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Abstract

In this paper we consider a three-dimensional planetary geostrophic viscous
model of the gyre-scale mid-latitude ocean. We show the global existence and
uniqueness of the weak and strong solutions to this model. Moreover, we es-
tablish the existence of a finite-dimensional global attractor to this dissipative
evolution system. (© 2003 Wiley Periodicals, Inc.

1 Introduction

The starting point for many models in ocean and atmospheric dynamics uses the
so-called Boussinesq approximation equations with rotation. These are, roughly
speaking, the Navier-Stokes equations with rotation, forced by the heat buoyancy
and coupled with the heat transport equation. Since the heat transport equation
satisfies some sort of maximum principle, one is able to show that the tempera-
ture remains bounded in various L”-norms for all time. Therefore, in studying
the question of global regularity and well-posedness for this system of equations,
one faces the same mathematical difficulties as in the case of three-dimensional
Navier-Stokes equations with rotation. This is because, in both cases, the momen-
tum equations are the same, and the subtlety in dealing with the nonlinearity, the
advection terms, is similar. However, due to the rotation and other geophysical
situations, such as the shallowness of the oceans and the atmosphere, geophysi-
cists take advantage of certain geophysical balances, such as geostrophic balance
or hydrostatic balance, to derive reasonable, yet simplified, balanced models [30].
Averaging in the vertical directions, justified by shallowness, some of these mod-
els are two-dimensional, such as the Charney-Stommel ocean circulation model
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(cf. [4, 30, 37]). Some of these models are, therefore, treated using the same math-
ematical tools used for the two-dimensional Euler and Navier-Stokes equations
(see, e.g.,[2,9, 10, 18, 19, 25, 26, 29, 42] and references therein).

In this article we consider the following planetary geostrophic viscous model
(see [32, 34, 35)):

(1.1 Vp—l—flzxv—i—ele:O,
(1.2) p+T =0,

(1.3) V-v+d,w=0,

(1.4) T +v-VT +wo, T+ L, T =Q,

in the domain

Q=M x (—=h,0) C R?,
where M is a bounded smooth domain in R2, or the square M = (0, 1) x (0, 1).
Here v = (vy, v2), (v1, va, w) is the velocity field, T is the temperature, and p is
the pressure. f = fy(B + y) is the Coriolis parameter, Q is a heat source, and € is
a positive, dimensionless constant. The operators L and L, are given by

(1.5) Ly =—A,A — Ad2,
(1.6) L, = —K,A — K,92,

where A, and A, are positive molecular viscosities, and K; and K, are positive
conductivity constants. We set Vp = (d,p,d,p), V- v = 09,v; + 9d,v2, and
A=9d2+ 8y2. We denote the different parts of the boundary of Q2 by

(1.7) r,={kx,y,2)€eQ:z=0},
(1.8) [y ={(x,y,2) € Q:z=—h},
(1.9) I ={(x,y,2)€eQ:(x,y) € IM}.

We equip the system (1.1)-(1.4) with the following boundary conditions, with
wind-driven on the top surface and nonslip and nonflux on the side walls and bot-
tom (see, e.g., [30, 31, 34, 35, 36]):

v oT N
(1.10) onl',:Ay,— =1, w=0, - K,— =a(T —-T7),
0z 0z
9 9T
(1.11) onT): 2 =0, w=0, == =0,
0z 0z
. v AT
(1.12) onT,:v-7i=0, 2 xi=0, = =0,
on on

where 7 (x, y) is the wind stress, 7 is the normal vector of I'y, T*(x, y) is the typical
temperature of the top (upper) surface, and o > 0 is a positive constant.

Due to the boundary conditions (1.10)—(1.12), it is natural to assume that 7*
satisfies the compatibility boundary condition

oT™*
(1.13) — =0 ondM.
on
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In addition, we supply the system with the initial condition
(1.14) T(x,y,2,0) =To(x,y,2).

We became familiar with this model (1.1)—(1.14) from [32], where the authors
established global existence (without uniqueness) of the weak solutions and short-
time existence of strong solutions. These are similar to the well-known results
for the case of the three-dimensional Bénard convection problem and the three-
dimensional Navier-Stokes equations. However, the main difference between this
model and the three-dimensional Bénard convection with rotation lies in the mo-
mentum equations. In this model the momentum equations are linear in the veloc-
ity field. In particular, the main obstacle to proving the global regularity for the
three-dimensional Bénard problem (as well as the Navier-Stokes equations), the
nonlinear advection term (u - V)u, is absent in this case. In this paper we take
advantage of this very fact, in addition to the “maximum principle” for the temper-
ature, to establish the global regularity of the strong solution and the uniqueness of
the weak solution for this geophysical model.

It is worth noting the similarity between this model and the model of Bénard
convection in a porous medium. In the latter the Darcy law is used to model the
balance of momentum. As a matter of fact, the global regularity of the three-
dimensional Bénard convection in a porous medium is proven in [12] and, by using
a different approach, also in [28]. Indeed, the main idea used here is inspired by
[12, 13, 28]. We would like to emphasize that our proofs rely on certain technical
elliptic regularity results for nonlocal, Stokes-type, second-order elliptic systems
in domains with corners. Such results are readily available in the classical literature
for the case of smooth domains (see, for example, [23, 41]). However, due to the
fact that our physical domain €2 has corners, one can use similar techniques to
those developed in [21, 44] to obtain the needed elliptic regularity. Such elliptic
regularity results have also been used recently in [20] for studying the primitive
equations in domains with corners.

In a recent work [33], which was brought to our attention by S. Wang after we
completed an earlier draft of this paper, the authors proved the global existence of
strong solutions to the system (1.1)—(1.14). However, they established their result
under a stronger restriction on the initial data, namely, that either 7y € L*°(£2)
or Ty € H*(Q), which is needed for the proof of the maximum principle on T.
Here, we show the global existence of strong solutions under a milder condition,
namely, Ty € H'(), thus avoiding the direct use of the maximum principle for T
and thereby answering one of the three open problems posed in [33]. Moreover, we
establish the uniqueness of weak solutions and the existence of a finite-dimensional
global attractor, the remaining two open problems posed in [33]. Our results for
this three-dimensional model are in a sense similar to the well-known results for
the two-dimensional Bénard convection and Navier-Stokes equations.

In the inviscid case, i.e., ¢ = 0, the natural physical boundary condition for
the velocity field is no-normal flow, i.e., v - 7 = 0. The natural physical boundary
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condition for the temperature on the literal boundary is no-heat flux (see, e.g.,
[34]). Due to the rotation, i.e., f # 0, the no-normal flow dictates an additional
independent boundary condition on the temperature that makes the heat parabolic
PDE overdetermined with boundary conditions and hence ill-posed. For further
details about the physical and numerical background and history of this problem,
the reader is referred to [34] and references therein.

To remedy this situation, the authors of [34] introduced, in an ad hoc fash-
ion, a fourth-order diffusion term in the temperature equation that compensates for
the additional boundary condition. Samelson, Temam, and Wang [32] studied the
well-posedness of the inviscid system by adding a bi-Laplacian to the heat equa-
tion. To take advantage of the dissipation nature of the bi-Laplacian, the authors of
[32] supplemented this operator by yet another boundary condition that is indepen-
dent of the previous two boundary conditions imposed on the temperature, thereby
making the hyperdiffusion problem overdetermined. In a subsequent paper [3], we
introduce a proper fourth-order diffusion operator, which is dissipative when it is
subject to the two natural physical boundary conditions for the velocity field and
temperature, namely, no-normal flow for the velocity field and no-heat flux at the
literal boundary. Moreover, we prove the global well-posedness and regularity of
both the weak and strong solutions to the above-mentioned inviscid hyperdiffu-
sion, thermocline planetary geostrophic model. Furthermore, we also show that
this model possesses a finite-dimensional global attractor.

The rest of this paper is organized as follows: In Section 2 we introduce the
functional setting. In Section 3 we establish the existence and uniqueness of the
global weak solution. In Section 4 we prove the global existence and uniqueness
of a strong solution under the assumption that Ty € H'(2). In Section 5 we show
the existence of a global attractor for the system (1.1)—(1.14) and provide an upper
bound estimating its dimension.

2 Preliminaries and Functional Setting

2.1 New Formulation

Let us follow [32] to derive an equivalent formulation for the system (1.1)—
(1.14). By integrating equation (1.3) in the z-direction, we obtain

Z

2.1 wx,y,z,t) =wlx,y, —h,t)— / V.vx,y, & t)dE .
h

Since w(x, y,z,t) =0atz = —h and z = 0 (see (1.10) and (1.11)), we have

2.2) wx,y,z,t) = —/ V.v(x,y, & t)dE

h
and

0 0
2.3) / V-v(x,y,é,t)dézv-[ v(x,y,&,1)dE =0.

—h —h
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By integrating equation (1.2) with respect to z, we obtain
Z
2.4) peyizn = [ TGy e nd 4 puryn,
—h

where p(x, y,t) is a free function to be determined. Moreover, notice that by
setting

(2.5) T=T*+T,

we convert the boundary condition (1.10) to be homogeneous; namely, T satisfies
the following homogeneous boundary conditions:

aT

aT o ~
I (i)
aZ Z=—/’l aZ KU =

aT
—=| =0
nip,

2.6)

i
(=)
(b

(notice that we have also used the compatibility condition (1.13)). Based on all the
above, we get the following new formulation for the system (1.1)—(1.14):

(27) V|:Ps(xa%t) _/ T(X, )’» S?t)dg - (Z+h)T*(X, )’»f):|

—h
+flzxv+eL1v=O,

0
(2.8) V. / v(x,y,z,t)dz =0,
—h
Z

(2.9) ai+Lﬁ+u-vT—<v-/ v(x,y, & 1)dE )o,T +v-VT* = 0*,
—h

v ov R v
(2.10) — =1, — =0, v-nl =0, —xnl =0,
9z z=0 9z z=—h Iy n Ls
~ o ~ ~ 0 ~
(2.11) (EJZT—i-—T) =0, 0,T =0, —=T| =0,
KU z=0 z=—h on I
(2.12) T(x, v,2,0) = To(x, y,z) — T*(x, y),
where

0* = O + K,AT*.

In the above system, the unknowns are the vector field v(x, y, z, 7) and the scalar
functions p,(x, y, t) and T(x v, z,t), while T*, t, O*, and To are glven

It is clear that once we determine v(x, y, z, t), ps(x, y, t), and T(x, v,2,1), we
can easily recover, thanks to (2.1), (2.4), and (2.5), the original unknowns of the
system (1.1)—(1.14), that is, (v, w), T, and p, which makes the new formulation
equivalent to the original system (1.1)—(1.14).
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2.2 Functional Spaces and Inequalities

Let us denote by L*(Q) and H' (), H*(RQ), ..., the usual LZ—Lebesgue and
Sobolev spaces, respectively. We denote by

1/2
(2.13) IT| = (/ |T(x,y,z>|2dxdydz)
Q
for every T e L*(S2), and by
2.14) ||T| = (af|T(x,y,0>|2dxdy
'y

172
+ / [KalVT (x,y,2)° + K,10.T (x, y, 2)|*]dx dy dZ)
Q

forevery T € H'(R). Let

- [~ _ T aT ~ aT
V:{TGC"O(Q):— —0, <—+iT> 0, 2L :0}.
0z ——h 07 K, =0 on r,

We also denote by H’ the dual space of H'(2) with the dual action (-, -).
Next, we recall the following version of the Poincaré inequality (cf. [1, 43]):

PROPOSITION 2.1 The norm defined as in (2.14) is equivalent to the H'(2) norm;
namely, there is a constant K, such that

1 2 2 2
(2.15) Z NI ST ) < KilIT

for every T € H'(Q). Moreover, we have

(2.16) IT1?> < K|T|?> forall T € H ()
where
~ 2h 2h?
(2.17) K =max{—, .
a K,

For convenience, we state the following version of the Sobolev interpolation
inequalities (cf. [1]):

o1 e, llsary < CalllCe, Y5 1A GE DI )

1/3 2/3
e, sy < CalhGe, IS WG D50 )

and
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1/2
Pmugﬁzwmm)§CﬂﬂLyJM”Wg@Ju@mhm

(2.19)
||g(-x’ Y, Z)”L(’(Q) = CS”g(-x’ Y, Z)”HI(Q)

forall h € H'(M) and g € H'(RQ), respectively. Also, we recall the integral
version of the Minkowski inequality for the L”-spaces, p > 1. Let 2; C R™! and
2, C R™ be two measurable sets, where m and m, are two positive integers.

Suppose that f (£, n) is measurable over 2; x €2,. Then

P 1/p I/p
(2.20) [/(/ws,n)wn) ds] s/( i |f(s,n>|"ds) dr.

Q1 Qo 2

Hereafter, C, which may depend on the domain 2 and the constant parameters ¢,
fo, B, @, Ay, Ay, Kp, and K, in the system (1.1)—(1.14), will denote a constant that
may change from line to line.

Finally, we state the following proposition, which plays an important role in our
proof of the well-posedness to the model (1.1)—(1.14). The proof of this proposition
will be given in the appendix.

PROPOSITION 2.2 Let u = (uy, us) be a smooth vector field, and let f and g be
smooth scalar functions. Then

‘/(V./Z u(x,y,f,t)dé)fgdxdydz
—h
Q

1/2 1/2 1/2 1/2
ClE Ml 7 g ez o 81 18172

=

2.3 Regularity Results

In this subsection we recall some regularity results that will be used in our
proofs. First, by following the techniques developed in [21, 44] (see also [23, p. 89]
for the case of smooth domains), one can show the following regularity results for
solutions to the boundary value problem:

LT =: —K,AT — K,0°T = G(x, y,2) in Q

2.21) ~ o~ ~ )
@.T + 1) =0, 8T|__, =0, T|. =0.

PROPOSITION 2.3 Let G(x,y,z) € L*(Q) be given; anglv let T be the solution of
the boundary value problem (2.21). Then, for every T € V),

¢t g G
min{Kha Kv} B min{Kha Kv}

(2.22) Tl 2o < LT .
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Let T € Vbe an arbitrary function; notice that by integrating by parts and using
the boundary conditions (2.11), for all 7 € V we have
/ TLT dxdydz
Q
= — / T(KhAT + Kvazzf)dx dy dz
Q
(2.23) — / [Kul VT + K,19.T1*])dx dy dz — / K,T0,T dx dy

Iy

Q0

= / [Kul VT + K, 19,7 |])dx dy dz + a/ \T? dx dy
Q Ly
=171
As aresult of (2.16), (2.22), (2.23), and the Rellich lemma [1], one can show that
the operator L§ with domain

D(L%) = closure of V with respect to the H*(2) topology,

is a positive self-adjoint operator with compact inverse. Therefore, the space L2(<2)
possesses an orthonormal basis {¢y(x, y, 2)};2, of eigenfunctions of the operator
L such that

(2.24) Ligi(x, y,2) = Mei(x, y, 2)
where 0 < Ay < Ay < --- and limy_, oAy = 00. Moreover, we have the following
Weyl’s asymptotic formula (cf. [5]): There is a constant Cy > 0 such that
k¥
(2.25) —— <L <.
Co — M

We will let H,, = span{¢;, ¢, ..., $,} and P, : L>(Q) — H,, be the L*(Q)
orthogonal projection onto H,,.

Next, we recall the following regularity results, which will be used to show the
regularity of solutions of equations (2.7) and (2.8) with the boundary conditions
(2.10). First, being motivated by the two-dimensional Stokes problem, we consider
the following system:

(2.26) Vqs(x,y)+fl€xu(x,y)—eAhAu(x,y)z%r(x,y) in M,
Q27 V-u=0 inM,

(2.28) u-n=0, xn=0, on M .
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Here, the vector field u(x, y) and the scalar function ¢, (x, y) are the unknowns,
while 7(x, y) is given. One can follow the proof of the existence and uniqueness
theorem of solutions for the Stokes problem and the techniques developed in [21,
44] to show the following results (cf. [8, 17, 38, 39]):

PROPOSITION 2.4 Let t € Hy(M) be given. Then there is a unique solution
(gs(x, ¥), u(x, y)) (qs is unique up to a constant) of the system (2.26)—(2.28) such
that

() u e (H*(M))? and g, € H' (M), and

@ii) fory =0orl,

Ce
(2.29) €Al + 195 vy = ST W51y -

Furthermore, and again by following the techniques developed in [21, 44] (for
the case of smooth domains, see [23, p. 89] and [41]), we have the following regu-
larity results for solutions of the following three-dimensional second-order elliptic
boundary value problem:

(2.30) Vn(x,v,2)+ fkxv+eLiv=0 inQ,
ov av - v

(2.31) — =7, — =0, v-nl =0, —xn| =0.
0z z=0 9z z=—h Ty on Iy

Here v(x, y, z) is the unknown, while n(x, y, z) and 7 (x, y) are given.

PROPOSITION 2.5 Letn € H”(2), y =0or1,and t € HOl (M) be given. Then
there is a unique solution v € H" T (Q) of equations (2.30)—(2.31) such that

Cy
(2.32) Il g1y < j(unnm@ + €Il g1 )
where
(2.33) A = min{A,, A,}.

Finally, let us present our weak formulation of the system (2.7)—(2.12) and state
the definition of weak solutions. Again, as we mentioned before, the role of the
fundamental functional spaces in problem (2.7)—(2.12) will be played by H'(R)
and H', and not by H, (2) and H ' (£2), as in the Dirichlet boundary value problem
(cf. [23, pp. 61, 121]).

DEFINITION 2.6 Let To € L?*(R), and let S be any fixed pgsitive time. The vector
field v(x, y, z, t) and the scalar functions p,(x, y, t) and T (x, y, z, t) are called a
weak solution of (2.7)—(2.12) on time interval [0, S] if

ps(x.y. 1) € C([0, §1, L*(M)) N L*([0, S], H' (M),
v(x, y,z,1) € C([0, S], H(£)) N L([0, S1, H*()),
T(x,y,z,1) € C([0, ST, L*(£2)) N L*([0, S], H'(R)),

8T (x,y,z1) € L'([0, S], H')
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(recall that H' is the dual space of H 1(Q)), and if they satisfy

fV[ps(x,y,t)— (f(x,y,é,t)—i—T*)dé}quxdydz
—h
Q

(2.34) + /(fl_é X v)pdxdydz+ € f(Ath -V¢ + A,0,v0,¢9)dx dydz
Q Q

=/Avr¢dxdydz
Ty
and
t
/T(:)wdxdyder/ /(KhVT.vw+KUaZTazx/f)dxdydz
Q 0 Q
t -~ t
-I-oz/ / dexdy-l—/ /(U-VT*)wdxdydz
to JIy to
(2.35)

Q
+/t/ [(v-VT)w— (V‘/Z v(x,y,é,t)ds)aﬁw]dxdydz
fo —h
Q

=/T(t0)¢dxdydz+/ /Q*wdxdydz
0 o

Q

for every ¢ € (C*(R))? and ¥ € C®(L), and almost every 1, to € [0, S].
Moreover, a weak solution is called a strong solution of (2.7)—(2.12) on [0, S]
if, in addition, it satisfies

ps(x, y. 1) € C([0, S1, H' (M)) N L*([0, S], H*(M)),
v(x, y,z,1) € C([0, S], H(R)) N L*([0, S], H*(R)),
T(x,y,z.1) € C(0, SI, H(Q)) N L*([0, S], H*(Q)) .
(Notice that for strong solutions we require TO e HY(Q)).

Observe that the difference between our definition of weak and strong solution
is in the regularity of the temperature 7.

3 Global Existence, Uniqueness, and Well-Posedness
of Weak Solutions

Now we are ready to show the global existence and uniqueness of weak solu-
tions to the system (2.7)—(2.12).

THEOREM 3.1 Suppose that t € Hy (M), T* € H*(M), and Q € L*(Q2). Then
for every Ty = Ty — T* € L*(Q) and S > 0, there is a unique weak solution
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(ps, v, f) (ps is unique up 1o a constant) of the system (2.7)—(2.12) on the interval
[0, ST. Moreover, T satisfies

(3.1) 0T € L*0,S; H'), |TP?<KyS,0,|Tol, T 1),

N
(3.2) / IT ()l ds < K3(S, Q, |Tol, T*, 7),
0

where K,(S, O, |Tol, T*, t) and K3(S, Q, |Tol, T*) are as specified in (3.17) and
(3.19), respectively.

PROOF: The existence of weak solutions was proven in [32]. For the sake
of completeness we present the proof again. In particular, we establish certain
estimates that will be used later in the proof of uniqueness. We will use a Galerkin-
like procedure based on the eigenfunctions {¢};, to show the existence. Let
m € Z* be fixed. The Galerkin approximating system of order m that we use for
(2.7)—(2.12) reads

(3.3) V[ps(x,y,t)—/ Tm(x,y,%‘,t)dé—(z+h)T*(x,y)]
h

+f%xv+eL1v=0,

0
(3.4) V. / v(x,y,z,t)dz =0,
—h
J ~ ~ ~
(3.5 2T+ LT, + Pylv-VT,]
: T,
+P,,,|:—(V-/ U(x,y,é,t)dé) 3 +(U-V)T*j|=PmQ*,
—h Z
0 d R 0 R
k6 2 o=, & —o0, v-i| =0, Zxil =o,
9z |, 02| .—_p ry on ry
3.7 T (x, y,2,0) = Pu[To(x, y,2) — T*(x, y)],

where Tm = ZZ’ZI ar(t)or(x, y,z). In the above system the unknowns are the
vector field v(x, y, z, t) and the scalar functions p;(x, y, t) and T“m (x,vy,z,1) (.e.,
the coefficients {ax(¢)};",), while T*, T, O, and To are given. Observe that v and
ps depend on m.

First, by applying Proposition 2.4 and Proposition 2.5, we have that, for every
fixed and given T,,, there is a unique (py, v) = (ps(T,), v(T,,)) (ps is unique up to
a constant) such that, for y = 0or 1,

ve H'"'Y(Q) and p, € H'(M).
Furthermore,

(38) G, Dl + 1Pl any < CUTnllzr @ + 1T W2in + 17130 ary) -
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By replacing v = v(T,,) in equation (3.5), we get an ODE system with the un-
known T,,. That is, equation (3.5) is an ODE system with the unknown a;(¢),
k = 1,2,..., m. Furthermore, since equation (3.3) is linear, and due to the esti-
mate (3.8), it is easy to check that each term of equation (3.5) is locally Lipschitz
in T,,. Therefore, there is a unique solution a,(¢), k = 1,2, ..., m, to the equation
(3.5) for a short interval of time [0, S*). As a result, we also have the existence
and uniqueness oj ps(x, v, 1) and v(x, y, z, t) for a short interval of time [0, S*).
Moreover, since T, € V, by (3.8),

v(x,y,z,1) € (HX(Q)* and py(x,y,t) € H (M) forallr € [0, S*).

By taking the L2(2) inner product of equation (3.5) with Tm and using (2.23), we
reach
1d|T,, 2
2 dt

Tl + /(v VT dx dy dz
Q

3.9 + / [U : Vﬁn - <V : /Z v(x,y,§, l‘)d$>3zfmj|fm dxdydz
—h
Q

:/me*dxdydz.
Q

It is easy to show by integrating by parts and by using the boundary conditions
(2.10) and (2.11) that

(3.10) / [v VT, — (v : fz v(x, y, &, t)dg)ajm}fm dxdydz =0.
J _

h

Furthermore, by the Holder inequality we have

‘ /(U - VT*)T, dxdydz| < C||v||L6(Q)||VT*||L3(M)|Tm| .
Q

By (2.19) and (3.8), we have

(3.11) lvllzsy < Cllvligiq) < C[|Tm| F T g2epn) + ||T||H1(M)]-

By (2.18), we obtain [[VT™*| 34y < CIT*||g2(ary- As a result of the above esti-
mates, we obtain

=

(3.12) ‘ /(v VTHT, dx dydz
Q

CIT Nz Tnl® + CIT* Dz 1T 2zany + 1713010 ] -
Applying the Cauchy-Schwarz inequality and the definition of Q*, we obtain

3.13) /Q*fmdxdydz < C[1O1 + 1T L] Tl
Q
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Therefore, from estimates (3.10)—(3.13) above and (2.23), (3.9) gives

1d|T, 2

St T2 < [1C1 + 1T I w2 |1 Tl + CIT* N g2 ay | T

+ CIT* l2an [T 1320 + 1151 00)) -

By Cauchy-Schwarz inequality, we get

d|T,?

(3.14) T

+ 20Tl < CIT* 2 qany | Ton
+ CLUOE T Nr2aany 1T g2 apy + 1131 apy)] -
Thanks to the Gronwall inequality, we conclude
(3.15 |L,0P <
o' 1017+ CQP + 1T N2eny T Wz any + 1T 15 0p) ] -

when 0 < ¢ < §*. But since the right-hand side is bounded as ¢ goes to §*, we
conclude that 7,,(f) must exist globally, i.e., S* = +o00. Therefore, for any given
S > 0 and any ¢ € [0, S], we have

(3.16) T < Kx(S. Q. ITo|. T*, 1),
where
B.17) Kx(S, Q,Tol, T*, ) =
e an (1512 + C(1QP + 1T Nrr2aany 1T Wpagagy + 1T W a) ] -

By integrating (3.14) with respect to ¢ over [0, S] and by (3.16), we get

S
(3.18) / \Tol2ds < Ks(S, O, |Tol, T*, 7).
0
where

(3.19) Ks3(S, Q,|Tol, T*, ) = |Tp|* + C|QI*S
+ CIT* N m2aany (IT* 20y + 12151 gy + K2 (S, Q4 1T0l, T, 7)) S

and K, (S, Q, |Tyl, T*, t) is as in (3.17). Notice that estimate (3.16) is unbounded
in time (i.e., as S — 00), but it is uniformly bounded in m. However, in Section 5
we will present a sharper estimate that is asymptotically bounded in time.

As a result of all the above, we have that T,, exists globally in time and is
uniformly bounded, in m, in the L*°([0, S]; L?(R2)) and L*([0, S]; H'(2)) norms.
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Next, let us show that o, T"m is uniformly bounded, in m, in the L*([0, S1; H)
norm. From (3.5), we have, for every ¢ € C*°(2),

3 ~ i} ~
<5Tm,w>=(PmQ — LT, )

— <Pm|:v . me - <V . /Z v(x,y,é,t)d&)% + (v- V)T*], w>.
—h

Recall that (-, -) is the dual action of H’, the dual space of H'(Q2). It is clear from
(2.16) that

(3.20) (P Q" )| < C1Q1 + h' 21T 2 ) 1¥]
< CK(1Q1+ h'"PIT* | pocany) W11

and by integration by parts we have
(3.21) (LT, )| < CITL IV

Next, let us get an estimate for

Kpm[v V(T +T7) - (V - /Zhv(x,y,s,nds)@} w>‘ -

‘/[U.V(TMJFT*)_(V./ v(x, y, €, z)ds) 9T ]wmdxdydz
Q

where 1, = P, V. Thus, by integration by parts, we obtain

g ¢ aT—Vm
KPM[U V(Tw +T%) — (v / v(x,y,%‘,t)dé> 3z }WH =
—h
'/|:U-V1l/m— (V/ v(x, y, &, t)dS) wm](fm—i—T*)dxdydz i
J _

Next, we estimate

‘/(U : Viﬂm)(fm + T*)dx dydz| < |[Ymllgi@ IvliLs@) 1T, + T\l 130 -

Applying (2.19) and (3.11), we have

< C[”Tm”Hl(Q) TN 2wy + ||f||H'(M)]

1/2
< [Tl 21Tl ) + 1T N2 10m i @ -

(3.22) ‘/(v V) (T + )
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Applying Proposition 2.2 by setting u = v, f = 0,¥,,, and g = T+ T, respec-
tively, and since 9, 7* = 0, we have

(3.23)

/(v./z U(x,y,g,t)ds)aﬁmwmdxdydz
—h
Q

1/2
H(Q)

172 1/2 5 172
< Cllmll vl i, 0l gy [ T + 77

T, + T
< C(le| F T g2eny + ||f||H1(M))

(1Tl + 0T Wz qany + 11 a1 o) 1l
By (3.22) and (3.23), we have

o : T,
‘<Pm|:UV(Tm+T*)_ (V/ U(X,y,g,t)ds)g},wﬂ <
—h

C>ITul + 1T 2 cany + 1Tt o))

X (”Tm” H T g2eany + ||T||H1(M))||1//m||f11(sz> .
Since ¢ € H'(Q), the Fourier series
o0 o
> (f Vi dx dydz)@ =Vut D (/ Vi dx dydz)m
k=1 N4 k=m+1 N g
converges to ¥ in HY(Q) (cf. [23, p- 54]). As aresult, we get
1Vmllar) < CliY g e :

o st 47 (5 )]

(3.24) C(ITul + 1T 2 cay + 1Tt )

therefore,

<

X (||Tm|| H 0T 2eany + ||T||H1(M))||W||H1(sz)-
By estimates (3.20)—(3.24), (3.16), and (3.18), we have
[0 T, )] <
CE(IQI+ T m20n) I Il + CITull 1
+ C(|Tm| + ltllm g + ”T*”Hz(ﬂ))(”Tm” + Tl a @ + ||T*||H2(Q))||W|| .
Thus, due to (3.16) and (3.18), we have

S
(3.25) / 18, T ()3 dt < Ka(S, Q, | Tol, T*, 7).,
0



16 C.CAO ANDE. S. TITI

where
Ka(S, Q,1Tol, T*, 7) =
CK3(S, O, ITol, T*, ) + C[1QP + 1T 1324 ]S
+ C[Ka(S, @, 1Tol, T*, 0) + Tl ) + 1T 130 ]
X [K3(S, O, 1Tol, T*, ) + I T* 32y + 1715101 ) S -

(3.26)

Therefore, o, T"m is uniformly bounded in m in the L*([0, S]; H') norm. Thanks
to (3.8), (3.16), (3.18), and (3.25), one can apply the Aubin compactness theorem
(cf. [8, 27, 38]) and extract a subsequence {Tm_/.} of {Tm}, a subsequence {vm_/.}
of {v,, = v(fm)}, a subsequence {pSmj} of {ps,, = pS(T"m)}, and a subsequence

{0, T m;} of {0, Tm}, which converge to

T e L™([0, SI; L*()) N L*([0, ST; H'()),

v e L¥([0, S]; H'(2)) N L*([0, ST; H*(Q))

ps € L([0, S1; L*(R2)) N L*([0, S1; H'()),
8T e L*([0, S]; H)),

respectively, in the following sense:

T,, > T  inL>([0, S]; LX)
T.,—~ T  inL*([0, S); H'()) weakly
Psm; = Ps 0 L=([0, S1; L*(M))
\ Psm, = ps in L?([0, S]; H'(M)) weakly
Up; =V in L>([0, S1; H'(2))
Uy, — U in L2([0, S]; H*(R)) weakly

J

8,7, — 8,7 in L2([0, S}; H') weakly.

Notice that since ij ev, by (3.8) and integration by parts it is clear that

/V[psmj(x’ Y, t) - / ij(x’ Yy, %—a t)ds - (Z +h)T*(X, Yy, t):|¢dx dde
—h

Q

+ f (fk X vp,)pdxdydz + € / (ApVou, - Vo + Ayd.v,,0:¢)dx dy dz
Q Q

= / Aytpdxdydz

Ly
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and

/fmj(x,y,z, t)wdxdydz—/fm,-(x,y,z, )Y dxdydz
Q Q

t t
+/ f(KhVij.vw+aZijaZw)dxdydz+af /ijwdxdy
) 0]
r

Q u
+/ f[(vmj VT,,) - <v./z v,,,j(x,y,g,t)ds>ajmj]wdxdydz
1o —h
/ f Umj - V lﬁdxdydz

= / O*Ydxdydz
Q

for every ¢ € (C®(R))? and ¢ € C®(R), and for every ¢, ty € [0, S]. By passing
to the limit, one can show as in the case of Navier-Stokes equatlons (see [8, 38])
that T also satisfies (2.34) and (2.35). In other words, (p;, v, T) is a weak solution
of the system (2.7)—(2.12).

Next, we show the uniqueness. Let (p;, v’, Tl) and (p Tz) be two weak
solutions of the system (2 7)— (2 12) w1th 1n1t1a1 values T (x,y, z) and T”(x ¥, 2),
respectively. Letu = v — v/, x = T, — Tj, and gs = py — p.. Itis clear from
(2.7)—(2.12) that gy, u, and yx satisfy

(3.27) V[qx(x, y, 1) — /Z x(x,y,&, t)d§i| + fl_é Xxu+eLiu=0,

—h

0
(3.28) V. / ulx,y, z,t)dz =0,

—h

(329 x+LoxH+u- VT + v Vx+u-VT*

— <V . /Z u(X,y,S,t)d§>i - <V ’ fz UN()C, Y, S?t)dé:)azx
—h 0z —h

’

ou ou R ou
(3.30) — =0, — =0, wu-nl =0, —=xn| =0,
9z 7=0 9z z=—h Ly on [y
0 0 0
(331) Cﬁ+£%) _o. X g & _g
0z K, =0 07 ——h on |5y

(3.32) X, y,2,0) =Ty (x,y,2) — Tg(x, v, 2).
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By averaging (3.27) and (3.29) with respect to z and using (3.28), we get
I -
(333) V|:%(%)’J)+z/ §X(x»)’»§,t)dsi|+kaﬁ_€AhAﬁ:0,
—h

(3.34) V.-u=0,
ou

(3.35) u-n=0, —xn=0 ondM,
on

where

1 0
ulx,y,t) = Ef u(x,y,z,t)dz.
—h

By taking the L?(2) inner product to equation (3.33) with iz, we obtain
1 0
/ [V(qs(x, v, 1)+ E/ Ex(x,y,6, t)dé) - eAhAﬁ}ﬁdx dydz=0.
—h
Q

By using integration by parts and applying (3.34) and (3.35), we get
/ \Vul>dxdydz =0.
Q

Thus, u is a constant function. By (3.35), we reach u = 0. As a result, we have

1 0
(336) qS(x’y’t):_Z/;;X(x’ yv%'vt)ds

(g5 1s unique up to a constant); therefore, (3.27) can be written as

Z

0
(3.37) —V[%/ S)((x,y,é,t)dé—i-f X(x,y,é,t)d$i|+fl;xu+eL1u =0.
—h h

Notice that u satisfies the boundary condition (3.30). For this second-order elliptic
boundary value problem we have the following regularity results (by following
similar techniques to those developed in [21, 44] (for the case of smooth domains,
see [23, p. 89] and [41]):

C2 CZ
3.38 u < —= and |lu < —= .
(3.38) lull g = eA|X| lull @) < 7 I
By taking the H’ dual action to equation (3.29) with x, we obtain
(8,)( + LSx, X)+<u VT + 0" Vx+u-VT*, X)

_<<V . /Z u(x,y,é,t)d&)i?zi — (V . /Z v (x, y,g,t)df)azx, X> =0.
—h —h

Since 9,x € L*([0, S], H'), we apply Lions’ lemma [38, lemma 1.2, p. 260] and
(2.23) to reach

Ldx|?

dx, x) = -
(0 x» x) T

and  (LSx, x) = llx|*.
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Moreover, we have

(u-VT"]—|—v”-Vx+u'VT*,X)=/[u-VT]—I—U”-V)(—Fu-VT*]X
Q
and

<(V-/ u(x,y,é,t)dé)azﬁJr(V-/v v”(x,y,é,l)dé)azx,x>=
—h —h

/ [(V : fz u(x, y,S,z)dé)azﬁ + (V : /Z v”(x,y,é,t)dé)azx}x
—h —h
Q

as long as the integrals make sense. Therefore, we have

Ld|x|?
2 dri

+||X||2=/|:—M-V71—v”-V)(—u-VT*

Q b4
+<v-/ u(x,y,S,t)d";‘)Bzﬁ

—h

+ (V-/' v”(x,y,é,t)dé)azx]x-
—h

Next we estimate the above equation term by term.

(1) By integrating by parts and (3.30), we reach

(3.39) / [v” A (v . /Z v'(x, 5, &, t)dé‘)azx]x =0.
—h
Q

(2) We have

/u . V(fl + T*)X
Q
By applying (3.38) and (2.19), we obtain

< T+ 7% gy Nl o 1 sy -

1/2 1/2

c
||”||L°(Q)§E_’A*|X| and I xlls@ = ClxI"“lxI7~.

Thus,

(3.40) V w- V(T + T x| < CIT+ 1T I an JIx PP 1172

(3) Applying Proposition 2.2 by setting u = u, f = 0, T, and g = x, respec-
tively, we have

‘/(v-/z u(x,y,é,t)dé)azﬁx‘ <
—h
Q

CHfl 1/2 1/2 1/2

| i1 Mol vy el gz X 1172
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Applying (3.38) to the above estimate, we get

< CITallx Il

(3.41) ‘/ (v-/z u(x,y,g,z)dg)ajlx dxdydz
—h
Q

Therefore, from the above estimates (3.39)—(3.41), we get

1dix|? o . T
S=ar I = AT+ T an)) L 12 + CIT -

By Young’s inequality, we obtain

dlx|?

2 T2 *14/3 2
7+lell <C[1+ITiIP+IT IIHI(M)]IXI .

Thanks to the Gronwall inequality, we get

4/3

COHIT* I

1(t—t0)+ [ T 1% ds
(3.42) () < 1xP(to)e Oy TS

In particular, when we start with the same initial data, that is, fo”(x, v, 2) =
Ty(x,y,2), letty = 01in (3.42), and recall that T € L*([0, S]; H'(R)), we con-
clude that

x(@®=0.

In other words, the weak solution is unique. O

COROLLARY 3.2 The weak solution of the system (2.7)—(2.12) depends continu-
ously on the initial data; that is, the problem is well-posed.

PROOF: The proof is an immediate consequence of inequality (3.42). g

4 Global Existence, Uniqueness,
and Well-Posedness of Strong Solutions

In previous sections we have reformulated the system (1.1)—(1.14) and estab-
lished the appropriate elliptic regularity results for the velocity field (v, w), and we
have proved the existence, uniqueness, and well-posedness of the weak solution for
the reformulated system (2.7)—(2.12). In this section we show the global existence,
uniqueness, and well-posedness of strong solutions for the system (2.7)—(2.12).

THEOREM 4.1 Suppose that Tt € HOI(M), 0 € H'(Q), and T* € H>(M). Then
forevery Ty = Ty — T* € H' () and S > 0, there is a unique strong solution T
of the system (2.7)—(2.12) such that

N
“.1) nﬂ@®+/unw;®msm@%wgﬂﬁw
0

where K (S, Ty, T, Q, T*, ©) will be specified in (4.7).
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Remark. The steps of the following proof are formal in the sense that they can
be made rigorous by proving their corresponding counterpart estimates first for
the Galerkin approximation system (3.3)—(3.7). Then the estimates for the exact
solution can be established by passing to the limit in the Galerkin procedure by
using the appropriate “compactness theorems” and using the uniqueness of the
strong solution.

PROOF: Suppose that (py, v, f) is the weak solution Evith initial value To. By
taking the L*(R2) inner product of equation (2.9) with L5T, we reach
1d| T
2 dt
= / [0+ KyAT*]|LST dx dy dz
Q

+ LT
~ Z ~ ~
+/ [—v V(T +T"+ (V . / v(x, y, &, t)dS)&ZT]LgT dxdydz
S —h
<[101+ 2" 2Kl T* | i2aay + 0l Lo V(T + T*) |30 ]| LST |

Z
—l—'/(V/ v(x,y,é,t)dé)azTL‘z’dedydz
—h
Q

Let us consider the above inequality term by term.

e By (2.19) and Proposition 2.5, we obtain
C . ~
4.2) lvllLs) < e_XUTl TN 2y + E||T||HI(M)] .

e By (2.19) and Proposition 2.3, we get

43) VTl +hIVT gy < CITIIT g, + CIT* 2w

c T1/2 7 071/2 *
< 2 I TIILSTI + CIT iy -

bl

e Applying Proposition 2.2 by setting u = v, f = LZT, and g = 8ZT
respectively, we have

Z

‘/(V/ v(x,y,é,t)dé)azTLgdedydz
—h

Q

@4) < ClLST vl o 100y 8T 0t 12T

C
< —=
T €AK!/?

~ ~ % ~ ~13/2
DT 12UT 1Y + 1T e an + €l an TN | LST.
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Therefore, from the above estimates (4.2)—(4.4) we have

1d| TP
2 dt N
CIT* 2o + Q1| LST |

+ LT <

C T *
+ 2 T 1T zan + €llTlimon]

< [IFN2LST12 4 1T eany || LST)|

c 12 T1/2 Fl/2 7 oq|3/2
+ m“ﬂ PITIV? + 171 f2any +€||T||H1(M)]||T|| / |L2T| .

Using the Cauchy-Schwarz inequality and Young’s inequality, we get
d|T|?

dt
(4.5) Cl1+ IT* 32 + 191 + 1Tl 40 + 1T1°]

+|LT|" <

+ C(IT* 200y + 1T W30y 1T+ ITPIT IR IT )

Again, by the Gronwall inequality and Theorem 3.1, for every 0 < ¢ < §, we
obtain

t
(4.6) ||T(r)||2+/ \L3T ()" ds < K (S, T, 7, 0, T*, 7),
0

where

Ks(S’ TOa T, Qv T*’ T) =

[2||T0||2 + 200 T 51

1 + ||T*||L}_[2(Q) + |Q|2 + ||T||21(M) + (KZ(S’ Qv |T0|a T*7 t))2:|

+C
@7 L IT* 1y + 1Tl ) + (Ka(S, Q, 1Tol, T, )2

x exp (CSUIT Iyaqur, + 13y + (Ka(S. Q1T T, )]
+ Ka(S, Q. 1Tl T, KA(S, Q. Tyl T, 7))

and K,(S, O, |Ty|, T*, ) and K5(S, Q, |To|, T*, t) are as in (3.17) and (3.19),
respectively. In addition, by using similar steps that led to (4.2)—(4.4), one can
show that

8T e L0, S], L3X()) .
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Therefore, T e C ([0, S, H'(22)) N L*([0, S], H*(2)). Moreover, by Proposi-
tion 2.5, we have

v e C([0, S], H' () N L2([0, S1, H*()) .

In other words, (v, T) is a strong solution. Since the strong solution must be a
weak solution and, by Theorem 3.1, there is only one weak solution, the strong
solution is unique. (Il

5 Global Attractor

In previous sections we proved the existence, uniqueness, and well-posedness
of the weak and strong solution of the system (1.1)—(1.14). In this section we show
the existence of the global attractor. Moreover, we give an upper bound for its
Hausdorff dimension. To establish this, we first present sharper estimates for vari-
ous norms of the solution, which are asymptotically uniform in time. Namely, we
demonstrate the existence of absorbing balls for the dynamical system introduced
by the solution operator of the system (1.1)—(1.14).

Denote by S(¢)Ty = T(¢) the solution operator of the system (1.1)—(1.14) with
initial data Ty. Under the conditions of Theorem 3.1 and Theorem 4.1, one can
show that

T(t1) = S(1)Ty € L*(2) forall Ty € L*(Q), t >0,
and

T(t)= STy e H'(Q) forall Ty e H'(RQ), t > 0.

THEOREM 5.1 Suppose that t € H} (M), Q € L*(Q), and T* € H*(M). Then
there is a global compact attractor A C L*(2) for the system (1.1)—(1.14); more-
over, A has finite Hausdorff dimension.

PROOF: First, let us show that there is an absorbing ball in L2(2) and H' ().
Let T be the solution of the system (1.1)—(1.14) with initial data Ty € L*(Q). In
other words, T = T —T* is the solution of the system (2.7)—(2.12) with 1n1t1al data
To =T, —T* € L*(Q). By taking the H’ dual action to equation (2.9) with T we
obtain

(T + L3T.T)+ (v- VT, T)

+ <—<v : /Z v(x, y, &, t)dg:)aﬁ +v- VT T> = (0%, T).

—h
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Since 8,71 eNLZ([O, S]:VH’), we apply Lions’ lemma [38, lemma 1.2, p. 260] and
reach (0,7, T) = %(d|T|2/dt). By (2.23), we have
7

2 dt
/Q*dedydz—/[v-vf— (V-f v(x,y,é,t)dé)azf
(5.1) o J h

+v-VT*i|fa’xdydz.

+IT)? =

By taking ¥ = T* in the weak formulation (2.35), we get

t
/T(t)T*dxdydz+/ [/KhVT-VT*dxdydz+ot/TT*dxdy:|
Q

fo
u

Q
t Z
+f /[U-VT—(V-[ v(x,y,g,z)dg)azT+v-W*]T*dxdydz
t —h
Q

13
=fT(t0)T*dxdydz+f /Q*T*dxdydz.
Q " a
It is equivalent to
d ~ ~ ~
E/T(r)T*dxdydz%—/KhVT-VT*dxdydz+ot/TT*dxdy
Q

Ly

z
(5.2) +/[U-VT— (V/ v(x,y,S,t)d§>81T+v-VT*i|T*dxdydz
—h
Q

= / O*T*dxdydz.
Q

By adding (5.1) and (5.2), we obtain

1d ([ ~ ~ ~ ~

EE(|T|2+2/T(t)T*dxdydz) +||T||2+a/TT*dxdy
Q

u

h

z
+/[U-VT— (V/ v(x,y,é,t)d%)azT+v-VT*}(T+T*)dxdydz
J _

+/ K, VT -VT*dx dydz
Q

= / 0*(T 4+ T*dxdydz.
Q
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Notice that the following equalities hold:

|f|2+/2fr*dxdydz:|T|2—f|T*|2dxdydz,
Q Q

P+ [ KV T VT axayaz o [ T1axay =
Q FH
7> - ||T*||2—/Khv%“-vr*dxdydz—affr*dxdy,
Q

Ly

Zz
v-VT (Vf v(x,y,é,t)dé)BzT—l—v-VT*](T—i—T*)dxdydz:
—h

/ [v -VT — (V . fz v(x, y,f;‘,t)dé)E)ZT]dedydz,
—h

Q

[

f O*(T + T*)dx dydz = / [OT + KyTAT*|dx dydz.
Q Q

Therefore, we get
1d|T|?

2 dt h

+ ||T||2+/ |:v-VT— (V-/Z v(x,y,é,t)dé)E)ZT]dedydz
Q

— ||T*||2+/K,,Vf-VT*dxdydz+a/TT*dxdy
Q Iy
—i—/[QT + KyTAT*|dx dydz.
Q
By integration by parts and (1.3), we obtain

(5.3) / |:v VT — (v : fz v(x, v, £, t)d§>azT:|dx dydz =0.
—h
Q

Since 9, T* = 0, by integration by parts and (1.13), we get

‘||T*||2+/Khv'f-vr*dxdydz+a/fT*dxdy
Fll

f TT" dxdy

F14

1/2
=«a <a ||T*||L2(M)||T||-

+ / Ky, TAT*dxdydz
Q

25
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By applying the Cauchy-Schwarz inequality to the above estimate, we reach

1T + f KyVT -VT*dxdydz

Q

54 +a/TT*dxdy+/KhTAT*dxdydz

Ty Q
O 2 1 2
< ST gy, + 1T

Therefore, by estimates (5.3) and (5.4), we obtain

d|T|2+ TI* < alT*32,, +210IT

o TITI =l T ) + 21Q1TT

By the Cauchy-Schwarz inequality and the Poincaré inequality (2.16), we have
diT? 1 2 2 =102

(5.5) S ITIP <l T Iy, + 2K10P,

where K is as in (2.17). Thus, again by the Poincaré inequality (2.16), we obtain

aiTi> 1 ~
o T o Tl = el T g, +2K101°.

By the Gronwall lemma, we get
L = ~
T < |TolPe 2K + 20K T*|[3,,, + 4K Q.
As a result of the above, when 7 is large enough such that
_L ~ ~
Tole %' < 20K||T*[172y, +4K71QF
we have
(5.6) T < Ra(T*, Q) = 4K | T*[172yy, + 8K*1Q1;

in particular,
limsup | T (1)|* < 2aK||T*||§2(M) +4K?%0)*.

—>00
In other words, when ¢ is large enough, we have
(5.7) TP < Ra(T*, Q) =: 2Ra(T*, Q) + 20| T* 132y,

where I?:,I(T*, Q) is as in (5.6). Therefore, there is an absorbing ball in L?(2) with
radius R,(T*, Q) for system (1.1)—(1.14) and with radius R,(T*, Q) for system
(2.8)—(2.12), respectively.

Next, we show that there is an absorbing ball in H 1(Q). First, notice that from
(5.5), we have

t+r
/, IT(s)|Pds < 2T @)| + [4a«KIT* (720, + 8K*1QF]r .
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Therefore, by (5.7), when ¢ is large enough, we get

t+r
(5.8) / IT(s)|?ds < K, (r, Q, T*),

where
(590  K.(r. Q.T*) =2R,(T*, Q) + [4aK|IT*|72, + 8K QP ]r

and R,(T*, Q) is as in (5.7).
From the proof of Theorem 4.1, we recall the inequality (4.5)
d||T|?
dt

< C[1+ 1T 2 + 1QF + Tl + 1 T1%]

+|L3T|?

+C(IT* W2y + 17Uy + 1 T1 A+ ITPITIIT
From the above, (2.24), and (5.7), we obtain for ¢ large enough
dITI? TP
dt MM
< C[1+ T g + QP + Tl + RET*, Q)]

+ C(IT* 1200, + 1Tl 0p) + RIT. Q) + RAT* OITIP)IT I,

where A, is the first eigenfunction of operator L9. Using the uniform Gronwall
inequality (cf. [40, p. 89]), we obtain, when ¢ is large enough,

(5.10) IT @) < Ry, T*, Q. 1)
where r > 0 is fixed and
R, (r, T, 0,71)
R.(T*, Q) )
- C[T + 1T gy + 101

G.1D) c 2 2 2k
1
o CLRaT (T s 1T R 00%) ]
Therefore, we have shown that there is an absorbing ball B in H'(Q2) with radius
R,(r, T*, Q, t). From the proofs of Theorems 3.1 and 4.1, we conclude that the
operator S(¢) is a compact operator. Following the standard procedure (cf. [7, 8,
11, 24, 40] for details), one can prove that there is a global attractor

A=(\S®Bc H'(Q).

t>0
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Moreover, A is compact in L*().

In addition to the compactness of the semigroup S(¢), one can show its differ-
entiability on .4 with respect to the initial data. Therefore, one can use the trace
formula (cf. [7, 8, 40]) to get an upper bound for the dimension of the global at-
tractor A.

Let (py, v, T) be a given solution of the system (2.7)—(2.12) with T ¢ A
Since T is on the attractor A, (ps, v, T) is a strong solution to the system (2.7)—
(2.12). It is clear that the first variation equations of the system (2.7)—(2.12) around
(ps, v, f) read as follows:

V4
(5.12) V|:qs(x, v, t) — / x(x,y,&, t)d&} + fhkxu+elLiu=0,
—h
0
(5.13) V-/ u(x,y, z,t)dz =0,
—n
(5.14) qx=F Ty,
ou ou R ou
(5.15) — =0, — =0, u-nl =0, —xn|l =0,
07 =0 0z I r, on r,
(5.16) (82X+ix> :O, 8ZX :0’ al’lX :0’
K, =0 =—h aM
(5.17) x(x,y,2,00=¢,

where gy, u, and yx are the unknown perturbations about py, v, and T, respectively,
with a given initial perturbation ¢ € L*(Q). Moreover, here

~ ~ Z ~
F(T)y = —|:L‘2’X +u - VT +TH+v-Vy — (V / u(x,y,éj,t)df)azT
—h

_ (v - / v(x,y,s,nds)azx]
—h

It is not difficult to show that the above coupled second-order elliptic and linear
parabolic system has a unique solution (g (¢), u(t), and yx (¢)). Moreover, by using
techniques similar to the ones developed in [21, 44], one can show that this solution
satisfies, for t > 0,

x(M e H(Q), u@) e H (Q), ¢ eH Q).
For any positive integer m we consider the volume element

X1 A 2O A A D] 2 -
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We have the following trace formula (cf. [7, 8, 40]):

2

/\mLZ(Q)

d
37 X1(E) A x2(E) A A xm (1)

Tr (Pu(t) o F'(T(1)) 0 Pu(®) |11 (0) A X2 ) A+ A (D] 1200 -

which gives

(5.18) [0 A2 A A O on 200 =

i’"Lz(Q) exp (/0 Tr (Pm(s) o F/(T(s)) o Pm(s))ds> ,

where x1(s), x2(s), ..., xm(s) are the solutions of (5.12)—(5.17) corresponding to
the 1n1t1a1 data ¢y, &, ...y Com, respectlvely The trace of the linear operator (P (s)o
F’(T) o P (s))1is Tr(P (s) o F’(T(s)) o P (s)), and the LQ(Q) orthogonal projector
onto the space spanned by {x1(s), x2(s), ..., xm(s)}1is P (s). Thanks to (5.18), we

|CiA G A AL

conclude that {x;(s), x2(s), ..., xm(s)} are linearly independent for every s > 0
if and only if {¢1, &, ..., &y} are linearly independent. Hence, from now on we
assume that {¢;, &, ..., {,} are linearly independent.

Let {¥1(s), ¥2(s), ..., ¥u(s)} be an L*(Q) orthonormal basis of the space

spanned by {x1(s), x2(s), ..., xm(s)}. Notice that {{;(s), Y2(s), ..., Ym(s)} are
in H'(Q) for s > 0. Thus we have

m

Tr (Pu(s) o F/(T(5)) 0 Pou(s)) = Y _ (F'(T () ;(5), ¥5(5)) -

j=l1

Notice that

(F'(T(s)¥;(5), ¥ () = =l (511> + / [uj - V(T + T ]y;(s)dx dy dz

Q

_/[<v./2 u,(x,y,g,s)dg>aj]1//j(s)dxdydz,
—h
Q

where, for j = 1,2,...,m, u;(x,y, z,s) is the solution of the following linear
system:

Z

V[(qs)j(x,y,S) - Vi, y,E,S)dé} + fk > uj + €Ly =0,

—h

0
v f w;(x. y. 2. 5)dz = 0,
—h

duil o, Ml o, ui| =0, Pl o
9z z=0 9z z=—h Ty on Ls
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Here (g,); and u; are the unknowns, while v; is given and fixed. Following the
same steps that led to the estimates (3.40) and (3.41), we have

~ C ~
' / uj - V(T + T*Y;(s)| < j[IITII + B PIT* g oy ] 10 O P2 1 () 1112
Q

C T *
< W[IITII + 1 PNT* g oy ] 19 O ()
€AA

and

‘(V . / uj(x,y, &, l)dé%)az?l/fj(s)

C ~
) < WIITIIII//]-(S)IIII/U(S)II-

Here we also use (2.24). Recall that |[;| = 1 for j = 1,2, ..., m. Thus,

/ |:l/tj V(T +T% — (V ) fz uj(x,y, &, s)dé)&zf}wj(s)dx dydz
—h
Q

=

C ~
—— T+ 22N oy ]I ()1
eAk}/4[ H(M)] J
By using the Cauchy-Schwarz inequality and the above estimate, we have
~ 1 C ~
F' TNV (), ¥ () < —= Wi II> + —=—5 [ITOI* + 2IT* 13,100 ] -
(F'(T ()¥(5), ¥ (5)) < S 1G] +€2A2A}/2[II I+ 1T 1500,
By (2.25), we have

ST GIP = A+ g+ = Chm®
j=l1
As a result, we obtain
Tr (P (s) o F'(T(s)) 0 P(s)) <
C ~
~Chm™ + — R [ITOIF + AT g ]
1

hence,
% / Tt (P (s) o F/(T(s)) 0 By(s))ds <
0

cC 1 (' ~
5/3 2 2
— Coym?” +€2A,2/\1/2;f0 T I 4+ RIUT* 171y Jds -
1

Therefore, by applying (3.2), we get

1 (! ~ ~ ~
lim sup sup sup —/ Tr (P (s) o F'(T(s))) o Pu(s)ds <
=00 Ty <R,(T%Q) el I Jo
i —Cum®P + Ks(e, X, K. T*, Q)
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where

~ o~ C
(5.19) Ks(e, A, K. T*, Q) = W[W*H;W) +101%].
1

In order to guarantee —Caym 3 4 Ks (e, ;f, E, T*, Q) <0, we need to choose m
large enough such that

(Ks(e, A K, T Q))3/5
m>C . .
1

Therefore, the Hausdorff and fractal dimensions of the attractor A can be estimated
by (cf. [11])

Ks(e, A, K, T* 3/5
dH(A)de(A)fcr( s(e. _ ’Q)> .
1

0

Remark. The bound for the dimension of the global attractor presented here is
not sharp. We stress that our focus here is rather on the existence of a finite-
dimensional global attractor. As far as we know, there are no educational heuristic
physical arguments for the number of degrees of freedom for models of the type
studied here. Therefore, trying to make our estimate for the dimension of the global
attractor sharper without having a target bound is not necessarily the most efficient
thing to do at the moment. Furthermore, one can follow the usual procedure (see,
e.g., [6, 14, 15, 16, 22] and the references therein) to show that the system (1.1)—
(1.14) has a finite number of determining modes and nodes and determining func-
tionals and projections. All this indicates that the system has a finite number of
asymptotic degrees of freedom. Whether this system possesses a global invariant
inertial manifold [16] remains a challenging open problem.

Appendix: Proof of Proposition 2.2

Let u = (u;, up) be a smooth vector field, and let f and g be smooth scalar
functions. Then

f(V-/Z u(x,y,é,t)dé)fgdxdydz
o —h
0 0
/(/ |Vu|dz)(/ |fg|dz>dxdy.
—h —h
M

Using the Cauchy-Schwarz inequality, we obtain

0 0 12, 70 12
2 2 .
/_hlfgldz§</_h|f| dz) (/_h|g| dz> :

=

thus,
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=

‘/ (V-fz u(x, y. £ 0dE) fg dx dy dz
—h
Q

0 0 172 0 172
[ ([ ) ([ rae) ([ spac) - axar
M

Applying the Holder inequality, we reach

/(V-/Z u(x,y,é,t)dé)fgdxdydz <
J —h
0 172
<// |f|2dzdxdy>
g

[t ana] T ([ ) rn]

By using the Minkowski inequality (2.20), we get

0 2 1/2 0 172
|:/ (/ |g|2dz) dxdy] 5[ (/ |g|4dxdy> dz.
—h —h
M

M
Thanks to (2.18), for every fixed z we have

1/4
1/2 1/2
(/ 8(x, y, 2, DI * dx dy) < CallgCs - 2 DIl 186 2O, -
M
As aresult of the above and the Cauchy-Schwarz inequality, we obtain

0 12
f (/ lg(x,y,z, t)|4dxdy) dz
—h

M

0
< cf 18Cs - 22 Dz 18Cs - 2 Dl ran 2
—h

0 172 0 1/2
sc<[ ||g(~,-,z,r)||§z(M)dz) (/ ||g(-,-,z,z)||H1<M)dz)
—h —h

< Cligllaelgl;

therefore,

0 2 1/4
(A1) U (/ 80y, 2, r>|2dz) dxdy} < Cllgll 3 o gl
M

—h

By using (2.18) we have
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0 4 1/4
|:/ (/ Vu(x,y, z)Idz) dx dy] <
—h

M
0 1/2 0 1/2
Cy / IVu(., -, 2)|d& / [Vu(-, -, 2)|dz
—h L2yl J—h H(M)
Notice that
0 172 0 2 1/4
H/ Vu(-, -, z)|d§ = [/ (/ |Vu|dz) dx dy:|
—h L2(M) - —h
0 1/4
< h1/4|:// [Vu(x, y, 2)|*dzdx dy:|
Y —h
_pl/4 1/2
On the other hand,

0 1/4
[/‘Vf |V”(X,)’,Z)|dz‘2dxdyi| <
—h
! 0 2 1/4
|:/ (/ |V(Vu(x7y7Z))|dZ> dxdy:| .
—h
M

Again, by using the Minkowski inequality (2.20), we get

0 2 1/2
|:/ </ ‘V(Vu(x, v, z))‘dz) dx dy:|
FARCE
0 172
5/ (/|V(Vu(x,y,z))|2dxdy> dz
—h
M

< h'/? ' 2 ”
< |V(Vu(x, y,2)| dxdydz
—h
M

< Cllull g2 s

thus,

0 4 1/4
(A2) [ (/ |Vu<x,y,z>|dz) dxdy] < Cllullyrg lull g,
—h
M
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As aresult of (A.1) and (A.2), we have

(A3) '/ <V/ u(x,y,s,nds)fgdxdydz
—h
Q

=

1/2 1/2 1/2 1/2
Clf el s g ez gl 8172
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