MATH 295 WINTER TERM 2005
Assignment 7

1. Let A be the general elliptic second order differential operator in
divergence from on a bounded domain €} with smooth boundary,
that is,

Au = -V - (AVu) + (b|Vu) + cu

where the coefficents satisfy the assumptions of Chapter 8 of class.
Let ® € Diff?(Q,Q), that is, ® is invertible and

de (0,0, V:=0""'ecC}Q,Q).

Letting y := ®(z) and define %(y) := u(¥(y)), compute the operator
A in the new variables, that is the operator satisfying

Au = Aa.
2. Let f: Q — R be measurable. Define
ui(t) = [{z € @ |f(@)] > 1}
Let p > 0 and assume f € L,(Q2). Prove that
pp(t) < P LFID
and that -
= [~ 0.
3. Let 1 <g<r<ooand T :Ly(Q2) NL(Q2) — Ly(Q2) NLy(Q) be a
linear operator such that
urs(t) < (Tall fllg/t)" and urg(t) < (Tol| f]l-/t)*
for some constants 17 and 75. Then T can be extended to an oper-
ator T € L(L,(2)) for any p € (¢,7) and
ITfIl < TP TN fllp» f € Lg(€) N L ()
where 1/p=(1—«)/r + a/q.
[Hint: For s > 0 use f = fXx[f/>s] + fX[f|<s] = J1 + f2 to prove that
“Tf(t) < pry (t/2) + HT fo (t/2)

and then use the previous problem and Fubini’s theorem.]
4. Prove that the Neumann problem

—Au = fin Q,
d,u =0 on 0N

on a bounded domain with smooth boundary has a solution if and
only if fﬂ f=0.



5. Let H" be the upper half-space. Given m € N construct an extension
operator ext : C™(H") — C™(R") such that

(extu)| ., =u, ue C™(H")

Hn

Homework due by Friday, February 4



