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1. Introduction

In this paper we construct a Fortin operator to verify the discrete inf-sup condition for the lowest order Taylor-Hood
element [1] for solving the following two dimensional Stokes problem:

—Au+gradp=f ing2,
—divu=0 in £, (1)
u=~0 onds2,

where £2 C R? is a bounded domain, u is the velocity field, p is the pressure, and f is the external force field.
The key to establishing the well posedness of (1) is known as the following inf-sup condition or the so-called div-stability:

divv,q) _

inf sup =oa >0, (B)

P vev  |v1]lq]l
where P = [3(£2) := {q € [*(2), [,, ¢ = 0} endowed with L?-norm || - || and L?-inner product (-, -),and V = Hj (2; R?) :=
{u e [2(2;R?), Vu € [2(2; R*), u|ye = 0} withnorm | - |; := ||[V(-)||. Here X(£2; R") is used to denote vector function
spaces on 2. Proofs of (B) can be found in many textbooks; see for example [2].
For simplicity of exposition, we assume £2 is a polygon. Let 7, be a shape-regular triangulation of £2 with size h =
maxreg;, diam(T). Based on 73, finite element spaces V, C V and P, C P can be constructed. A conforming finite element
discretization of (1) is as follows: find u, € V, and p;, € P, such that

(Vup, Vop) + (div oy, pp) = (f, vp)  forall vy € Vi, )
—(divup, qy) =0 for all g, € Py,
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forgiven dataf e L?(§2; R?). The key to obtaining a stable discretization of Stokes equations is the following discrete inf-sup
condition: there exists a constant 8 independent of the mesh size h such that

div v,
inf sup (v on, n) =B>0. (Br)
an€Ph y,evy,  |Vnl11Iqnll

The lowest order Taylor-Hood element [1] takes V} to be the space of continuous and piecewise quadratic functions

and takes P, to be the space of continuous and piecewise linear functions. Denoted by £¥ = {u e C(£2),ul
is a polynomial of degree k, VT € 73} as the standard kth order Lagrange finite element and J’é‘ = 2N H(}(SZ). The

lowest order Taylor-Hood element can be simply denoted by ,7’02 X 5’02 — 2! element. The discrete inf-sup condition for
Taylor-Hood 5)02 X 5’02 — 21 element is, however, not easy to verify. See for example Bercovier and Pironneau [3], Verfiirth [4],
Boland and Nicolaides [5], Stenberg [6], Brezzi and Falk [7], and Boffi [8].

In a recent work [9], Mardal, Schéberl, and Winther construct a Fortin operator from Hy (22; R?) — £¢ x £¢ in two
dimensions. The key idea to construct the operator is to identify an isomorphism between a subspace of the lowest order
edge element space and the tangential edge bubble function space. A Petrov-Galerkin method can then be used to define
the desirable operator. We shall follow closely the work [9]. Our main contribution is a more precise characterization of
the subspace containing grad #! and the middle points quadrature rule for the L2-inner product. This quadrature, used in
Falk [10], simplifies the construction and analysis which consequently removes the mesh condition in [9] required for the
[ stability of the Fortin operator.

Another new result is a Fortin operator for the modified Taylor-Hood element by adding piecewise constant functions
into the pressure space [11,12], i.e, P¢ x £¢ — (P! + £°). The inclusion of piecewise constant pressure will lead to the
local mass conservation in each triangle and thus preserve better physical properties [13,14].

We shall use the standard notation of Sobolev spaces and use notation a < b to denote that there exists a positive constant
C independent of the mesh size h, such that a < Ch, and a = b denote a < b < a. For a d-dimensional domain w, we use ||
to denote the d-dimensional Lebesgue measure of w.

2. Fortin operator and discrete inf-sup condition

We shall construct a Fortin operator [15] to verify the discrete div-stability.

Definition 2.1. A linear operator IT, : V — V), is called a Fortin operator if: forany v € V
(1) (div ITyv, q) = (div v, qp) for all g, € Py,.
(2) [Tl < Cilvls.

We call the inequality in condition (2) the H'-stability of the operator IT,. If instead, an inequality with L2-norm holds,
ie., || < CG|lv| forall v € V, we say [T, is [>-stable. For T € 3, define 2 = Urreq;, 0 T'. If the operator [Ty
satisfies |[[Tyv]r < Cllv|le, forall v € V, we say I1; is locally L2-stable. Here we use notation || - ||, to denote the norm

restricted to a subdomain w C £2. Obviously local L?-stability implies L?-stability since the mesh is shape regular.
The discrete inf-sup condition (Bj,) can be derived from the continuous counterpart (B) with the help of a Fortin operator.
The following result is standard and can be found in, e.g., [2].

Theorem 2.2. If there exists a Fortin operator Iy, then the discrete inf-sup condition (By) holds.

For velocity spaces containing linear finite element space, it suffices to construct a Fortin operator locally stable in the L?
norm. The proof of the following result is adapted from [16].

Theorem 2.3. Assume the triangulation 7, is shape regular and the velocity space Vy, contains piecewise linear and continuous
function space. If there exists an operator ITp : H(} (£2; R?) — Vy such that (div v — div ITzv, q) = 0 for all g, € Py and locally
stable in L? norm, then there exists a Fortin operator ITy : Hj (2; R*) — V}, and stable in both H' and L* norm.

Proof. Let IT; : H)(£2; R?) — P x £, be the Scott-Zhang quasi-interpolation [17] which satisfies

\Mulyr + byl — Mulr < Juhe, 1Ml S llule, (3)
where hy = diam(T). We define the Fortin operator as
ITyu = IMu + Ig(u — IMu).

Then (divu — div ITyu, ;) = 0 for all g, € Py, by definition.
The [2-stability of IT, is trivial. Now we prove the H!-stability. By the inverse inequality, stability of IT; in L?-norm, and
the property (3) of IT;

My — M)} < Y h? 1 s — M) 1} <Y b2 lu — M3 < July.

TeTh TeTh

The desired inequality then follows from the triangle inequality and the H' stability of I7;. O
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Fig. 1. A typical boundary triangle. The bold line is on the boundary.
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Fig. 2. A typical corner triangle. Bold lines are on the boundary.
3. Modification of edge element spaces

For continuous pressure spaces, by integration by parts, it is equivalent to construct IT,u € Vj satisfying (u — ITyu,
grad q,) = O for all g, € Py. A key observation in [9] is that grad #! is contained in a proper subspace of the lowest order
edge element space which is isomorphism to the tangential edge bubble function space. Then a Petrov-Galerkin formulation
of the L2-projection can be used to define IT,u. In this section, a constructive characterization of this subspace will be given
under a geometric assumption.

For a mesh 7 in two dimensions, let & be the set of all edges, €7 the set of all edges sitting on the boundary, and &°
the set of all interior edges, i.e. non-boundary edges. We further define 88 as the set of edges with two interior vertices, 83
for edges with one interior vertex and one boundary vertex, and 83 for edges with two boundary vertices. Note that for a
boundary edge, two vertices are on the boundary but the converse may not be true. There exists a non-boundary edge with
two vertices on the boundary; see edge e; in Fig. 2 for such an example. Namely &% C 85’ but 85’ N &° may not be empty.

Each edge in e € & is assigned a direction. To fix the presentation, we shall use the direction pointing from the vertex
with a smaller index to a bigger one. The corresponding unit directional vector will be denoted by t,.

For a vertex i of the triangulation 7, we denote by A; the standard hat function, i.e., the basis of linear element at vertex
i. For an edge e with vertices i, j, the edge bubble function is b = 4A;A; which is the nodal basis at middle point m. of e.
Namely be, (mg;) = 3 forany e;, e; € €. Define Vﬁ'f = span{y, = bet,, e € £°} C V; as the tangential edge bubble function
space. Note that to impose the boundary condition, only interior edges are used in Vg’t.

The lowest order edge element space is defined as ND = span{¢,.,e € &} and ND, = span{¢.,e € &°} with
¢ = AiVA;j — A;VA;, where i, j are indices of two vertices of e and i < j. It is easy to verify that ¢,, (mej) Tty = 8ij/leil
foranye;, ej € 6.

The mapped space grad $ is a proper subspace of ND. Note that grad :PO‘ C NDjg and there is a natural isomorphism
of NDg and Vg‘t. Only grad A; for boundary nodes i is not contained in NDy. We shall modify the basis of edges adjacency

to boundary edges to find a subspace which contains grad #! and isomorphism to Vg’t. In this section, we assume the
triangulation satisfies the following geometric property:

(G) The set €2 N €° is empty.
3

Remark 3.1. This condition will be removed in the next section.

We loop over all boundary triangles, which are defined as triangles containing at least one boundary edge, and modify
the basis element-wise. Due to the assumption (G), for each boundary triangle, there exists one and only one boundary
edge. Without loss of generality, we assume a typical boundary triangle T consists of two boundary vertices 1, 2 and one
interior vertex 3. To fix the presentation, we further assume the global index n;, i = 1, 2, 3, of these three vertices satisfies
ny; < np < n3.Different ordering only results in a proper sign change in our construction. Inside this triangle, the three edges
are labeled such that the ith edge is opposite to the ith vertex; see Fig. 1. We modify the basis associated to the edge e; as

e, I = —grad (M1lr) = e, It + Pe; v and @, |1 = —grad (Azlr) = Pe, It — Pe; |r- Then locally grad £1(T) C span{@e,, Pe, }-
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To unify the notation, we denote by ¢, = ¢, fore € 88 Since only a boundary basis function is appended to an interior
one, the modified basis &e € ND and more importantly the following property still holds for interior edges:
(e (Me;) - te; = 8;j/leil  forany ey, e; € €°. (4)
We define the space
@0 = span{&be, ec €Y.
Then we have grad 2! C NI, and
NDp = VB!
by mapping (}e — 1, foreache e &°.

By standard scaling argument, it is easy to show both bases {.} and {[ﬁe} are [%-stable. More specifically, define the patch
Qe ={TeT,ecdT}).Foru=7y , . uUeVe,

2 __ 2 2 __ 2
Il = Y wlllvel® = Y ulls2].

ecgl ecgl

And foru =", 0 Uee,

2 _ 204 112 — 2
Il = Y wligel® = Y ul.

ecgl ecgl

4. A Fortin operator for Taylor-Hood element

In this section we construct a Fortin operator for ?02 X J’Oz — 21 element in two dimensions. We follow closely to [9] but
simplify the analysis by using a numerical quadrature.
Using the isomorphism between NDg and V3", in [9], the authors define [Tz u € V§'* such that
(Ipcu,v) = (u,v) forallv e I\/Iﬁo. (5)

This is a Petrov-Galerkin formulation of the standard L2-projection with the trial space Vg’t and the test space @0.

To get the well-posedness and [2-stability of Tz, one has to compute the non-symmetric matrix M = ((éei, Ve )INxN
with N being the number of interior edges, and prove the stability of M in certain norms. In [9] the calculation has been done
for a two dimensional triangular grid with certain geometric constraints. More refined analysis is needed to remove these
constraints.

We propose to using the middle points quadrature for the L? inner product. Define

T 3
W, V)nr = % > " u(me)v(me,), (6)
k=1

and

W, v =Y WU V).

TeT,
It is well known that the middle points quadrature is exact for quadratic functions, i.e., if uv is a quadratic polynomial on T,
then (u, v)pn,r = (u, v)r. In particular, ifu € Vg'[ and v is piecewise constant, (u, v), = (u, v).
We consider the modified problem: find I75 ,u € Vg't such that
(Mg, cu, v), = (u,v), forallv € ND. (7)
Using this discrete L? inner product, the corresponding matrix is diagonal and positive.
Lemma4.1. Let D = ((&ej, Ye)n)nxn. Then D = diag(de,, de,, . . ., dey) Withde = |£2.|/(3]e]).

Proof. D is diagonal since (Ee,- (mej) Cty = dij/leil and v (m;) = & jte;. The formula of d,, is obtained by the direct
computation. O

Let u, = (u, qNbe), e € &° Then ITzu = Y eced de‘]uewe. We then verify ITg; is a Fortin operator and locally stable in
[*-norm.

Theorem 4.2. Assume the shape-regular triangulation 7}, satisfies the assumption (G). Let ITg (u be defined by (7). Then
(divu — div (ITg cu), qy) = 0 forall gy € Py, (8)
and

ITpcullr < llullg,, forallueV. 9)
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Proof. Notice that for g, € Py, gradq, € I\?ﬁo and piecewise constant and T u € Vg't is piecewise quadratic. Thus the
quadrature is exact and by the definition of 7 (7)

(I cu, grad qp) = (Mp,cu, grad qp)p = (u, grad gp).
Integration by parts yields (8). The local L? stability follows from

2 —2..2 7 \2 2 72 2
1Tsull} < d2u2 12 S Y (u de)” < llullly, Y el < ullh,. O

ecaT ecaT ecaT

Remark 4.3. Compare with the original proof in [9], the above analysis is simplified and requires less constraints on the
mesh. For example, mesh conditions for the H! stability of the L? projection are not needed. The stability in both [?>-norm
and H'-norm is crucial for the uniformly stable preconditioner constructed in [9] for a singular perturbed Stokes problem.

5. Extension to general shape regular meshes

In this section, we construct a Fortin operator for general shape regular triangulations without the geometric assump-
tion (G).

We shall apply different modifications for the corner elements, which are triangles with three vertices on the boundary;
see Fig. 2 for a typical corner triangle. Without loss of generality, we assume the edge e; € &°. We could still modify the basis
function associated to e3 by attaching boundary edge basis, i.e., use grad A, and grad XA,. But now since there exists only one
interior edge of this triangle, the tangential edge bubble space is not big enough. For example, grad A3 cannot be spanned by
basis functions associated to interior edges. Following [9], we enrich the trial space to Vg’t + {1/fj} where f is the rotation
of the vector f by 90° counterclockwise. For the test function space, we chose (}83 = e — e, /2 — e, /2 = grad (Ay — A1)/2
and introduce one more function ¢y = —grad A3 = —¢,, — @e,.

We define M u € Vg‘t + {I/Ij;} such that

(Mg cu, v)p = (u,v) forallv € NDg + {¢y}. (10)
Suppose [Tg u = Y eceo Cele + C()I//eJ;. We now compute the coefficients c, and ¢y by choosing different test functions in

(10). Letu, = (u, q~§e), eec &%anduy = (u, ¢y).Fore ¢ 2, we chose v € ¢ in (10) and compute the coefficient c, as before
ce = d; 'u,. Denote by a, = (Wé, &3)n Qe = (We, @y)p and Gy = (wé, ¢e)p. Direct calculation shows that ay, = |es|/6
and a., = —|es|/12. Since ¢, involves only the basis of boundary edges, the entry az. = 0 for e € &°. Choosing v = ¢, in
(10), we then get ¢g = ug/ay,. Choosing v = ¢, we get ¢, = d;](ue[. — Qe;nCo) = d;il(uel. + ug/2) fori = 4, 5. The local
L2-stability of I_YB_I then follows easily as before.

We are in a position to summarize our main result in the following theorem.

Theorem 5.1. For u € H(} (£2; R?), let Myu = uy + uy where u; = ITyu, u; = ITp(u — uy) with IT; being the Scott-Zhang
quasi-interpolation mapped to 3’01 X 5’01 and ITg ; defined by (7)/ (10) for triangulations without/with corner triangles. Then IT,
is a Fortin operator for the Taylor-Hood element $¢ x $¢ — #' and stable in both H' and L* norm.

6. Modified Taylor-Hood element

In this section, we shall prove the discrete inf-sup stability of the modified Taylor-Hood element 5’02 X 3’02 — (P + 29
in two dimensions. Namely piecewise constant function space is included in the pressure space which will lead to the local
mass conservation in each triangle and thus preserve better physical properties [18,11-14]. A proof of the discrete inf-sup
condition for the enhanced spaces in general setting (general order and two and three dimensions) can be found in [18].
Here we present a simple proof for the lowest order case. Other proofs can be found in [19,13].

Let us define Vg'" = span{l/fel = ben,, e € §°}. The lowest order Raviart-Thomas space is defined as RTy = span{g,, e €
€%} with @, = (A V4 — 4;V-4;) where V-f = (Vf)*. It is easy to verify that ¢, (m,) - ne; = &;j/|e;| and both {1;"} and
{@.} are L? stable bases.

We define ITp ,u € Vg’" such that

/Hgynu-nds:/‘u-nds foralle € &°. (11)

e

The orthogonality
(divu — div T hu, qy) =0

for piecewise constant g follows from the application of divergence theorem to (11) on each triangle.
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We then study the stability of this projection.

Lemma 6.1. For v € Hj(T; R?), we have
hy g vy + vl < B0l + [l (12)

Proof. By the inverse inequality, we only need to estimate h;l | ITg nv]lo.r as follows:

2
2 | M avl3 < (/v.nds) <h2vlE + vl ;.
e

e;jcdT

In the second inequality, we have used Cauchy-Schwarz inequality and the scaled trace theorem for integral on edges: for
any function g € H(T)

lgl? < by tllgll? + hrlVel7. O (13)

Theorem 6.2. Suppose the triangulation satisfies the assumption (G). Let IT)u = uq + uy + usz where uy = IMu,u; =
Mg (u — uy), and us = I (u — uy — uy) with I1; the Scott-Zhang quasi-interpolation mapped to {PO‘ X !PO‘ Iy ¢ defined
in (7), and Iy , in (11). Then Iy, is a Fortin operator for the modified Taylor-Hood element $¢ x P¢ — (P! + £°).

Proof. By construction (divu, q;) = (div T u, q;) for q, € 2. By divergence theorem, (divus, q,) = Oforallg, € £,
since on edges u3 contains only tangential component. Therefore (div u, ;) = (div ITyu, qp) for g, € £°.

We prove the H'-stability |IT,u|; < |u|; by considering the three components one by one. By (3), [u1]|; < |u|. By (12) and
(3), we have

2 -2 2 -1 2 2 2
uald < Y b lualiF < ) (hy = w4 u =l 7) S Julf.

TeT TeT

By the inverse equality and the local I?-stability of I75 ;, we have

2 -2 2 -2 2 —2 2 2
lusly < D P lluslf < D0 kP llu — uglf + by *lluzllf S Julf. O

TeTy TeTy

Remark 6.3. The assumption (G) is necessary for the J’OZ X J’Oz — (P14 £%) element. Suppose there exists a corner element
T (shown in Fig. 2). Choosing g, = x7 in (2), the coefficient of the normal edge bubble basis is zero. From the discussion in
the previous section, only one tangential edge bubble basis is not large enough to impose the div-stability.
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