MATH 205 WINTER TERM 2006

Final Examination — Solutions

1. Let g € C'([c,d],[a,b]) and f € C([a,b]). Define

(z)
F(z):= /9 fly)dy, x € (c,d) .

Show that F is differentiable and compute its derivative.

Solution:

Let G(z) == [ f(€)d¢, y € (a,b). Then, since f is continuous, G is
differentiable and the claim follows from the chain rule thanks to

F() = Glg(x)), v € (. d).
The chain rule and the fundamental theorem of calculus also give
Fl(z) = f(g9(x))g'(x) -
2. Let (zp,)nen be a decreasing sequence in [0, 00) and prove that

an<oo(:>22k:c2k < 00.

“«=": Taking into account that the sequence is decreasing one sees
that

r1+xe + 3+ T+ a5+ - Fag+- <wi+ro 2o+ 4wy +--- < o0
—_— —— =~

“=—=": As for the converse the proof goes similarly since

r1+ro+rotdes <. .zttt T3F T3+ aa A+
—— ——

o0
:22$n<oo.
n=0



3. Let a sequence of functions (f,)nen be defined by

fn(z) = cos(z)", = € [0, g] ,
Let g € C([0, 3]) be such that g(0) = 0. What is the limit of (gf,)nen?
Is the convergence pointwise? Is it uniform? Justify your answer.
Solution:

The convergence is uniform to the limit fo, = 0 as the the following
argument shows. For any given £ > 0 we can find § > 0 such that

neN.

lg(x)| < & whenever z € [0, 0]

since ¢ is assumed to be continuous. Also since

cos(x) < cos(d) Vx € [0, g] ,
we can find N € N such that
€

19]lo0

n

cos(z) Vn>N.

Combining the two inequalities it is obtained that

g, x€[075]7
o) <e, el

9(x) cos(a)" < {

4. Show that f defined through

F(x) = log?(1 + )

is analytic in a neighborhood of the origin. Compute the coefficients
of its power series expansion about x = 0.

Solution:

The function f satisfies f/'(z) = H% =32 (=)", z e (=1,1). It
follows that

’I’L

log(1+x) = Z n+1 Z ze(—1,1).

k=0

For the product it therefore follows that

00 " 00 " n n+1
PYEIL]) SIS DS ZM]W‘
n=1 n=1 n=2 k=1



5. Let (M,d) be a metric space. For a subset A C M define
A= AULP(A)
and show that

A:ﬂ{BCM|ACBandBisclosed}.

Since AULP(A) is closed, it readily follows that

AULP(A) > ({B C M|AC B and B is closed} .

As for the converse, we show that A C B implies that A ¢ B = B
where latter equality follows if B is closed. In fact, if € A, then we
can find a sequence (x,)pen in A such that x, — x asn — oco. If B
is assumed to be closed, then 2 € B = B, since the sequence is clearly
also on B. Thus any closed set B which contains A also contains A
and the claim follows.

6. Let (M,d) be a metric space. For a subset A C M define
A:={z e A|Ir>0s.t. B(z,r) C A}.

Prove or disprove: (AUB)°=AUB, (ANB)°=ANB
The first equality does not hold since

1 1

=1, B=[-,1

2] ’ [27 ]

gives a counter-example in R with the standard metric. The second
equality holds. In fact, if x € (AN B)°, then we find r > 0 such that

B(z,r) C AN B which implies

A=,

B(z,r) C A, B(z,r) C B

and therefore © € A as well as x € B. Also, if xt € AN B, we find
71,79 > 0 with
B(z,m) C A and B(z,ry) C B

which gives
B(z,r) CANB

for r := min(ry,r2).



7. Prove or disprove:

{T tanh(nz) : R — R|n € N}

is uniformly equicontinuous.
The sequence it is uniformly convergent to 0 since

1 1
— tanh(nz) < —=Vz € R.

Vn Vn

Thus it equicontinuous by the Arzéla-Ascoli Theorem. A more hands-
on approach would be to observe that

1 1
|% tanh(nx) — 7 tanh(ny)| < T
and that
”j\f tanh(nz) (o = [[vn[1 — tanh2(nx)] loo < V1.

Latter implies that

1 1
|% tanh(nx) — 7 tanh(ny)| < v/n |z —y|
and thus
1 1
| — tanh(nz) — — tanh(ny)| =

v NZ

1 b 2 L b 12
| Tn tanh(nx) NG tanh(ny)|*/“| Tn tanh(nx) NG tanh(ny)|

1
<M=y = o -y

which readily implies uniform equicontinuity.

8. Assume that the improper integral f H®) g2 exists and show that

> f(zy)

:/Oof(:p)d:chE(O,oo).
0o T



The integration domain is invariant with respect to rescaling. Thus
simple substitution gives

> f(zy) dx:/(}o f(wyy) d(xy):/oof(z)
x 0 € 0 z

To be more detailed, first observe that

[e'S) R
/ f(z dz—hm/f dz—l—hm/ Md
0 R—o0 1 z
and, then by change of variable, that
9 R
/ f(2)dz = lim / Jlay) )+ lim / f(zy)
0 r—>0 R—oo

1/y R/y
= lim/ f< v) dx + lim / f zy) / f zy)
=0y R=ooJipy ¥

. Let (fn)nen be a decreasing sequence of real-valued functions on [a, b]
which converges uniformly to fo, = 0. Show that

[e.e]

Z(_l)nfn

n=1

converges uniformly.
Arguing just like in the case of numeric sequence we obtain that

m

11 filloo < I fullso

j=n

by virtue of the fact that the sequence is decreasing. Now the claim
follows since the right-hand-side converges to 0 by assumption and the

Cauchy criterion for series (that is, the sequence of partial sums is
Cauchy).



