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The Three Dimensional Viscous Camassa—Holm
Equations, and Their Relation to the Navier—Stokes
Equations and Turbulence Theory'
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We show here the global, in time, regularity of the three dimensional viscous
Camassa-Holm (Navier—Stokes-alpha) (NS-a) equations. We also provide esti-
mates, in terms of the physical parameters of the equations, for the Hausdorff
and fractal dimensions of their global attractor. In analogy with the Kolmogorov
theory of turbulence, we define a small spatial scale, £,, as the scale at which the
balance occurs in the mean rates of nonlinear transport of energy and viscous
dissipation of energy. Furthermore, we show that the number of degrees of
freedom in the long-time behavior of the solutions to these equations is bounded
from above by (L/£.)°, where L is a typical large spatial scale (e.g., the size of the
domain). This estimate suggests that the Landau-Lifshitz classical theory of
turbulence is suitable for interpreting the solutions of the NS-a equations.
Hence, one may consider these equations as a closure model for the Reynolds
averaged Navier-Stokes equations (NSE). We study this approach, further, in
other related papers. Finally, we discuss the relation of the NS-a model to the
NSE by proving a convergence theorem, that as the length scale «; tends to
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zero a subsequence of solutions of the NS-a equations converges to a weak
solution of the three dimensional NSE.

KEY WORDS: Navier-Stokes-o model; Camassa-Holm equations; Lagrangian
averaged Navier—Stokes equations; second grad fluid; attractors.

1. INTRODUCTION

Proving global regularity for the 3D Navier—Stokes equations (NSE) is one
of the most challenging outstanding problems in nonlinear analysis. The
main difficulty in establishing this result lies in controlling certain norms of
vorticity. More specifically, the vorticity stretching term in the 3D vorticity
equation forms the main obstacle to achieving this control.

In this paper we consider a similar partial differential equation, the
so-called viscous Camassa—Holm, or Navier-Stokes-alpha (NS-a) equations.
The inviscid NS-a equations (Euler-a) were introduced in [25] as a natural
mathematical generalization of the integrable inviscid 1D Camassa—Holm
equation discovered in [3] through a variational formulation. Our studies
in [5]-[7] indicated that there is a connection between the solutions of the
NS-a and turbulence. Specifically, the explicit steady analytical solution of
the NS-a equations were found to compare successfully with empirical and
numerical experimental data for mean velocity and Reynolds stresses for
turbulent flows in pipes and channels. These comparisons led us to identify
the NS-a equations with the Reynolds averaged Navier—Stokes equations.
These comparisons also led us to suggest the NS-a equations could be used
as a closure model for the mean effects of subgrid excitations. Numerical
tests that tend to justify this intuition were reported in [8].

An alternative more “physical”’ derivation for the inviscid NS-a equa-
tions (Euler-a), was introduced in [26] and [27] (see also [6]). This alter-
native derivation was based on substituting in Hamilton’s principle the
decomposition of the Lagrangian fluid-parcel trajectory into its mean and
fluctuating components. This was followed by truncating a Taylor series
approximation and averaging at constant Lagrangian coordinate, before
taking variations. A variant of this approach was also elaborated consid-
erably in [32]. See also [33] for the geometry and analysis of the Euler-a
equations. For more information and a brief guide to the previous litera-
ture specifically about the NS-« model, see paper [20]. The latter paper
also discusses connections to standard concepts and scaling laws in tur-
bulence modeling, including the relationship of the NS-a model to large
eddy simulation (LES) models. Results interpreting the NS-a model as an
extension of scale similarity LES models of turbulence are reported in [17].
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It is worth mentioning that another approach connecting the Lagrangian
and Eulerian formulations for the Navier-Stokes equations was recently
presented in [11]. This exact connection between the Lagrangian and
Eulerian formulations adds perspective to the relationship between the
Navier—Stokes equations and the Navier—Stokes-o model.

Equations similar to the NS-a equation, but with different dissipative
terms, were considered previously in the theory of second grade fluids [18]
and were treated recently in the mathematical literature [9, 10]. Second
grade fluid models are derived from continuum mechanical principles of
objectivity and material frame indifference, after which thermodynamic
principles such as the Clausius—Duhem relation and stability of stationary
equilibrium states are imposed that restrict the allowed values of the
parameters in these models. In contrast, as mentioned earlier, the NS-a
equation is derived by applying asymptotic expansions, Lagrangian means,
and an assumption of isotropy of fluctuations in Hamilton’s principle for
an ideal incompressible fluid. Their different derivations also provide the
different interpretations of the parameter o«,, namely, as a flow regime
quantity for the NS-a equation, and as a fixed material property for the
second grade fluid.

The aim of this paper is to establish the global regularity of solutions
of the NS-a, subject to periodic boundary conditions. We also provide
estimates of the fractal and Hausdorff dimensions of their global attractors.
In particular, we identify the dimension of the attractor with the number of
degrees of freedom governing the permanent regime of these equations and
find a remarkable compatibility between these estimates and the number of
degrees of freedom in turbulence a la Landau and Lifshitz [30]. This leads
us to regard the NS-a equations as a suitable closure model for turbulence,
thought of as an averaged theory rather than an individual realization,
cf. [5]-[7], [26] and [27]. Finally, we relate the solutions of the viscous
Camassa-Holm (NS-a) equations to those of the 3D NSE as the length
scale a; tends to zero. Specifically, we prove that a subsequence of solutions
to the NS-a model converges as a, — 0 to a weak solution of the 3D NSE.

2. FUNCTIONAL SETTING AND PRELIMINARIES
We consider the following viscous version of the three dimensional

Camassa—Holm equations in the periodic box Q = [0, L]*:

1
% (Gu—o? Au)—v A(adu—a? Au)—ux (Vx (adu—o} Au))+—Vp=f
0
(1a)
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V-u=0 (1b)
u(x, 0) = u™(x) (1c)
where £ =24 af |u]*—aj(u-du) is the modified pressure, while 7 is the

pressure, v> 0 is the constant viscosity and p, >0 is a constant density.
The function f is a given body forcing ay > 0 and «, > 0 are scale param-
eters. Notice a, is dimensionless while o, has units of length. Also observe
that at the limit oy =1, a; =0 we obtain the three dimensional Navier—
Stokes equations with periodic boundary conditions.

For simplicity we will assume the forcing term to be time independent,
ie., f(x, 1) = f(x).

From (1) one can easily see, after integration by parts, that

d 2 2 _
EL} (wpu—og Au) dx—fﬂ fdx

On the other hand, because of the spatial periodicity of the solution,
we have [, d4udx=0. As a result, we have 4 [, ajudx = |, f dx; that is,
the mean of the solution is invariant provided the mean of the forcing term
is zero. In this paper we will consider forcing terms and initial values with
spatial means that are zero; i.e., we will assume [, u” dx = [ f dx =0 and
hence [, u dx =0.

Next, let us introduce some notation and background.

(1) Let X be a linear subspace of integrable functions defined on the
domain Q, we denote

X:={(peX:Ll(p(x)dx=0}

(i) We denote ¥ = {p: ¢ is a vector valued trigonometric poly-
nomial defined on , such that V-9 =0 and [, ¢(x) dx =0},
and let H and V be the closures of ¥~ in L*(Q)° and in H'(Q)?
respectively; observe that H*, the orthogonal complement of H
in L*(Q2)*is {Vp: pe H'(2)} (cf. [13] or [35]).

(iii) We denote P,: L*(Q)? - H the L? orthogonal projection, usually
referred as Helmholtz—Leray projector, and by 4 =—P, 4 the
Stokes operator with domain D(4) = (H*(2))* n V. Notice that
in the case of periodic boundary condition 4 = —4|p, is a self-
adjoint positive operator with compact inverse. Hence the space
H has an orthonormal basis {w;}7_, of eigenfunctions of 4, i.e.,
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@iv)

™)

Aw; = ﬂ. w;, with 0 < 4, < ﬂ.z <- <ﬂ — o0; in fact these eigen-
values have the form |> % 4 with k ez’ \ {0}.

We denote (-,-) the Lz-mner product and by |- | the correspond-
ing L*norm. By virtue of Poincaré inequality one can show that
there is a constant ¢ > 0, such that

C|Aw| < W2 < 7t Aw)| for every we D(A)
and that
c|AVPw| < |wlg <c7'|AYV*w|  forevery weV

Moreover, one can show that V' = D(4'/?), (cf. [13] and [35]).
We denote ((-,-))=(4"*-,A4"%-) and |-| =|A4"?-| the inner
product and norm on V, respectively. Notice that, based on the
above, the inner product ((-,-)), restricted to V/, is equivalent to
the H! inner product

[u, v] = aj(u, ) +ai((u, v)) for u,veV 2

provided a; > 0.

Hereafter ¢ will denote a generic scale invariant positive
constant which is independent of the physical parameters in the
equation.

Following the notation for the Navier-Stokes equations we
denote B(u,v)=P,[(u-V)v], and we set B(v)u= B(u,v) for
every u,veV. That is, for ever fixed velV, B(v) is a linear
operator acting on u. Notice that

(B(u, v), w) = —(B(u, w), v) forevery u,v,weV (3)

We also denote B(u, v) = —P,(ux(Vxv)) for every u,veV.
Using the identity

3
(b-V)a+Y a; Vb, =—bx(Vxa)+V(a-b)
j=1

one can easily show that

(E(ua U)a W) = (B(ua U)a W)— (B(W’ U)7 u)
= (B(v) u—B*(v) u, w) “
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for every u, v, w e V, where B*(v) denotes the adjoint operator of
the linear operator B(v) defined above. As a result we have

B(u,v) = (B(v)—B*(v))u  forevery wu,veV %)

In the next lemma, we show that the bilinear operator B can be
extended continuously to a larger class of functions.

Lemma 1.

(i) The operator A can be extended continuously to be defined on
V = D(AY?) with values in V' = D(A~"?) such that

(Au, v), = (A"%u, AVv) =J (Vu : Vo) dx
Q

foreveryu,veV.
(ii) Similarly, the operator A can be extended continuously to be

defined on D(A) with valves in D(A)', the dual space of the
Hilbert space D(A), such that

{A%u, v) sy = (Au, Av),  for every u,ve D(A)

(iii) The operator B can be extended continuously from V XV with
valves in V', and in particular it satisfies

[<B(u, 0), Wy < c [ul " lull 2 [lo] Iw]
[<B(u, v), wyy | < c llull o]l [w]*/> w] 2
for every u, v, w e V. Moreover,

<1§(u, V), Wy = —(E(w, v), Wy, for every u,v,weV

and in particular,

{B(u,v),udy, =0  forevery u,veV

(iv) Furthermore, we have

[<B(u, v), W pay| < lul [lo] [wl]'"? |Aw] 2
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foreveryue H,veV and w € D(A), and by symmetry we have
|(B(u, v), w) < ¢ [lull'7* | 4] o] |w]

foreveryue D(A),veV andwe H.
(v) Also,

[<B(u, ), W peay| < el ull 2 |o] | Aw] + [of llul] [1wl]'72 | Aw] /%)

foreveryueV,ve H, we D(A).
(vi) In addition,

[<B(u, v), Wy < e(llull > (| 4ull > o] [wll+ | 4ul o] [w] > [Iw] /)
for everyue D(A),ve H,weV.
Proof. The proof of (i) can be found in [13] or in [35]. The proof of

(ii) is a straight forward extension of that of (i).

To prove (iii), let us first consider the case when u, v, w € #". Then we
have

I<B(u, v), wdy| = “ﬂ ux(Vxv)-wdx

< [lullz [Voll2 wll.e

Recall the following Sobolev inequalities in R?

ol < c lloll 2 ol (62)
lell: <cllels el and (6b)
lolls < llollzt,  forevery e HY(Q) (6c)

Then by the above inequalities we have:
[<B(u, v), why| < e lul a2 ol Il
Moreover, it is clear that for u, v, we ¥~
(B(u, v), wyy = —(B(w, v), udy

Since ¥ is dense in V' we conclude the proof of (iii).
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Let us now prove (iv). Again we consider first the case where
u,v,wevy

[<B(u, v), Wy peay| = ‘ L) [ux(Vxv)]-wdx

< flullz [Voll 2 1wl

Recall Agmon’s inequality in R>:

1/2 1/2

lplle < cllell g ol ()

The above gives
[<B(u, 0), W) peay| < ul lloll w2 4w/

To prove (v) we again take u, v, w € ¥~ and we use (4) to find

[<B(u, v), W) peay| < |LZ ((u-V)v) -wdx

+U9 ((w-V)u)-vdx

< +lollz Vel 2 Wil =

L} ((u-Vyw-v)dx

< llullz IVwllzs [of+c [of fled] Iwllz=

By (6b—) and (7) inequalities we finish our proof.
The proof of (vi) is similar to (v). From (4) we have

I<B(u, v), why| < ‘ fg ((u-V) v) wdx

+UQ (w-V) u)-vdx

<[, @ w-vds|clull 1vale

< el Wl ol + [Iwllz [1Vedl| s [ol)
By (6a) and (7) inequalities we finish our proof. O

We apply P, to (1) and use the above notation to obtain the equivalent
system of equations

d -
7 (Gu+oiAu) +vA(ay+oiA) u+ B(u, af +afAu) =P, f (8a)

u(0) = u™ (8b)
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Alternatively, if we denote
2 2
v=oagu+ajAu )
the system (8) can be written as

dv

7 +vAv+B@w)u—B*(v)u=~P, f (10a)

u(0) = u™ (10b)

We will assume that P, f = f, otherwise we add the gradient part of f to
the modified pressure and rename P, f by f.

Definition 2 (Regular Solution). Let f € H, and let 7 > 0. A function
ue C([0,T); V) LX[0, T); D(A)) with % ¢ L¥[0,T); H) is said to be a
regular solution to (8) in the interval [0, 7") if it satisfies
d 2 2 2 2
— (agu+oaiAu), w +v{A(agu+ oy Au), W) pay
dt DAy
+ (Blu, oagu+oi Au), whpay = (f, w) an

for every w e D(A) and for almost every ¢ € [0, T). Moreover, u(0) = u™
in V. Here, the equation (11) is understood in the following sense: For
every t,, t € [0, T) we have

(oau(t) + o3 Au(t), w) — (au(ty) + ol Au(ty), w) +v r (xau(s) + ol Au(s), w) ds

+jt (B(u(s), agu(s) +o3 Au(s)), W) py ds = jt (f,w)ds (12)

3. GLOBAL EXISTENCE AND UNIQUENESS

In this section we prove global existence and uniqueness of regular
solutions to Eq. (8), provided a; > 0. In fact, from now on we will always
assume that o; > 0.

Theorem 3 (Global existence and uniqueness). Let f € H andu™ eV .
Then for any T >0, Eq. (8) has a unique regular solution u on [0,T).
Moreover, this solution satisfies:
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(i) ueLi((0,T]; H(Q)).

(ii) There are constants Ry, for k=0, 1, 2, 3, which depend only on v,
&y, o, and f, but not on u™, such that

lim sup (o2 |A%u|*+a2 |47 ul?) = R?

t— o0

for k=0,1,2, 3. In particular, we have

1 A2 112 (41242 2 2
PR R (e L A

v vag T vad 20’ viAijog
(13)
that is:
GH? 1 1 G*»?
2 3 —
s < pmin{ )=
where G = 2';;',4 is the Grashoff number, and y~ =min{a%,ﬁ}.
Furthermore, ' o
G2 11/2
lim sup — f (o ()| + o2 |Au(s)|?) ds < vA, RE < el
T -
(14)

forallt>0.

Proof. We use the Galerkin procedure to prove global existence and
to establish the necessary a priori estimates.

Let {w;}7_, be an orthonormal basis of H consisting of eigenfunctions
of the operator 4. Denote H, =span{w,,...,w,} and let P, be the
L*orthogonal projection from H onto H,. The Galerkin procedure for
Eq. (8) is the ordinary differential system

d
7 (o2u,, + o> Au,,) +vA(«u,, + a2 Au,) + P, B(u,,, «2u, +oa>Au,) =P, f
(15a)
u,(0) =P, u™ (15b)

Since the nonlinear term is quadratic in u,,, then by the classical theory of
ordinary differential equations, the system (15) has a unique solution for a
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short interval of time (—7,,, 7,,). Our goal is to show that the solutions of
(15) remains finite for all positive times which implies that 7,, = co.

H'-Estimates
We take the inner product of (15) with u,, and use (4) to obtain

d
E(fxﬁ [t * 0 4y 1) +9(o Nt I* + 03 | A1, |?) = (B, f thy)

N =

Notice that

. )|<{|A‘f| u |
me |47 1] Nty
and by Young’s inequality we have
|47
2yl +§ @i iy |
1
(CARTAIES Wi

Sty o Il
0

: O i : e .
Denoting by K; = min{*—>, "}, from the above inequalities we get:
VIZO Wll
d
7 (05 [t >+ 1) +v(0g Nty lI> + 07 14w, |*) < K (16)
By Poincaré’s inequality we obtain
d 2 2 2 2 2 2 2 2
77 (0 lunl™ ol %)+ v, (e | oy 1) < K
and then by Gronwall’s inequality we reach
2 2 2 2 —Ait( 2 2 2 2 K, —vigt
% [t (O + i g (DI < €7 (ot 14, ()" +063 g, (O)7) += (1 —e ™)
1

That is

. . K
5 [t (O 403 Nl (DI < Fey 2= 065 [+ o ™) +—=

i (17)
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H?-Estimates
Integrating (16) over the interval (z, £+ 1)

t+7t
VL (o Nt ()I> + 0} | At (5)]?) ds < TKy + (o |4, (D)7 + ] e, (D]
<K, +k, =: k(1) (18)

Now, take the inner product of (15) with 4u,, to obtain

(@5 Nl 1>+t | Au, |*) + (0§ | Au,, >+ |47 u,,|%)

N =
S

+(B(um’a0u +a1Aum) Aum)_(P f Aum)

Notice that

- 2 |4~ ‘/zflz o |4 |
(B, /. Au )|<{'A_/f”A3/”m'< G
TS Ay, vk )
2+Z OIAuml

—1/2 42 2
We denote K, = min{* ", "1} Then we have
Val WX.O
d 2 2 2 2 3y 2 2 21 43/4,, |2
5 g (%o lamll” oy 1A, %)+ (oo | Au,, "+ ay | 477w, %)
+ (B(u, o5ty + 0} Au,), Au,,) < K
We use part (iii) of Lemma 1 to obtain
d 2 2 2 2 3 2 2 2 3/2 2
5 g (%o lamll” oy 1A, %) 47 vlao | du,, "+ oy | 477w, )

< e Ml I el 03 142, ) | A1, |72 | 4% 2, |+ K,
<c llu,l(agat" +od) |47 2u, | | Au, | + K,

By Young’s inequality we have

v
(o5 lel* +oci |4, |*) +3 (6 | a4 ] |4*u,,|?)

N —
YW

< flunll* (347" +ai)* (vai) 7 |Au,|*+ K, (19)
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We integrate the above equation over (s, ¢) and use (17) and (18) to obtain:

o5 et (DI + 0t [ A, (D17 < 0 14, (N + 7 | A1, ()] +2(2 —5) K,

2ck,2

g’ 4( At +a)* [(t—9) K, +k, ]
(V‘xl)

Now, we integrate with respect to s over (0, #) and use (18) to get

t(og (DI + o |Au,, (D)%)

1 2ck? t’K
<= (K, )+ 2Ky e (AT ) | ik, | (20)
v (vap)* oy 2

forall t > 0.
Fort> vih we integrate with respect to s over the interval (¢ —VLAI, 1)

1
— (@l (O +23 |4, (O])
1

<1 ! — K, +k ! 2K
= ﬂ,l 1 1 il 2

2ck? ) 24 1 K, Kk
{35 o

From (20) and (21) we conclude:
o [l (N> + ] |Au,, (1)]> < Ky (2) (22)
for all ¢ > 0, where k,(¢) enjoys the following properties:

(i) k,(¢) is finite for all £ > 0.
(i) k,(?) is independent of m.

(iii) If u™eV, but u™¢ D(A), then k,(¢) depends on v, f, a, and «;.
Moreover, in this case lim, , o+ k,(¢) = co.

(iv) lim sup,_, k,(?) = R} < 0.

Returning to (19) and integrating over the interval (¢, ¢+7), for >0
and 7 > 0 and using (22) we get

Ltﬂ (a5 [y, () +acf |4 2w, (5)|?) ds < ks (2, 7) (23)
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where k;(¢, 7) as a function of ¢ satisfies properties (i)-(iii) as k,(¢) above.

Also, there exists 7; large enough, depends on (a2 |u™|?4+a? [u™]?), but
independent of m, such that

1
2 [ " (02 |Au, (5)*+ a2 |4 u, (s)?) ds < 2R forall ¢>T,
0

H3-Estimate (via the vorticity)

Let us denote v,, = o,u,, +a, Au,, and g,, = V x v,,. The Galerkin system
(15) is equivalent to

d
%-FVAUm_Pm(um qu) =me

Let us take Curl of the above equation, keeping in mind that we have
periodic boundary conditions, to obtain

d
v AGy =V X (By(hy X G)) = VX B, f

Notice that V-g,, =0 and that P,gq,, = g,,. Let us take the inner product of
the above equation with ¢,

1d
EE |qm|2+v ||qm||2—(VX (Pm(um qu))’ qm) = (prmf9 qm)

We use the identity
[ (Vxd)-ypdx=] ¢-(Vxy)dx (24)
to reach
1d
3 7710l +V 1l = (Bt X 0), V% @) = (B, f, V % 41)
Notice that P, (V xgq,) =V xg,, therefore

1d
EE |qm|2+v "qm"2= (um X Gms qum)+(f: qum)
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and upon applying (24)

1d

For every divergence-free function ¢, and for every ¢ we have the
identity

Vx(pxy)=—(¢-VIY+¥-V) ¢

As a result, we have

Thanks to the identity (3) we have ((&,,-V) ¢,., ¢,,) = 0. Now, we estimate
the right hand side of the above to get:

1d

3 77 1V 191> < € Nll s Nl 4111 ]

We use the Sobolev inequality (6a) and Young’s inequality to find

1d
za"’m' +V 1gll* < ¢ llgmll** gl IIumII+ If1? +—IIquI2

and we use Young’s inequality again to obtain
e N P A Pl T LY
2.dt ' ” mEETE Y

Let us denote z,,(¢) = v2A1/? +|q,,(¢)|% then

dz ¢ lu.OI* | If1?
d_< (t)< V3 +v3/1{/2

We use (17) to obtain
2,,(£) < 2,,(s) o (KIVaD+ WP ) ae
m m
for every 0 < s < ¢. From the definition of z,, we observe

2, (5) < c(0tg [ Ay, ()1 +f |47 2u,, ()1 +v2217%)
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Now, we integrate with respect to s over (3, #) and use (23) to get

2 tt
m(t) < |:_ <2 2) VZ/H/Z :| ejo (k3 Ve D+ (P /Y 11/2))111 k3(l) (25)

Here again k;(¢) enjoys the properties (i1)—(iii) of k,(¢), mentioned above. [

Remark 1. Notice that by establishing the estimate (25) for |g,,| one
indeed is providing an upper bound for the H*norm of u,,. Similar esti-
mates for the H*-norm of u,, can be also obtained by considering first the
Galerkin system (15)

d ~
%—FVAUm +PmB(um’ UM) = me

taking the inner product with Av,, and then following a sequence of
inequalities and estimates to achieve an upper bound for ||v,,|-
Let us now summarize our estimates. For any 7' > 0 we have

(1) From (17):

ki

”um”iw([o, vy S 3 or ||Um||L°°([0 V) S <k
1

o

(i) From (18) we have

2 ky(T) ky(T)
||um||L2([0, T D)) S Vo or "Um||L2([0, TLH) .
1
(iii) From (22)
E2(T)
||”m||i°°([r, T3 D)) S e or ||Um||L°°([z TLH) S kz(f)
1

for any 7 € (0, T'], where k,(t) - oo as 7 — 0™.

dum dvm

Next, we establish uniform estimates, in m, for =~ and =~

Recall (15)

t Um(t) = _ng(uma Um)_VAUm+me
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From the above estimates and part (v) of Lemma 1 we have

CEz(T)
140,011 220, 71, pay) < -

and
o c
1P, Bt 0, )y < € | et [0, o [V 24l
1
Consequently
~ ) ck ke, (T)
| P, B(4,, Um)”LZ([O, T, D(4)') < W
Therefore
dv,, ||? ~
‘—'" <k(T)
dt || 2o, 73 (ay)
and in particular
du,, ||? k(T
- < >
dt |2qomm o

where k(T') is a constant which depends on v, A,, f, &, &, and 7.
By Aubin’s Compactness Theorem (see, e.g., [13] or [31]) we
conclude that there is a subsequence u,, (¢) such that
u,, > u(t)  weaklyin L*[0,T], D(4))
u,, — u(t) strongly in L*([0,T],V), and

Uy — U in C([0,T], H)

or equivalently

v,y —>v  weaklyin L*[0,T], H)
vy —»v  stronglyin L*[0,7T],V’), and
Uy >0 in C([0,T1], D(A)")

where v is given in (9).



18 Foias, Holm, and Titi

Let us relabel u,, and v,, by u,, and v,, respectively. Let w € D(A4), then
from (15) we have

(v,,(2), w)+v ft (v,,(5), Aw) ds+ft (E‘(um(s), v,.(s), P,w)ds

= (0,(1), W)+ (f, P,w)(t—1o)

for all ¢,, z € [0, T']. Since v,, —» v weakly in L*([0, T']; H) then v,,(s) — v(s)
weakly in H, for every s € [0, T]\ E, where |E| = 0. In particular, there is a
subsequence of v,,, which we will also denote v,,, such that v,,(s) — v(s)
strongly in V' and D(A)' for every s ¢ E.

Now, it is clear that

lim t (v,,(s), Aw) ds = Jt (v(s), Aw) ds

m— o0

also that lim,, , ,, |P,,Aw— Aw|=1lim,, , , |w—w,,| =0. On the other hand

<IPHIQ+1Y

[| (Bl1a(5). 00 (5)), Paw) = CBu(s), (), W(5) >y ds

19 =

[| <Bn5), vu5)). Pow(s)=w(5) )y

by part (v) of Lemma 1 we have

me ¢

19 <5175 | (it (O] on ()] 1Py — Aw]) ds
1 fo
applying Cauchy-Schwarz inequality
c T 1/2 T 1/2
19 <5 ([} a5 ) ([ Iow(oP s ) £t

and hence lim I =0.

m—>0o *m

19 =

[ Bl () =1,(5), 00 (5), WDy ds
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Again thanks to part (v) of Lemma 1

19 <517 [ ln) =N o ()] ] ds

and by Cauchy-Schwarz

19 <5 ([ o —uas) ([ lenoras ) pan
m \11/4 m 0 m

Since v, bounded in L*[0,T]; H) and u, »u in L*[0,T],V) we
conclude that

lim 7I® =0
m— o0

Finally,

=

" (B, v—v,), Wy ds
)

by virtue of part (v) in Lemma 1, and since v,, — v weakly in L*([0, T]; H),
we obtain

lim 71® =0

m— o0

As a result of the above we have for every ¢,, 1 € [0, T]\ E

(@), )+ [ (0(s), w) ds-+ [ <Buls), o(s), wypiay ds

= (v(t), w)+(f, w)(t—1,) (26)

for every we D(A). Notice that since |v,,(#)|l=¢o 71,y < ki, and since
0,,(t) = v(t) strongly in V"' for every t € [0, T]\ E, we have [[v(?)||=qo, 1.7
< k,. Moreover, because D(A) is dense in V', (26) implies that v(¢) €
C([0,T]; V") or equivalently u(t) e C([0, T], V).

In particular, from (26) we conclude the existence of a regular solution
for the system (8).

Uniqueness of Regular Solutions

Next we will show the continuous dependence of regular solutions
on the initial data and, in particular, we show the uniqueness of regular
solutions.
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Let u and # be any two solutions of Eq. (8) on the interval [0, 7], with

initial values u(0) =u™ and @(0) =" respectively. Let us denote v=
(du+a3Au), o= (ajii+aiAir), Su=u—i, and by év=0v—o. Then from
Eq. (8) we get:

% v+ vAv+ B(du, v) + B(i, dv) =0

The above equation holds in L*([0,T], D(4)'), since Jdu belongs to
L*%[0, T], D(A)), the dual space of L*([0,T], D(A)"), we use Lemma 1 to
obtain

d -
<— v, 5u> + (g [|6ull>+ o |4 6ul®) + < B(it, 6v), Suypiay =0
dt D(4)

Notice that (%, oudpy =3 % (a§ |oul*+ai ||oul®), (see, e.g., [35], Chap. III,
Lemma 1.2). As a result we have:

1d ~
oW (05 10ul® +act 10ull®) +v(ag l0ull® +act |4 0ul®) + < B(@, 0v), dudpay =0
Now we use part (vi) of Lemma 1 to get

1d
5 75 (00 10l ok 10ull®) +v(ag 0ull* +act |4 oul®)
< c(llal) ' | 4@l 16v] lloull + | 4@l 60| |0u]'"? oull''?)

and by Young’s inequality we have:
o @3 0™+ 10ul®) (e o+ 14 6ul?)
<l VA 0wl + | s 10w 9wl +3 (e Joul*+oc} 14 0uf)
< W A (e Ol o} 0u)+3 (e 0w+ oc} 14 o)
Hence,

t ¢ |Ai(s)|?
(a5 [0u(2)]*+ o3 [|0u(2)]|?) < (af [0u(0)]> + o} [|6u(0)]|*) exp <L _v|a2/1(1/)2_| ds>
17%1
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Since @ e L*([0, T], D(A)) we conclude the continuous dependence of the
solutions of (8) on the initial data on any bounded interval [0, T']. In par-
ticular, we conclude the uniqueness of regular solutions.

Remark 2. Following the techniques introduced in [22] (see also
[19] and [29]) we can easily show that if the forcing term, f, in Eq. (8)
belongs to a certain Gevrey class of regularity then the solutions of (8) will
instantaneously belong to a similar Gevrey class of regularity. Specifically,
in this situation the solution will become analytic in space and time. In
particular, one can also provide uniform lower bounds for the radii of
analyticity (in space and in time) for the solutions that lie in the global
attractor (see Section 4 for the existence of a compact finite dimensional
global attractor.) As a result of this Gevrey regularity one can also show
that the Galerkin approximating solutions, introduced earlier, converge
exponentially fast in the wave number m, as m — oo (see, e.g., [15], [23],
and [28]). Furthermore, one can use this Gevrey result to establish
rigorous estimates for the dissipative small scales in Eq. (8) (see, e.g., [16]).

4. ESTIMATING THE DIMENSION OF THE GLOBAL ATTRACTOR

Let S(¢) denote the semi-group of the solution operator to Eq. (8), i.e.,
u(t) = S(¢) u™. Tt can be easily shown, from the proof of Theorem 3 and
Rellich’s Lemma (see [1]), that S(¢) is a compact semi-group. Let us recall
(see (13)) that the ball B, ={ueV : |u| <%} is an absorbing ball, in the
space V. Consequently, the Eq. (8) has a nonempty compact global attractor

o = ﬂ <U S(I)Bl>
s>0 \t>s
(see, e.g., [2], [13], [24] and [36]).

In this section we employ the trace formula (see, e.g., [12], [13], and
[36]) to estimate the Hausdorff and fractal (box counting) dimensions of
the global attractor .« in terms of the physical parameters of the Eq. (1).
First, let us recall the Lieb—Thirring inequality

Lemma 4 (The Lieb—Thirring inequality). Let {l//j};-\;l be an ortho-
normal set of functions in (H)*=H @ --- ® H . Then there exists a constant
Rl i

k-times

Cr, which depends on k, but independent of N such that

N 5/3 N
L) <Zl 'ﬁ;(x)‘//](x)> dx < Cyrr Zl L? (lej(x): Vll’j(x)) dx (27)
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Next we will present a new technical lemma which we will use in esti-
mating the dimension of the global attractor.

Lemma 5. Let {¢;}!_, =V be an orthonormal set with respect to the
inner product [ - ,- | which is defined in (2), i.e.,

Lo, (ﬂj] = “%((Pia %)‘i‘“%(((/’i, %)) = 51‘]‘
Let lp (x) - (‘xo(ﬂ](x) o 6x1 (p](x) 4] 6x2 (p](x) 4] 0x3 (p](x))T and ¢2(x)

S i=1 (@;(x)-@;(x)) it . Then, there exists a constant Cy, which is indepen-
dent of N, such that

/2

lo(ol= < g < % [, 0: Vi) dx> (28)

Proof. Let &;eR, j=1,..,N, to be chosen later. By Agmon’s
inequality (7) we have

N 2 N 2
o« | Y E(A ) (x)| +o Z &i9;(x)
j=1 i=
N N
<cg| Y &0 Z o +eoad | 2 &
j=1 j=1 j=1
and by Cauchy-Schwarz
N 2 N 2
“g z fj(Ail/z%)(x) ‘HX% Z éjq)j(x)
j=1 j=1
, N : N 22/ N 2 N 2\1/2
<c<<x0 Z fj(/’j +oy Z éj(ﬂj > <°‘0 Z éj(ﬂj + o Z éjA(pj )
j=1 j=1 j=1 j=1

N N 1/2 / N 5 1/2 ) N ) N 1/2
c[z £0, S f,wj] <Z é,») (ao S g2 4od S |A<p,~|2>
j=1 j=1 j=1 j=1

i=1

Since [¢;, ;] = J;; we have

2
2 2
oy +oy

3 &A™ )0

‘21 fj(ﬂj(x)

N N N 1/2
<c<z é?)(aé S JolP+al Y |A<oj|2>
j=1 j=1 j=1

1/2

<e(38)($.1,w i)
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Let i e {1, 2, 3} be fixed, we choose &; = ¢;;(x), from the above we have

1/2

(% i) <e (X 03 ) (X [, o v oo )

Now we sum over i, i = 1, 2, 3, to reach

) N 1/2
< (X ], (00 : Vo) d
j=1
which concludes our proof. O

Theorem 6. The Hausdorff and fractal dimensions of the global attrac-
tor of the viscous Camassa—Holm (NS-a) equations, dy(</) and Dp(F),
respectively, satisfy:

do() < dp(at) <emax {6 (LY g (L )"
ydiy) gy

where G = 2";'/4 is the Grashoff number and, as before < =min { R } .
%o A1A]

Proof. The linearized equation (8) about a regular solution u(¢) takes
the form

d ~ o
7 ov+vA v+ B(du, v) + B(u, ov) =0 29)

where v(f) = aju+aiAu and v =aidu+a’d ou. Notice that du evolves
according to the equation

d—5u+vA Su+ (021 +a2A) " [ B(Ou, adu+ o’ Au)+ B(u, o2 du+a2A du) =0
(30)

which we write symbolically as

d
E&H_T(Z) ou=0
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Let 6u;(0), for j=1,...,N, be a set of linearly independent vectors
in V, and let du,(¢) be the corresponding solutions of (30) with initial value
ou;(0), for j=1,..., N. We denote

Iy(t) = Trace(Py (1) T()|pyyv) (€2

where Py(t) V=R v, (£)+Rv,(£)+ --- + RIvy(¢), and Py(¢) is the
orthogonal projector of V' onto Py () V' with respect to the inner product
[-,-] given in (2).

Let {@;(#)}}_, be an orthonormal basis, with respect to inner product
[-,-]of the space PyV, ie., [, ;]1=0;,i,j=1,..., N. We set

0 0 0 T
v =1 ap; o a_xl Pj> %y a_xz Pj> %y 8_)63 2]
Notice that (;, ¥,) =0y, j, k=1,..., N. We set

Yix, 1) = _Zl (i(x, 1) - y;(x, 1))

= “g z @i(x, 1) @;(x, t)+°‘% Z (V¢j(xa 1) : Vo,(x, 1))

j=

Notice that by the Lieb—Thirring inequality (27)
[, WG )" dx < CLrQu()

where Qy(2) ;=Y [o (VW;(x, 1) : Vi (x, 1)) dx.
Let us denote 0,(x, 1) = age;(x, 1) +aide;(x, 1), for j=1,..., N. From
(31) we have

Iy(t) = Z [T() ¢;(-, 0, 9;(+, D]
=V Zl [A(pja %] + ‘Z:] (E((p}’ U)a ¢;)+ ‘Z:l (E(us aj)’ (0])

ji=

and by virtue of (4) we have

() =v Z,l [A(Pja (Pj] + Z‘l (E(u, ‘9]‘), %)
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Observe that

N

N N
z [A¢ja (ﬂj] = 0‘3 z (A(ﬂja (Pj)'Hx% Z (A(Pj» A(Pj)
j=1

=% |, (W5 0: V(1) dx = 0 (0)
Thus

Tn(1) =vOy () +Iy(0) (32)

where 4, (1) := j-v=1 (B(u, 0,), »;). Let us now estimate #y(¢). Using (4)
and (3) we have

In(t) = Z [((u-V) ), 9)+((9;-V)u, 0))]

Z [—((u-V) D ej)+(((pj'v) u, Hj)]
again by (3)
I(t) = z [_‘x%((”'v) Djs A%)"'“g(((ﬂj'v) u, ¢j)+a%((¢j'v) u, A(”j)

ji=1

integrating by parts and using (3)

N 3 a a N
Iy(t) = Z Z_: “% <<a_ku V>(Pjaa_xk¢j>+“g Zl ((q’j'v) u, (ﬂj)

Therefore,

Al <e | (Vulx, 1) Vulx, 1) Y2(x, 1) dx

vet [ [(li(ajz@ o )>2>¢2(x,t)

X <§: (Vo;(x, 1) : Vo, (x, t))>}l/2 dx
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where ¢?(x, t) = Zf;l (¢;(x,1)-9;(x, 1)). As a result we have

(Ol <e | (Vulx, 1) Vulx, )2 2(x, 1) d

+ay L) Y(x, 1) p(x, t)< 23: < o u(x, t)>2>1/2 dx

ki=1 0x; 0x;,

Thanks to (28) we have

WOl <e | (Vule, 1) : Vulx, )2 42(x, 1) dx

+c‘F/2Q}J“(r)fQ(§< ” u(x,z)>2>l/2l//(x,t)dx (33)

Kiz1 \0X; 0x;

and by the Holder inequality we get

3/5 1/2
ol < Wl [ s 0P dx )00 L (], vy dv)

Since [¢;, ;] = J;; we have jg Y*(x, 1) dx = N. Therefore, the above gives

Aol <e Tl ([ 00y dx )00 Laul N

Applying the Lieb-Thirring inequality (27) we obtain
N 3/5
01 < cesr 9l (3, [ (V5 0): 95, )
j=1

+cQV4(2) |Au| N2
that is
|2y (D] < ¢ [Vull s Q3 (1) +cQN* (1) |4u] NV/?

Applying Young’s inequality

4 Vv N2\1/3
| Ay ()] < e IIVullié?Z —}—5 Ox(®)+c |Au|4/3 <T>
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then using Holder’s inequality
v N2\1/3
01 < IVl IV 45 00+ Ll ()
and by virtue of the Sobolev inequality (6¢c) we obtain
NZ 1/3
Ol 1l L+ 00 e Laul*> ()
v

using Young’s inequality again we reach

c " ”1/2 ) a5 N2\1/3
01 <57 4t 0 I+ L4uP) 3 00+ L (- )

Substituting in (32) we get:

¢ |lu'? N2\!/3
Iy(1) < QN(t) W(“o el +oc} | Aul®) —c | Aul* | — ”

Now, we require N to be large enough such that

1
lim inf - " T(s)ds>0 (34)
0

T -

According to the trace formula (see [12], [13] or [36]) such an N will be
an upper bound for the fractal and Hausdorff dimensions of the global
attractor. Observe that from the asymptotic behavior of the eigenvalues of
the operator A there is a constant ¢, such that

A= P for j=1,2,..

Therefore, since Qy(z) is the trace of the operator A restricted to some
subspace of dimension N, we have

N
Oy(0) = Z A= ¢\ N (35
j=1
Let us require N to be large enough so that

17 N> \1/3
VA, N°/* > ¢ lim sup <f.[ |[Au(s)|*? ds><7 >
0

T —» o
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and
VAN > o lim sup o [ O @ P+ uts)) ds

For such an N the inequality (34) is satisfied, and thus N provides an upper
bound for the fractal and Hausdorff dimensions of the global attractor.
By Holder’s inequality we have

2/3
lim sup — J |[Au(s)|*? ds < lim sup <TJ |Au(s)|2>

T - o0 T - ©

and thanks to (14) we get

T -

GZ 2}‘1/2 2/3
lim sup — '[ |[Au(s)|*? ds < <v—21>
Yy
Therefore, from the above, (13) and (14) we have

dy(/) <dp(o/) < cmax{ G*? L7 G2 IR
J’“%/ll ’ 0‘372/11“%

which concludes our proof. O

5. NUMBERS OF DEGREES OF FREEDOM IN TURBULENT
FLOWS

An argument from the classical theory of turbulence [30] suggests
that there are finitely many degrees of freedom in turbulent flows. Heuristic
physical arguments are used to justify this assertion and to provide an
estimate for this number of degrees of freedom by dividing a typical length
scale of the flow, L, by the Kolmogorov dissipation length scale and taking
the third power in 3D. The resulting formula is usually expressed explicitly
in terms of the mean rate of dissipation of energy and the kinematic visco-
sity. In analogy with this heuristic approach we will derive here an estimate
for the “dissipation” length scale (i.e., what would correspond to the
Kolmogorov length scale) for the viscous Camassa—Holm (NS-a) equations
in terms of the mean rate of dissipation of “‘energy” and the kinematic vis-
cosity. We will also show that the corresponding number of degrees of
freedom is proportional to the dimension of the global attractor. This, in
a sense, suggests that in the absence of boundary effects (e.g., in the case
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of periodic boundary conditions) the viscous Camassa—Holm equations
represent, very well, the averaged equation of motion of turbulent flows.
Hence, one is tempted to use the viscous Camassa—Holm equations as a
closure model for the Reynolds equations, which represent the ensemble-
averaged Navier—Stokes equations. Indeed, this idea motivated our studies
in [5], [6] and [7], and it also led to a physical derivation in [26] (see also
[6]) of the viscous Camassa—Holm (NS-a) equations, in the inviscid case,
as averaged equations.

As before, we denote v = aju+a’ Au, hence Eq. (8) and Eq. (10) take
the form

%+VAU+E("" v)=f (36)
u(0) = u™

In analogy with Kolmogorov’s mean rate of dissipation of energy in tur-
bulent flow [30] we define

etwn) =12 [ timsup [ @3 W+ b as| @)

T > o0

the mean rate of dissipation of “energy,” and

€= sup e(u™)
u"e ot

the maximal mean rate of dissipation of energy on the attractor. From
equation (33), and since j V*(x,t) dx = N, we have:

WDl <e | (Vulx, 1) : Vulx, )12 42(x, 1) dx
+cC QN (0) ul N2
and by Holder’s inequality we have
|y (O < ¢ | Val s 205 + QN (2) | Au| N2

Again by Holder’s inequality and (6) we get

7/12 1/4
|2 (D] < ¢ | 4u(?)| < fg Y2(x, 1) dx) < L} W4(x, 1)) dx>

+cQN* (1) |Au(t)| N/
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Using the Lieb-Thirring inequality (27) and j Y*(x,t) dx = N we obtain
|V (D < ¢ [du(t)] N72QNH (1) +¢Q,/* (1) |Au()| N
and hence
|2 (O] < ¢ |Au(t)] N0 (1)
After applying Young’s inequality to the above and substituting in Eq. (32)
we obtain

Tt >3 Ou()—ev™ NP | du(o)|

Therefore, in order to satisfy (34), and based on the above, it suffices to
choose N large enough so that for every trajectory u(¢) on the global
attractor ./ we have

1 pr
lim inf B 04 (1) —ev="PN""® | 4u(2)|*? ] di >0
0

T -
Therefore, such a large N is an upper bound for the dimension of the
global attractor. Based on (35) it suffices to require
1,7
V3 NP N7 > ¢ lim sup —f |Au(s)|** ds
T — TJo
for every solution u™ € &/, i.e.,

1,7
V33, N3 > ¢ sup <1im sup J_"J | Au(s)|*/? ds)
0

e T >0

On the other hand, using Holder’s inequality and (37) we have

. 1 7 4/3
sup | lim sup fjo |[Au(s)|*° ds

e T >

. 1 7 2/3
< sup (11m sup TJ | Au(s)|? ds)
0

e T - ©

: 1 T 2 2 2 2 23
< sup | lim sup ﬁf (g le()|* + ot |Au(s)|?) ds

e o T 170

Grem) <)
< su — 5 <| —7———
e \Va (@2 ,) VA (a2 )
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Therefore, every N large enough such that

€\ 38
Neel -
‘ <v%(a?zl)> 38)

is an upper bound for the fractal dimension of the global attractor, and
hence is an upper bound for the number of degrees of freedom in turbulent
flows.

We set the dissipation length scale, in analogy with the Kolmogorov
dissipation length scale in the classical theory of turbulence, to be

()"
€

Then Eq. (38) leads to the following

Theorem 7. The Hausdorff and fractal dimensions of the global
attractor of the viscous Camassa—Holm (NS-o) equations, dy(<f) and
dp (), respectively, satisfy:

c I\
() <) < ()

This estimate for the number of degrees of freedom is consistent with
the conventional estimate a la Kolmogorov-Landau-Lifshitz [30]. In par-
ticular, the number of degrees of freedom scales as the cube of the ratio of
the domain size divided by the Kolmogorov dissipation length scale (times
a factor involving the fixed ).

6. CONVERGENCE TO THE NAVIER-STOKES EQUATIONS

We observed earlier that the system (8) reduces to the Navier—Stokes
for oy =1 and a; = 0. In this section we will fix o, =1 and investigate the
convergence of the solutions of the system (8) as a; — 0%, and relate the
limit to the Navier-Stokes equations. We will be studying further the rela-
tion between solutions of the system (8) and the 3D Navier-Stokes equa-
tion in a subsequent work. In particular, we will investigate the conver-
gence (in a suitable sense) of the global attractor of the system (8) to the
global attractor of the 3D Navier—Stokes equations, as it was defined by
Sell in [34], and to the “universal attracting” set introduced in [21].
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Theorem 8. Let f e H ,u"eV ando, =1. Letu, andv, =u, +othual,
denote the solution of the initial-value problem (8) (or equivalently (36)).
Then there are subsequences u,;, v,;, and a function u such that as of > 0F
we have:

(i) u, — u, strongly in L} ([0, w0); H);

(ii) uy —u, weakly in L3, ([0, 00); V);

(iii) for every T €(0,00) and every we H we have (u,(t),w)—
(u(?), w) uniformly on [0, T];

(iv) v, — uweakly in L; ([0, ©0); H) and strongly in L} ([0, o0); V).
Furthermore, u is a weak solution of the 3D Navier—Stokes equations with the

initial data u(0) = u™ (for the definition of weak solutions to the 3D Navier—
Stokes equations see [13] and [35].)

Proof. Let T>0 be fixed. From the proof of Theorem 3 and by
passing to the limit one can show that the estimates (17) and (18) also hold
for the exact solution of the system (8). That is

4, (D + 0t [y, (D* < Ky

and
T —
v fo (It ()N* + o} |Au,, (5)1?) ds < kep(T')

This implies that there are subsequences {u,;} and {v,;}, and correspond-
ing functions u and v such that:

{ug}>u  weaklyin L*[0,T];V)

and
{vg} >v  weaklyin L¥[0,T]; H)
asof - 07,
Next we will use the above estimates and Eq. (8) to show that
| . du, (2)|? T || du, (¢) ||
AT ) de = —= dt < K(T 39
JO dt -[0 dt D(4) ( ) ( )
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for some constant K which depends on 7', but is independent of «,. Indeed,
from Eq. (8) (or equivalently (36)) we have

du -
d—;“+vAual +(+03A) 7" B(u,, v,) =T +aid)' f

Thus

du, (¢ ~
4 H O] <o 14T 240 Bl 0011471

In order to prove (39) we only need to find the proper estimate for
|47 (I +ai A) ™" By, 0,) < |47 Bty 0,,)|
Applying part (v) of Lemma 1 we obtain

|47 By, 00,)] < €ty | et 172 100, |4 A% [0, ot )

1/4

AT vy, |l |

<
<2ch
< 267 ot Nt |+t 1Aty 1)

As a result of the above estimates we have

|47 Bty 0,1 < 8272 (it I oty 1+ (o ot 1)} | A, 1))
<8272k (g 11+ o} | Au, 1)

and by integrating the above estimate over the interval [0, 7] we have

- k(T
[T 147 B (00, v 01 de <2 g,

From all the above we conclude (39).

By virtue of the above estimates and Aubin’s compactness Theorem
(see, e.g., [13], [31], or [35]) there exists a subsequence, which will also be
labeled by {uu{ }, that converges to u strongly in L*([0,T]; H). Further-
more, since

T k,
[T 142040 g )P de = @) [ g I di < (@2 2

we have that v,; — u strongly in L*([0, T']; V'), as af — 0*; and that v(¢) =
u(t) a.e.in [0, T].
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As a result of these estimates one can extract subsequences, which will
be also labeled by {u,; } and {v,; }, respectively, and show that as a} — 0*

E‘(umjl' s Uyl ) = B(u, u) = B(u, u) weakly in L%([0, T]; D(A4)")

by following an approach similar to that used in the proof of Theorem 3.
This finishes the proof of the theorem. O
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