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Abstract The moving boundary problem for the contact line evolution of a droplet is studied.
Local existence and uniqueness of classical solutions is established.
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1 Introduction

Consider the system

—Au=A in Q;, fort > 0,

u=0 on 082, fort > 0,

Joudx =Vo >0 forr>0, (1)
V = F(|Vul) on 082, fortr > 0,

S.2f|t=0 = Lo,

which is a widley accepted model [7] describing the quasi-static shape evolution of a liquid
droplet of height u(#, x) occupying the region 2, = [u(t,-) > 0] at time ¢t > 0. The
integral condition ensures volume conservation during the evolution and is related to the
appearance of the (negative) hydro-static pressure (as a Lagrange multiplier) A in the first
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equation. The fourth equation relates the contact line speed in normal direction to the steepness
|Du| = —0dyu at contact where v = —% is the outward pointing normal to I'; = 9€;.
While the exact empirical relation F' can vary [4,12,13], for the purposes of this paper no

qualitative assumptions will be made beyond monotonicity
FeC”R,R) with F'(r)>0 forr>0. (2)

The regularity assumption can be relaxed.!

While the introduction of the model goes back quite some time [7], not many analytical
results can be found in the literature. Numerical experiments on stability were performed
in [8] and, subsequently, a numerical scheme based on a boundary integral formulation
was proposed by [6]. Later Kim and Glasner [9] proposed a concept of weak generalized
solution by means of viscosity solution techniques. Since the problem does not admit a
comparison principle, they are forced to consider an approximate problem where X is kept
constant on small time intervals. This way they regain access to a comparison principle
and use it to introduce a concept of viscosity solution, before taking the limit and thus
effectively removing the approximation step. While their most general result is local in time
well-posedness (in the sense of short time existence and uniqueness), they also obtain global
existence for solutions satisfying a geometric condition. Later [10] proposed a construction
of global in time weak solution via a discrete approach based on barriers and the gradient
flow structure of the system. Latter is only given when F(r) = r2 — 1 and thus the results
are limited to that case. To the best of our knowledge no result has appeared in the literature
concerning the short time existence of classical solutions for (1). This gap is filled by the
current paper.

2 Reformulation and main result

A domain fixing transformation will be used to reformulate problem (1) which was first
used in [5] and has hence come to be known as the Hanzawa transformation. It is obtained by
taking a compact closed C*°-surface I' C R” close to I'g = 92 and introducing coordinates
derived from a foliation of a neighborhood of T" in R”. More precisely, let x € I' and denote
by v(x) the unit outward normal to I" at x. Since I" is smooth and compact, thereisa A > 0
such that the surfaces

I={x+i@|xel}, Ae(=A,A)

are equally smooth, disjoint, and fill a tubular neighborhood €25 of I'. It is then possible to
parametrize I'; (as long as it stays in €24 ) by a function

p=pt):I' >R
through
r,= {x + p(x)v(x) |x € F}.

As the goal of this paper consists in obtaining classical solutions, it will be convenient to
work in so-called little Holder spaces denoted by 4##(0) for an open subset O of R” and
defined through

W (0) = ro SN heto,

L' An inspection of the proof of the main result shows that existence and uniqueness of classical solutions can
be guaranteed for F of class It witha € (0, 1).
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Classical solutions for a droplet model 1149

i.e. by the closure of the space of restrictions to O of smooth and rapidly decreasing functions
in the norm of BUCP (0). Latter denotes the space of bounded, uniformly Holder continuous
functions” on O with norm

lullguceoy = D 10%llo.5 + D [0%uls (516
la|<[B] lo|=p
where [S] is the integer part of 8 and

Lf () = fFO)

x#yeO m’ u € C(0).

[0%ulg 1.6 =

Given a smooth (compact) manifold M, hP (M) is defined (similarly) by localization and
using a smooth (finite) atlas of M in the canonical way.

In order to obtain a problem on the fixed domain €2 bounded by I', diffeomorphisms from
2 to €2; need to be specified. To that end, let

p €V :i=Bair(0.0) NE*TT), a<A/4,

where Bg (x, r) stands for the ball with radius r centered at x € E in the normed space E.
Denote by ©,, the domain bounded by I', and let ¢ € C*(R, [0, 1]) be a cutoff function

satisfying
I, |Al <a,
)\, =
o [o, 2] = 3a.

and, for any y € Q,, let (X ), A(y)) be the “tubular” coordinates of y, i.e.
y=XO)+AGV(XY).

Notice that X € BUC® (24, I') and A € BUC™(Q4, (—A, A)). Defining

X H[A) +e(AWM)p(XDM) (X (), ¥y € Qa,

Op(y) ==
¥ y & Qa,
it is easily verified that
6, € Diff>"(R", R") N Diff>™(Q, ,),

and that 6,(I') = I'y, due to the assumptions on p. The original problem can then be
rewritten in the new coordinate system. To do so, let 67 and 6% denote the pull-back and the
push-forward maps induced by 6,,, respectively, i.e.,

Opu:=uob,, uecBUCQ)),
0lv:=vob, !, veBUCQ).

It can be verified (see [5]) that
0%  Isom(h*T*(Q,), K (Q)) N Isom (KA (T ), h*+* (1))
and that 67 = (0;;)_1 for any choice of p € V and k € {0, 1, 2}. The function

No:Qa— R,y A(y) —p((X()

2 In contrast to h# (0) the space BUC# (0) is not separable. This shows particularly that nP(0)isa proper
subspace of BUCP(0).

@ Springer



1150 J. Escher, P. Guidotti

leads to the representation I', = Np’l (0) and thus to the formula
b = .
8 VN, (I

for the unit outward normal to I", at the point y. The normal velocity V of the front I,
is given by

—1
ye N L0,

aI‘Np(tsy) _ 8[10(X(y)vt)

Viy,t) =— —
O =N, 000 = VN0

, yel, tel0,T],

for fixed
p € C([0,T1, V) nC([0, 11, k' F(I)).

Definition 2.1 (i) A family of domains {2 |t € [0, T']} with h2+°‘—b0undary I'; together
with a family of functions

u(t,) € ¥4 (Q,), telo,T],

is called a classical h12t%-solution of (1) if all equations are satisfied pointwise.
(i) A pair (v, p) such that

v e C([0, 1], A*T®(2)) N C' ([0, T1, h%(2)) and
p € C([0,T1,V)nC ([0, T1, A" T(I)),

is called classical h21%-solution of

—05 A0 v = 1 in (0, 7) x R,

v=>0 on (0,7) x 0€2,

Jo v |DO,(»)| dy = Vo, )
dp = 9;|VN,,|F[—9;V‘)|%”7I'VZ|NP] on (0,T) x T,

p0,) = po onT,

if it satisfies the system in the pointwise sense.

Proposition 2.2 Problems (1) and (4) are equivalent in that any pair (v, p) with
v e C([0, 11, A***()) N C([0, T1, 1* (),
p e C([0,T1,V)nC'([0, T], k' T*(I"))

is a classical h*>T¥-solution of (4) if and only if the domains Qp(t,.) bounded by T' ;) and
the functions u = 6fv € h*t® (Qp(,,.)) vield a solution of (1).

Proof Observe that 9,,,u < 0 for any smooth solution of (1) by the strong maximum principle
and that

Vu
—|Du| = Vu - _W :avplfh

since I'; is the zero level set of the nonnegative function u. It follows that

) Volv - VN
* 0t P _ F(lDuD = F(_avpu) —F (_9; % U P) i
VN, [VN,|
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Classical solutions for a droplet model 1151

ifv= Ozu. This can also be rewritten as

Vofv - VN
dyp = 0% VN, |F (—e*y)

P |VN|

The rest follows from the regularity properties of the diffeomorphism 6,,. O

In the next step system (4) is reduced to a single evolution equation by solving the time
dependent elliptic boundary value problem

—A(p)v=Ar in(0,T) x R,
v=0 on (0,7) x T, (®)]
I(p)v="Vy onl0,T],

obtained by fixing p € C([0, T1,V) N C!([0, T], A!*%(T")). The short-hand
A(p)v := =05 A6 v,

1oy : /Qu(ynnep(yndy,

are used to simplify the notation. The operator given by
B(p)v = —yr6; (VS v|VN,), (6)
where yr is the restriction operator to the boundary, will also be needed later on.

Lemma 2.3 The above operators all depend analytically on p, i.e.

(A,B) € cw(v, L(R**(Q), h*(Q) x h1+“(r))), %)
I € C°(V,R), ()]
[p = |VN,[l € C2(V, k' T (D). )

Proof Letdx? denote the Euclidean metric on R” and Hz,‘dxz the pull-back metric on Q, i.e.,

0rdx?| (£.1) = dx2|9/)(x) (de0,(&)|dc0, (), x €, &1 eT(R).

It follows that A(p) and B(p) are the Laplace—Beltrami operator and the unit outward normal
derivative of (€2, Q;dxz), respectively. The metric depends analytically on p as do | D8, | and
|V N,|. All maps are therefore analytic, since 6, depends analytically (algebraically, in fact)
on p. O

Lemma 2.4 The boundary value problem

—A(p)pv=rf in(0,T)x Q,
v=0 on (0, T) xT, (10)
I(p)v =Vo on [0, T1,

can be solved uniquely for any given f € h*(Q2) and Viy € R. The solution is given by
Vo

V= ——

1(p)S(p) f

Vo

S0 f =
7 1(0)3(p) f
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1152 J. Escher, P. Guidotti

where S(p) f is the unique solution of
[—A(p)v =/ inQ,
v=20 onT.
It holds that
S(p) € C¥ (V, L(h* (Q), h*T(Q))) an
and there is a C = C(p) such that
IS(0) fll24a.2 < Cllf a2

Proof Theresults follow from classical regularity results for elliptic boundary value problems
and the fact that the additional degree of freedom introduced by A is compensated by the
integral condition. O

It is convenient to introduce some further notation:
S(p) :==Ar(p)-S(p), pEV.
Remark 2.5 The strong maximum principle implies that, given f > 0 and Vj > 0, we have
d, (0£S(p)f) <0 on T,
since the solution is positive in £2,.

Problem (4) therefore reduces to

[a,p — 0X|VN,| - F(—Q;W—}WIB(,O)S(,O)I) on [0, T] x T, 1)
p0,) =po €V,
where 1(x) = 1, x € Q. To shorten the notation, let
®(p) == —07|VN, | - F(—G;‘ lwlvp|B(p)S(p)1), peEV. (13)
It can be seen from Lemma 2.3, (2), and (11) that
®eC” (v, h'tI)). (14)

Definition 2.6 A function p € C([0, T], V) N C!([0, T], '™ (I")) is called a classical
Holder solution of (12) it it satisfies the equation pointwise on [0, T'].

Lemma 2.7 The function p is a classical Holder solution of (12) if and only if (S(p)l, p)
is a classical Holder solution of (4).

Evolution equation (12) will be analyzed by means of linearization and maximal regularity
in the sense of Da Prato and Grisvard, cf. [11]. For this, a good understanding of the Fréchet
derivative of ® is required. This analysis will be carried out in the next section. In fact, The-
orem 4.1 below and the characterization of small Holder spaces as continuous interploation
spaces allows us to apply Théoreme 4.1 in [11], cf. also Theorem 2.7 and Theorem 2.14 in
[2]. As a consequence we find the following result.

Theorem 2.8 Given po € V, there exists T > 0 and a unique solution
p € C([0,T1,v)nC ([0, T1, k' T*(I))

of (12) with p(0, -) = po. This implies the existence of a unique classical Holder solution of
4)and (1) on [0, T, as well.
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Classical solutions for a droplet model 1153

3 Linearization

In this section we compute the linearization of the operator ® from 14. Its structure will be
analyzed in the next section. Since we already verified that ® is smooth, will use Gateaux
derivatives to find the Fréchet derivative d®. Let p € V be given. In order to compute the
linearization of (13), the following terms need to be considered

05IVN,l, B(p), S(p), 1(p).

Starting from the first term notice that

d d d
- ceoOnien| VNpsen| = %|€209;+5,,|VN,)| +9;‘E|E=O|VN/,+M| =1+1L
Recall that
Np(x) =d(x,T) = p(prp(x)) = A(x) — p o X (x),
so that
0= -0} szil -V(hoX)=—(650,,X)dx)h

where dy, f denotes the tangential of f at y € I'. As an operator acting on A this amounts to
a (tangential) differential operator (on I'). As for I, we recall the definition (3) of 6, together
with the fact that 6,(I') = T'. Letu € h2te (£2)) and consider

d L6 — tim Muco e
% e=0"p+eht = gi% g[u( p+sh) u( ,o)]

Notice that

Opreh —Op = eh(X (M) (AWM)v(X () = eh(X (M) (X (),

in a neighborhood of I',,. It follows that

d
T lemoOpentt = (039uu)h o X. (15)

Then
1= (038,|VN,|)ho X,
which requires the computation of 9,|VN,|. Notice first that

n—1

VN,(x) = — Zarnfp(prr(x))rj + lv(prl-(x)),
j=1

if the gradient is computed in a local orthogonal basis 71, ..., 7,1 for the tangent space to
I" at pri-(x) completed to a basis of R” by means of the normal v to I" at the same point. It
is apparent that VN, does not vary in the v-direction as the only non-trivial dependence is
in the tangential directions. Therefore one has that 9,|VN,| = 0. Summarizing, we get the
following relation:

d
?e|g=09;+sh|VNp+sh| = —(030,,X)dx(yh.  h e h*T(D). (16)
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1154 J. Escher, P. Guidotti

Next recall that
Vo

S(p)1 = A(p)S(p)1 for A(p) = ———,
() (p)S(p)1 for A(p) TSl

so that

d
- |_oB(p 4+ m)S(p + eh)1

d d . d. -
= = locoB + eSO+ B(p) -, (o + eMS(0)1 +B(p)(0) -], _S(p + )1
=: [II+IV+V.

As for III for now just introduce the following notation which will be useful later

M(p) = dB(p)[ -, S(p)1] € L(h*F(T), h'T*(T))

where it is thought of M(p) as defining a linear operator acting on % so that the interpretation
of the inclusion ought to be clear. As for V let

G(p.S(p)1) := (A(P)S(P)L, yrS(p)1),

and notice that G (p, §(,0)1) = (1, 0). Thus we get

B ) d. -
0=01G(p,S(p)1)h + 0:G (p, S(p)l)%lgzos(p + eh)1.

Latter implies that

d = = ~
75 le=oS(0 + 81 = =S()AP)[1,S(P)1],

where dA(p)[h, v] := 4 _oA(p + eh)v. Again it is useful to introduce the notation
de le=0 g

K(p) 1= 9A(p)[ -, S(p)1] € L(A*F(I), '+ (D).

The only remaining term is

d -
IV = —|,_oh(p +eMB()S(p)1

since A is real-valued. Recalling the definition of A, it follows that

d Vo d N
—| h)= ———— S h1-|D6 dx.
e om0 o1 (1(p)§<p)1)2d8|€=°/g (P L [DGprenl dx
Clearly
d .
%ygzo A S(p + eh)1 - |DO,yien| dx

d, - . d
:/Qg‘gzoS(p—i-ah)l-|D0p|dx+/QS(,o)1~d—8|€=0|D9p+£h|dx

- ~ d
=- /Q S(K(p)h - |D6,| dx + /Q S(o)1- |, gl DOpeenl dx.
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Classical solutions for a droplet model 1155

The first term after the last equality sign amounts to a (nonlocal) rank 1 (and thus compact)
operator in L‘(hz"'“ I, R) acting on /. As for the second term, it is easily checked with the
help of Liouville’s theorem that

= lecol Dbpcenl

= |Do,| trace(D@;l)[V(h 0oX)®D(poAvoX)+ (hoX)D(@oAvo X)],
and it therefore acts as a (nonlocal) rank 1 operator in £(h'™*(I"), R). Letting

d
L(p)h = |

the above computations can be summarized by

oMo +eh), hehtI),

Lemma 3.1 Given p €V, the operator L(p) belongs to E(h2+°‘ ), R) and, therefore, L(p)
defined by

L(p)h = (L(p)h) - B(p)S(p)1
is of rank 1.

To further unravel the structure of the linearization d®(p), it is useful to introduce the
following nonlinear composition operators:

P(p) :=03|VN,l.  Q(p) :=B(p)S(p)1, peV.
The next result will be needed later on.

Lemma3.2 P, Q € C¥ (V, h”“(F)) and, given p € V, the functions P(p) and —Q(p)
are positive on T'.

Proof The first assertion follows from Lemma 2.3 and (11). Clearly P(p) := 67|V N,| is
positive on I" and the relation

—B(0)S(p)1 = —P(p) - 050y, (6 S(p)1)
implies the positivity of —Q(p) on I in view of Remark 2.5. O
Based on Lemma 3.2 we introduce further notation.
Fo(p) == F(=Q(p)/P(p)),  Fi(p):=F'(=Q(p)/P(p)), peV.
Lemma 3.2 and assumption (2) imply that
Fy, Fi € C* (V, ')

and that

Fi(p) >0 on I' foranyp € V. 17)
Finally, let

Di(p) :==3dP(p), D_1(p):=0(1/P(p)),

where 0 again indicates the Fréchet derivative. Using this notation, we have

P (p) = Fi(p) - A(p) - B(p) 0 S(p) o K(p) + Fi(p) - M(p) — Fo(p) - Dy (p) (18)
+ P(p) - Fi(p) - Q(p) - D_1(p) + Fi(p) - L(p).
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1156 J. Escher, P. Guidotti

Lemma 3.3 Given p € V, each of the operators Dy (p), D_1(p), and M(p) is a first order
differential operator on T with coefficients depending on p, which are of class h' T (I").
Moreover,

Dy, D_y, M € C? (V, L), h' (D)) .

Proof The assertions on D (p) follow from Lemma 3.2 and (16); those on D_j(p) can be
derived similarly. Invoking Lemma 2.3, (6), (15) the assertions concerning M follow easily.
O

4 Localization

The focus of this section is to outline the structure of d® (p). Consider a point x € I'. By intro-
ducing local coordinates in tangential and normal direction to I' in a tubular neighborhood
Op C Q24 of x, it can be assumed without loss of generality that

r=R"""x{0}, Q=H" =[x, <0],
and that
Qp = [xn < p(N], Tp = [0 = p(N], x = (', x0) .
Then the map 6, is simply given by
0,: Q> Q,, x =G ) > (X0 +oE)) =y=0" .

For v : @ — Ritis easily seen that

n
A(p)v = QZAy@fv = Zaf(x’)afjv —2Vp - Vyduv — Ap(x)dy, v,
j=1

for (xf =1ifj=1,...,n—1and af = 14 |Vp|>. While the structure and properties
of the differentiations involved can be more readily read off the above representation of
A(p), a computation performed in [5] shows that the corresponding expression in the general
coordinates considered for the Hanzawa transformation would read

n n
A== D aji(p. VP)dmv+ D aj(p, Vo)ds, v+ (Wp) dy, v,
Jk=1 j=1

where the last direction points along vr(x) and aji, a; € C*. The above notation for the
coefficients a ;i (0, Vp) has to be understood in the sense of substitution operators. This
means that there are smooth functions a ; in n + 1 variables such that aj; (0, V )X, x,) =
ajr(p(x"), Vp(x')), where (x’, x,) indicates local coordinates . Finally, W is a second order
uniformly elliptic differential operator of the tangential variables. For later pruposes we
denote a representation of W in local coordinates by

n—1
Wh= > w*o;o. heh* (D). (19)
jk=1

It may be worth mentioning, that the coefficients w/* depend only on the geometry of I, but
are otherwise independent of p. The precise calculation has been carried out in [5] and we
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Classical solutions for a droplet model 1157

refer the interested reader to that paper. Similarly it can be checked that

B(p) = D _bj(p. Vp)dy,
j=1

in local coordinates.

Given two Banach spaces E; and E( such that E; is dense and continuously injected in
Eop, let H(E|, Eo) denote the space of all A € L(E;, Ep) such that —A, considered as an
unbounded operator on Ej, generates a strongly continuous analytic semigroup on Ej. It
follows from well-known perturbation results for analytic semigroups that H(Ey, Eg) is an
open subset of L(E1, Ep) (see for instance [1, Thm.1.3.1]). On H(E}, Ep) we always use
the relative topology induced by L(E1, Ep).

Given any p € V, it follows from Theorem 5.2 in [5] that the operator

G(p) :=B(p) o S(p) o K(p) + M(p)

belongs to H(R2T(T), k(). The method of proof is to associate to G(p) a Fourier
multiplication operator G acting on 4!+ (T"), to prove that G € H(h>+*(R"~1), h!+te(®R" 1))
and to use sharp perturbation results for the class H (h¥te(I"), h'+*(I")) based on estimates
of the form

lief WG ()) =G i)l < €laf (Yih) 2o +Cllblaes, b€ BT, (20)

Here g € (0, @) is fixed, ¢ > O is arbitrarily small, and C > 0. To explain further the
notation used in (20), we start with the Fourier multiplication operator G. The construction
of G is based on the choice of a suitable partition of unity {(U;, ¥;); 1 <[/ < m} of a tubular
neighbourhood of I' and by freezing the coefficients of (A(p), B(p)) at the point 0 € R
To be more precise, let s; € C® ((—8, F) ke U;) with § > 0 be a parametrization of U; N T
and set

W (8,8 x[0,8) = U, (w,r) > si(w) — rop(si(w)).

We denote the pull-back operator corresponding to the parametrization w; by uf,i.e. ufh :=
h o ;. In order to unburden the notation we drop the index / € {1, ..., m} in the following
and set p := p o u, as well as

afy = aje(p. VH)O), b :=b;(p. VO, 1<jk=<n. @n

The symbol of the above mentioned Fourier operator G splits naturally in two parts g1 (&)
and g> (&), stemming form the operators B(p)S(p)K(p) and M(p), respectively. To give the
precise expressions for g1 (£) and g»(£), we need some notation. Let

n—1
a:= (alon,...,aglfl)n) and ag 1= — Z a?kéjék, £ eR"!
Jk=1
and set
i@é 1 /g
= — 1 - 2.
r©:= "0+ e[l @] - @

Note that for £ € R"~! fixed, y (£) is the unique root with positive real part of the quadratic
polynomial

qe(2) =1+ ap(§) + 2i(al§)z — af, 2.
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1158 J. Escher, P. Guidotti

in the variable z € C. It should be remarked that g¢ is the characteritic polynomial of
the second order ordinary differential equation for u(%, ) = Fu(&, -), the partial Fourier
transform? of the solution u of

n
u+ D a%d;%u =0 on R"" x(0,00).
jk=1

Finally, we need

b :=bj(p,Vp)©0), b:=(b,....b ),
for1 < j <mn,(21), and

ik

w =w*0), 1<jk<n—1,

cf. (19). After these preparations, let
—1 ik
1+ 3700wy 6k
L +ao(§)

Then g is the symbol of the Fourier multiplication operator associated to B(p)g(p)K(,o).
To give the symbol g» of the second addend, notice that there are smooth functions

, EeR"™L

g1(&) :=bY -y (&) -

mj e C°R xR, jefl,....n—1}

such that

n—1
M(p)h =D mj(p, Vp)d;h, heh* (D). (22)
j=1

Letting now m(j). :=m(p, Vp)(0) and

n—1
g2&) =iy mlg;,  Eer"

j=1
we have
G=7F""g1+8)F.
It has been shown in Theorem 4.2 in [5] that there exists C > 0 such that
g1(6) > C-b0 - /14|62 forall & e R*'. (23)

This estimate is the crucial ingredient needed to apply the Mikhlin-Hormander multiplier
theorem and establish that

g c H(h2+0t(Rn71), hl‘HX(Rl’l*l)),

cf. the proof of Theorem 4.2 in [5]. It is worth mentioning that no assumption on g» is needed
in this procedure, since g; is purely imaginary.

Theorem 4.1 ® € C® (v, H(h2+e (D), h1+a(r))).

3 Throughout this paper F stands for the Fourier transform on R
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Proof (i) In view of (14) it suffices to show that

(i)

(iii)

(iv)

We

dd(p) € H(KT(T), A1)

for given p € V.
In order to investigate the first term on the right-hand side of (18), let

F := F1(p)(0), o :=A(p),

and notice that F 10 > 0 and A9 > 0 by (17) and the assumption Vj > 0, respectively.
Hence, letting again g1(£) denote the symbol of the Fourier multiplication operator
induced by

Gr(p) := Fi(p) - A(p) - B(p) o S(p) o K(p),
we get from (23) the estimate
g1(E) = C-F{ - ao-b) -1+ [g]> forall £eR",

from which it can be concluded that 7~ g; F € H(h>T*@®R"~1), KT (R"~1)), cf. the
proof of [5, Thm4.2]. Pertubation arguments, based on (20) then imply that

Gr(p) € H(h*™ (), k' (I)),

cf. Lemma 5.1 and the proof of Theorem 5.2 in [5]
It follows from Lemma 3.3 that each of the operators

Fi(p) - M(p), —Fo(p) - Di(p), P(p) - F1(p) - Q(p) - D_1(p)

is a first order differential operator acting on 42T (I") and having coefficients of class
plte (I"). Hence replacing M(p) of (22) by

MFr(p) := Fi(p) - M(p) — Fo(p) - D1(p) + P(p) - Fi1(p) - Q(p) - D_1(p)
we conclude that
Gr(p) +Mp(p) € H(R*T(T), k' (T)). (24)
Invoking Lemma 3.1 and (18) and we see that
0@ (p) — Gr(p) —Mr(p) = Fi(p) - L(p)

is arank 1 operator and, thus in particular, compact. Combing (24) and Corollary 3.7 in
[3], the proof is completed.
]

observe that Corollary 3.7 in [3] simply states that additive compact perturbations of

generators of analytic Cp-semigroups also generate such a semigroup.
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