Chapter 7

Function Sequences and
Series

7.1 Complex Numbers

This is not meant to be a thourogh and completely rigorous construction
of complex numbers but rather a quick brush up of things assumed to be
already known.

7.1.1 Basic Properties

The field of complex number can be viewed as C = R + ¢R but is also con-
venient to have a geometric model like C = R?. The next table summarizes
the basic field operations in the two different model

[ C=R+iR | C=R? |
z=x+1y z = (z,y)
r=R(2), y=S(2) r=R(2), y=S(2)
21+ 20 = (1 + x2) +i(y1 + y2) 21 + 29 = (x1 + 22, Y1 + Y2)
2120 = 2172 — Y12 + i(T1y2 + Tay1) | 2122 = (L1202 — Y1Y2, T1y2 + T2Y1)
i =—1 (0,1)(0,1) = (—1,0)

(C, +,-) is an algebraically closed field. We also recall the simple formula

1 T .y
= —q
r+iy w2492 2 +y

5, TF0Fy.
Further we define the absolute value (or modulus) of a complex number z by

2] = Ve g2

93
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and mention the simple properties
’21 2’2‘ = ’Zl‘ ‘22| , ‘21 + 2’2‘ < ’21‘ + ‘22| , 21, 20 € C.
What are their geometric meaning?

Definitions 7.1.1. (Convergence)
Let (zn)nen be a sequence in C.
(i) We say that it converges in C towards a limit zo, € C iff

Zn — Zoo (N —00) Ve >03IN eNst. |2, — 200 <eVn>N.
(ii) We call it a Cauchy sequence iff
Ve>03dNeNst. |z, —zm| <eVm,n>N.
(iii) A function f: R — C is called complez-valued. In this case
f=g+ihforgh:R—R.

Definition 7.1.2. A complex-valued function f : Dy ¢ R — C is said to
be differentiable at o € Dy iff there exists f/(xo) € C such that

f(xo+h) = f(xo) + f'(zo)h + o(|R]) -

It is simply called differentiable if it differentiable everywhere and continu-
ously differentiable if its derivative f’ : Dy — C is continuous. Continuity of
a complex-valued function is defined similarly to that of real-valued function,
where the absolute valued has to be substituted by the modulus. Finally
f is R-integrable if any of the conditions of theorem 6.7.6 satisfied, where
convergence is now in C.

Remarks 7.1.3. (a) Observe that

Tn — Lo

Yn = Yoo

zn—>zoo(n—>oo)<:>{ (n — 00)

for zoo = Too + 1Yoo- (b) Using the fact that f = g + ¢h, many properties of
complex-valued functions can be reconducted to properties of g and h. In
particular

f is continuous at xg € Dy <= g, h are continuous at x .
f is differentiable at g € Dy <=> g, h are differentiable at x .

Tm(f, {Eo) = Tm(g,.’L‘Q) + iTm(h,l'o) , f e Cm(Df, C) .
f €R(a,b;C) <= g,h € R(a,b).
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Theorem 7.1.4. Let f € R(a,b: C), then |f| € R(a,b) and

|/abf($)da: < /:If(l‘)|dm.

Proof. The claim follows by the inequality
|[21] = |22]| < |21 — @2| + |41 — w2l
which follows from the triangular inequality and which implies that
Osc(|F|,P) < osc(f,P)+osc(g,P) and |S(F,P)| < S(|F|,P).
\/

7.2 Numerical series and Sequences

7.2.1 Convergence and Absolute Convergence

We begin by remarking that the convergence of a series Y ,-; @) can simply
be viewed as the convergence of the sequence (s;,)nen of its partial sums
Sp = Y p_y Tx. In this sense a series is nothing but a sequence itself.

Definition 7.2.1. A series Y - |z of complex numbers z; € C, k € N is
called absolutely convergent iff Y 72 | |zx| is convergent.

Example 7.2.2. (Geometric Series)
Let r € [0,00) and consider the geometric series Y jo; 7¥. Considering its
partial sums, we easily obtain that

Sorte
17
and conclude that convergence is given if » < 1. What is the limit (or value

of the series)?

Proposition 7.2.3. (Elementary Properties)
Consider two convergent series  po i T and Y ooy Y of complex numbers.
Then, for A € C,

o0 o0 o0
Z Xk + yx) converges and Z Tk + Yk) Zxk + Z Yk (7.2.1)
k=1 k=1 k=1

k=1

Z Az converges and Z AT = A Z T . (7.2.2)
k=1 k=1 k=1
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Theorem 7.2.4. Z?’:l xp converges iff
Ve > 03 N(e) such that | Z zr| <eVm,n>N(e).

k=m

Proof. Since C is complete and the condition above implies that the sequence
of partial sums is a Cauchy sequence, its converence gives the claim. /

Remarks 7.2.5. (a) If > 72 | x;, converges, then z;, — 0 (k — 00).
(b) Absolute convergence implies convergence since

n n
} Z xk‘ < Z |xg| Vm,n € N.
k=m k=m

Theorem 7.2.6. (Comparison Test)
Let Y02 @k and Y o0 | yx be given such that

‘l’k‘ <y, keN.
Then, if > p yr converges, the series Y oo, xi is absolutely convergent.
Proof. The inequality
n n n
}Z!Ek\ < Z|$k|§ ZkaWSREN
k=m k=m k=m

implies that Y-, |zx| satisfies Cauchy criterion if Y2 ; yx does. If Y22 yg
converges, that is clearly the case. /

Corollary 7.2.7. (Ratio and Root Tests)

(i) 3N € N, r € (0,1) such that|x

Mll<pr<1Vk>N
T,

o0
= Zxk converges absolutely.
k=1

The series diverges, if N € N can be found such that ‘932721‘ > 1 for all
k> N.

1) AN € N, r € (0,1) such that |z Uk <p <
(i)
o0
= Zxk converges absolutely.
k=1
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Example 7.2.8. The series ) o, k% converges for ¢ > 1 and diverges for
a <1.

Definition 7.2.9. (Rearrangement)
Let 7 : N — N be a permutation, then

Z L (k)
k=1

is called rearrangement of y 72 | xj.

It is natural to ask whether a convergent sequence preserves its conver-
gence after a rearrangement. The next two theorems answer precisely this
question.

Theorem 7.2.10. (i) If Y po, x is absolutely convergent and m is any
permutation of the naturals, then Y 7o, Trk) converges absolutely as well
and has the same value.

(i) If 3 32| Trky converges regardless of the choice of permutation w, then
Y pe xk is absolutely convergent.

Proof. Let m be a rearrangement. Since Y re, xf is absolutely convergent,
for any € > 0 we can find N € N such that

o
> ul <.
k=N+1
Then choose N € N such that
{xl, e ,a:N} C {IL’W(I), . ,(Eﬂ.(N)} .
In that case
n N oo
1> wegy = > m] < Y lml<e,¥a=N
k=1 k=1 k=N-+1

and consequently

DD CI DI DDA R DBEAED LT
k=1 k=1 k=1 k=1 k=1 k=1

<2,Yn>N
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which gives the desired convergence.

(i) We prove the converse. Assume that Y .o, |zg| is divergent. The we
need to find at least a permutation 7 such that Y 7o, Ty (k) diverges, too.
Without loss of generality we can assume that

zp € RVE € N and 3 (ky)nen with 2, >0 and a4, = 0o.

n=1

To get a proper rearragement we still need to include the terms which are
still missing. Let (ky)nen be the sequence of the indeces missed by (kp)nen.
Notice that it might be finite. Then define N7 such that

N1
51+ xp, = Zxkn +axp, =1

n=1

and squeeze xj, into (Tkn)nen right after Ty, - Then proceed inductively
to choose NV, € N for m > 2 such that

m—1 Nm
(sl + $,~ﬂ) + Z Tk, +xp =M
=1 n=Nm—_1

and squeeze x, right after zy, . In this fashion we obtain a rearrangement
of the original series which diverges as well. /

Theorem 7.2.11. Let Y 2,z be a conditionally convergent series and
Too € R. Then there exists a permutation w of the naturals such that

Z xﬂ(k) = T -
k=1

Thus a conditionally convergent series can be made to converge to any limit
by rearranging it.

Proof. (i) Consider the two subsequences (7} )ken and (2, )ren comprising
the positive and negative terms of (zj)ren, respectively. Then necessarily

o0 o0
either sz = o0 or Z:c,; = —00
k=1 k=1

since, otherwise, the series would converge absolutely.
(ii) Next we put together a new series recusively as follows. First find Nli
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such that
N :=inf {N|s] := Zivzl Ty > oo}
N

Ny ::inf{N‘sf—l—Zaﬂg <33<>o},

k=1
——
=5
and then, for m > 2,
Nm
Ni=inf{N|s, ;+ > af >z},
k=N}_,+1
57-'7—L
N,
Ny =inf{N|sh+ > 2 <au},
k:N’rjlfl
Sm

(iii) Finally we observe that

S5 — Too and s — Too (M — 00)

follows from
|Too — 85| < |2+ | and [2og — 57| < |z | VM €N

combined with remark 7.2.5(a). v/

7.2.2 Summation by Parts

Motivation. As the name says, summation by parts will have something
to do with integration by parts. Since an integral is a limit of sums and a
series can be viewed as an integration, the two can be viewed as one and the
same thing. This can actually be made precise but we won’t do it. Instead
we shall see that integration by parts provides a simple trick to investigate
the convergence of conditionally convergent series.

Let

B, = Z by, an = An+1 — A, for (bn)neNa (An)nENCNv
k=1
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then the idea lies in the simple observation that

m
E anB,
n=1

=u1B1+ -+ anBy, = (AQ —Al)bl + (Ag — Ag)(bl +bg) —+ ...
+ (Apg1 — Am) (b1 + b2 + -+ -+ byy)
=b1(As — A1+ A3 — Ay + -+ A1 — Ap)+
ba(As — Ao+ 4+ A1 — Ap) + -+ b (A1 — Am)
=bi(Ams1 — A1) + b2(Apgr — A2) + -+ + b (A1 — Am)

== bpdAn+ BuAnmir. (7.2.3)

n=1

Example 7.2.12. Consider the series >~ ; % Defining A,, = % and
b, = (—1)" for n € N we obtain

= - n =

TN r1 n nn+1)’

1 1 1 )]0, niseven ,
—1, nis odd

Since [Ap41Bn| < 2 — 0(n — 0o) we finally get that > o CD" converges

n
since
00 1 00

1
;(Qn—1)2n§217ﬂ<oo'

Theorem 7.2.13. Let (Ap)nen be a decreasing sequence of positive numbers
converging to zero.
(i) Then

e}

Z(f 1)"A,, converges.

n=1

11) Let (bp)nen be given and let By, := _q by wit nl < or alln €
Let (b b dlet B Z 1 b h |B M f Il N
and some M > 0. Then

o
Z Apb, converges.

n=1
Proof. (ii) Defining a, = A,+1 — A,, we obtain that —a,, > 0 and that

m

=D an = (A2 — A1) — (A3 — Ag) — - = (Amy1 — Am)

n=1

ZAl—Am+1—>A1(m—>OO)7
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which makes )" | a,, absolutely convergent. Now, multiplying by B, term
by term, we arrive at

l l

> lanBn| < M Jag| — 0 (k,1 — o)

which, by Cauchy’s criterion, implies absolute convergence of Z;:k anBn.
Next
|An41Bn| < M[Ap41] — 0 (n — o0)

together with (7.2.3) implies the convergence of Z;:k Apby, as desired.
(i) Just take b, = (—1)™ in (ii). /

7.3 Uniform Convergence

A function can be thought of as a “very long” vector with uncountably many
components, aka the values it assumes. If we are to introduce a concept of
convergence for function sequences we will have to bear that in mind. In
particular we should specify if we would like all components to converge
at the same rate, or if we would rather allow each component to get there
at its own pace. These two requirements lead to two different concepts of
convergence for function sequences. They both have a raison d’étre and are
both useful in a variety of applications.

7.3.1 Uniform Limits and Continuity

Definition 7.3.1. (Pointwise and Uniform Convergence)

Given a sequence of real- or complex-values functions (f,)nen defined on
some domain D C R we say that it

(i) converges pointwise to foo : D — R iff

Vax € DVe >03 N € N such that |foo(z) — fu(z)] <eVn > N.
(i) converges uniformly to fs : D — R iff
Ve > 03N € Nsuch that |foo(z) — fr(z)| <e,Vn>N,VzeD.

(iii) converges locally uniformly to foo : D — R iff there is a neighborhood
about each point in which the convergence is uniform.

What does N depend on in the first case? In the second? And in the
last?
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Example 7.3.2. Consider the sequence of functions (fy,)nen given by
fo(z) :=2",2€]0,1), n e N.
It converges to the zero function pointwise, but not uniformly! Explain why.

Remarks 7.3.3. (a) A more suggestive way to visualize uniform continuity
is by the use of the so-called supremum norm

frn — foo (n — 00) uniformly iff Ve > 03 N € N with
Hfoo - fn“oo = Sup |foo(x) - fn($)| <e,Vn>N.
xzeD

In the example sup,cp 1y [2" — 0 = 1V n € N and therefore no uniform
convergence is possible.
(b) Pointwise convergence is very weak. In fact many properties shared by
a whole sequence often go lost in the limit. Consider the sequence (fn)nen
given by
0, ze€l]-1,0]
folx) =< nx, zc (0,%) ,neN

1, zeli ]

Then, f,, converges to f., where

{0, zel-1,0],
f“(x)'{l z e (0,1].

Notice that [—1,1] is compact and that
[foo = falloo =1V n €N.

Theorem 7.3.4. (Cauchy Criterion)
A sequence of functions (fn)nen converges uniformly iff

Ve >03N €N such that || fr, — fimllco <eVm,n>N.

Proof. “=": By uniform convergence, there is a limit function f,, such
that, for any given € > 0,

€
for some N € N and therefore

I fn = falloo < fm = foolloo + [[foo = frllo < €Vm,n > N.
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“«<—=": For ¢ > 0 choose N € N such that
| frn = fralloo < €Vm,n > N.

Then
fa(@) — fm(@)| <eVzeD, Ymn>N.

Thus (fn(:v))neN is a Cauchy sequence in C for each x € D. Since C is
complete, it therefore has a limit for each = € D, call it fo(x). This defines
a function fo on D for which

[fn(@) = fm(2)] < fn = frlloo <€Vz €D, Vm,n=>N.
Letting m take off to infinity we therefore finally obtain
|fr(x) — foo(z)| <eVazeD,Vn>N
which is the desired uniform convergence. /

Theorem 7.3.5.

fneC(D,C), neN
| fr = foolloo = 0 (n — 00)

Proof. Fix g € D. For € > 0 find N € N such that

} = [0 € C(D,C).

g
an_fOOHOO < §Vn2N,

and § > 0 such that

| (z) — fv(zo)| < %w € D with |z — 20| < 8.
Both are possible by assumption. Then

’foo(x) - foo(xO)’ <
[foo () = fn (@) + [fn (@) = [ (o) + [N (20) = foo (o)l

§§+§+§:€Vx€Dwith]x—x0]§5

and continuity at xq is proven. The claim follows since zy was arbitrary. /

Remarks 7.3.6. (a) Example 7.3.2 shows that pointwise convergence is not
enough to preserve continuity in the limit.
(b) Uniform continuity is also preserved. In fact

fn € BUC(D,C), neN

an_foo||oo—’0(n—>oo) } - fOOGBUC(DaC)-
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7.3.2 Integration and Differentiation of Limits

Remark 7.3.7. We observe here that the Riemann integrability of a func-
tion f € B([a,b],K) is equivalent to the validity of one of the following
conditions:
(i) Ve >038>0s.t. [SH(P)—Ss(P)| <e
VP, P € P([a,b]) with A(P),A(P) <4
(i) AT e Kst. Ve >035>0s.t. |Sp(P)—1I]<e
VPe P([a, b]) with A(P) <§
We leave the proof as an exercise. It can be based on theorem 6.7.6.

Theorem 7.3.8.

fn € R(a,b;C), neN }:>{foo€72(ab@)
an_foo|’00_>0(n_>oo) 11mn—>oof fn dm—f foo

Proof. (i) Given € > 0, we can find NV € N such that

3

||fn - foo”oo S 3(b — a) .
It follows that
1S(frs P) = S(foos P) = | D _[fulwk) = foolym)](xh — x1-1)]
k=1
< Z [ fr (k) = foo(yi)|(x — Tp—1) < 3(()6_(1);(% — 1) < %

for any partition P of [a,b]. By assumption we can find 6 > 0 with

1S(fn,P) — S(fn, P)| < =, whenever A(P), A(P) <4.

Wl ™

Finally we obtain that

[5(foos P) = S(foos P)| < [S(foos P) = S(fx, P
+IS(f5, P) = SUn. P +1S(fn, P) = S(foc, P)| < €.

(ii) Now that we know that f is integrable we can find § > 0 with

b
|S(foos P) —/ foo(x)dz| < % when A(P) <.
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Then ,
1S(fn,P) —/ foo(x) dx| < %Vn >N

and there is 9,, > 0 such that

b
1S(fu, P) —/ Fala) de| < i AP) <5,

Putting everything together we obtain

b b b
| / frola) daz / fulz) de| < | / fro() dz — S(f, P)
+|S(fn, P) — /bfn(x) de| <eVn>N

and the proof is finished. |/

We can also ask the question as to what conditions need to be satisfied
for a sequence of differentiable functions to preserve that property in the
limit.

Example 7.3.9. Uniform convergence is not enough! In fact, consider the
sequence (fn)nen given through

ful@) = 1/#4—%, zel-1,1].

Then f, converges to | - | uniformly, but the absolute value function is not
differentiable in the origin.

Theorem 7.3.10. Let a sequence (fn)nen be given such that
fa € C'((a,b),R)
for n € N. Assume that

fn — f(n — o0) pointwise

f — g (n — co) uniformly } — f€C'((a,b),R) and f' =g.

Proof. Let zg € (a,b). Then by theorem 6.8.7 we have that

fuli) = o) + [ “fi@)de, € (ab).
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Letting n — oo, we obtain

f(@) = flxo) + / “g@)dz, z € (a,b)

Zo

by the assumptions and theorem 7.3.8. Moreover g is continuous by theorem
7.3.5 and therefore f € C'((a,b),R) and f'(z) = g(z), z € (a,b). /

Remarks 7.3.11. (a) Convergence at one single point for f,, together with
uniform convergence of the sequence of derivatives would suffice.

(b) Local uniform convergence for f; would be enough as well.

(¢) Uniform convergence of f; is not enough.

7.3.3 Unrestricted Convergence

Next we give another characterization of uniform convergence (on compact
subsets).

Theorem 7.3.12. Let D C R be compact and (fn)nen € C(D,R)N. Then

fa(zn) = f(2)V (2n)nen € DN st oz, — 2 (n — o00)
= |[fa = fllo = 0 (n — 00).

Proof. “<=": Let a sequence (zy)nen be given which converges to x € D.
Then, given € > 0 we find § > 0 and then N € N such that

y) = @) < 5 if ly —a| <6 and
an =2l <8, [fu = flle < 5 V02 N
Then
[fn(n) = f(2)] < [fa(zn) = fon)| + | f(2n) — f(2)] <
“=>": Define the set
Ay = {2 € D||fule) - f(2)| < %Vn > N
Then uniform convergence amounts to

Vm e NHN(TTL) s.t. Am,N(m) =D.
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We now claim that
Vee DYmeN3IN eNs.t. A,y eU(x).

Assume that this is not the case. Then we can find x € D and m € N as
well as a sequence (zn)nen in D with y — z as N — oo, but 25 ¢ Ay, N
It then follows that

THN) > N st |y (ew) — f(@)] > -

Next define the sequence (yp)nen by

rn, k=k(N),
ykZZ{N )

T, otherwise .

Now y, — = as k — oo, but infinitely many y, s satisfy satisfy

i) = F@)] >

contradicting the assumed convergence. Finally, for any m € N given,
[¢]
Vee DIN, eNst. z€ Ann, -

[}
Now since D C UzepAm,N,, compactness of D implies the existence of a
finite subcover, or that

[e)

D CUj=1,..nAmN,,

o

o
which gives D C Am,max]-(ij) = Uj:l,,,.7nAm,sz. Vv

7.4 Power Series

We have already talked about local approximation of functions by polyno-
mials when we introduced the Taylor polynomial of differentiable functions.
If a function turns out to possess infinitely many derivatives we can increase
the degree of the Taylor polynomial more and more. In the limit we would
get a series like

oo
Z an(z —20)" , (an)nen € KN )
n=0
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which is called power series centered at xy for obvious reasons. Here we
used the notation K := R, C. When Taylor developing a smooth function
we would of course have

B ) (20)

n!
Eventhough it is easy to write down a power series or the Taylor expansion
of a smooth functions, what really matters is their convergence! So the
central question are: How can we assess the convergence of a power series?
What kind of convergence can be expected?

Qn

7.4.1 Radius of Convergence

We first observe that by simple translation we can assume, without loss of
generality, that the power series is centered at xg = 0. This corresponds to
the intuitive observation the convergence will have something to do with the
distance from the center but not with its location.

Remark 7.4.1. Convergence of a power series can be limited to its center
as the example

shows.

Definition 7.4.2. (Radius of Convergence)
The radius of convergence p > 0 of a given power series Y ° o an(x — x0)"
is defined by

o0
p = sup {|z — zo| € [0,00) | Z an(x — 20)™ converges} .

n=0
Remarks 7.4.3. (a) A power series converges uniformly and absolutely
strictly within its radius of convergence. In other words, convergence is
uniform and absolut in [xg — p+¢, 29+ p—¢] for any p > e > 0. It therefore
represents a contiunuous function on (zg — p,xg + p). Why? To prove the
claimed convergence, observe that for |z —xg| < p— e the following estimate
holds

N
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Notice that we have used the fact that a,(p —e/2)" < M Vn € N for some
M > 0 since the associated series > > | an(p —€/2)"™ converges.
(b) At = g £ p anything can happen as the following examples show

o0
Z " diverges at x = %1,

n=1

oo
Z nz" diverges at x = +£1,

n=1
[e.e] xn
Z — diverges at x = 1 and converges at x = —1,
n=1 n
oo xn
Z — converges at © = £1.
n=1 n
Lemma 7.4.4.

lim MY" =1, M >0.

n—oo
Proof. 1t is clear that %logM — 0 (n — o0), then continuity of the expo-
nential function implies that
enlosM _ pri/n g (n — 00)
and we are done. /

Theorem 7.4.5. The radius of convergence of a power series Y -, apx™

is given by
1

7= lim SUP,, o | |H/™

Proof. The idea of the proof is to compare the series
o0
> (lan|"/"2)"

n=1

to the geometric series.
(i) First we prove that

1
lim sup |a, |/ < = .

n— o0 P
This is obviously true if p = 0. Assume then that p > 0 and take r € (0, p).
It follows that |a,z™| < M Vn € N for some M > 0 and |z| < r. Thus we
get

M/
lan |/ < ——VneN,
T
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It follows that ! 1
lim sup |a, |V/™ < = limsup MY/ = =
r

n—oo n—oo

(ii) Let now p% := limsup,, ., |an|"/™. If we can show convergence of the

series for |z| < po, then p > pg, which would conclude the proof. Let r < po
and pick p1 € (r, po), then

1/n

lim sup |a, |Y/" < —
n—00 1

and, consequently, we can find k € N s.t.
1/n 1
lan|'/" < —Vn>k.
P1

Finally this gives
lanz™| < (L)n for x| <randn >k
P1

and, finally,

implies the desired convergence. /

Examples 7.4.6. (a) Let p,q be polynomial functions such that g(n) #
0V n € N and define
_p(n)

ap = —=

q(n)
Then p = 1.

Proof. Ttis enough to show that

lim [p(n)["/" =1
n—oo
for any nonzero polynomial p. For n large we find constants M, M > 0
such that
Mn* < [p(n)| < Mn*

and it is therefore enough to show

lim (Mnk) L/n

n—oo
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for M > 0, which follows from

1 i 1 k

—log(Mn )f—logM—i— logn—>0(n—>oo)

n

and the continuity of the exponential function. |/

(b) The series > °° ) £+ has radius of convergence p = co. To see this we

need to show hmn_wo( ,)l/n = 0. For any m € N we have that
n!>m" " ifn>m
and, consequently, (n!)l/ "> mm~™"™ if n > m. Finally it follows that

liminf(n)"™ > mVm e N

and the proof is finished.

Theorem 7.4.7. Let p > 0 be the radius of convergence of > o7 ;anx™.

Define
Z anz" —p.p).

Then
f€C(=p,p),K) and f'(x Znanx -1

Then, it follows that

[e.9]

fECOO((—p,p), )andfk) Z (n—1)...(n —k+ Dayz" -k

Proof. Define f,(x) = anz™, then, obviously

fn € Cl ((—p, ,0), K)

and 7, fn converges uniformly in (—r,r) for any r € (0, p). What about
o0 o fa? Since Yo napx™ !t =3"0° ((n+1)an112™ we see that its radius
of convergence is given by

1 . 1/n . 1/n
? = lim sup((n + 1)|an+l|) = limsup |an+1| = ;

n—oo n—oo



112 CHAPTER 7. FUNCTION SEQUENCES AND SERIES

whrere the last equality follows from example 7.4.6(a). Thus Y >, f} con-
verges uniformly in (—r,7) as well and therefore

fe Cl((—r, r),K)Vr e (0,p)

which amount to the claim. The argument can then be iterated to cover all
derivatives. /

Remark 7.4.8. The above proof shows that a power series can be differen-
tiated term-by-term within its domain of convergence and that the resulting
power series for the derivative has the same radius of convergence as the
original series.

Warning. It has to be pointed out that NOT ALL C*°-functions can be
represented by power series! In fact the non-zero function

e /e zeR

has a vanishing power series expansion in xg = 0.

Definition 7.4.9. (Analytic Functions)
Any function f : D C R — K is called analytic if it has a power series
expansion about every point in its domain D. We also define

CY(D,K):={f:D—K ‘ [ is analytic} .

Proposition 7.4.10. (Identity)

Let
(o) [o¢]
Z anpx’t = Z bx"™
n=0 n=0

and let both series have the same radius of convergence p > 0. Then
anp =b,Vn e€N.

Proof. Let |x| < r < p, then the both series define the same function there

f(z) = ian:ﬁ” = ibnx".
n=0 n=0

It follows that a, = f(nT>!(0) = b, for any n € N. /
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7.4.2 Analytic Continuation

Consider a power series >~ ; a,z™ with radius of convergence p > 0. Take
xo with |zg| € (0,p). What is the power series Y b, (z — z0)" represen-
tation about zo of )~ 7 jana™ and what is its radius of convergence?

Theorem 7.4.11. If Y 07  an(z — x0)" is convergent in [|x — xo| < p] and
defines a function f there, then f also has a power series exrpansion about
each x1 € (xo—p, xo+p) which converges in the largest interval (x1—7r, x1+7)
still contained in (xo — p,xo + p).

Proof. Without loss of generality take zg = 0 and z; = z¢. Write =z =
(x — z9) + xo which then gives

2" = [(z — wo) + z0)" = zn: <Z> (z — xo)Fal ™"

k=0
Moreover
> o =S an 3 (1) (ol = S (S o () 5 ) s’
n=0 n=0 k=0 k=0 n=k

Letting m — oo we expect to have

= n\ p— = n+k\ ,
bkzzan<k>% kZZGmk( k )ﬂfo
n==k

and

f@)=> bn(z—z0)".
n=0

Now the by’s are given by a power series with convergence radius p since

<n—£k) :W:;(n+k)(n+k—1)...(n+l)

n+k
k

= n+k\ ,
b= Y anse ("4 )i
n=0

1/n
and therefore lim,,_. ( > = 1. It follows that
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is well-defined for any xg € (—p, p). We still have to show that

f(z) = an(x — x0)" for |z — x| < R — |xo] .

n=0

To that end observe that

‘nzzogoan <Z> (x — l‘o)kl‘g’*k‘ < HZ:OICZ:O |an (Z) |z — x0|k|$0‘n—k

(o) (o)
Z |an|(|z — 20| + \x0|)n = Z lan|r" < oo
n=0

n=0

which gives absolute convergence. Furthermore
[e.e] oo n n
= 3 = 55 (1) o
n=0 n=0 k=0
oo

=0 n

- n

an <k> :L'gik) (z — zo)F
=k
which converges in |x — xo| < p — |zo|. v/

Remarks 7.4.12. (a) The previous theorem shows that power series define
functions which are analytic within the domain of covergence of the series.
(b) Convergence could hold in a larger interval than we proved in the theo-

1 (0.0
1—=z :an
n=0

where the power series has radius convergence p = 1. For zy € (—1,1) we
compute

rem. Consider

£ (o)
bn=7|
n!
or
1—1‘_1—330+(33_x0)_1_3301_916:;()]
1l X,r—=x =
— Zo\n —n—1 n
1—1:02(1—360) Z( T) (z — x0)
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where to ensure convergence of the series we need to assume that ‘”f:;fg | < 1.

Now, this is what the theorem predicts for z¢ € (0,1), but, if o € (—1,0),
we get the larger interval [|x — zg| < |1 — zo|] = (220 — 1,1).

7.4.3 Analytic Functions on Complex Domains

Motivation. Next we would like to extend real functions to the complex
plane. Since C is itself a field, we can certainly easily do so for polynomials.
In general, however, given f : R — K, is is not clear how to define an
extension f : C — K in natural way. The zero function could be extended
by f(z +iy) ==y, x,y € R, for instance. For power series it seems natural
to extend

f(z) = Z anx”
n=0

by simply allowing = to become complex

f(z) = Z anz" .
n=0

This is justified since

M M
’ Z anz”‘ < Z lan||z|" <eVm,M > N.

n=m n=m

for |z| < p and some N, by absolute convergence of the real series with the
radius of convergence p > 0 implies convegence in C by Cauchy’s criterion.

Remarks 7.4.13. (a) It follows that analytic functions can locally be ex-
tended to the complex plane.

(b) The function f(z) = 2= can be extended to - to [|z| < 1] by observ-
ing that the series > ;2™ actually converges for all |z] < 1.

(¢) The function f(z) = ﬁ is analytic and can be locally extended to by

its power series expansion. Take for instance the origin as center, then

1 o
n_2n
5 = g (—1)"2"", 2| < 1.
1+ 2 o

Observe that this function has no singularities along the real line but has
poles at z = +i. They clearly seem to have something to do with the size
of the radius of convergence.
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Theorem 7.4.14. (Elementary Properties)

Let
{z:f;o an (i — x0)" = f(z).
> om0 bn(@ — 20)" =: g(x),
both converge for |x — x| < p. Then

fig,fgcmd£

all possess a power series expansion about xy as well provided g(xo) # 0
for the quotient. In the first two cases the radius of convergence remains
unchanged, whereas in the third it might shrink.

Theorem 7.4.15. (Composition)

Let

Dm0 An(T — x0)" =t f(2),

oo o bn(z — )" =: g(x),
converge in [|x — x| < p;], 7 = 0,1 and assume that x1 = f(xg). Then go f
has a convergent power series expansion in a neighborhood of xg obtained by

rearranging
o0 o0
n
Z b, (Z ag(x — a:o)k — :c1> .
k=0

n=0

Why does rerranging not create troubles?

7.5 Approximation by Polynomials

Motivation. Functions are many and can show wildly different behaviors.
Among them we find functions which are simpler to describe and/or under-
stand than others. Functions which are arguably quite simple are polynomial
functions. It is therefore natural to ask how well and in which sense a general
function can be approximated by polynomials. We have seen that analytic
functions can be locally represented by power series, which in turn, implies
that they can be approximated locally uniformly by polynomials. But what
about more general, less regular functions?

7.5.1 Lagrange Interpolation

Definition 7.5.1. Given n arguments

Z1,...,Tyn € R and n values yq,...,yn € K,
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the associated Lagrange polynomial is given by
n
> ukQr
k=1

where Q) is defined by

Notice that Qi (z;) = 0.

Even though Lagrange interpolation represents a viable way of approx-
imating functions by interpolating between their values as described in the
definition above, it provides no direct control on the behavior of the ap-
proximating polynomial in betweeb interpolation points. We therefore use
another method based on convolutions which has a much wider range of
applications.

7.5.2 Convolutions and Mollifiers

Definitions 7.5.2. (i) Given f € C(R,K), its support supp f is defined by

supp f := {z € R[ f(z) # 0}.
We also define
Cc(R,K) :={f € C(R,K) | f has compact support} .

(ii) Given f, g € C.(R,K) we defined their convolution f * g by

/ flz—y)g(y)dy, x € R.

Remarks 7.5.3. (a) (f * ) :(g (@), z€R,V f,g € C(R,K).
() ((f*g)*h)(z)=(f* h))(z), z €R, VY f,g,h € C(R,K).
(C)f€Cc(RaK),PER[] pxf €R[z].
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Proof. Let p(z) = > p_yarz®, z € R, and consider

weN@ = [ se-niwd= [ 50D ale -y -

which shows that the convolution is indeed a polynomial. |/

Definition 7.5.4. (Approximation of the identity)

A sequence of functions (gn )nen is called approximation of the identity if the
following conditions are satisfied

(i) 0 < gn € C(R,R).

(i) [ gnl)do = 1.

(iii) limy,— 00 f\wlzi gn(z) dz = 0 for every m € N.

Lemma 7.5.5. Let (gn)nen be an approximation of the identity and f €
C.(R,K). Then

1S gn = flloc :sug\(f*gn)(w) — (@) = 0(n—o0).

xe

Proof. First observe that

(f % gn) (@) — f(z) = / FW)gnlz — y) dy — f(z) =
R
/R an (W) [F(x — ) — F()] dy = / @) [F(&—y) — F(@)] dy

[ly|=1/n]

n Xr — — €T d )
Jr/[ylgl/n]g W) [f(@—y) - f(z)] dy

Then, given € > 0, N, and M. can be found such that

g
gn(y) dy < Yn > N,
/“y.m W < T :

and |f(z ~y) = f()] < SVy ER st [yl < ML

£
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We observe that M. does not depend on z since f is uniformly continuous
(why?). Combining the following two inequalities

| w(W)[f(z —y) = f(z)] dy|

izl
3
<2fl [ )y < ¥nz N
llyl>1/n]
| n(W) [z —y) = f(z)] dy|
ti<im”
g g
<5 oy §vazaL,
2 Jliyl<1/n] 2
we obtain

|(f *gn)(z) — f(z)| < eVz € RYn > max(M., N;)

and the proof is finished. /

7.5.3 Weierstrass Approximation Theorem

Next we are going to use an approximation of the identity to prove that any
continuous map on a compact interval can approximated arbitrarily well by
a polynomial.

Theorem 7.5.6. Let —0co < a < b < 0o and f € C([a,b],K). Then there
exists a sequence of polynomials (pp)nen such that

If = Palloc — 0 (n — o0).

Proof. We want to use an approximation of the identity but, to do so, we
need to resolve two issues:

1. f is not defined on the whole real line.

2. We need an approximation of the identity by polynomials to exploit
remark 7.5.3(c).

Let us resolve 1. first. By substituting f by f = f — (Az + B), we can
assume w.l.o.g. that f(a) = f(b) = 0. In fact, if we can approximate f by
a polynomial p, then p + Az + B approximates f. We can therefore extend
the function f by zero to the whole real line, if needed.

For 2. remember that we only need an approximation on [a, b]. To compute

f gl /f
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for x € [a,b] we only need values of g on [x — b,z — a]. Thus we only need
values of g on [a — b,b — a] to get the convolution f * g on [a,b].
So let us construct an approximation of the identity as follows. First define

_a;.2n T
gmm:{“ " lel <1,

0, |z >1,

and then compute the normalizing constant

Cn = /lgn(as) dz

-1

in order to set ¢ = £ and obtain Jg9n(x) dz =1 for n € N. Let us next get

Cn
a bound for ¢,. Observe that

{pn(o) = Qn(o) )

p%(x) = 2nx < —23371(1 _ x2)n71 oy

implies that

It follows that

1 1/2y/n 3
/ (1—2*)"dx > / (1—nz?)de > ——
-1 —1/2/n 4y/n

and therefore ¢, < %\/ﬁ Now we have

gn >0, /gn(x)dle.
R

To obtain an approximation of the identity we only need make sure that
[ @)z —0(n o),
|z|<

which would follow from the uniform convergence of g, — 0 on |z[ > L. To
prove the latter, observe that

1 1
< < - —\" > —
0< gu(a) S el = —5)"VaYfal =
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and that )
(1= =)™V = 0 (n — 00).

Finally

f * gn — f uniformly on [a, b]
since g, is an approximation of the identity and f * g, is a polynomial on
[a,0]. v/
Corollary 7.5.7. Let f € C([0,1]) and assume that fol 2" f(x)dr =0 for
everyn € N. Then f =0.

Proof. Take a sequence of polynomials (py,)nen such that p, — f (n — 00)
uniformly on [0, 1], then

1 1
= —_— T 2 T\ \n — o0
0= /0 pul@) f(z) da /0 |F(@)[? dz (n — o)

and f must vanish identically. /

7.6 Equicontinuity

Motivation. We are already familiar with the concept of compactness. We
know for instance that sequences in compact sets have to have convergent
subsequences. If we are given a sequence of continuous functions we might
be interested in establishing its uniform convergence or that of a subse-
quence. The general concept of compactness can be used within the space
of continuous functions but it would be really handy to have a more con-
crete characterization of compactness than the one given by the definition
or the one that states that every open cover has a finite subcover. Such a
characterization is precisely the main goal of this section.

Example 7.6.1. The function sequence (fy)nen in C([0,1]) defined by
fn(x) := n shows that we need some boundedness, that is

|frn(@)]| < MVaxe[0,1]VneN (or, equivalently, sup | fllec < M).
neN

But, in contrast to sequences of reals, this is not enough as the example
fn(z) :=sin(nmx), x € [0,1],

shows.
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Let us try to figure out what possible additional condition needs to
be satisfied by looking at a convergent sequence. Assume that (f,)nen is

a uniformly convergent sequence of continuous functions defined on [0, 1].
Then

Ve>03N(e) s.t. || fn— foolloo <€/3Vn > N(e),
and, by continuity of the limiting function, we find & (€) such that
[foo (@) = Joo(y)] < /3 2,y € 0,1] with |z —y| < d(e).

Making combined use of these two inequalities we arrive at

[fn(@) = fo(W)] < [fn(®) = foo ()] + | foo () — foo (W) + | oo (y) — fu(y)| < €
Y,y € [0,1] with |z —y| < () Vn > N(e).

On the other hand, for k =1,..., N(¢) — 1, we can find d;(g) > 0 such that
(@) = fe(y)| < eV a,y € [0,1] with o — y| < d(e).

Finally this gives that

Ve>034(e)(= min(4(¢), 61(¢), .. ., Sn(e)-1(€))) > 0s.t.
[fn(z) = fu(y)| eV z,y €[0,1] with |z —y| < d(e) Vn € N.

In other words all functions are continuous “in the same way”: They are
equicontinuous.

Definition 7.6.2. (Equicontinuity)
A set of functions A C C(D,K) is called uniformly equicontinuous iff

Ve>030>0st. [f(x)— fly)|<e
Va,ye D with [z —y| <, VfeA.

Theorem 7.6.3. (Arzéla-Ascoli)

Let (fn)nen € C(la, b])N for a < b e€R be uniformly bounded and uniformly
equicontinuous. Then (fp)nen has a uniformly convergent subsequence, that
is, there exists fo € C([a, b]) and a subsequence of indices (ng)ken with
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Proof. The proof uses two main ingredients. Boundedness allows to con-
struct a subsequence which converges on a dense countable subset. Equicon-
tinuity makes it possible to show that the convergence occurs everywhere
and is uniform.

Step 1: Let {xx |k € N} be a dense subset of [a,b]. For fixed k € N the

sequence ( fn(:ck.))n cy 1s bounded. In particular, by Problem 10 of Chapter

2, there exists a subsequence of indices (n]l) jen such that

far(@1) — foola1) (j — o0)

1
J

for some foo(x1) € R. Then there exists a further subsequece (n?)jeN of

(n})jeN such that

Fus (0) — fools) (G = 00) i = 1,2,

for some f(z2) € R. Step by step we construct a subsequence (”?)jeN of
(nffl)jeN such that
Foi (@) — fooli) ( = 00), i =1,2,....k,
for some foo(z) € R. Eventually taking the diagonal (n’,j)keN we obtain
that
fap (@) — foo(@s) (k — 00), i €N.

Step 2: By theorem 7.3.4 uniform convergence would follow if we had
Ve>03M s.t. Hf”ﬁ —fn”]m <eVkiIl>M.

Let € > 0, then we can find § > 0 and N € N such that

[fi(@) = f;(y)| < e/3Y x,y € [a,b] with [z —y[ <5, VjeN
and V. € [a,b] 3k = k(x) < N with [z — 2| < 6.

Then
|fn§j (z) = fr(z)] < |fn; (z) — Fi (T(a))| + |fn;; (Tr(z)) = fot (Tr(a))]
+ [t (@r(@)) = fur ()]

<

Wl N

€ +1F (@hw) = S (wr@)| < €V nnf > M

for an M € N which exists by Step 1 and the fact that {k(x)|z € [a,b]}
contains less than NV indices, thus only finitely many. /
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Corollary 7.6.4. Let (fn)nen € C([a, b])N fora <beR be such that
[fe@) < M, |fi(z)]| < MVz € [a,b]VEEN,

for some M > 0. Then (fn)neny has a uniformly convergent subsequence,
that is, there exist foo € C([a,b]) and (ny)ken such that

Proof. Since boundedness is assumed, we need only prove equicontinuity.
The estimate

Ful@) = fuly)] < | / “J1(6) de| < Mz —y|¥n e N
Yy

readily implies it. /

7.7 Problems



