, δ] û_2^n(x, η) = A^n_2 (η)(e^{−λx} − e^{−2λl2} e^{λx}) x ∈ [−δ, l_2] 8

where λ(η) = |η|, η = ±1, ±2, . . ., which is the Fourier transform of DtN operator for our PDE if l_i = ∞, i = 1, 2. According to equation (7), we have ∫ δ −l1 | û_1^n_x |^2 +η^2 | û_1^n |^2 dx = λ | A^n_1 (η) |^2 (e^{2λδ} − e^{−4λl1}e^{−2λδ}) ∫ l_2 −δ | û_2^n_x |^2 +η^2 | û_2^n |^2 dx = λ | A^n_2 (η) |^2 (e^{2λδ} − e^{−4λl2}e^{−2λδ}) (8)

Denote Λ(η) to be the Fourier transform (pseudo-differential operator) of the operator Λ. At Γ_1,

û_1^n_x + Λ(η)û_1^n |_{x=δ}= A^n_1 (η)[(λ(η) + Λ(η))e^{λ(η)δ} + (λ(η) − Λ(η))e^{−2λ(η)l1}e^{−λ(η)δ}]

û_2^n_x + Λ(η)û_2^n |_{x=δ}= −A^n_2 (η)[(λ(η) − Λ(η))e^{−λ(η)δ} + (λ(η) + Λ(η))e^{−2λ(η)l2}e^{λ(η)δ}]

So if we impose the generalized boundary condition at Γ_1 we have A^n_1 (η) A^{n−1}_2 (η) = − (λ(η) − Λ(η))e^{−λ(η)δ} + (λ(η) + Λ(η))e^{−2λ(η)l2}e^{λ(η)δ} (λ(η) + Λ(η))e^{λ(η)δ} + (λ(η) − Λ(η))e^{−2λ(η)l1}e^{−λ(η)δ} (9) From the boundary condition at Γ_2, similarly we have, A^n_2 (η) A^{n−1}_1 (η) = − (λ(η) − Λ(η))e^{−λ(η)δ} + (λ(η) + Λ(η))e^{−2λ(η)l1}e^{λ(η)δ} (λ(η) + Λ(η))e^{λ(η)δ} + (λ(η) − Λ(η))e^{−2λ(η)l2}e^{−λ(η)δ} (10)

So the convergence rate for A^n_i , i = 1, 2 is:

r_G(η, δ, l_1, l_2, Λ)^{def}= | | | A^n_1 (η) A^{n−2}_1 (η) | | | = | | | A^n_2 (η) A^{n−2}_2 (η) | | |

= | | | (λ(η) − Λ(η))e^{−λ(η)δ} + (λ(η) + Λ(η))e^{−2λ(η)l2}e^{λ(η)δ} (λ(η) + Λ(η))e^{λ(η)δ} + (λ(η) − Λ(η))e^{−2λ(η)l2}e^{−λ(η)δ} | | |

× | | | (λ(η) − Λ(η))e^{−λ(η)δ} + (λ(η) + Λ(η))e^{−2λ(η)l1}e^{λ(η)δ} (λ(η) + Λ(η))e^{λ(η)δ} + (λ(η) − Λ(η))e^{−2λ(η)l1}e^{−λ(η)δ} | | |

(11)

Now we observe the following two facts for the two fractions in (11):

(i) two terms in the numerator and in the denominator have the same product. (ii) The term with the largest absolute value and the term with the smallest absolute value are in the denominator, since δ < min(l_1, l_2), and Λ(η) is strictly positive.

From the simple algebraic fact we know that the norm of each fraction is less than 1. r_G(η, δ, l_1, l_2, Λ) < 1 ∀η and δ ≥ 0 (12) 9

Even if δ = 0, i.e. there is no overlap, r_G(η, δ, l_1, l_2, Λ) < 1. r_G is a decreasing function of δ, because the larger the δ the bigger the difference between the two terms in the denominator and the product is fixed. If there is overlap, i.e. δ > 0, lim |η|→∞ r_G(η, δ, l_1, l_2, Λ) = | | | λ(η) − Λ(η) λ(η) + Λ(η) | | | e^{−2λ(η)δ} → 0 since Λ(η) is a pseudo-differential operator from H^12 (∂Ω) → H^{− 1}2 (∂Ω) . Let sup_η r_G(η, δ, l_1, l_2, Λ) = c < 1

then we can simply take ρ = c. From equation (8)

‖ ∇u^n_i ‖^2_{L2(Ωi)}= ∫ Γi ∂u^n_i ∂n_i u^n_i = ∑ η λ(η) | A^n_i (η) |^2 (e^{2λ(η)δ} − e^{−4λ(η)li}e^{−2λ(η)δ}) and by Poincaré inequality we have the estimate of the convergence rate in H^1 norm.

If there is no overlap i.e. δ = 0, and lim_{|η|→∞} | | | λ(η) − Λ(η) λ(η) + Λ(η) | | | → 1 then lim |η|→∞ r_G(η, δ, l_1, l_2, Λ_1, Λ_2) → 1 (e.g. Λ_i = constant > 0) But we have u^n_i ∈ H^1(Ω_i), ∂u^n_i ∂n_i ∈ H^{− 1}2 (Γ_i), u^n_i ∈ H^12 (Γ_i) ⇒ ∫ Γi ∂u^n_i ∂n_i u^n_i < ∞ n = 0, 1, ... or by (7) ‖ ∇u^n_i ‖^2_{L2(Ωi)}= ∑ η λ(η) | A^n_i (η) |^2 (1 − e^{−4λ(η)li}) < ∞ Now ∀ϵ > 0, we can have a positive integer M such that ∑ |η|≥M λ(η) | A^0_i (η) |^2 (1 − e^{−4λ(η)li}) < ϵ 2 We can find N large enough such that for n > N, ∑ |η|<M λ(η) | A^n_i (η) |^2 (1 − e^{−4λ(η)li}) < ϵ 2 since (12) is true. Then

‖ ∇u^n_i ‖^2_{L2(Ωi)} = ∑ η λ(η) | A^n_i (η) |^2 (1 − e^{−4λ(η)li}) = ∑ |η|<M λ(η) | A^n_i (η) |^2 (1 − e^{−4λ(η)li}) + ∑ |η|≥M λ(η) | A^n_i (η) |^2 (1 − e^{−4λ(η)li})

≤ ϵ 2 + ∑ |η|≥M λ(η) | A^0_i (η) |^2 (1 − e^{−4λ(η)li}) < ϵ 10

Again by Poincaré inequality this shows that the domain decomposition algorithm is convergent even with no overlap. From the trace theorem or from the expression

‖ u^n_i ‖^2_{H1/2(Γi)} = ∑ η (1 + |η|)|û^n_i (0, η)|^2

= ∑ η (1 + |η|)|A^n_i |^2(1 − e^{−2λ(η)li})^2 ≤ C‖ ∇u^n_i ‖^2_{L2(Ωi)}

We can get the convergence of u^n_i |_{Γi} → 0 in H^{1/2}(Γ_i). That completes the proof.

We can actually do the similar analysis (or just let Λ = ∞, Λ = 0) to get the convergence rate r_D(η) for passing Dirichlet data, (classical SAM), and r_N (η) for passing Neumann data at the artificial boundaries. r_D(η)^{def}= √ e^{−λ(η)δ} − e^{−2λ(η)l1}e^{λ(η)δ} e^{λ(η)δ} − e^{−2λ(η)l1}e^{−λ(η)δ} × √ e^{−λ(η)δ} − e^{−2λ(η)l2}e^{λ(η)δ} e^{λ(η)δ} − e^{−2λ(η)l2}e^{−λ(η)δ} (13)

r_N (η)^{def}= √ e^{−λ(η)δ} + e^{−2λ(η)l1}e^{λ(η)δ} e^{λ(η)δ} + e^{−2λ(η)l1}e^{−λ(η)δ} × √ e^{−λ(η)δ} + e^{−2λ(η)l2}e^{λ(η)δ} e^{λ(η)δ} + e^{−2λ(η)l2}e^{−λ(η)δ} (14)

It is easy to see that, if there is overlap, i.e. if δ > 0 then 0 < r_D(η) < r_N (η) < 1, and δ → 0, r_N (η) → 1, r_D(η) → 1, ∀η If we change the Dirichlet data to Neumann data at the boundary ∂Ω and do exactly the same calculation, then the above two expressions for r_D and r_N exchange. (Though in any case without overlap, these two algorithms alone do not have contraction for the error and thus do not converge.) But expression (11) for r_G remains the same. It is also not hard to see that the convergence rate r_G(η) for the generalized SAM is a weighted form of the classical SAM r_D(η).

Corollary 3.2. For the generalized SAM (2) - (3), if the Dirichlet data at ∂Ω is changed to Neumann data, then Theorem 3.1 is still true.

If we do some asymptotic analysis for in the interesting case where l_1 ≈ l_2 ≫ δ, then r_G(η) ≈ | | | λ(η) − Λ(η) λ(η) + Λ(η) | | | e^{−2λ(η)δ} r_D(η) ≈ e^{−2λ(η)δ} r_N (η) ≈ e^{−2λ(η)δ} (15)

Here we see that with small overlap the classical SAM only have a good convergence property on the highly oscillatory part in the solution, which corresponds to the wellknown facts that iterative methods for elliptic PDE smooth out the error very quickly. 11

For the generalized SAM we can also have a good control of the smooth part or any range of modes in the error by an appropriate choice of operator Λ to approximate the DtN operator in that range.

Definition 2. Two positive operators Λ_1, Λ_2 are said to be equivalent in some Hilbert space H if

∃ 0 < C_1 < C_2 such that ∀u ∈ H 0 ≤ C_1(Λ_1u, u) ≤ (Λ_2u, u) ≤ C_2(Λ_1u, u)

where (·, ·) is the inner product in the Hilbert space.

If the positive operator in the generalized SAM is equivalent to the DtN operator, then the contraction rate due to the exchange of the mixed data is strictly less than 1. From the asymptotic expression (15) and the uniform convergence with overlap, we can easily see the following corollary.

Corollary 3.3. For the generalized SAM (2) - (3), if the operators Λ_i is equivalent to the DtN operator in H^{1/2}(∂Ω_i), then we have uniform convergence, i.e. 0 < r_G(η, δ, l_1, l_2, Λ_1, Λ_2) < ρ < 1, ∀η, ∀δ ≥ 0.

Model Problem 2: { − △ u = f in Ω u = g on ∂Ω

Fig. 3. Circular domain with one subdomain possible inside the other

Ω = {(x, y)|r_1 ≤ √ x^2 + y^2 ≤ r_2} Ω_1 = {(x, y)|r_1 ≤ √ x^2 + y^2 ≤ 1 + δ}, Ω_2 = {(x, y)|1 − δ ≤ √ x^2 + y^2 ≤ r_2} 0 ≤ r_1 ≤ 1 − δ ≤ 1 ≤ 1 + δ ≤ r_2 < ∞ Γ_1 = {(x, y)| √ x^2 + y^2 = 1 + δ}, Γ_2 = {(x, y)| √ x^2 + y^2 = 1 − δ} Corollary 3.4. For model problem 2 Theorem3.1 holds for the additive generalized Schwarz alternating method, (2) - (3).

Remark: If 0 < r_1 < r_2 < ∞ it is easy to see from figure 3 that model problem 2 can be reduced to model problem 1 by an analytical transformation. However in the case r_1 = 0, i.e. Ω_1 ∩ ∂Ω = 0 which is a very typical case in two or multi-subdomain situations, we can not use the standard Poincaré inequality as in the proof of Theorem3.1 to bound the H^1 norm by the H^1 seminorm. We are going to use the following lemma which is a direct extension of the lemma2 in [15] and proof can be found there.

Lemma 3.5. Let Ω be a bounded, open, smooth domain in R^N and γ_0 be an open(relative to ∂Ω) subset of ∂Ω. If Λ : H^12 (∂Ω) −→ H^{− 1}2 (∂Ω) is a bounded positive operator, then there is a positive constant C such that ‖ u ‖_{L2(Ω)}≤ C ( ‖ ∇u ‖_{L2(Ω)} + ‖ ∂u ∂n + Λu ‖_H� 1_{2 (γ0)} ) (16)

for all u ∈ H^1(Ω) satisfying: △u = 0 in Ω weakly, where n denotes the outward unit normal to ∂Ω.

If r_1 = 0, i.e. in Ω_1 we do not see the boundary information, we need to use lemma 3.5 in Ω_1.

‖ u_1 ‖_{L2(Ω1)} ≤ C ( ‖ ∇u_1 ‖_{L2(Ω1)} + ‖ ∂u_1 ∂n_1 + Λu_1 ‖_H� 1_{2 (Γ1)} )

≤ C ( ‖ ∇u_1 ‖_{L2(Ω1)} + ‖ ∂u_2 ∂n_2 ‖_H� 1_{2 (Γ1)} + ‖ Λu_2 ‖_H� 1_{2 (Γ1)} )

≤ C ( ‖ ∇u_1 ‖_{L2(Ω1)} + ‖ u_2 ‖_H1_{(Ω2)} ) ≤ C ( ‖ ∇u_1 ‖_{L2(Ω1)} + ‖ ∇u_2 ‖_{L2(Ω2)} ) where C denote some generic constant.

The proof of the corollary is very similar to that of model problem1 by using the polar coordinates Δ =

∂^2 ∂r^2 + 1 r^2

∂^2 ∂θ^2 + 1 r ∂ ∂r and do Fourier transform in θ. The detail can be found in [24].

Using exactly the same argument except a index difference, we can show the same claim for the multiplicative version of the generalized SAM. In the case of two subdomains the convergence rate of the additive version is about the square root of that of the 13

multiplicative version. If there are more than two subdomains the difference between the two versions depends on the number of colors we need to color the subdomians. (See [21])

Corollary 3.6. For model problem 1 (or 2), Theorem 3.1 is true for the generalized multiplicative Schwarz alternating method, (4) - (5).

Remark: If we look at (9), (10), each expression is not necessary less than 1 when the relative size of each subdomain is arbitrary, i.e. each one sided exchange of data at the artificial boundary may not be contractive. But a complete iteration will balance this effect. As a whole the generalized SAM is convergent even without overlap which agrees with the general energy estimate by P.L.Lions in [15]. In many applications, we have a comparable size of subdomains which are much larger than the size of overlap. Then each iteration will contribute about the same to the convergence.

4. Extension to General Equations in General Two Subdomain case. Now we replace the simple Laplace operator by the following elliptic operator,

Lu(x) = − ▽ ·(a(x) ▽ u(x)) +^⃗b(x) · ▽u(x) + c(x)u(x)

(17)

where x ∈ R^N , a(x), ⃗b(x), c(x) are smooth and a(x) > 0, c(x) ≥ 0. As long as we have the coercivity assumption as in [15], i.e. ∃ c > 0, such that ∀u ∈ H^1_0 (Ω) ∫ Ω a(x)| ▽ u(x)|^2 +^⃗b(x) · ▽u(x)u(x) + c(x)u^2(x)dx ≥ c^∫_Ω | ▽ u(x)|^2dx

(18)

then if u(x) satisfies the homogeneous equation, Lu(x) = 0, by divergence theorem we have ∫ Ω a(x)| ▽ u(x)|^2 +^⃗b(x) · ▽u(x)u(x) + c(x)u^2(x)dx =^∫_{∂Ω}^{∂u(}x^)_{∂n} a(x)u(x)

(19)

Using Poincaré inequality we can bound the H^1 norm of the solution by the boundary data. Now the only difference is that we have two bounded positive weight functions

a(x) and c(x). Since elliptic differential operators are spectral equivalent to the Laplace

operator in finite domain (see [7]), we have the spectral equivalence for the corresponding DtN operator.

For general geometries in the case of two subdomains, if the artificial boundaries are orthogonal to the real boundary, then using a smooth transformation we can transform them to one of the geometries in the model problems. If the artificial boundaries are not orthogonal to the real boundary or there are corners in the artificial boundaries, the DtN operator maybe singular at some points. The convergence rate for generalized SAM may deteriorate, though convergence is still true as long as the DtN operator is a positive operator and, ∫ Γi ∂u^n_i ∂n_i u^n_i < ∞, which is true by the trace theorem for Lipschitz domain. This can be seen from either the proof of the model problem or the proof of P.L.Lions in [15] using energy estimate.

Theorem 4.1. The generalized additive or multiplicative SAM (2)-(5) (λ_1 = λ_2 = 1) for elliptic differential operator (17) in the case of two subdomains is convergent if

Λ_i = Λ : H^12 (∂Ω_i) −→ H^{− 1}2 (∂Ω_i) i = 1, 2

is a strictly positive operator. If there is a uniform overlap, i.e. dis(Γ_1, Γ_2) = δ > 0 then there is a constant 0 < ρ < 1 such that

‖ u − u^n_i ‖_H1 ≤ ρ^n ‖ u − u^0_i ‖_H1 in Ω_i, i = 1, 2

where ρ depends on Λ, the size of Ω_i, the size of the overlap δ and the partial differential equation.

From the analysis, we see that generalized SAM converges for the following two reasons, (i) If there is overlap, maximum principle is true, i.e. the same mechanism as in the classical SAM works.

(ii) The artificial boundary conditions introduce some cancellation, which gives convergence even without overlap.

In many interesting cases the subdomains are of a comparable size which are much larger than the overlap. Using asymptotic analysis it can be shown that the overlap will give a contraction rate of e^{−cδ} (see [14]), where δ is the size of the overlap. The constant c will depend on the differential operator and the relative size of the subdomains. If we do eigen decomposition for the elliptic operator, c will depend on the eigen-mode and is a increasing function of the eigenvalue. That’s why the classical SAM usually has a slow convergence speed for the smooth part of the solution which corresponds to eigen modes of the smaller eigenvalues. Coupled with the second factor in the generalized SAM, we have a good control on the smooth part of the solution. The following is some formal analysis on these two factors using operator formulation. Denote

Ω_{12} = Ω_1 ∩ Ω2 Ω_{11} = Ω_1\Ω_{12} Ω_{22} = Ω_2\Ω_{12}

Define the projection operator

P_i : H^1(Ω_i) → H^1(Ω_{ii})

to be the restriction from Ω_i to Ω_{ii}. Denote D_i(D_{ii}) to be the DtN operator in Ω_i(Ω_{ii}) on Γ_i. Let R_i be the restriction operator from H^1(Ω_i) to H^{1/2}(Γ_i). Define R^∗_i to be the right inverse operator of R_i, i.e. R_iR^∗_i = I

∀g ∈ H^{1/2}(Γ_i), L(R^∗_i g) = 0, R^∗_i g = g at Γ_i R^∗_i g = 0 at ∂Ω_i \ Γ_i 15

Denote R_{ii}, R^∗_{ii} to be the corresponding operators in Ω_{ii}

After one cycle of iteration on the error function e^n_i = u − u^n_i in Ω_i for the generalized additive SAM (2), (3), formally we have

e^n_i = R^∗_i (Λ_i + D_i)^{−1}(Λ_i − D_{jj})R_{jj} P_j R^∗_j (Λ_j + D_j)^{−1}(Λ_j − D_{ii})R_{ii}P_i(e^{n−2}_i )

(20)

{i, j} = {1, 2}, i ≠ j. Two extreme cases:

(i) In the case of classical SAM, (20) is reduced to

e^n_i = R^∗_i R_{jj} P_j R^∗_j R_{ii}P_i(e^{n−2}_i )

(ii) In the case of no overlap, (20) is reduced to

e^n_i = R^∗_i (Λ_i + D_i)^{−1}(Λ_i − D_j)(Λ_j + D_j )^{−1}(Λ_j − D_i)R_i(e^{n−2}_i )

The convergence of the generalized SAM can be regarded as the product of the two factors when the overlap is small. The first factor of convergence is the projection operator. The second factor is (Λ_i +D_i)^{−1}(Λ_i −D_{jj} ), which is the result of the exchange of convex combination of u and^{∂u}_{∂n} at the artificial boundary.

u^n_1 = (Λ_1 + D_1)^{−1}(Λ_1 − D_{22})u^{n−1}_2 at Γ_1 u^n_2 = (Λ_2 + D_2)^{−1}(Λ_2 − D_{11})u^{n−1}_1 at Γ_2

(21) and (Λ_1 + D_1)^{−1}(Λ_1 − D_{22}) = I − (Λ_1 + D_1)^{−1}(D_1 + D_{22}) (Λ_2 + D_2)^{−1}(Λ_2 − D_{11}) = I − (Λ_2 + D_2)^{−1}(D_2 + D_{11})

(22)

where Λ_i, D_i, D_{ii} are all positive operators. The contraction rate for the second factor is determined by the spectral behavior of Λ^{−1}_i D_j and Λ^{−1}_i D_{jj} . Each individual expression in (22) dose not necessary have a norm less than 1. It depends on the relation between Λ_i and D_i. But the product of the two is contractive. Some discussions on the eigen decompositions of the interface operators after discretization can be found in [2].

Remark: If Λ_i changes in each iteration, then we can damp out errors in different range of frequencies more efficiently. This is the motivation for the accelerated version of the generalized SAM. Some numerical results are shown in section6. The optimal choice of the sequence Λ_i is under study.

Remark: Now let’s apply the above analysis briefly to the interface problem. Consider the elliptic PDE,

∇ · (β(x)∇u(x)) + κ(x)u(x) = f(x)

β(x) > 0, κ(x) > 0, x ∈ Ω ⊂ R^N , N = 1, 2, 3

(23)

in a domain Ω. In Ω, suppose there is an interface of co-dimension one across which the solution u and/or some of its derivatives are discontinuous. (see figure 4) The discontinuity may be caused by some singular source in f at the interface such as surface tension and/or may be caused by discontinuities in the coefficients β(x), κ(x) due to different material properties.

Fig. 4. Interface problem

From the equation or some physical arguments the interface conditions can be described by some jump conditions and flux conditions across the interface in the following form, { [u]|_{Γ(s)} = u_1|_{Γ(s)} − u_2|_{Γ(s)} = h(s) [βu_n] |_{Γ(s)} = β_1^{∂u1}_{∂n} |_{Γ(s)} − β_2^{∂u2}_{∂n} |_{Γ(s)} = k(s)

(24)

where (X(s), Y (s)) is a parameterization of the interface Γ, n is the outward normal of Γ. (see figure 4) The PDE (23) in each subdomain and the interface conditions (24) will uniquely determine the solution u. This is a quite challenging problem. In standard numerical schemes some continuity in the solution and its derivatives are very needed to achieve the accuracy or convergence estimates. Here the worst happens. There are some methods developed to handle this situation. The boundary integral methods in [17],[18] using potential theory, require β to be piecewise constant. The immersed boundary method in [19] using a numerical delta function along the interface, can only handle the discontinuity in the normal derivative and may smear the sharp interface. Recently R. LeVeque and Z. Li has developed a quite versatile immersed interface method in [11] using a modified finite difference scheme at the interface according to the jump conditions. It has been applied very successfully to many applications in [12],[8]. Here we will modify the multiplicative version of the generalized SAM to the interface problem.

Set u^0_i initially i = 1, 2, Λ^1, Λ^2 are some positive operators. Define a full cycle of iteration to be the following two consecutive steps of generalized SAM. First step.

−∇ · (β_1(x)∇u^{2n+1}_1 ) = f in Ω_1 u^{2n+1}_1 = g at ∂Ω ∩ ∂Ω_1 Λ^1u^{2n+1}_1 + β_1^{∂u2n+11}_{∂n1} = Λ^1u^{2n}_2 + β_2^{∂u2n2}_{∂n1} + Λ^1h + k at Γ

−∇ · (β_2(x)∇u^{2n+2}_2 ) = f in Ω_2 u^{2n+2}_2 = g at ∂Ω ∩ ∂Ω_2 Λ^1u^{2n+2}_2 + β_2^{∂u2n+22}_{∂n2} = Λ^1u^{2n+1}_1 + β_1^{∂u2n+11}_{∂n2} − Λ^1h + k at Γ Second step is almost the same as the first step but replace Λ^1 by Λ^2. The reason why we need two Λ’s is obvious from the following lemma.

Lemma 4.2. The jump condition(24) is equivalent to the following jump conditions { Λ_1[u] + [βu_n] = Λ_1h(s) + k(s), at Γ Λ_2[u] + [βu_n] = Λ_2h(s) + k(s), at Γ if Λ_i’s are strictly positive and different. i = 1, 2.

It is easy to see that the error functions e^n_i = u − u^n_i in Ω_i, i = 1, 2 satisfy the following homogeneous equations and interface conditions. −∇ · (β_1(x)∇e^{2n+1}_1 ) = 0 in Ω_1 e^{2n+1}_1 = 0 at ∂Ω ∩ ∂Ω_1 Λ^me^{2n+1}_1 + β_1^{∂e2n+11}_{∂n1} = Λ^me^{2n}_2 + β_2^{∂e2n2}_{∂n1} at Γ

−∇ · (β_2(x)∇e^{2n+2}_2 ) = 0 in Ω_2

e^{2n+2}_2 = 0 at ∂Ω ∩ ∂Ω_2

Λ^me^{2n+2}_2 + β_2^{∂e2n+22}_{∂n2} = Λ^me^{2n+1}_1 + β_1^{∂e2n+11}_{∂n2} at Γ

n = 0, 1, 2, . . . , m = 1, 2. So formally the convergence rate of this procedure for the interface problem can be seen from the error reduction in each iteration.

e^n_i = R^{−1}_i (Λ^m + β_iD_i)^{−1}(Λ^m − β_jD_j)(Λ^m + β_jD_j )^{−1}(Λ^m − β_iD_i)R_i(e^{n−2}_i )

where i, j, m = 1, 2 and the operators are defined as in (20). Since the error in each subdomain satisfies a well behaved PDE and boundary conditions, the high frequency components in the error is small. The smooth components in the error is damped quickly by the mixed boundary conditions at the interfaces. We could also use the accelerated version of the generalized SAM to minimize the effect of the jump size and improve the convergence speed. Cartesian grids can be used. The details will be discussed in later papers.

5. Local Operator Implementation of the Generalized SAM. We see from previous sections that the convergence rate of the generalized SAM depends on the size of overlap, the PDE and the choice of the positive operator at the artificial boundary. Theoretically the best choice is the DtN operator which is a global operator in most cases and is not practical in numerical implementation. Motivated by the absorbing type boundary condition proposed by Engquist and Majda in [6], we will use a local operator to approximate the DtN operator by truncating an asymptotic expansion of a global pseudo differential operator. This operator will contain derivatives tangential to the artificial boundary. We start with a model problem { − △ u + u = f in Ω u = g on ∂Ω (25)

where Ω, Ω_1, Ω_2 and the generalized SAM are the same as in model problem 1 in section3. From the analysis in model problem 1 the convergence rate of the generalized SAM in each frequency mode is r_G ≈ | | | λ(η) − Λ(η) λ(η) + Λ(η) | | | e^{−2λ(η)δ} if l_1 ≈ l_2 ≫ δ. Now λ(η) = √ 1 + η^2. When solving elliptic equations the smooth part of the solution converges very slowly. We expand λ(η) at 0. λ(η) = √ 1 + η^2 = 1 + 1 2 η^2 + O(η^4) 19

Using first order Taylor expansion we get the first order local approximation.

Λ(η) = 1 ⇒ Λu = u

(26)

Using second order Taylor expansion we get the second order local approximation assuming the boundary and the solution make^{∂2u}_{∂τ 2} meaningful.

Λ(η) = 1 + 1 2 η^2 ⇒ Λu = u − 1 2 ∂^2u ∂τ^2 (27)

where τ is the tangential direction.

For the discretized problem suppose that the grid size is h ≪ 1 and overlap is one grid size, i.e. δ = h, then the highest frequency mode is η_{max} = 1 h .

r_G ≈ max 0≤η≤ηmax | | | √ 1 + η^2 − Λ(η) √ 1 + η^2 + Λ(η) | | | e^{−2h} √_{1+η2}

Differentiate this expression and find the equation for the critical value η_c is

ηΛ(η) − (1 + η^2)Λ^′(η) = ηh(1 + η^2 − Λ^2(η))

(28)

For the first order approximation (34), we have η_c = √ 1 h and hence

r_G ≈ √ 1 + h^{−1} − 1 √ 1 + h^{−1} + 1 e^{−2h√1+h}�^1 ≈ 1 − 4h^{12}

For the second order approximation (35) we have η_c = √ 2 h and hence

r_G ≈ √ 1 + h^{−1} − (1 + h^{−1}) √ 1 + h^{−1} + (1 + h^{−1}) e^{−2h√1+2h}�^1 ≈ 1 − 8h^12

These estimates are both conservative. In real numerical computations (see section6) the convergence is usually faster, since the solutions to the elliptic PDEs are smooth, i.e. the high frequency components in the error are small. That is why we choose Taylor expansion near 0. If the constant function is in the null space of the differential operator then boundary information is needed. In multi-subdomain case, mutli-scale domain decomposition may be used to accelerate the propagation of the boundary information through the subdomains.

The convergence rate for classical SAM is,

r_D ≈ max 0≤η≤ηmax e −2λ(η)δ ≈ e−h ≈ 1 − h 20

We notice that the worst convergence occurs near η = 0, which is a significant part of the solution. That is why the classical SAM can be sensitive to the size of overlap.

Although we can improve the convergence using generalized SAM, it is clear that the convergence rates for the first and second order schemes still depend on the size of overlap. Now let us address the question of optimality of our numerical schemes by some careful asymptotic analysis. In the following presentation c always means some constant which is independent of mesh size h and they are not necessary the same. (i) First order scheme:

Let Λ(η) = ch^α and plug it into the equation(28) for the critical point.

η^2_c = c^2h^{2α} + ch^{α−1} − 1 or η_c = 0

(29)

If (a) α ≥ 1 then

r_G(0) = 1 − ch^α 1 + ch^α e^{−2h} ≈ (1 − ch^α)(1 − 2h) ≈ 1 − 2h

(b)0 ≤ α < 1 then

r_G(0) ≈ (1 − ch^α)(1 − 2h) ≈ 1 − ch^α

and at η^2_c ≈ ch^{α−1}

r_G(η_c) = √ 1 + ch^{α−1} − ch^α √ 1 + ch^{α−1} + ch^α e^{−2h√1+chα}�^1 ≈ (1 − ch^{1+α2} )(1 − ch^1

�α_2

) ≈ 1 − ch^1

�α_2

So the best choice is α = 1 3 ⇒ r_G = 1 − ch^13 (c) −1 ≤ α < 0 then r_G(0) ≈ (1 − ch^{−α})(1 − 2h) ≈ 1 − ch^{−α} at η^2_c ≈ ch^{α−1}

r_G(η_c) = √ 1 + ch^{α−1} − ch^α √ 1 + ch^{α−1} + ch^α e^{−2h√1+chα}�^1 ≈ (1 − ch^{1+α}2 )(1 − ch^1

�α_2

) ≈ 1 − ch^{1+α}2

Hence the best choice is α = − 1 3 ⇒ r_G = 1 − ch^{13} (d) α < −1 then

r_G(0) ≈ (1 − ch^{−α})(1 − 2h) ≈ 1 − 2h

For the first order scheme the optimal convergence rate is 1 − ch^13 when we take Λ = O(h^{13} ) or Λ = O(h^{− 13} ). We prefer to take Λ = O(h^{− 13} ) since the critical value in 21

this case is at η_c = O(h^{− 23} ) which is much larger than the other choice.

(ii) Second order scheme:

Let Λ(η) = 1 + ch^αη^2. Again substitute it into equation(28) for the critical value.

c^2h^{2α+1}η^4 + (2ch^{α+1} − h − ch^α)η^2 + (1 − 2ch^α) = 0 or η = 0

(30) so η^2_c =

(h + ch^α − 2ch^{α+1}) ± √ (h + ch^α − 2ch^{α+1})^2 − 4c^2h^{2α+1}(1 − 2ch^α) 2c^2h^{2α+1} or η_c = 0

and at η = 0, r_G(0) ≈ 0. We now divide the study into four cases and do some asymptotic analysis again.

(a) If α ≤ −1,

η^2_c =

(h + ch^α − 2ch^{α+1}) ± √ (h + ch^α − 2ch^{α+1})^2 − 4c^2h^{2α+1}(1 − 2ch^α) 2c^2h^{2α+1} ≈ ch^{− α+12} and r_G ≈ | | | |

√ 1 + ch^{− α+1}2 − (1 + ch^α

�1_2 ) √ 1 + ch^{− α+12} + (1 + ch^α

�1_2 )

| | | | e^{−2h} √ 1+ch� α+1 2 ≥ 1 − ch

(b) If −1 < α ≤ 0,

η^2_c ≈ ch^{−(α+1)}

and r_G ≈ 1 − ch^1

�α_2

≥ 1 − ch^{12} (c) If 0 < α ≤ 1, η^2_c ≈ ch^{−(α+1)} or η^2_c ≈ ch^{−α} and r_G ≈ max(1 − ch^1 �α_2

, (1 − ch^α2 )(1 − ch^{1− α}2 )) So the best choice is when^α_2 =^{1−α}_2 , i.e. α =^1_2 and r_G ≈ 1 − ch^{14} . (d) If α > 1, η^2_c ≈ ch^{−2α} or η^2_c ≈ ch^{−1} and r_G ≈ 1 − ch^12

So the optimal choice for the second order scheme is

Λu = u − ch^{12}

∂^2u ∂τ^2 (31) 22

(τ is the tangential direction at the interface) for the generalized SAM and the convergence rate is 1 − ch^{14} .

In the variable coefficients case, we can (i) either use our first or second order approximation to the homogenized (averaged) equation (ii) or just use the local approximation at the artificial boundary. If the coefficients are highly oscillatory, the first choice would be better since the large scale behavior of the solution is more close to the homogenized equation. The highly oscillatory part of the solution can be resolved by the solver in each subdomain. If the coefficients are smooth, we suggest to use the second choice since we are using local operators to approximate the global one in anyway.

Remark: Since we do not have the exact data at the artificial boundary it does not make sense to solve the problem in each subdomain exactly. Instead we can use some efficient iterative scheme to some tolerance. We only need that the non-exact solver is accurate enough, i.e. the error e satisfies P (D)e = f̃ and f̃ is small enough, such that for e maximum principle and positivity of the DtN operator still hold. A study on the dynamical control of the tolerance can be found in [5].

6. Numerical Results. In this section we shall present numerical calculations to quantitatively illustrate some of the analytical results from previous sections. Example 1: First we consider the 1-D two points boundary value problem,

−u_{xx}(x) + u(x) = 10e^x in Ω = [−1, 1] u(−1) = 0, u(1) = 0 Ω_1 = [−1, 0.02], Ω_2 = [−0.02, 1] (i.e. the overlap is 0.04) We used the Dirichlet, Neumann and mixed type(Λ_i = 1) boundary condition at the artificial boundary. Central difference is used to discretize the differential equation with grid size h = 0.02. We use exact solver in each subdomain in our multiplicative domain decomposition method. From figure 5 we see that after only two iterations, the solution to our mixed boundary condition is not only much closer to the true solution but is also smoother since mixed data are exchanged. Also from the L_2 error plot figure 6, we see that both the error and the convergence rate for the mixed boundary condition are better than the other two methods which agrees with our analysis. We test the optimality for different choice of the Λ_i = Λ by letting Λ =^α_{1−α} , 0 < α < 1. Figure 7 shows that our choice of parameter Λ = 1 in the mixed boundary condition which cancels the dominant term in the error is almost the optimal one for our 1-D problem.

Example 2: −△u(x, y) + u(x, y) = 10e^x(1 − y)y in Ω = [−1, 1] × [0, 1] u = 0 on ∂Ω exact solution -, solution with mixed condition o, solution with Dirichlet condition ., solution with Neumann condition-.

Fig. 5. Solution plot for example 1

Ω_1 = [−1, 0.02]×[0, 1], Ω_2 = [−0.02, 1]×[0, 1] Γ_1 = {0.02}×[0, 1], Γ_2 = {−0.02}×[0, 1] Five points central difference scheme is used with grid size h = 0.02. Again exact solver in each subdomain and multiplicative version of the domain decomposition method is used. We use the following four different boundary conditions at the artificial boundaries Γ_1, Γ_2.

(1) Dirichlet boundary condition:

u^{(n+1)}_i = u^{(n)}_j on Γ_i

(32)

(2)Neumann boundary condition:

(u^{(n+1)}_i )_x = (u^{(n)}_j )_x on Γ_i

(33)

(3) first order mixed boundary condition:

(u^{(n+1)}_i )_x ± u^{(n+1)}_i = (u^{(n)}_j )_x ± u^{(n)}_j on Γ_i

(34)

(4) second order boundary condition:

(u^{(n+1)}_i )_x ± u^{(n+1)}_i ∓ 1 2 (u^{(n+1)}_i )_{yy} = (u^{(n)}_j )_x ± u^{(n)}_j ∓ 1 2 (u^{(n)}_j )_{yy} on Γ_i

(35) {i, j} = {1, 2}, i ≠ j Figure 8 is the numerical results with different boundary conditions.

Example3: −Δu(x, y) + u(x, y) = xy in Ω = [−1, 1] × [0, 1] u = e^xy + xy on ∂Ω The exact solution is u(x, y) = e^xy + xy.

Ω_1 = [−1, δ] × [0, 1], Ω_2 = [−δ, 1] × [0, 1] Γ_1 = {δ} × [0, 1], Γ_2 = {−δ} × [0, 1] 24

mixed o, Dirichlet *, Neumann x

Fig. 6. Error plot for example 1

In the computation we will change the size of overlap with mesh size h, i.e. δ = h. We use SOR with tolerance 10^{−6} for the system in each subdomain discretized by central difference. We tested the classical SAM (32), first order (34) and second order (35) generalized SAM schemes in both additive and multiplicative version of domain decomposition method. Figure 9 shows the convergence of the multiplicative domain decomposition method in the L_2 norm as h → 0. We see that the convergence of the generalized SAM is relative insensitive to the size of overlap. Figure 10 shows the convergence of the additive domain decomposition method.

Figure 11 shows that both the multiplicative version and the additive version of the generalized SAM converge without overlap but not in any geometric fashion. However

Fig. 7. Errors and convergence rates with different Λ.

second order ., first order o, Dirichlet *, Neumann x

Fig. 8. Error plot for example 2

classical SAM first order GSAM second order GSAM

’o’ for δ = h = 0.02, ’x’ for δ = h = 0.01

Fig. 9. Multiplicative SAM

they can be dramatically improved by using accelerated version (see section4 Remark), i.e. using different Λ^n_i in each iteration. In this calculation, we use Λ^n_i = 1 + n, n = 1, 2, . . . , 20 at nth iteration.

Example 4: We will test our accelerated generalized SAM i.e. Λ^n_i = 1 + n, n = 1, 2, . . . , 10 at nth iteration, on a second order elliptic equation with variable coefficients. −∇ · ((1 + 0.8sinπxy)∇u(x, y)) = e^{x+y} in Ω = [−1, 1] × [0, 1] u = 0 on ∂Ω The whole domain is divided into two subdomains with different sizes. Ω_1 = [−1, −0.7 + δ] × [0, 1], Ω_2 = [−0.7 − δ, 1] × [0, 1] Γ_1 = {−0.7 + δ} × [0, 1], Γ_2 = {−0.7 − δ} × [0, 1]

We use grid size h = 0.01 and change the size of overlap. The same SOR method is used in each subdomain as in Example 3. From figure 12 we see that both versions of the accelerated generalized SAM converge very fast and is almost independent of the size of overlap. When the size of overlap is large enough then the convergence effect due to overlap takes over. 26

classical SAM first order GSAM second order GSAM

’o’ for δ = h = 0.02, ’x’ for δ = h = 0.01

Fig. 10. Additive SAM

multiplicative GSAM additive GSAM

’x’ for 1st order, ’o’ for 2nd order, ’*’ for the accelerated version, h = 0.02

Fig. 11. Convergence of GSAM without overlap

7. Conclusion. Due to the positivity of the Dirichlet to Neumann operator the generalized SAM can have improved convergence properties over the classical SAM. The generalized SAM for domain decomposition can converge without overlap. Since a local operator can not approximate a global operator uniformly in general, we can not expect a convergence rate which is independent of the overlapping size for the generalized SAM.

We will discuss the accelerated version of generalized SAM, its extension to multidomain cases and the application to interface problems in some other papers.

REFERENCES

[1] P. Bjorstad and O. Widlund, Iterative methods for the solution of elliptic problems on regions partitioned into substructures, SIAM Num. Anal., 23 (1986), pp. 1097–1120.

[2] T. Chan and T. Hou, Eigndecompositions of domain decomposition interface operators for constant coefficient elliptic problems, SIAM I. Sci. Comput., 12 (1991), pp. 1471–1479.

[3] Q. Dinh, R. Glowinski, and J. Périaux, Solving elliptic problems by domain decomposition methods with applications., Elliptic Problem Solvers II, Academic Press, (1982).

[4] M. Dryja and O. B. Widlund, Domain decomposition algorithms with small overlap, SIAM

multiplicative additive

’o’ for δ = 0, ’x’ for δ = h, ’*’ for δ = 5h, h = 0.01

Fig. 12. Convergence of accelerated GSAM

J. Sci.Comput., 15 (1994), pp. 604–620.

[5] H. Elman and G. Golub, Inexact and preconditioned Uzawa algorithms for saddle point problems, SIAM. J. Numer. Anal., 31 (1994), pp. 1645–1661.

[6] B. Engquist and A.Majda, Absorbing boundary condition for the numerical simulation of waves, Math. Comp., 31 (1977), pp. 629–651.

[7] V. Faber, T. Manteuffel, and S. Parter, On the equivalence of operators and the implications to preconditioned iterative methods for elliptic problems, Adv. in Appl. Math., 11 (1989), pp. 109–163.

[8] T. Hou, Z. Li, S. Osher, and H. Zhao, A hybrid method for moving interface problem with application to Hele-Shaw flow, J. Comput. Phys., to appear.

[9] C. Johnson and C. Nedelec, On the coupling of boundary integral and finite element methods, Math. Comp., 35 (1980), pp. 1063–1079.

[10] J. B. Keller and D. Givoli, Exact non-reflecting boundary conditions, J. Comput. Phys., (1989), pp. 172–192.

[11] R. LeVeque and Z. Li, The immersed interface method for elliptic equations with discontinuous coefficients and singular sources, SIAM J. Numer. Anal, 31 (1994), pp. 1019–1044.

[12] Z. Li, Immersed interface method for moving interface problems, Numerical Algorithms, to appear.

[13] P. Lions, On the schwarz alternating method. I, Proceedings of First International Symposium on Domain Decomposition Methods for Partial Differential Equations. T.F. Chan, R. Glowinski, J. Périaux, and O. Widlund, eds., Philadelphia, PA, 1988, SIAM., pp. 1–42.

[14] , On the schwarz alternating method. II: Stochastic interpretation and order properties, Proceedings of Second International Symposium on Domain Decomposition Methods for Partial Differential Equations. T.F. Chan, R. Glowinski, J. Périaux, and O. Widlund, eds., Philadelphia, PA, 1989, SIAM., pp. 47–70.

[15] , On the schwarz alternating method III: A variant for non-overlapping subdomains, Proceedings of Third International Symposium on Domain Decomposition Methods for Partial Differential Equations. T.F. Chan, R. Glowinski, J. Périaux, and O. Widlund, eds., Philadelphia, PA, 1990, SIAM., pp. 202–223.

[16] L. Marini and A. Quarteroni, A relaxation procedure for domain decomposition methods using finite elements, I.A.N.-C.N.R. publication, 577 (1987).

[17] A. Mayo, Rapid, high order accurate evaluation of volume integrals of potential theory, J. Comput. Phys., 100 (1992), p. 236. 28

[18] A. Mayo and A. Greenbaum, Fast parallel iterative solution of Possion’s and the biharmonic equations on irregular regions, SIAM J. Sci. Statist. Comput., 13 (1992), pp. 101–118.

[19] C. Peskin, Numerical analysis of blood flow in the heart, J. Comput. Phys., 25 (1977), pp. 220– 252.

[20] H. Schwarz, über einige abbidungsaufgaben, Ges. Math. Abh., 11 (1869), pp. 65–83. [21] B. F. Smith, P. Bjørstad, and W. Gropp, Domain decomposition: Parallel multilevel methods for elliptic partial differential equations, Cambridge University Press, (1996).

[22] K. Tan, Ph.d thesis, Universiteit Utrecht, (1995).

[23] W. Tang, Generalized schwarz splittings, SIAM J.Sci.Stat.Comput., 13 (1992), pp. 573–595. [24] H. Zhao, Ph.d thesis, UCLA, (1996).