Fast Surface Reconstruction Using the Level Set Method
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Abstract

In this paperwe describenew formulationsanddevelop fastalgo-
rithmsfor implicit surfacereconstructiorbasedon variationaland
partial differentialequation(PDE) methods. In particularwe use
thelevel setmethodandfastsweepingandtaggingmethodsto re-
constructsurfacesfrom scatteredlataset. The datasetmight con-
sistof points,curvesand/orsurfacepatches.A weightedminimal
surface-like modelis constructecndits variationallevel setformu-
lation is implementedwith optimal efficiengy. The reconstructed
surfaceis smoothethanpiecavise linearandhasa naturalscaling
in theregularizationthatallows varyingflexibility accordingto the
localsamplingdensity As is usualwith thelevel setmethodwe can
handlecomplicatedopologyanddeformationsaswell asnoisyor
highly non-uniformdatasetseasily Themethodis basecbnasim-
plerectangulagrid, althoughadaptve andtriangulargridsarealso
possible. Someconsequencesuchas holefilling capability are
demonstratedaswell asthe viability andconvergenceof our new
fasttaggingalgorithm.

Keywords: implicit surface,partial differentialequationsyari-
ationalformulation,corvection,minimal surface.

1 Introduction

Surfacereconstructiorfrom unolganizeddatasetis very challeng-
ing in threeand higherdimensions.The problemis ill-posed,i.e,
thereis no uniquesolution. Furthermorethe orderingor connec-
tivity of datasetandthe topology of the real surfacecanbe very
complicatedin threeand higher dimensions. A desirablerecon-
structionprocedureshouldbe ableto dealwith complicatedopol-
ogy andgeometryaswell asnoiseandnon-uniformityof the data
to constructa surfacethatis a good approximatiorof the dataset
andhassomesmoothnesgegularity). Moreover, thereconstructed
surfaceshouldhave a representatioand datastructurethatis not
only goodfor staticrenderingout alsogoodfor deformationanima-
tion andotherdynamicoperationon surfaces.Noneof the present
approachepossessll of theseproperties. In generalthereare
two kinds of surfacerepresentationgxplicit or implicit. Explicit
surfacesprescribethe preciselocation of a surfacewhile implicit
surfacesrepresent surfaceas a particularisocontourof a scalar
function. Popularexplicit representationsclude parametricsur
facesandtriangulatedsurfaces. For examples for parametricsur
facessuchasNURBS[26, 27], thereconstructegdurfaceis smooth
andthe datasetcanbe non-uniform. However this requiresoneto
parametrizeéhe datasetin a nice way suchthatthe reconstructed
surfaceis a graphin the parametespace.The parametrizatiomnd
patchingcan be very difficult for surfacereconstructiorfrom an
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arbitrary datasetin threeand higher dimensions. Also noisein
the datasetis difficult to dealwith. Anotherpopularapproachn
computergraphicsis to reconstructa triangulatedsurfacesusing
Delaunaytriangulationsand Voronoidiagrams.The reconstructed
surfaceis typically a subsebf thefacesof the Delaunaytriangula-
tions. A lot of work hasbeendonealongthesdines[3, 4,7, 16, 17]
and efficient algorithmsare availableto computeDelaunaytrian-
gulationsand Voronoi diagrams. Although this approachis more
versatilein thatit candealwith more generaldatasets,the con-
structedsurfaceis only piecaviselinearandit is difficult to handle
non-uniformandnoisy data. Furthermorehe trackingof large de-
formationsandtopologicalchangess usuallyquite difficult using
explicit surfaces.

Recentlyimplicit surfacesor volumetricrepresentatiorisave at-
tractedalot of attention.Thetraditionalapproach6, 20, 30] usesa
combinationof smoothbasisfunctions(primitives),suchasblobs,
to find ascalarfunctionsuchthatall datapointsarecloseto aniso-
contourof thatscalarfunction. Thisisocontourrepresentshe con-
structedmplicit surface.However computatiorcostsarevery high
for large datasets,sincethe constructionis global which results
in solving a large linear system,i.e. the basisfunctionsare cou-
pledtogetheranda single datapoint changecanresultin globally
differentcoeficients. This makes humaninteraction,incremental
updatesand deformationdifficult. The secondapproachusesthe
datasetto definea signeddistancefunction on rectangulaigrids
anddenoteghe zeroisocontourof the signeddistancefunction as
the reconstructedmplicit surface[5, 8, 19]. The constructionof
the signeddistancefunctionusesa discreteapproachandneedsan
estimatiorof localtangenplanesor normalsfor theorientationj.e.
a distinctionneedsto be madebetweeninside and outside. Simi-
larideashave beenappliedto shapeeconstructiorfirom rangedata
andimagefusion[13, 18] wherepartialconnectiongreavailableon
eachpieceof data.Specialfusion” or “tiling” algorithmis needon
overlappingpatchesln [28] aninterestingvolumesplineis usedfor
reconstructiof implicit surfaces.But theconstructiordependsn
thechoiceof a“carrier” solid andcandealwith datasetsof moder
atesize.Themainadwantage®f implicit surfacesncludetopolog-
ical flexibility, a simple datastructure , depth/wlumetricinforma-
tion andmemorystorageefficiengy. Usingthe signeddistancerep-
resentationmary surfaceoperationssuchasBooleanoperations,
ray tracing and offset becomequite simple[24, 31]. Efficiental-
gorithms,seee.g.[21, 32], areavailableto turn animplicit surface
into atriangulatedsurface.In [15] implicit surfacesareusedfor an-
imationandthe level setmethodis usedfor surfacereconstruction
from rangedatain [10]. In factthelevel setmethod[23] providesa
generaframework for the deformatiornof implicit surfacesaccord-
ing to arbitraryphysicaland/orgeometricules.

We approachthefundamentaproblemof surfacereconstruction
on the continuouslevel by constructingcontinuousmodelsusing
differentialgeometryandpartialdifferentialequationsWe alsode-
velop efficient androbustnumericalalgorithmsfor our continuous
formulations. Moreover we combinethe level setmethodandim-
plicit surfacego provide ageneraframevork for surfacemodeling,
analysisdeformatiorandmary otherapplicationsIn our previous
work [34] we proposeda new “weighted” minimal surfacemodel
basedon variationalformulationsandPDE methods.Only the un-
signeddistancegunctionto thedatasetwasusedn ourformulation.
Ourreconstructedurfaceis smoothethanpiecaviselinear In ad-



dition, in our formulationthereis a regularizationthatis adaptve

to the local samplingdensitywhich cankeepsharpfeaturesf alo-

cal samplingconditionis satisfied. The formulationhandlesnoisy
aswell asnon-uniformdataandworks in ary numberof dimen-
sions. We usethe level setmethodasthe numericaltechniqueto

deformtheimplicit surfacecontinuouslyfollowing thegradientde-
scenbf theenegy functionalfor thefinal reconstructionlnsteadf

trackinga parametrizedxplicit surfacewe solve a PDE on a sim-

ple rectangulagrid andhandletopologicalchangesasily In this

paperwe develop a simple physicallymotivatedcorvectionmodel
anda fasttaggingalgorithmto constructa goodinitial approxima-
tion for our minimal surfacereconstructionThis will speedup our

previousreconstructiorby anorderof magnitude.

In the next sectionwe briefly review the variationalformulation
for the weightedminimal surfacemodelin introducedin [34]. A
physicallymotivatedsimplecorvectionmodelis developedin sec-
tion 3. In sectiond we introducethelevel setmethodfor our prob-
lems.We explain the detailsof the numericalalgorithmsin section
5 andshaw resultsin section6.

2 A Weighted Minimal Surface Model

Let S denotea generaldata set which can include data points,
cunesor piecesof surfaces.Defined(z) = dist(x,S) to bethe
distancefunctionto S. (We shallusebold facedcharacterdgo de-
notevectors.) In [34] the following surfaceenepy is definedfor
thevariationalformulation:

B(T) = [ /F d”(w)dsr. 1<p<oo M

whereT is an arbitrary surfaceand ds is the surfacearea. The
enepy functionalis independentf parametrizatiomndis invariant
underrotationandtranslation.Whenp = oo, E(I") is thevalueof
the distanceof the point & on I furthestfrom S. Forp < oo,
Thesurfaceenegy E(T') is equialentto fI‘ dP(x)ds, thesurface
areaweightedby somepower of thedistanceunction. We take the
localminimizerof our enegy functional, whichmimicsaweighted
minimal surfaceor anelasticmembranattachedo the dataset,to
bethereconstructedurface.

As derivedin [34] thegradientflow of theenegy functional(1)
is
14
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andthe minimizer or steadystatesolutionof the gradientflow sat-
isfiesthe EulerLagrangesquation

P () [Vd(:c) ‘n+ %d(w)n] —0, 3)

wheren is the unit outward normaland « is the meancunature.
We seea balancebetweenthe attractionVd(x) - n andthe sur
facetensiond(x)x in theequationsabove. Moreover thenonlinear
regularizationdueto surfacetensionhasa desirablescalingd(x).
Thusthereconstructedurfaceis moreflexible in theregion where
samplingdensityis high andis morerigid in the region wherethe
samplingdensityis low. In thesteadystateequation(3pbove, since
Vd - n < 1, we have alocal samplingdensityconditionsimilar to
the oneproposedn [3], which sayssamplingdensitiesshouldre-
solwe fine featureslocally. To constructthe minimal surfacewe
useda continuoudeformationin [34]. We startwith aninitial sur
facethat enclosesall dataand follow the gradientflow (2). The
parametep affectstheflexibility of the membrando someextent.

Whenp = 1, thesurfaceenepgy definedin (1) hasthe dimensiorof
volumeandthe gradientflow (2) is scaleinvarianti.e., dimension-
less.In practicewe find thatp = 1 or 2 (similar to aleastsquares
formulation)aregoodchoices.Somemoredetailscanbefoundin
[34].

In two dimensionsjt was shavn in [34] thata polygonwhich
connectsadjacenpointsby straightlinesis alocal minimum. This
resultshavs a connectiorbetweerthe variationalformulationand
previousapproachesOntheotherhandthis resultis not surprising
sinceaminimal surfacepassinghroughtwo pointsis astraightline
in two dimensions.However in threedimensionghe situationbe-
comesmuchmoreinteresting. The reconstructedninimal surface
hasno edgesandis smoothethana polyhedron.

Remark: Theformulationhereis similarto active contourmod-
elsfor imagesegmentationin [12, 11] andminimal surfacemodel
in [33]. However the application,motivation andworking mecha-
nismarequitedifferent.In imagesegmentationthefinal curvesor
surfacesarewrappedalongsomeedgesij.e., somecontinuoushigh
contrastcontourson the grid and the contrastis alreadydefined
on every grid point. In our application,we have arbitrarydiscrete
pointsand noneof the distancecontoursto the datapointsis the
final surface.

3 The Convection Model

The evolution equation(2) involvesthe meancurvatureof the sur
faceandis anonlinearparabolicequation.A time implicit scheme
is not currentlyavailable. A stabletime explicit schemeequiresa
restrictive time stepsize, At = O(h?), whereh is the spatialgrid
cell size. Thusit is very desirableto have an efficient algorithmto
find agoodapproximatiorbeforewe startthe gradientflow for the
minimal surface. We proposethe following physically motivated
corvectionmodelfor this purpose.

Thecorvectionof aflexible surfacel” in avelocity field v(x) is
describedy thedifferentialequation

dfl—gt) = v(T(t)).

If the velocity field is createdby a potentialfield F, thenv =
—V_F. In our corvectionmodelthe potentialfield is the distance
functiond(x) to the datasetS. Thisleadsto the corvectionequa-
tion
ar() _
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For example,if thedatasetcontainsasinglepointz,, thepotential
fieldis d(x)=|x—xo| andthevelocityfieldis v(x) = —Vd(x) =

— @527, aunit vectorpointing towardsa,. Any particlein this

poltentialfield will beattractedowardz, alongastraightline with
unit speed.For a generaldatasetS, a particlewill be attractedo
its closestpointin S unlessheparticleis locatedanequaldistance
from two or moredatapoints. The setof equaldistancepointshas
measureero.Similarly, pointsonacurve or asurface exceptthose
equaldistancepoints,areattractedy their closespointsin thedata
set(seeFig. 1(a)). Theambiguityatthoseequaldistancepointsis
resoled by addinga small surfacetensionforce which automati-
cally existsasnumericalviscosityin our finite differenceschemes.
Thoseequaldistancepointson the curve or surfacearedraggedy
their neighborsand the whole curve or surfaceis attractedto the
datasetuntil it reaches local equilibrium, which is a polygonor
polyhedronwhoseverticesbelongto the datasetasthe viscosity
tendsto zero(seeFig.1(b)).

Here are somepropertiesof this simple convectionmodel: (1)
the normalvelocity of the curve or the surfaceis lessthanor equal
to 1, (2) eachpointof the curve or surfaceis attractedy its closest
pointin thedataset.

—Vd(z). (4)



() (b)
(a) theattractionof a pieceof curwve by two points,(b) dottedline
is theinitial curve, solid line is thefinal curve, dashedine is the
Voronoidiagram.

Figurel:

Figure 1(b) is an illustration of the convection of a cure.
The initial cure (the dotted rectangle)feels the attraction of
x1, T2, X3, x4 andclosesin. Thenit begins to feel 5. The fi-
nal shapeis a pentagorthat goesthroughex, €2, 3, €4 andxs
while x4 is screeneaut.

Since the corvection equationis a first order linear differen-
tial equation,we can solwe it using a time step At = O(h)
leadingto significantcomputationakavings over typical parabolic
At = O(h?) time steprestrictions. The corvectionmodelby it-
self very oftenresultsin a goodsurfacereconstructionln section
5 we will constructa very fasttaggingalgorithmthatfindsa crude
approximatiorof thelocal equilibriumsolutionfor our corvection
model.

4 The Level Set Formulation

In generalwe do not have ary a priori knowvledgeaboutthe topol-
ogy of the shapeto bereconstructedTopologicalchangesnayoc-
curduringthe continuougleformatiorprocessThis makesexplicit
tracking,which requiresconsistenparametrizationalmostimpos-
sibleto implement.Herewe usethelevel setmethodasa powerful
numericaltechniquefor the deformationof implicit surfaces. Al-
thoughimplicit surfaceshave beenusedin computergraphicsfor
quite awhile, they weremostly usedfor staticmodelingandwere
basedon discreteformulations[6]. The level set method is based
on a continuousormulationusingPDEsandallows oneto deform
animplicit surface,whichis usuallythe zeroisocontourof a scalar
(level set) function, accordingto variouslaws of motion depend-
ing ongeometryexternalforces,or adesiredenegy minimization.
In numericalcomputationsjnsteadof explicitly trackinga mov-
ing surfacewe implicitly captureit by solvinga PDE for thelevel
setfunction on rectangulagrids. The datastructureis extremely
simple and topologicalchangesare handledeasily The level set
formulationworksin arny numberof dimensionsaandthe computa-
tion caneasilyberestrictedo anarrav bandnearthezerolevel set,
seee.g.[1, 25. We canlocateor renderthe moving surfaceeasily
by interpolatingthe zeroisosurficeof the level setfunction. The
level setmethodwasoriginally introducedby OsherandSethiann
[23] to capturemoving interfacesandhasbeenusedquite success-
fully in moving interfaceandfree boundaryproblemsaswell asin
imageprocessingimagesegmentatiorandelsevhere.See[22] for
acomprehense review.

Two key stepsfor the level setmethodare: (1) Embedthe sur
face: we representa surfaceI’ asthe zeroisocontourof a scalar
(level set)functiong(x), i.e. T' = {x : ¢(x) = 0}. Geometric

propertiesof the surfaceI’ canbe easily computedusing ¢. (2)
Embedthe motion: we derive thetime evolution PDE for the level
setfunctionsuchthatthe zerolevel sethasthe samemotionlaw as
themoving surface,i.e.,I'(t) = {x : ¢(x,t) = 0},

dg(I'(t),t)
dt

_ dr'(t) _
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IO yith the velocity of z on T = {z

wherewe replace
d(x,t) = 0}.

For geometricmotions,i.e. wherethe motionlaw (velocity) de-
pendonly onthegeometryof themoving surface themostnatural
way to definew is to apply the samemotion law for all level sets
of thelevel setfunction,whichwill resultin amorphologicaPDE
[2]. For example,the gradientflow (2) is a geometricmotion and
we usep = 1 for simplicity. After we extendthegeometriamotion

to all level setsthegradientflow in level setformulationbecomes
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For thecorvectionmodel(4), sincethevelocity field —Vd(x) is
definedeverywhere we cannaturally extendthe corvectionto all
level setsof ¢(x, t) to obtain
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Although all level setfunctionsare equally good theoretically
in practicethe signeddistancefunctionis preferredto avoid stiff-
nessandinaccurag in numericalcomputations.However even if
we startwith a signeddistancefunctionthe level setfunctionwill
generallynotremaina signeddistancdunction. As anexample,in
the convectionmodelall level setsare attractedto the datasetsi-
multaneouslyandthey becomamoreandmorepacledtogetherWe
needa procedureto force themapartwhile keepingthe zerolevel
setintact. We usea numericalprocedurecalledreinitialization,see
e.g. [25, 29, to redistancehe level setfunction locally without
interferingwith the motion of the zerolevel set. As a resultthe
implicit surfaceis a signeddistancefunctionafterthe deformation
procedurestops.

5 Numerical Implementation

Therearethreekey numericalingredientsin our implicit surface
reconstructionFirst, we needa fastalgorithmto computethe dis-
tancefunctionto anarbitrarydataseton rectangulagrids. Second,
we needto find a goodinitial surfacefor our gradientflow. Third,
we have to solve time dependenPDEsfor thelevel setfunction.

5.1 Computing the distance function

The distancefunction d(x) to an arbitrary datasetS solves the
following Eikonalequation:
[Vd(z)| =1, d(z)=0,z€S. (8)
From the PDE point of view, the characteristicof this Eikonal
equationare straightlines which radiatefrom the dataset. This
revealsthe causalitypropertyfor the solutionof the PDE, i.e., the
informationpropagateslongstraightlines from the dataset,and
thesolutionat a grid point shouldbe determinecdnly by its neigh-
boring grid points that have smallerdistancevalues. We usean
algorithm[9, 34] that combinesupwind differencingwith Gauss-
Seideliterationsof differentsweepingrderto solve (8) onrectan-
gulargrids.



From numericalexperimentsit seemsthat the total numberof
iterationss independendf mestsize,i.e. thecompleity is O(M +
N) for N grid pointsand M datapoints. Thedifferencedetween
our algorithm and Danielssors distancemappingalgorithm [14]
are(1) our datapointsarenotgrid pointsandthatis why we have a
compleity O(M + N), (2) our algorithmcanbe appliedto more
generakquationsvhered(zx) is notadistancee.g.,theright hand
sideof 8 canbe an arbitraryfunctionin . Our fastalgorithmis
versatile,efficient andwill be usedin later stagesof the surface
reconstruction.

5.2 Finding a good initial guess

We canuseanarbitraryinitial surfacethatcontainghedatasetsuch
asarectangulaboundingbox, sincewe do nothave to assumery
a priori knowledgefor the topology of the reconstructedurface.
However, agoodinitial surfaceis importantfor theefficiency of our
PDEbasednethod.Onarectangulagrid, we view animplicit sur
faceasaninterfacewith someregularity thatseparatethe exterior
grid pointsfrom theinteriorgrid points.In otherwords,volumetric
renderingrequiresdentifying all exterior (interior) grid pointscor
rectly. Basedon this idea,we proposea novel, extremelyefficient
taggingalgorithmthattriesto identify asmary correctexteriorgrid
pointsaspossibleandhenceprovide agoodinitial implicit surface.
As always,we startfrom ary initial exteriorregion thatis a subset
of thetrue exterior region.

All grid points that are not in the initial exterior region are
labeled as interior points. Thoseinterior grid points that have
at leastone exterior neighborare labeledas temporaryboundary
points. Now we usethe following procedureto marchthe tem-
porary boundaryinward toward the dataset. We put all the tem-
poraryboundarypointsin a heapsorbinary tree structuresorting
accordingto distancevalues. Take the temporaryboundarypoint
that hasthe largestdistance(which is on the heaptop) andcheck
to seeif it hasan interior neighborthat hasa larger or equaldis-
tancevalue. If it doesnot have suchaninterior neighbor turn this
temporaryboundarypointinto anexterior point, take this point out
of theheap,addall this point’s interior neighborsnto theheapand
re-sortaccordingto distancevalues. If it doeshave suchaninte-
rior neighbor we turn this temporaryboundarypoint into a final
boundarypoint, take it out of the heapandre-sortthe heap.None
of its neighborsare addedto the heap. We repeatthis procedure
on thetemporaryboundarypointsuntil the the maximumdistance
of the temporaryboundarypointsis smallerthansometolerance,
e.g. the sizeof a grid cell, which meansall the temporarybound-
ary pointsin the heaparecloseenoughto the dataset. Finally, we
turnthesetemporaryboundarypointsinto thefinal setof boundary
pointsandourtaggingproceduras finished.Now we have thefinal
setsof interior, exterior andboundarypoints. Sincewe visit each
interior grid point at mostonce,the procedurewill be completed
in nomorethanO(N log V) operationswherelog N comesfrom
theheapsortalgorithm.Moreover, sincethe maximumdistancefor
the boundaryheapis strictly decreasingye can prove thatthose
interior pointswhich have a distanceno smallerthanthemaximum
distanceof thetemporaryboundaryheapatary timewill remainas
interior points,i.e. thereis a non-emptyinterior region whenthe
taggingalgorithmis finished. We canalsoshav that at leastone
of the final boundarypointsis within the tolerancedistanceto the
dataset. Similar taggingalgorithmscanalsobe appliedto finding
interior regionsanddisconnectedomponentsf thefinal shape.

Figure2 illustrateshaw our fasttaggingalgorithmworks. Start-
ing from anarbitraryexteriorregionthatis asubsebf thefinal exte-
rior region, thefurthestpointon thetemporanboundaryis tangent
to a distancecontouranddoesnot have aninterior pointthatis far-
theraway. Thefurthestpointwill betaggedasanexteriorpointand
theboundarywill move inwardatthatpoint. Now anothemointon

the temporaryboundarybecomesghe furthestpoint andhencethe
wholetemporaryboundarymovesinward. After awhile thetempo-
rary boundaryis closeto a distancecontourandmovescloserand
closerto the datasetfollowing the distancecontoursuntil the dis-
tancecontourshegin to breakinto spheregcirclesin the 2D figure)
arounddatapoints. We now seethatthetemporaryboundarypoint
atthe breakingpoint of the distancecontour which is equallydis-
tantfrom distinctdatapoints,will have neighboringnterior points
thathave a larger distance.So this temporaryboundarypoint will
betaggedasafinal boundarypointby ourprocedurendthetempo-
rary boundarywill stopmoving inward atthis breakingpoint. The
temporaryoundarystartsdeviating from thedistancecontoursand
continuesmoving closerto the datasetuntil all temporarybound-
ary pointseitherhave beentaggedasfinal boundarypointsor are
closeto the datapoints. The final boundaryis approximatelya a
polyhedron(polygonin 2D) with verticesbelongingto thedataset.
This generaltaggingalgorithm canincorporatehumaninterac-
tion easilyby puttingary new exterior point(s)or region(s)into our
taggedexterior region at ary stagein our taggingalgorithm. After
thetaggingalgorithmis finishedwe againusethe fastdistanceal-
gorithmto computea signeddistanceo thetaggedfinal boundary
The marchingmethod(outlinedabove) requiresaninitial guess
for the exterior region. This caneitherbe the boundingbox of our
computationarectanguladomainor an outer contourof the dis-
tancefunction,d(x) = e. An outercontourof thedistanceunction
canbefoundby startingwith theouterboundaryof our rectangular
box, andexpandingthe exterior region by repeatedlyaggingthose
grid pointswhich are neighborsof the expandingexterior bound-
ary and have a distancelarger than e as exterior points. All re-
maininguntaggedyrid pointsareinterior points. Whenthetagging
algorithmis finishedthe boundaryof the exterior region is approx-
imately the outer contourof d(x) = € or roughly an e offset of
thereal shape.Whenusingthis d(x) = ¢ method first proposed
in [34], oneneeddo exercisecautionin choosinge. For example,
if € is too small, we will have isolatedspheressurroundingdata
points. If the samplingdensityof the datapointsdoesnot vary too
muchandis fine enoughto resole all featuresthenwe canfind an
appropriates andgeta very goodinitial surfacewith O(N + M)
operationsFor non-uniformdatapointstheintersectiorof abound-
ing box anda distancecontourwith moderates, whichis a simple
Booleanoperationpftengivesagoodinitial surface.

—— marching boundary
- distance contour
e data point

Figure2:

5.3 Solving the partial diff erential equation.

After we find thedistanceunctiond(z) andagoodinitial implicit
surface using the above algorithms,we can start the continuous



deformationfollowing eitherthe gradientflow (2) or the corvec-
tion (4) usingthe correspondindevel setformulation (6) or (7).
Our numericalimplementationsre basedon standardalgorithms
for the level set method. Details can be found in, for example,
[25, 33, 34]. Thecorvectionmodelis simplebut thereconstructed
surfaceis closeto a piecavise linear approximation. In contrast,
the enegy minimizing gradientflow, which containsa weighted
cunatureregularizationeffect, is more computationallyexpensve
but reconstructs smoothweightedminimal surface. In particular
the gradientflow canbe usedasa smoothingprocesgor implicit
surfaces.In mostof our applicationsaboutonehundredime steps
in total areenoughfor our continuoudeformation.Sincewe usea
reinitializationprocedureduring the deformationwe finish with a
signeddistancdunctionfor thereconstructeéimplicit surface.

5.4 Multiresolution

Therearetwo scalesn our surfacereconstructionOneis theres-
olution of the dataset. The otheris theresolutionof thegrid. The
computationatostgenerallydependsnainly on the grid size. To
achieve thebestresultsthosetwo resolutionshouldbecomparable.
However our grid resolutioncan be independenbf the sampling
density For example,we canusea low resolutiongrid whenthere
is noiseandredundang in the datasetor whenmemoryandspeed
areimportant. Fromour numericalresults,seee.g.,figure 9(c) our
reconstructions quite smootheven on a very low resolutiongrid.
We canalsousea multiresolutionalgorithm,i.e., reconstructhe
surfacefirst on coarsergrids and interpolatethe resultto a finer
resolutiongrid for furtherrefinementn anhierarchicalvay:.

5.5 Efficient storage

To storeor renderanimplicit surface,we only needto recordthe
valuesandlocations(indices)of thosegrid pointsthatarenext to
the surface,i.e., thosegrid pointsthat have a differentsign from
at leastone of their neighbors.Thesegrid pointsform a thin grid
shell surroundingthe implicit surface. No connectity or other
informationneedso be stored. We reducethefile sizeby at least
an order of magnitudeby using this method. Moreover we can
easilyreconstructhe signeddistanceunctionin O(IN) operations
for theimplicit surfaceusingthe following procedure (1) Usethe
fastdistancefinding algorithmto find the distancefunction using
the absolutevalue of the storedgrid shell asaninitial condition.
(2) Useataggingalgorithm,similar to the oneusedabove to find
exterior points outsidea distancecontour to identify all exterior
pointsandinterior pointsseparatethy the storedgrid shellandturn
the computeddistanceinto the signeddistance. For example, if
we storethe signeddistancefunction for our reconstructedHappy
Buddhafrom almosthalf a million pointson a 146 x 350 x 146
gridin binaryform, thefile sizeis about30MB. If we usetheabove
efficient way of storagethe file sizeis reducedio 2.5MB without
usingary compressioprocedureandwe canreconstructhesigned
distanceunctionin 1 minuteusingtheabove algorithm.

6 Results

In this sectionwe presennhumericalexampleghatillustratethe ef-
ficiengy and quality of our surfaceconstruction. In particularwe
shaw (1) thelevel setmethodhandlesurfacedeformatiorandtopo-
logical changeeasily (2) our fasttaggingalgorithm constructsa
goodinitial guessvery quickly, (3) how smooththe reconstructed
surfacesare, (4) our algorithm works with non-uniform, noisy
or damageddata, and (5) multiresolutionworks in our formula-
tion. All calculationswere donewith dual Pentiumlll, 600Mhz
processors. Data points for the drill, dragonand the Buddha

Model Data Grid CPU CPU

points size (initial) | (total)
Ratbrain | 1506 80x77x79 A2 3
Hand | 327323| 200x141x71 .5 10
Drill 1961 24x250x32 0.1 2
Dragon | 437645 300x212x136 4 77
Dragon | 100250 300x212x136 3 66
Buddha | 543652 | 146x350x146 3 68
Buddha | 543652| 63x150x64 .3 7

Figure3: timing table

were obtained from www-graphics.stanford.edu/data/3Dscanrep

and data points for the hand skeleton was obtained from

www.cc.gatech.edu/projectsggrmodels. Only locationsof the
datapointsareusedn ourreconstructionsTimings,numberf data
pointsandgrid sizeareshavn in table3. CPUtime is measuredh

minutes.CPU (initial) is thetime for theinitial reconstructiorus-
ing thedistancecontourandthefasttaggingalgorithm.CPU (total)

is the total time usedfor the reconstruction Sinceour PDE based
algorithmsareiterative proceduresdifferentconvergencecriterion

will give differentcornvergencetimes.

Figure4 shavs datapointsfor atorus,afew curves(longitudes
and latitudes)on a sphere,datapointsfrom MRI slicesfor a rat
brain. Figure 5 shaws the final surface reconstructiorfrom the
abore data. We seethatthe hole in the torusis filled nicely with
a minimal surface. For the spherespherereconstructiorwe only
provide the unsigneddistancefunctionto the curveswhich canbe
viewedasanextremecaseof non-uniformdata.Sincethe datasets
in thesethreecasesare quite non-uniform,we useeithera bound-
ing box astheinitial surface(in the caseof torusandsphere)r the
intersectionof a boundingbox andan outerdistancecontourwith
relatively largee. (e = 12h in the caseof theratbrain.)

For datasetsthatarefairly uniform, suchasthedrill, handskele-
ton, the dragonand the Buddha,we startwith an outer distance
contourandusethe fasttaggingalgorithmto getaninitial recon-
struction. The initial reconstructioris extremely fast, aswe can
seefrom table 3. After theinitial reconstructionwe first usethe
corvectionmodelandthenusethe gradientflow to finish thefinal
reconstruction.In our reconstructionthe grid resolutionis much
lower than the datasamplesand yet we get final resultsthat are
comparableo thereconstructionshavn atthosewebsitesabove.

Figure6 shavs the reconstructiorof a handskeleton. Figure7
is thereconstructiorof adrill. It is aquitechallengingexamplefor
mostmethoddor surfacereconstructiorasis shawvn in [13]. Next
we shaw thereconstructiorof adragonona300 x 212 x 136 grid
usinga highresolutiondatain fig.8(a)anda muchlower resolution
datain fig.8(b). We canbarelyseethe difference.Figure9 shavs
the reconstructiorof the Happy Buddha. Figure 9(a) shavs the
initial reconstructionWe startwith anouterdistancecontourd =
3h, initially andusethe fasttaggingalgorithm. It takes3 minutes
for half amillion pointsona 146 x 350 x 146 grid. Figure9(b)is
thefinal reconstructionFigure9(c) is thereconstructioron a very
coarses3 x 150 x 64 grid usingthe sameamountof datapoints. It
takesonly 7 minutesandtheresultis quitegood.

7 Conclusions

We present variationalandPDE basedormulationfor surfacere-
constructiorfrom unoganizeddata.Our formulationonly depends
onthe (unsigned)istancefunctionto the dataandthefinal recon-
structionis smootherthan piecavise linear We usethe level set
methodas a numericaltool to deformand constructimplicit sur
faceson fixed rectangulagrids. We usefastsweepingalgorithms



for computingthedistanceunctionandfasttaggingalgorithmsfor
initial construction. Our methodworks for complicatedtopology
andnonuniform or noisydata.
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Figure4: initial data

holefilling of atorus reconstructiorof a sphereérom curves reconstructiorof aratbrainfrom MRI slices

Figure5: final reconstruction

(a) initial reconstruction (b) final reconstruction

Figure6: reconstructiorof a handskeleton

Figure7: reconstructiorof adrill



(c) final reconstruction (d) low resolutionreconstruction

Figure8: reconstructiorof thedragon

(a)initial reconstruction (b) final reconstruction (c) reconstructioron a coarsegrid

Figure9: reconstructiorof theHappy Buddha



