
Numerical evidence of nonuniqueness in the

evolution of vortex sheets

M.C. Lopes Filho∗

J. Lowengrub†

H.J. Nussenzveig Lopes‡

Yuxi Zheng§

Abstract

We consider a special configuration of vorticity that consists of a
pair of externally tangent circular vortex sheets, each having a cir-
cularly symmetric core of bounded vorticity concentric to the sheet,
and each core precisely balancing the vorticity mass of the sheet. This
configuration is a stationary weak solution of the 2D incompressible
Euler equations. We propose to perform numerical experiments to
verify that certain approximations of this flow configuration converge
to a non-stationary weak solution. Preliminary simulations presented
here suggest this is indeed the case. We establish a convergence the-
orem for the vortex blob method that applies to this problem. This
theorem and the preliminary calculations we carried out support the
existence of two distinct weak solutions with the same initial data.
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1 Introduction

The existence of weak solutions of the incompressible two-dimensional Euler
equations has been established for initial vorticities ω0 ∈ BMc(R

2)∩H−1
loc (R

2)
provided that the negative (or the positive) part of ω0 belongs to L1(R2) ∩
H−1

loc (R
2) (see [6, 22, 29, 33]) and when the initial vorticity is the odd extension

of single-signed vorticity on a half plane [20] . However, uniqueness of weak
solutions is only known for initial vorticities in L∞(R2) (see [36]) or very close
to L∞ (see [4, 34, 37]). The uniqueness of weak solutions with more general
initial velocity/vorticity distributions remains an open question. In 1993,
V. Scheffer [27] constructed a weak solution in which the velocity belongs
to L2((−T, T ) × R

2) with compact support in space-time. Subsequently, a
similar example was produced by A. Shnirelman in [28], with a more explicit
account of the analytical mechanism involved. Scheffer’s and Shnirelman’s
examples rest on an inverse energy cascade where the energy “bubbles up”
from the infinitesmal scales. These examples suggest nonuniqueness of weak
solutions (namely, the weak solution consisting of velocity identically equal
to zero) if one allows for sufficiently irregular flows.

Promising candidates for such scenarios of nonuniqueness are flows in-
volving vortex sheets. Vortex sheets are idealized models of narrow shear
layers and are surfaces of discontinuity in which the tangential component of
the velocity has a jump across the surface while the normal velocity is con-
tinuous. Thus, the fluid slips along the sheet while the sheet moves with the
flow. Note that the vorticity due to a vortex sheet is in BMc(R

2)∩H−1
loc (R

2)
so that single-signed vortex sheets are weak solutions of the incompressible
2D Euler equations. We use BMc(R

2) to denote the space of compactly
supported bounded Radon measures in R

2, endowed with the total variation
norm. The reason that vortex sheets are such good candidates for providing
potential examples of nonuniqueness is that they are highly unstable due
to the Kelvin-Helmholtz instability. This instability reveals itself through
the roll-up of the sheet (and analogous narrow shear layer) into large scale
vortices. In fact, initial value problems with vortex sheet initial data are
ill-posed in the sense of Hadamard in a wide class of Sobolev spaces, see
[3, 10, 16, 35], although in certain analytic function spaces the problem is
well-posed for short times [2, 9, 31].

Additional motivation for considering nonunique vortex sheet evolution
comes from considering the corresponding electron sheet problem for the
Vlasov-Poisson equations. Electron sheet evolution for the 1D Vlasov-Poisson

2



equations bears much resemblance to vortex sheet evolution for the incom-
pressible 2D Euler equations. For this electron sheet problem, A. Majda,
G. Majda and one of the authors explicitly contructed two distinct electron
sheet (weak) solutions with the same initial data [23].

Finally, even further motivation for considering nonunique vortex sheet
evolution comes from the intriguing results of D. Pullin [25] and Pullin and
W. Phillips [26]. In [25, 26], these authors exploited the difference in behavior
of the vortex sheet problem in analytic and non-analytic function spaces
to obtain numerical evidence of multiple self-similar vortex sheet solutions.
For example, Pullin in [25] considered the self-similar evolution of a single,
initially flat single-signed vortex sheet with x-coordinate given by x(Γ, 0) =

sgn (Γ) (|Γ|/2a)1/p where Γ is the circulation between a point (x(Γ, 0), y(Γ, 0))
and (x(0, 0), y(0, 0)). Further, a is a constant and 0 < p < 2. When p = 1,
the initial interface x(Γ, 0) = Γ/2a is an analytic function of Γ and the
resulting vortex sheet is a stationary solution of the Euler equations. For
all other values of p, there are singularities at the origin and the solutions
are non-stationary. Pullin simulated the self-similar evolution of these vortex
sheets by recasting the equations in self-similar form and solving the resulting
integro-differential equations using several different numerical approximation
techniques. Letting p → 1+, Pullin [25] and Pullin & Phillips [26] obtained
a nontrivial self-similar single-spiral solution (in addition to the stationary
solution). For 0.9666 < p < 1, Pullin [25] obtained three different self-
similar solutions – two single spiral and one double spiral solutions. While
Pullin’s evidence is suggestive of nonuniqueness for the initial value problem,
it remains to obtain such an example directly.

In [13], R. Krasny performed a computational study for the elliptically
loaded wing, showcasing roll-up of the sheet at the tips. The elliptically
loaded wing is a classical example of a steady solution for the Birkhoff-Rott
equations, and hence Krasny’s experiments seemed to suggest nonuniqueness
of vortex sheet evolution. This problem was further examined in [18], where
it was shown that the steadily translating elliptically loaded wing is not a
weak solution of the incompressible 2D Euler equations.

In this paper, we present preliminary numerical evidence and a rigorous
study of convergence for the vortex blob method, supporting a scenario for
the existence of multiple weak solutions of the initial value problem branching
out from initial data containing smooth, single-signed vortex sheets.

The use of vortex blob methods to study vortex sheets dates from the
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work of Chorin [5] and Krasny [14]. In this approach, the vortex sheet is
represented by a sum of vortex blobs that are generated by convolving the
singular Birkhoff-Rott kernel with a smoothing function. The smoothing
function depends on a regularization parameter that effectively controls the
size of the blobs and the stability of the algorithm. Detailed numerical stud-
ies have been performed (e.g. [14, 15]) that, among other things, indicate
convergence to a weak solution of the Euler equations for single-signed vortex
sheets. Very recently, Baker and Beale [1] have designed a class of high-order
vortex blob methods for interfacial flows and suggest that the regularization
parameter should scale with the local spacing of interfacial markers.

The specific initial vorticity configuration we consider is a case of two
externally tangent confined eddies. A confined eddy is a compactly sup-
ported distribution of vorticity, with zero total vorticity, which is circularly
symmetric with respect to some point in the plane. We mention that the
limiting situation of a sequence of confined eddies with vanishing supports
and constant total mass is called a phantom vortex by DiPerna and Majda
[7]. As was observed in [7], confined eddies are stationary weak solutions of
the incompressible 2D Euler equations. The velocity field associated with a
confined eddy vanishes in the exterior of the support of the eddy. Hence,
confined eddies may be externally superimposed, giving rise to an interesting
class of stationary weak solutions of the 2D Euler equations, a property ex-
ploited in Greengard and Thomann [12]. It was proved in [21] that for initial
vorticities consisting of two or more confined eddies with disjoint supports,
the solution of the 2D incompressible Navier-Stokes equations converges back
to the superposition of confined eddies as the viscosity vanishes. We com-
ment in passing that it is easy to extend the convergence proof to handle the
case in which the approximate solutions are generated by the vortex blob
approximation and to handle the case in which the approximate solutions
are obtained by evolving a smoothed version of the initial data.

The two confined eddies we consider in this paper, ω1
0 and ω2

0, are cen-
tered at x1 and x2 respectively. Each eddy consists of a uniform measure
supported on the circle |x− xi| = |x1 − x2|/2 (vortex sheet), with unit total
measure, plus a core of bounded vorticity of total measure −1, internal to
each respective circle (see the T = 0 plot in figure 1). We call this initial
configuration osculating confined eddies. This flow configuration is a station-
ary weak solution of the incompressible 2D Euler equations. To see this, we
recall that weak limits of stationary weak solutions are again stationary weak
solutions. This fact is an instance of concentration-cancellation, proved first
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by DiPerna and Majda, see Theorems 3 and 3.1 in [8], see also Chapter 4,
Theorem 7 in [11] for a simpler proof. Considering the specific situation of the
osculating confined eddies, we approximate by separating the two confined
eddies by a distance ε > 0 and mollify, keeping the eddies separated.

The main purpose of the current work is to propose numerical experi-
ments, using the vortex blob approximation, that would show evidence of
existence of an additional, unsteady weak solution, evolving from this ini-
tial configuration. The preliminary numerical results presented in this paper
support this conclusion.

We examine the issue of convergence of the vortex blob approximation to
a weak solution of the incompressible 2D Euler equations. For our specific
set of initial data this is an open problem, not covered by the convergence
result in [17], since the overall vorticity field does not have a distinguished
sign (note that the vortex sheets themselves are single-signed). The diffi-
culty is somewhat surprising, since the vorticity is an L∞ perturbation of a
nonnegative measure and falls well within the class of vorticities for which
other approximation schemes give rise to a weak solution, namely, regulariz-
ing the initial data and exactly solving the 2D Euler equations or using the
vanishing viscosity approximation, see [6, 22, 29]. The crux of this difficulty
is that oppositely signed point vortices may attract one another and collide,
leading to a singularity in the blob equations as the blob size converges to
zero. Since like-signed vortices do not collide, collisions may be ruled out if
the positive and negative vortices remain well-separated. Under this separa-
tion assumption, we show the convergence of the vortex blob approximation
to a weak solution of the Euler equations. Our numerical simulations verify
this separation of positive and negative vortices. Our result is an extension
of the theory developed by S. Schochet in [30].

It is reasonable to ask why one should search for additional examples of
nonuniqueness, given Scheffer and Shnirelman’s examples. The key issue is
physical meaning. Given that Scheffer and Shnirelman’s examples clearly rely
on energy being spontaneously produced out of nothing, they cannot be vis-
cous limits, an obvious criterion for being physically realizable. On the other
hand, our unsteady weak solution is a limit of a recognizable approximation
scheme which bears some resemblance with a vanishing viscosity limit and
it may very well be the correct vanishing viscosity limit for the solutions of
the 2D Navier-Stokes system with the osculating phantom vortices as initial
data. Moreover, the family of approximations generated by the numerical
experiment can be recognized as a rolling-up vortex sheet, something well
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within the physical context that the theory of weak solutions was intended
to model. In particular, the approximations carry a uniform estimate in the
total mass of vorticity and a sign condition on the singular part, which places
our example within the class of flows covered by Delort’s existence result. In
contrast, Scheffer and Shnirelman’s examples carry only an L2((0, T );H−1)
estimate on vorticity. Finally, these limit flows appear to conserve kinetic
energy exactly, since we do not observe exponential concentration of vortic-
ity at the roll-up points; see [19] for sharp conditions under which a weak
solution conserves kinetic energy.

This paper is divided into four sections. In section 2, the theoretical
basis of our work is presented. In particular, we consider the existence of
a subsequence of the vortex blob approximation which converges to a weak
solution of the 2D Euler equations. In section 3, we present the discretization
of the confined eddies and show that they fall within the class covered by
our convergence theorem. In section 4, we briefly discuss our numerical
experiments, present our computational results and draw some conclusions.

2 Convergence of the vortex blob method

In this section we state and prove a convergence result for vortex blob ap-
proximations that applies to the numerical experiment under consideration.
Let ω0 ∈ BMc(R

2)∩H−1
loc (R

2) be such that ω0 = ω+
0 −ω−

0 , where ω+
0 and ω−

0

are nonnegative bounded measures with disjoint compact supports.
We introduce the vortex blob approximation. We restrict our discussion

to the Krasny blob function:

φ(x) =
1

π(1 + |x|2)2
, x ∈ R

2,

although what follows applies to any divisible blob function, see [1, 7]. Define
φη(x) = (1/η)2φ(x/η) and denote

Kη(x) =
x⊥

2π(|x|2 + η2)
= K0 ∗ φη,

where x⊥ = (−x2, x1) and K0 is Kη evaluated at η = 0.
We discretize the initial vorticity ω0 by considering approximate vortici-

ties ω̃+
0,h and ω̃−

0,h such that:
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(H1) ω̃±
0,h ⇀ ω±

0 weak-∗ in BM, and there exists a single compact set con-

taining the supports of ω̃±
0,h.

(H2) ω̃±
0,h =

∑N±

i=1 ξ
±
i,hδ(x− α±

i,h), where N± = N±(h) and ξ±i,h > 0.

(H3) mini=1,...,N+,j=1,...,N− |α+
i,h − α−

j,h| is bounded away from zero, uniformly
in h.

(H4)
∑N±

j,k=1,j 6=k ξ
±
j,hξ

±
k,h log |α±

j,h − α±
k,h| is bounded, uniformly in h.

If the supports of the negative and positive parts of vorticity are ini-
tially disjoint, we can set up the initial discretization by choosing a rectangle
containing the support of vorticity where we introduce a square mesh with
cells Qij and centers αij in such a way that in each Qij the vorticity has a
distinguished sign. We can construct discretizations:

ω̃±
0,h =

∑(∫

Qij

ω±dx

)
δ(x− αij),

where h is the diameter of Qij and ω± are the positive and negative parts
of ω. It is an easy consequence of Lemma 3.2 in [30] that the sequences ω̃+

0,h

and ω̃−
0,h obtained satisfy the hypotheses (H1)-(H4).

The vortex blob system is given as follows. Let X±
i,h,η(t) be the positions

of the vortex blobs at time t. Then,






d

dt
X±

i,h,η =
N+∑

j=1

ξ+
j,hKη(X

±
i,h,η −X+

j,h,η) −
N−∑

j=1

ξ−j,hKη(X
±
i,h,η −X−

j,h,η)

X±
i,h,η(0) = α±

i,h.

(1)

For each η > 0 and h > 0 fixed, the flux for this system of ODE’s is
smooth and globally bounded, together with its derivatives. This implies
that the solution X±

i,h,η(t) is defined for all time t ≥ 0 and that there are no
vortex collisions in finite time. We introduce our approximate vorticities by:

ωh,η(x, t) = ω+
h,η(x, t)−ω−

h,η(x, t) =

N+∑

j=1

ξ+
j,hφη(x−X+

j,h,η)−
N−∑

j=1

ξ−j,hφη(x−X−
j,h,η).
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The approximate velocities are then given by uh = uh(x, t) = K0 ∗ ωh,η. We
fix a function η = η(h) such that η → 0 as h → 0 and eliminate the explicit
subscript η from what follows.

We consider two notions of weak solutions to the incompressible 2D Euler
equations. The first refers to the weak vorticity formulation:

∫

t

∫

x

ϕt(x, t)ω(x, t)dxdt+

1

2

∫

t

∫

x

∫

y

(∇ϕ(x, t) −∇ϕ(y, t)) · (x− y)⊥

2π|x− y|2ω(x, t)ω(y, t)dxdydt = 0,

for any test function ϕ ∈ C∞
0 (R2×(0, T )), see [6, 29]. The second is the weak

velocity formulation which is perhaps the more standard weak formulation:

∫

t

∫

x

ϕt(x, t) · u(x, t) + (u(x, t))tDϕ(x, t)u(x, t)dxdt = 0,

for any divergence-free test vector field ϕ ∈ (C∞
0 (R2 × (0, T )))2, together

with the condition that u be divergence-free in the sense of distributions, see
[7]. The nonlinear term utDϕu is the Jacobian matrix of ϕ, interpreted as a
quadratic form and evaluated at u.

With the notation introduced above and assuming (H1)–(H4), we are now
ready to state and prove our main result.

Theorem 1 Let T > 0. Assume that there exists a constant d > 0, inde-
pendent of h or t ∈ [0, T ], such that

min
i=1,...,N+,j=1,...,N−,t∈[0,T ]

|X+
i,h(t) −X−

j,h(t)| ≥ d > 0. (2)

Then, any weak-∗ limit in BM of the sequence ωh as h→ 0 is a weak solution
of the weak vorticity formulation of the Euler equations. Furthermore, if the
approximate velocities uh are uniformly bounded in L∞([0, T ];L2

loc
(R2)) then

any weak limit of the sequence of approximate velocities is a weak solution of
the weak velocity formulation of the Euler equations.

Proof: Our proof relies heavily on the work done in [30]. Using Lemma 2.1
in [30], it is enough to show the nonconcentration condition:

lim
r→0

lim
h→0

sup
0≤t≤T

sup
x∈R2




∑

{j | X±

j,h
(t)∈B(x,r)}

ξ±j,h


 = 0.
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Define the function:

ψη = ψη(r) =
1

2
log

1

r2 + η2
,

and consider:

H±
h =

N±∑

j,k=1

ξ±j,hξ
±
k,hψη(|X±

j,h −X±
k,h|),

W±
h =

N±∑

j,k=1

ξ±j,hξ
±
k,h|X±

j,h −X±
k,h|2,

HI
h =

N+∑

j=1

N−∑

k=1

ξ+
j,hξ

−
k,hψη(|X+

j,h −X−
k,h|),

W I
h =

N+∑

j=1

N−∑

k=1

ξ+
j,hξ

−
k,h|X+

j,h −X−
k,h|2.

We also introduce Jh = J+
h + J−

h − 2JI
h, with J±

h = H±
h +W±

h and JI
h =

HI
h +W I

h . It is an immediate extension of an observation by S. Schochet in
[30] that Jh is a first integral of the vortex blob system. This first integral will
provide us with the estimate needed to show the nonconcentration condition
provided that we can control the evolution of the terms corresponding to the
interaction of positive and negative vortices, i.e. J I

h.
Assume without loss of generality that d < 1 and that η(h) <

√
1 − d2,

for every 0 < h ≤ 1. From the separation assumption (2), we have:

HI
h ≤ 1

2
log

1

d2 + η2

N+∑

j=1

N−∑

k=1

ξ+
j,hξ

−
k,h ≤ log

1

d
‖ω̃+

0,h‖BM‖ω̃−
0,h‖BM.

Next we estimate W I
h . First we rewrite W I

h as:

W I
h =

N+∑

j=1

ξ+
j,h|X+

j,h|2
N−∑

k=1

ξ−k,h +

N−∑

k=1

ξ−k,h|X−
k,h|2

N+∑

j=1

ξ+
j,h−

2

(
N−∑

k=1

ξ−k,hX
−
k,h

)
·
(

N+∑

j=1

ξ+
j,hX

+
j,h

)
.
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Let:

y± = y±(t) ≡
(

N+∑

j=1

ξ+
j,h|X+

j,h|2
)1/2

.

We observe that these are the only quantities which need to be estimated
in order to estimate W I

h . Indeed, using the Cauchy-Schwarz inequality, we
obtain: ∣∣∣∣∣

N±∑

j=1

ξ±j,hX
±
j,h

∣∣∣∣∣ ≤ ‖ω̃±
0,h‖

1/2
BM y±.

We have, for y+:

d

dt
(y+)2 =

N+∑

j=1

(
ξ+
j,h2X

+
j,h

)
·
(

N+∑

`=1

ξ+
`,hKη(X

+
j,h −X+

`,h) −
N−∑

`=1

ξ−`,hKη(X
+
j,h −X−

`,h)

)

= −2

N+∑

j=1

N−∑

`=1

ξ+
j,hξ

−
`,hX

+
j,h ·Kη(X

+
j,h −X−

`,h),

due to the antisymmetry of the kernel K and the fact that Kη(z) · z = 0,

≤ 1

πd
‖ω̃−

0,h‖BM
N+∑

j=1

ξ+
j,h|X+

j,h|,

due to the separation assumption 2,

≤ 1

πd
‖ω̃−

0,h‖BM‖ω̃+
0,h‖

1/2
BM y+.

Therefore, since y+(t) > 0,

y+(t) ≤ 1

2πd
‖ω̃−

0,h‖BM‖ω̃+
0,h‖

1/2
BM T + y+(0),

for all 0 ≤ t ≤ T .
Analogously,

y−(t) ≤ 1

2πd
‖ω̃+

0,h‖BM‖ω̃−
0,h‖

1/2
BM T + y−(0),

for all 0 ≤ t ≤ T .
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Hence, W I
h ≤ C, where C is independent of t. Furthermore, since ω̃±

0,h ⇀

ω±
0 weak-∗ in BM, and since the supports of ω̃±

0,h are contained in a single

compact set (hypothesis (H1)), it follows that the bounds obtained for H I
h

and W I
h are independent of h as well. In addition, using hypotheses (H1),

(H4) and the separation assumption (2) together with the fact that Jh is a
conserved quantity, it follows that Jh is bounded independently of time and
h. Therefore we see that J+

h + J−
h = Jh + 2JI

h is a non-negative quantity
which is uniformly bounded for t ∈ [0, T ] and h ∈ (0, 1].

Let 0 < r < d/2 and x ∈ R
2. Observe that there are either positive or

negative vortices in B(x, r), never both, due to the separation assumption
(2). Hence we have:




∑

{j | X±

j,h
∈B(x,r)}

ξ±j,h




2

≤ −2

log(4r2 + η2)
(J+

h + J−
h ) ≤ −C

log(4r2 + η2)
. (3)

Note that, since we assumed that η <
√

1 − d2 it follows that 4r2 + η2 < 1.
The constant C above is positive and independent of t, x and h. Since

the limr→0 limh→0 of the right-hand-side above is zero, we thus have verified
the nonconcentration condition.

Remark: Theorem 1 is, strictly speaking, a new existence result. As
an existence result, it may not seem very interesting because the hypothesis
of separation is very restrictive and artificial. However, Theorem 1 as a
convergence result for the vortex blob method is interesting because the
separation assumption can be easily verified numerically. The new feature in
the proof is the a priori estimate of the terms corresponding to interaction
of vorticities with opposite sign in the first integral Jh.

3 Discretization of the Initial Data

Consider an initial measure ω0 consisting of one-dimensional Diracs sup-
ported on a pair of externally tangent unit circles (vortex sheets). More
precisely, let ω+

0 be given by:

〈ω+
0 , φ〉 =

1

2π

∫

|x−(−1,0)|=1

φds+
1

2π

∫

|x−(1,0)|=1

φds,
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for any φ ∈ C0(R
2). Consider also

ω−
0 =

2

π|x− (−1, 0)|χ{1/4<|x−(−1,0)|<1/2} +
2

π|x− (1, 0)|χ{1/4<|x−(1,0)|<1/2}.

Our first observation is that ω0 = ω+
0 − ω−

0 is a stationary weak solution
of the incompressible 2D Euler equations, by virtue of being a superposition
of confined eddies, see [21].

We consider an initial discretization of this measure as follows. Fix K an
integer. We choose the blob size η2 = 1/(2

√
10K). Let N = 10K2, so that

the square of the blob size is 1/(2
√
N), and introduce:

ω̃+,N
0 (x) =

N−1∑

i=0

(1/N)δ(x− (cos(2πi/N) − 1 − η2/4, sin(2πi/N)))+

N−1∑

i=0

(1/N)δ(x− (cos(2πi/N) + 1 + η2/4, sin(2πi/N))).

This is the discretization of the two vortex sheets. Note that they are no
longer tangent but are separated by the distance η2/2.

We discretize the core of bounded vorticity by arranging the point vortices
in a roughly uniform grid. Since the domain is the annulus 1/4 < |x| < 1/2,
the cores have an aspect ratio of about 10 in polar coordinates. We begin by
choosing K points in [1/4, 1/2]: ri = 1/4+(i−1)/(4(K−1)) for i = 1, . . . , K.
Next, we choose 10K points in [0, 2π], by taking θj = 2π(j− 1)/(10K), with
j = 1, . . . , 10K. We define αij = (ri cos(θj), ri sin(θj)) and

ω̃−,K
0 (x) =

K∑

i=1

10K∑

j=1

1

10K2
[δ(x− αij − (−1 − η2/4, 0))+

δ(x− αij − (1 + η2/4, 0))].

Naturally, ω̃K
0 = ω̃+,10K2

0 − ω̃−,K
0 . In total, there are M = 40K2 vortices. See

the T = 0 graph in Figure 1 for a plot of the vortices.

Proposition 1 The sequence of approximations {ω̃K
0 } described above sat-

isfies (H1)–(H4).
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Proof:
The hypothesis (H2) and (H3) are obviously satisfied by construction.

Let us examine (H1). Let φ be a test function in C0(R
2) and let 〈·, ·〉 denote

the duality pairing between BM and C0. Then:

〈ω̃−,K
0 , φ〉 =

2

π

K∑

i=1

10K∑

j=1

π

20K2

(
φ(αij + (1 + η2/4, 0)) + φ(αij − (1 − η2/4, 0))

)
,

which is a pair of Riemann sums in polar coordinates, with small translations,
and thus, since φ is continuous, converges as K → ∞ to:

2

π

∫ 1/2

1/4

∫ 2π

0

φ(r cos θ + 1, r sin θ) + φ(r cos θ − 1, r sin θ)dθdr ≡
∫
ω−

0 φdx.

The case of ω̃+,10K2

0 can also be identified with a pair of translated Riemann
sums, converging to the appropriate limit.

Hypothesis (H4) is more delicate. For the negative vortices, checking
hypothesis (H4) involves a simple adaptation of the proof of Lemma 3.2 in
[30] since the grid in the bounded cores is comparable to a square grid and
the weights ξ−j,h are precisely the total mass of ω−

0 in each grid cell. The fact

that the α−
j,h are not the centers of the grid cells, but one of their corners, is

easy to deal with.
We now verify (H4) for the positive vortices. Let HN be the logarithmic

double sum involving the positive vortices that we wish to estimate. Let
the complex position zjN ≡ cos 2πj/N + i sin 2πj/N for j = 0, . . . , N − 1.
We decompose this discrete pseudoenergy into self-induction and interaction
terms for the two vortex sheets and center the calculation at the origin to
obtain:

HN = 2
N∑

j,k=1,j 6=k

1

N2
log |zjN − zkN | + 2

N∑

j,k=1

1

N2
log |zkN − (zjN + 2 + η2/2)|.

We first compute the self-induction term:

N∑

j,k=1,j 6=k

1

N2
log |zjN − zkN | =

N∑

j=1

log

∣∣∣∣∣

N∏

k=1,k 6=j

(zjN − zkN)

∣∣∣∣∣ =

N∑

j=1

log

∣∣∣∣ lim
z→zjN

zN − 1

z − zjN

∣∣∣∣ =
1

N2

N∑

j=1

log
∣∣NzN−1

jN

∣∣ =
logN

N
,

13



which converges to 0, and is therefore bounded, as N → ∞.
Finally we estimate the interaction term. First observe that:

N∑

j,k=1

1

N2
log |zkN − (zjN + 2 + η2/2)| ≤ log |4 + η2/2|.

On the other hand,

N∑

j,k=1

1

N2
log |zkN − (zjN + 2 + η2/2)| =

1

N2

N∑

j=1

log
∣∣(zjN + 2 + η2/2)N − 1

∣∣ ≥

1

N2

N∑

j=1

log(
∣∣zjN + 2 + η2/2

∣∣N − 1) ≥ 1

N2

N∑

j=1

logNη2/2 = log(Nη2/2)1/N .

Hence, if η = η(N) does not vanish too fast, for example, if it is bounded
below by a negative exponential, the pseudoenergy is uniformly bounded as
N → ∞. Of course, this is true in our case η2 = 1/(2

√
N).

Therefore, Proposition 1 shows that if the separation assumption is valid,
then Theorem 1 holds for the approximate solution sequences obtained by
solving the vortex blob system (1) with the special initial conditions given
above.

4 Computational results and conclusions

In this section, we briefly describe the actual experiments performed. We
discretize equations (1) in time using a standard fourth-order Runge-Kutta
time discretization. The time step considered was ∆t = 0.01, which was
small enough to ensure temporal accuracy.

We now consider the evolution of our confined eddies. In Figure 1, a
time sequence of the dynamics using K = 32 is shown. This corresponds
to 40, 960 = 40 ∗ 322 point vortices which is the maximum number we used.
Only the point vortices are graphed; there is no interpolation. The results
suggest the existence of a nonstationary solution with initial data ω0. The
positive and negative vortices remain well-separated throughout the simula-
tion suggesting that the separation assumption (2) is valid.

14



Since we are concerned with the convergence in the limit K → ∞, we next
compare our results using K = 32 to K = 16 (10,240 vortices), see Figure
2. We note that increasing K leads to larger deformations of the eddies
and hence enhancing non-stationarity. This behavior occurs consistently in
comparison with lower resolutions as well.

The sequence of approximations presented here appears to be converg-
ing to a new nonstationary solution of the initial value problem. We can
add quantitative information to this qualitative assessment by counting the
number of vortices in a fixed disk centered at the origin. More precisely, we
consider the integral of the vorticity Iω,K(t) in a ball centered at the origin
with radius 0.1 given by

Iω,K(t) =

∫

|x|<.1

ω̃K(x, t) dx.

This quantity is weakly lower semicontinuous with respect to weak-∗ con-
vergence in Radon measures. Therefore, if lim infK Iω,K(t) is smaller than
its initial value, then any weak limit of the vorticity distribution is non-
stationary. The quantity Iω,K(t) is graphed in Figure 3 for several different
resolutions. Observe that Iω,K(t) is a decreasing function of both time and
resolution K. The graphs strongly suggest convergence to a non-stationary
vorticity distribution. A similar calculation, integrating against a smooth
test function approximating the characteristic function of the ball of radius
1/10 used above would clearly yield the same results, while being continuous
rather than semicontinuous.

These calculations were performed using a parallel implementation of the
vortex blob method described here, run using 32 processors on a 256 processor
IBM-SP2 at the University of Minnesota Supercomputer Institute.

Our numerical evidence suggests that in the limit as K → ∞, and hence
η → 0, the limiting vorticity distribution obtained from the vortex blob sys-
tem is non-trivial and non-stationary. We regard the results obtained as a
preliminary indication that the osculating confined eddies lead to nonunique-
ness, but a more extensive numerical study is definitely warranted. The main
purpose of this article is to suggest this example and to provide a rigorous
theoretical framework for such experiments.

One may ask whether our computational solution may be obtained from
the vanishing viscosity approximation. This is far from clear. While there
have been studies comparing the inviscid roll-up of vortex sheets using the
vortex blob approximation with simulations using small viscosity (see e.g.
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[24, 32]), the connection between the blob and viscous regularizations is still
not understood. The viscous regularization in the vortex sheet case does
yield roll-up however. Thus, we conjecture that the vanishing viscosity ap-
proximation of the osculating confined eddies does yield a non-stationary
weak solution of the 2D Euler equations.

Finally, regarding the numerical evidence presented herein, at least two
possibilities should be considered. First, the convergence result proved was
valid for infinite precision calculations, which leaves open the possibility that
truncation error may be playing a role in our observations; second, the con-
vergence result considers the limit of fine discretization, and the experiments
performed here might not be resolved just yet. The experiment was de-
signed with these objections in mind and appears to be converging as the
discretization parameters are refined, but no amount of computational effort
can dispel these possibilities entirely. In the absence of rigorous proof, addi-
tional heuristical evidence would certainly strengthen our case. For instance,
we would propose as an interesting open problem to obtain a description
the time-one map associated with a suitable regularization of the osculating
confined eddies by means of asymptotic analysis.
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TIME=10.0, K=32

Figure 1: The evolution of the two confined eddies with K = 32 which
corresponds to M = 40, 960 point vortices.
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Comparison of K=16 (light) and K=32 (dark) Simulations at TIME=10.0

Figure 2: A comparison of the K = 16 (light) and K = 32 (dark) results in
the regions of greatest deviation.
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Figure 3: The integral of the vorticity in a circle of radius 0.1 centered at
the origin. Several different resolutions K are shown.

23


