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SCALING LIMITS FOR BEAM WAVE PROPAGATION IN ATMOSPHERIC
TURBULENCE

ALBERT C. FANNJIANG* KNUT SOLNAT

ABSTRACT. Description of waves that propagate through the turbulent atmosphere is a funda-
mental problem, for instance from the point of view of applications to communication and remote
sensing. Yet, so far, very little is known about how the wave field interacts with the turbulent or
multiscale nature of the refractive index which derives from the multiscale nature of the tempera-
ture fluctuations. The parabolic or forward scattering approximation leads to a random Schrédinger
equation. Here, we take the parabolic wave equation as our starting point and derive a white noise
approximation for this problem. We start with a description where the non-Gaussian multiscale
nature of the refractive fluctuations are described by a power law spectrum with prescribed inner
and outer scales and analyze the asymptotic limits corresponding respectively to a relatively large
outer scale and or small inner scale. The reference scale in our modeling is taken to be the Fresnel
length. A main tool used to derive the convergence to a Gaussian Markov limit is the method of
multiple scales . From the white noise approximation we derive closed equations for the moments
of the wave field.

1. INTRODUCTION

The small-scale refractive index variations, called the refractive turbulence, in the atmosphere is
the result of small scale fluctuations of temperature, pressure and humidity caused by the turbu-
lence of air velocities. For optical propagation in the atmosphere the influence of the temperature
variations on the refractive index field is dominant whereas in the microwave range, the effect of
the humidity variations is more important. The refractive turbulence results in the phenomena of
beam wander, beam broadening and intensity fluctuation (scintillation). It is important to note
that these effects depend on the length scales of the waves as well as the refractive turbulence [16].

The refractive turbulence is modeled on the basis of Kolmogorov theory of turbulence which
introduces the notion of the inertial range bounded by the outer scale Lq (of the order of 100m— 1km)
and the inner scale ¢y (of the order of 1 — 10mm). Other features of the refractive turbulence in the
open clear atmosphere include [T9]: (i) small changes (typical value of 3 x 10~* at sea level) in the
refractive index related to small variations in temperature (on the order of 0.1 — 1°C), (ii) small
scattering angle which is of the order \/fy and has the typical value 3 x 10~*rad for A = 0.6mn
and ¢y = 2mm. Perturbation methods for solving the Maxwell equations are adequate provided
that the propagation distance is less than, say, 100m, a severe limitation on their applicability to
imaging or communication problems. Our motivation is mainly from laser or microwave beams but
our consideration and results apply equally well to ultrasound waves in atmospheric turbulence.
The results are also relevant in the context of ultrasound waves penetrating through complicated
multiscale fluctuating (interface) zones in for instance human tissue.

Under the condition A\ = O(¥¢y) (including the millimeter and the sub-millimeter range) the
depolarization term in the Helmholtz equation for the electric field is negligible [I9] and one can
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use the (scalar) Helmholtz equation
(1) V2E + k°E = —k*¢,E
with appropriate boundary conditions where k is the wavenumber and €, the random fluctuation of
the atmospheric permittivity field. This is related to the refractive index field n and its fluctuations
n' as

- 2 2 21 o ! 2

¢a = (n*—E[n)/E[n°] = 2n'E[n]/E[n’]

with n’ = n — E[n] where we have scaled the wavenumber so that the mean €, = 1. Here and below
E[-] denotes the ensemble averaging.

1.1. The rescaled parabolic approximation. The well-known parabolic approximation to equa-
tion () is applicable in a regime where the variations of the index of refraction are small on the
scale of the wavelength so that backscattering is negligible [T9]. This is the case when, for instance,
the propagation distance L, satisfies A3L, < £3 or AL, > L3. For laser beams, these conditions
give a very large range of validity.

In this paper we study the initial value problem for the parabolic wave equation
0¥ (z,x)

0z
where z is the longitudinal coordinate in the direction of the propagation, x = (x1,x2) is the
transverse coordinates, V| is the transverse gradient and WV is related to the scalar wave field E
by E = W¥(z,x)exp (ikz). The initial condition has a typical width a which is the aperture. Below
we will drop the perp in denoting the derivatives in the transverse directions.

The difficulty in solving equation (&) lies in the random multiscale nature of €,(z,x). First
we non-dimensionalize eq. (f2) as follows. Let L, be the propagation distance in the longitudinal
direction. Let Ay be the characteristic wavelength. The corresponding central wavenumber is
ko = 2m/Xo. The Fresnel length Ly is then given by

Ly =/L./ko.

We introduce dimensionless wave number and coordinates
k=k/ky, %X=x/L;, Z=2z/L,

and rewrite the equation in the form

2) V2 0(z,x) + 2ik = k2%, (2, x)T(2,%), U(0,x) = Fy (2) € L2(R?)

- Ov -
(3) m%—z + AU 4 k?kgL,é,(2L,,xLs)¥ =0, W(0,x) = Fy(v"%x) € L*(R?)

after dropping the tilde in the coordinate variables where

Le\2
a
is assumed to be O(1), thus the source is supported on the scale determined by the Fresnel length.

1.2. Model spectra. A widely used model for the structure function of the refractive index field
of the atmosphere is based on the Kolmogorov theory of turbulence and has the following modified
Von K’arm’an spectral density

(4) P (k) = 0.033C (k| + K§) /O exp (— |k|*/K7)
where k = (£,p), with ¢ € R,p € R? the Fourier variables conjugate to the longitudinal and
transversal coordinates, respectively. Here Ky = 27 /Lo, K, = 5.92/{y. This spectrum has the
correct behavior only in the inertial subrange, i.e.
(5) D, (k) ~ k|73 k| € (2nLyt, 2megh).
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Outside of this range, particularly for [k| < 27Lg ! there is no physical basis for their behavior; they
are just mathematically convenient expressions of the cutoffs. In particular, if the wave statistics
strongly depend on £y or Lg, then the problem probably requires more accurate information on the
refractive index field outside of the inertial range [5], [T0], [IT]. Note that the ratio Lo/l grows
like Re*/* as the Reynolds number Re tends to infinity.

There are several variants of (@) arising from modeling more detailed features of the refractive
index field. One of them is the Hill spectrum [I], [I3] to account for the “bump” at high wave
numbers which is known to occur near the inner scale

(6) @,(k) =0.033C2 |1+ 1.802[k|/ K — 0.254(|k|/Km)7/6] (kP + K3)"°

exp (—[k[*/K7,)

where K,,, = 3.3/¢y. The coefficient C? is itself a random variable that depends on time as well as
the altitude. Note that in atmospheric turbulence the inner and outer scales and the exponent in
the power law may also have to be modeled as stochastic processes [I8]. The temporal dependence
is irrelevant for optical propagation; the altitude dependence has a rather permanent, non-universal
structure with length scales much greater than the outer scale Ly [I6]. It would complicate the
analysis but not the main features of our conclusions. We will consider these issues in a separate
paper we will treat it as a (small) constant here.
We will consider a family of power-law type spectra

(7) O(a,k) ~ k'K, d=2, for k| € (Ly' 6",

with possibly different coefficients at the two ends of the inertial range as the ratio p — oo in the
high Reynolds number limit. We assume that the spectrum decays sufficiently fast for |k| > ¢, !
while staying bounded for |k| < Ly'. The details of the spectrum are not important for our
analysis, only the exponent « is. In particular, & = 4/3 for the Kolmogorov spectrum (H).

1.3. White noise scaling. Let us introduce the non-dimensional parameters that are pertinent
to our scaling:
L L L
e=|7 n=7 o=
L, Lo Lo
In terms of the parameters and the power-law spectrum in () we rewrite (B) as

- OUF k2

(8) 2ik——+ AP + ?O'QV(&%,X)\I’E =0, U%(0,x) = Fy(v'/?x) € L2(R?).
with
La—l
_f A
(9) UO! 83 n

where C,, the total structure parameter in the original refractive index spectrum. The spectrum
for the (normalized) process V is given by

(10) () (. k) ~ k|72 K| 4, for [K| € (1, p),

as in (). We only require that () holds for 1 < |k| < p (Theorem 1) and/or 1 > |k| > 7
(Theorem 2), possibly with different O(1) constants, and that @, , decays fast for [k| > p and
levels off for |k| <. For high Reynolds number one has Lgy/ly = p/n > 1 which is always the case
in our study.
In the beam approximation one has € < 1. The beam approximation is well within the range of
validity of the parabolic approximation. The white-noise scaling then corresponds to o, = O(1).
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We set it to unity by absorbing the constant into V since the constants in ([[0}) are unspecified.
This implies relatively weak fluctuations of the index field, i.e.

C’Nn ~ L?/z_aLz_?’/2 <1, aslL,—

in view of the fact that a € (1,2) and ¢ < 1.

In the present paper we first study the case p — oo, but 7 fixed, as ¢ — 0 (Theorem 1). This
means that the Fresnel length is comparable to the outer scale. Second, we study the narrow beam
regime 1 < 1 where the Fresnel length is in the middle of the inertial subrange (Theorem 2). For
the proof, we adopt the approach of [0] where the turbulent transport of passive scalars is studied.

2. FORMULATION AND MAIN RESULTS

2.1. Martingale formulation. We consider the weak formulation of the equation:

S

B z 7.2 z
(11) 21k [(UE,60) — (Wo,0)] = —/0 <\P§,A9>ds—%/0 <\P§,V(€—2,-)-9>ds

for any test function § € C°(R?), the space of smooth functions with compact support. The
tightness result (Section 4.1) implies that for L? initial data the limiting measure P is supported
in 12,([0, z0]; L2 (RY)).

For tightness as well as identification of the limit, the following infinitesimal operator A° will
play an important role. Let VS = V(z/e2,-), F¢ the o-algebras generated by {V¢, s < z} and ES
the corresponding conditional expectation w.r.t. F;. Let M*® be the space of measurable functions
adapted to {F%,Vz} such that sup,_, E|f(z)] < co. We say f(-) € D(A®), the domain of A%, and
ASf = gif f,g € M and for f°(z) = 6 ' [ESf (2 + 6) — f(2)] we have

supE|f(z)] < oo
2,0
(%E%Elf‘s(»’«’) —g(z)] = 0, V=

Consider the special class of admissible functions f(z) = ¢((¥%,0)), f'(z) = ¢'((VL,0)),Vo €
C*°(R), then we have the following expression from ([[1l) and the chain rule

2

(12) HJE) = ) | (U5 80) + = (W2, VE0)

A main property of A° is that

(13) () — /0 AT f(s)ds s a Fe-martingale, Vf € D(A).
Also,

(14) EEf(2) — f(s) = / TEEASf(r)dr Vs<z as.

(see [I4]). We denote by A the infinitesimal operator corresponding to the unscaled process V, () =
V(z,-).
4



Define

(15) ey) = [ [ [ eos(te=y)- p)oos(s6)8(, (0.6.p) dsdédp
= [ cos (6= ¥) - POy (0.0,) dp

(16) Txy) = lim I'(xy)

(17) Io(x) = I'(x,x)

where we have written the wavevector k € R? as k = (£, p) with p € R2.

Now we formulate the solutions for the Gaussian Markovian model (for Theorem 1) as the
solutions to the corresponding martingale problem: Find a measure P (of ¥.) on the subspace of
D([0,00); L2 (R%)) whose elements have the initial condition Fy(y'/?x) such that

z i 7.2 _ 2 .
f(<\11270>) _/0 {f/(<\1l879>) i <\IlS7A6> - % <\IIS’F06> - %f”(<\1’5,9>) <97]C‘I’56> } ds

is a martingale w.r.t. the filtration of a cylindrical Wiener process, for each f € C*°(R)

where
(18) K0 = / W, (%) U5(y)T(x, y)0(y) dy.

The Gaussian Markovian model has been extensively studied for beam wander, broadening and
scintillation effects in the literature (see, e.g. [, [12]). It can also been written as the Ito’s
equation

. ~2 .7
av, = (iA = k—ﬂ) U dz 4+ (®y )Y aw,

2%k 4 V2
i k2 _ ik _
= [ =A—ZTo |V, de+ =V, dW,, Vox)=F(H"*x
<2k 1 o) \/5 0( ) o(’Y )

where W is the Brownian field with the spatial covariance I'(x,y).
As we let n = n(e) — 0 (Theorem 2) the limiting Gaussian, Markovian model has different

covariance structure I'V. as defined below. We introduce the new fields
(19) V'(z,x) = V(z,x)—V(z,0)
(20) — [l px) ~ U V(dp)

in view of the (partial) spectral representation for V
V(ex) = [ exp (ip -3V (z.dp)

where the process f}(z, dp) is the (partial) spectral measure of orthogonal increments over p.
Let

(21) Uexy) =, tm 5D [ B peo)] o

p—o0,n—0

= 7 [(@® =¥ - DEF (e p)dp

and
IMo(x) =TV (x,x)
5



where
P°(a,p) = lim q)(n,p)(a,o,p).

p—o0,n—0

Note that the limit n — 0 in (ZI]) is convergent only if
a < 3/2;
in particular, the limit exists for the Kolmogorov spectrum « = 4/3.

2.2. Uniqueness. To identify the limit we need the uniqueness result for the limiting martingale
problem. Because of the non-smoothness of the white-noise potential the approach of [7] does not
apply here.
Take the function f(r) = ™ in the martingale formulation, we arrive after some algebra at the
following equation
or™

22 = CF™ 4 CF™
(22) 92 CiF)" + CoF;

for the n—point correlation function

FM(x1,..., %) = E[W,(x1) - U.(x,)]

where
,[: n
]_
-5 n
(24) Co = —% I'(xj,x;), with I'(x,x) = Ty(x)
J,k=1
-5 n
(25) orCy = —% f/(xj,xk), with T (x,x) = fg(x).
J,k=1

We will now establish the uniqueness for eq. ([22) with the initial data
FV(x1,. . %) = E[Wo(x1) -~ Wo(x,)], o € L*(R?).

In the former case ([24]) Cs is a bounded, Holder continuous function, we rewrite eq. (22) in the
mild formulation

F™ = exp (zCl)Fén) —I—/ exp [(z — $)C1]CoF™ ds
0

whose local existence and uniqueness can be easily established by straightforward application of
the contraction mapping principle. By linearity, local well-posedness can be extended to global
well-posedness.

In the latter case ([ZH) Cs is unbounded, Holder continuous function with sub-Lipschitz growth.
We first note that Cy is non-positive everywhere since

n —
> T xjxp) = ”/Z(eixj'p — 1)) (%P — 1) (, p)dp > 0.
J

Jok=1 k
Hence both C; and Cy are generators of one-parameter contraction semigroups on L?(R?"), thus by
the product formula (Theorem 3.30, [6]) we have
lim [exp (%Cl) exp (%Cg)] "F= exp [2(C1 + Co)|F

m—00

for all F € L?(R?"), which then gives rise to a unique semigroup on L?(R?").
6



2.3. Main assumptions and theorems. Assume that the new random field
(25) Vox) = / E. [Va(x)] ds

is well-defined. This holds, for instance, when the mixing coefficient of V, is integrable [§]. It is
easy to see that

AV, = -V,
and that V,(x) has a spectral density like ([[l) with an exponent o + 1 such that

rO(xy) = E [D.x)v.(y)]

In addition to (I0) we also assume that up to the fourth moment of the field V can be estimated
in terms of (M) as in the case of Gaussian fields. We call this the fourth-order scale-invariance
property. We assume that for > 0 fixed,

z 1 o
(26) wp VGl = of2). 0. weCE®)
2<20
with a random constant of finite moment. We assume that
(27) sup ||9V'(€%, 2 = O(s71), independent of 5 and p, V8 € C°(R?)
z2<z0

with a random constant of finite moment. Note that the refractive index field V loses regularity as
p — oo and homogeneity as n — 0.
In the case of Gaussian refractive index fields conditions ([26) and (7)) are always satisfied

z 20

. < -

(28) sup [V(5:)l = Cilog [52]
1
2 0y’ £ . < log =
(29) ZSEE)H Vg llz < Cplog-

where the random constants C7, Co, C'3 have a Gaussian-like tail by Chernoff’s bound.

Theorem 1. Let V satisfy (), (Z3), (Z8) and the fourth-order scale-invariance property. Let
p — o0 as € — 0 while n is fized such that
(30) lim ep?~* = 0.

e—0
Then the weak solution W of ([IQl) converges in the space of D([0,00); L?(R%)) to that of the Gauss-
ian, Markovian model with the covariance functions I and Tg.

Remark 1. The power-law spectrum (Il) plays no role in the proofs of Theorem 1 and 2. A
similar theorem holds for the random media with a finite correlation length such that their fourth
moments can be controlled by their second moments and that the roughness of the random media
can be controlled as in for instance (30).

Remark 2. Since both the limiting and pre-limiting equations preserve the L?-norm of the initial
data it suffices to prove the convergence in the space D([0,00); L2 (RY)) where the weak topology is
used.

Note that in the limiting model the white-noise velocity field has transverse regularity of Holder
exponent o — 1/2.

Next we let n tend to zero as well, but this would induce uncontrollable large scale fluctuation
which should be factored out first. Thus we consider the solution of the form

Ue(z,x) = U¥(z,x) exp (% /OZ V:(0)ds)
7



and the resulting equation

- O0E ~ k2 z
(30) 2ik 5 T AV + ?V/(€—2,x

Ve =0
. )

where V' is defined by ([[9).
Theorem 2. Let o < 3/2. Let the assumptions of Theorem [ be satisfied. Additionally, assume

(Z4) and n =n(e) — 0 such that

lim en® 2% = 0.
e—0

Then the weak solution U¢ of ([Z3A) converges in the space of D([0,00); L>(RY)) to that of the
Gaussian, Markovian model with the covariance functions I’ and I7g.

Because of a < 3/2, the limiting model is only Holder continuous in the transverse coordinates.

The convergence of the white-noise limit has been established in [2] and [B] under more stringent
conditions. In particular, their limit theorems do not allow p — 0o, — 0 among other restrictions.
In [I7] the random media studied has a finite bandwidth. Also, the geometric optics limit is first
taken, then the white-noise limit and the broad beam limit n — oo are taken subsequently.

3. PROOF OF THEOREM 1
3.1. Tightness. In the sequel we will adopt the following notation
f(2) = FHPL,0)),  f(2) = F(PL0), f'(2)=f"((¥5,0)), VfeC®R).

Namely, the prime stands for the differentiation w.r.t. the original argument (not z) of f, f’ etc.

A family of processes {U%,0 < ¢ < 1} € D([0,00); L2 (R%)) is tight if and only if the family
of processes {(¥¢,0),0 < ¢ < 1} C D([0,00); L2 (R?)) is tight for all # € C°(R?). We use the
tightness criterion of [I5] (Chap. 3, Theorem 4), namely, we will prove: Firstly,

(31) lim limsupP{sup | (¥5,0)| > N} =0, Vzy < oo.
e—0 2<20

N—oo

Secondly, for each f € C°°(R) there is a sequence f¢(z) € D(A®) such that for each zy < oo
{A°f%(2),0 <e < 1,0 < z < 2} is uniformly integrable and

(32) lim P{sup [f*(2) — f((T%,0))[ =2 0} =0, V5> 0.
£— 2<z20

Then it follows that the laws of {(¥%,0),0 < € < 1} are tight in the space of D(]0, 00); L2 (R%))
Condition (BTJ) is satisfied because the L?-norm is preserved. Let

fiG) =g [ B (0 Vi6) ds
be the 1-st perturbation of f(z). Let

Ve = i/ ESVE ds.

g2 /,
We obtain
5 _ Z‘/;:E / £ VI
(2) Ji(2) = S0() (W, Vi0)

Proposition 1.

lim sup E|f{(2)] =0, lin%) sup |fi(2)| =0 in probability
E—

e—0 <z 2<20
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Proof. We have

(33) E[I£5 ()] < el f'loo | ol B0V |2

and

(34) sup | f5(2)] < ell £ lool[Toll2 sup [[6VE |2
2<20 2<20

The right side of B3] is O(e) while that of (B4) is o(1) in probability by (Z8). Proposition [ now
follows from (B3l), (B4) and (Z4]). O
Set f€(z) = f(2) + f5(2). A straightforward calculation yields

2

epe € o € k £ YiE e Ve
AEff = =2 [ 00) + = (wE,v20) | (wEV20)
1) <x11€ A(fﬁ@)> L <x11€ v5f2€9> - ﬁf’(z) (T2, V20)
4 z? z e z) z 7z 26 z? z
and, hence
(33) ATF(z) = —f(2) (U5, AG) — K 7(2) <x1/ V€956> _# F7(2) (U2, V0 <\y 9€9>
2;{‘} z) 4 z zrz 4 z) z z) z
g

-2 7@ (v a00) + 1) (w2, 80) (W, V20)]
= A5(2) + 45(:) + A5(2) + A5 (2)

where A5(z) and A5(z) are the O(1) statistical coupling terms.
For the tightness criterion stated in the beginnings of the section, it remains to show

Proposition 2. {A®f¢} are uniformly integrable and
lim sup E|Aj(z)| =0

e—0z< 2

Proof. We show that {A},i = 1,2, 3,4 are uniformly integrable. To see this, we have the following
estimates.

1
[Ai(2)] < ﬁ”f/HOOH\I’OH2”A0H2

k? .
A2 < 1 ol oll2VEVZOl2

k? ~
(A5 < 1 ool WolIVEO I lIVEO 2.

For fixed n, the second moments of the right hand side of the above expressions are uniformly
bounded as € — 0, p — oo and hence Aj(z), A5(z), A5(z) are uniformly integrable.

£ - -

il < 4 [Hf//HooH‘IJOH§||A9H2HV§0H2 1 Moo N2 AVZO) 12| -
The only term in (28)) that is not bounded p — oo is
(28) IAVZ0)]2,

whose second moment is O(p*>?~®). By assumption, ep?~
grable. Finally, it is clear that

* — 0, Aj is therefore uniformly inte-

lim sup E|Aj(z)| = 0.

e—02<z



3.2. Identification of the limit. Once the tightness is established we can use another result in
[15] (Chapter 3, Theorem 2) to identify the limit. Let A be a diffusion or jump diffusion operator
such that there is a unique solution w, in the space D([0,00); L2 (R?)) such that

(25) flws) - / " Af(ws)ds
0
is a martingale. We shall show that for each f € C*°(R) there exists f¢ € D(A®) such that
(29) swp Ef(2) - F((WL0)] < o
(30) hm E[f7(2) = fF(Z,0)] = 0, Vz<z
(31) sup BJAT/(z) — AF((P5,6)] < oo
(32) lim BLA°f°(z) — Af((UZ,0))] = 0, Vz< 2.

Then the aforementioned theorem implies that any tight processes (3, ) converges in law to the
unique process generated by A. As before we adopt the notation f(z) = f((¥%,0)).
For this purpose, we introduce the next perturbations f5, f§. Let

(33) A0) = [ [606or s y)elv)ey) dxdy
(34 AV0) = [TWex0600) dx
where
(35) rxy) = E[VixVily)|.
It is easy to see that
(35) A(6) = E [(0,vi0) (6, V:0)] .
Define

)= 1) [ [ vie) (v, Vi6) - AP (w5)] ds

=5 ) [ B (v i) - A0 @) s

Let
r@x,y) = E [VEVil)|

and
(36) AP0) = [ 0000608 xy)oety) xdy
(37) AP@) = [T x)06)000) dx
we then have )
(39 i) = S (s vze) - AP
(39) i) = S ) [(wepevee) - AP we)].
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Proposition 3.
lim sup E|f5(z)| =0,  lim sup B[ f5(z)| = 0.

e—0 z< 2z e—Uz<zo
Proof. We have the bounds

E|f5 R (ol RETE0]3 + EAD (22
sup E[f3(2)| sup ——||flloo | IPolREIVZ0]2 + E[Ay™ (¥2)]
z2<20 z2<z0

€ e2k? / CeHE (2) /v, .
B < sup | [0 2B IVEV6] + BAP (W]

z2<20 z2<20 4

IN

IN

both of them tend to zero.

We have

ALy = e [ s veey (we, e + AP (0] + B3()

AF5() = %f’(Z) = (v vivs0)) + A9 (w2 + R3(2)
with

@ f’”(z)

P e
(02,80) + = wvze) | (e, ve6) - (s

ik

+ (=) (WE V20) e

<\y A(f;;e)> + = <x11§,v;9;9>

ic2k
(34) LR

ey | vz, aePun) + & (e veeue)

€

where G§)2) denotes the operator

6= [ 06T (e y)0)0(y) dy.

Similarly
- 27, 7.2
€ _ ﬂ / € \)EY IE k_ € YVIEVIEVIE
() = A1) | (A0 + = <wz,vzvzvz6>]
- 27, 7.2 o
FER gy [ws a0y + 5wz vey | [(ws, vevee) - 4w
8 €
ie2k , - (2) k2 e voe(2)
~E ) (s awi?e) + = (v, virgo)
where

Fg2) (x) = I (x,x).

Proposition 4.
lim sup E|R5(2)] =0, lim sup E|R§(z)| = 0.
e—0 <2 e—=02<2
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The argument is entirely analogous to that for Proposition Bl The most severe factors involve
A(VE6) and A(VEVER), both of which also have the prefactor 2. Therefore they do not require any
more conditions than what we have needed so far.

Consider the test function f°(z) = f(2) + fi(z) — f5(2) — f5(z). We have

oy k2 " 1) kK (1)
(31) A f(z) = ﬁf (2) (U2, A0) — —=f7(2) A3 " (V3) — - f1A37(02) — R5(2) — R3(2) + Ai(2).
Set
(31) R (z) = Ri(z) — R3(z) — R3(z), with Ri(z) = Aj(2).

It follows from Propositions 3 and 5 that
lim sup E|R*(z)| = 0.

e—0 <z

Recall that
ME(9) zfﬂﬂjAAW%Ms

?

= )+ ) - 56 - £5() ~ [ o2 ) A0) ds

v [ oA @+ oAl o] as- [ R

4
is a martingale. Now that 9)-(B2) are satisfied we can identify the limiting martingale to be
o i K k? e A
(28) M. (0) = f(2) - at (5) | o, (War A0) = As(Ws) | = 1 [7(5) Aa(¥s) ¢ ds

where

Aa(0) = lim AD(9). As(0) = lim AL (o).

p—00

Since (¥%,0) is uniformly bounded
(W5, 0)] < [[Woll2[6]],

we have the convergence of the second moment

limE{<\I/§,9>2} - E{(\I’z,9>2} .

e—0

Use f(r) =r and 72 in (B2

z . 7.2
Mz(l)(e) = (0,,0) — / i (U, AG) — k—Ag(\IIS) ds
0o |2k 4
is a martingale with the quadratic variation
_];2 z _];:2 z .
(D), MVO)] === [ As(wy)ds = == | (0,Ku.0) ds
z 2 0 2 0
where
Kud = [ 0.6, y) 0 (¥)60) dy,
Therefore,

Ko, dWV,



where Wy is a real-valued, cylindrical Wiener process (i.e. dW,(x) is a space-time white noise field)

and /Ky, is the square-root of the positive-definite operator given in ([X)).

4. PROOF OF THEOREM 2

We turn to eq. (Z3]). We will use the same notation
~ 1 [ s
The proof of the uniform integrability of A*[f(2) — fi(z)] breaks down. The problem is related to

2—2a)

the divergence of the second moment of V5, an O(n quantity. In this case, we work with the

perturbed test function
[f(2) = F(2) + fi(2) = f3(2) = f5(2)
for both tightness and identification.
Proposition 5.
(28) giH(l] sup E|f5(2)] = 0, glir(l] sup |f5(2)| =0 in probability, Vj=1,2,3.

—VUz<2 z2<20
Proof. The argument for the case of f{(z) is the same as Proposition 1. For f5(z) and f5(z) we
have the bounds

(29) snglfza(z)! < Gttt
2<20

(30) SEPE’f?f(Z)’ < Co?pt?
2<20

both of which are O(¢?) under the assumptions of the theorem.
As for estimating sup, ., [f5(2),j = 2,3, we can use

Md/ V% (x) dx in place of E|VE)?(x) dx
Ix|<M |x|<M

in the above bounds and obtain by assumption the desired estimate which have a similar order of
magnitude with an additional factor of 1/e and a random constant possessing a finite moment. [

Proposition 6.
lim sup E|R5(2)| =0, j=1,2,3.

e—0 2«2

Proof. The proof is similar to that of Proposition 5 with the additional consideration due to n — 0.
These additional terms can all be estimated by

Cie /|x<ME [

which tends to zero under the assumptions of the theorem. O

9§(X)1~)§(X)H dx < Cyen?=20

For the tightness it remains to show
Proposition 7. {A°f¢} are uniformly integrable.

Proof. We shall prove that each term in the expression (B2) is uniformly integrable. The analysis
of Proposition B still works here except for additional considerations in connection to the limit
1n — 0. The most severe term arising from this is

(30) eV (x) Vi (%)

in the expression for R§ whose second moment behaves like g2n*~4*

and vanishes in the limit. 0O

Now we have all the estimates needed to identify the limit as in the proof of Theorem 1.
13
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