MATH 295 WINTER TERM 2013
Assignment 8

1. Let A be the general elliptic second order differential operator in
divergence from on a bounded domain ) with smooth boundary,
that is,

Au = -V - (AVu) + (b|Vu) + cu
where the coefficents satisfy the assumptions of Chapter 8 of class.
Let ® € Diff2(2, Q), that is, ® is invertible and

deC¥Q,Q), V=0 eC?0,Q).

Letting y := ®(x) and define u(y) := u(¥(y)), compute the operator
A in the new variables, that is the operator satisfying

Au = Aa.

2. Prove that the Neumann problem
—Au = fin Q,
{&,u =0 on 02

on a bounded domain with smooth boundary has a solution if and
only if fQ fdx =0.

3. For @« € (0,1), 0 < sp < s1 and s = (1 — a)sg + as; prove the
interpolation inequality

lullss < ellulliss llullfe , we H?

first for R™ and then for a bounded domain with smooth boundary.

4. Let f:Q — R be measurable. Define
ui(t) = |{e € Q¢ 1f@)| > 1)]
Let p > 0 and assume f € L,(£2). Prove that
pp(t) <P IS
and that -
Il = [~ 0 at.
5. Let 1 < g <r <ooandT :Ly(2) NL.(2) = Ly(Q2) NLy(Q) be a
linear operator such that
prs(t) < (Tllfllg/t)" and prs(t) < (Tollfllr/t)"

for some constants 77 and T5. Then T can be extended to an oper-
ator T € L(L,(2)) for any p € (¢,7) and

ITfllp < T T~ (1flp s f € Lg() NLn(9)



where 1/p=(1—«a)/r + a/q.
[Hint: For s > 0 use f = fX| /s> + fX|f|<s) = f1 + f2 to prove that

“Tf(t) < pTh (t/2) + U, (t/2)
and then use the previous problem and Fubini’s theorem.]

Homework due by Wednesday, January 16 2013



