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1. Introduction

Due to their indefiniteness and poor spectral properties, saddle point problems are difficult to solve. Multigrid (MG)
methods, one of the most efficient solvers for symmetric positive definite problems, work less efficiently for saddle point
problems. In this paper, we shall design and analyze effective multigrid methods for the saddle point problems:

R0

where A is a symmetric and positive definite (SPD) operator and B is surjective. Eq. (1) arises from mixed finite element
methods discretization of partial differential equations (PDEs), notably the Stokes equations in fluid dynamics in which
A= —A,and B = —div.

The main difficulty of developing robust and effective multigrid methods for the saddle point system (1) is due to the
constraint Bu = 0. Recall that the success of multigrid method relies on two ingredients: the high frequency can be damped
efficiently by the smoother, and the low frequency can be well approximated by the coarse grid correction. For saddle point
systems, however, both smoothing and coarse grid correction can easily violate the constraint.

We propose to use the constrained smoother which is defined as a relaxation scheme such that the iteration remains in
the constrained subspace X = ker(B). For Stokes equations, this means that the velocity iteration is always divergence free.
To derive constrained smoothers, we introduce the operator Ay = QKAQJT( : KX — K, where Qx =1 — B"(BB")"'Bis the
[2-projection to X, and rewrite the saddle point system (1) as a symmetric positive definite equation

Axu = Qxf. (2)
We shall design smoothers for (1) based on smoothers for (2). The operator Ay is introduced for the theoretical propose and

will not be formed explicitly. Namely the algorithm we derived will involve only components of the original saddle point
system.
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We shall show that Richardson iteration for solving (2) is the Braess-Sarazin (B-S) smoother [1] for (1), and Jacobi and
Gauss-Seidel iterations for (2) correspond to additive and multiplicative Schwarz smoothers considered in Schéberl [2],
which is better known as Vanka smoother [3] in the context of computational fluid dynamics.

For the coarse grid correction, the difficulty is that the constrained subspaces in consecutive levels are non-nested. To
overcome this non-nestedness, we propose to use a L>-type projection Q to bring the coarse grid correction back to X.
One generic choice is Qx = Qx which requires a Poisson type solver. When the pressure space consists of discontinuous
elements, following Schoberl [2], we can choose a localized L? projection by using elements in the coarse grid as a non-
overlapping domain decomposition of the underlying domain. We would like to mention that when constrained subspaces
are nested, a multilevel method based on the constrained energy minimization and its convergence analysis has been
developed recently in [4].

It has been numerically observed that multiplicative Schwarz smoother leads to an efficient multigrid methods for
saddle point problems, however, theoretical analysis for the convergence is only available for less efficient additive versions
[2,5]. One contribution of this paper is to extend the smoothing property of the additive Schwarz smoother established by
Schéberl [2] to the multiplicative Schwarz smoothers.

With the smoothing property and the approximation property, we are able to prove that the two-level method and W-
cycle multigrid method using constrained smoothers converge uniformly provided the full regularity assumption of Stokes
equations and the assumption of sufficiently many smoothing steps.

Another contribution of this paper is to present a multigrid convergence proof without the full regularity assumption.
For scalar elliptic equations, the MG theory has undergone stages of development from regularity based multigrid theory [6]
to regularity free (or less) one [7-12]. Surprisingly enough the current MG theory for saddle point problems is still in the full
regularity stage [13,1,14-16]. Only very recently, Brenner, Li, and Sung [17] developed new multigrid methods for Stokes
equations and have proved the uniform convergence without the full regularity assumption. Our smoother and consequently
the convergence analysis is different with thatin [17].

We shall follow Bank and Dupont [ 7] to present a convergence proof using only partial regularity assumption of the Stokes
equation. Consequently our analysis can be applied to more realistic problems especially for solutions with singularity. We
verify the approximation and smoothing property using an operator dependent norm for the Braess-Sarazin smoother. We
shall also follow Bramble, Pasciak, and Xu [ 18] to use the variable V-cycle multigrid as a preconditioner which can relax the
assumption of sufficiently many smoothing steps.

We are aware that more effective block preconditioners for the Stokes equations are available [19,20]. The analysis
here is of theoretical interest since the convergence of multigrid methods for Stokes equations with the partial regularity
assumption is rare.

The rest of this paper is structured as follows. In Section 2, we present the setting of the problem including notation and
different formulations of the saddle point system. In Section 3, we introduce constrained relaxation schemes and in Section 4,
we present the two-level method and W-cycle multigrid and prove their uniform convergence. In Section 5, we verify the
smoothing and approximation property for Vanka smoothers and in Section 6, we establish the convergence theory with
partial regularity assumption when using Braess-Sarazin smoother. We refer the reader to [1,2] for numerical results that
are consistent and supporting our theoretical results.

2. Problem setting

Let #¢ be a Hilbert space equipped with inner product (-, -) and 'V C # be a closed subspace. Suppose A : V — V' is
a symmetric and positive definite (SPD) operator with respect to (-, -), which introduces a new inner product (u, v)s =
(Au, v) = (u, Av) on V. The norm associated to (-, -) or (-, -)4 will be denoted by || - || or || - ||, respectively. Let & be another
Hilbert space and let B : 'V — & be alinear operator continuous in || - || 4. With a slight abuse of notation, we still denote the
inner product of # by (-, -). In most problems of consideration, the inner product (-, -) for # is the vector L?>-inner product
while for # it is the scalar L?-inner product.

We are interested in solving the following saddle point system: For a given f € #, findu € V, p € & such that

(Au, v) + (p, Bv) = (f, v) forallv e V,
(Bu,q) =0 forallqg € 2,

which will be written in the operator form

¢ D6-6

The operator matrix in (3) will be abbreviated as £ = (A, B"; B, 0) and Eq. (3) can be written as £(u, p) = (f, 0). Here (-)T
is the adjoint with respect to the default inner product (-, -) and a functional in the dual space #' is identified as an element
in J¢ through the Riesz map induced by (-, -). Throughout this paper, we assume the well-posedness of (3) and focus on its
efficient solvers.

We shall consider geometric multigrid methods for solving the saddle point problem (3) which arises from mixed
finite element method discretizations of elliptic partial differential equations. A typical and important example is the finite



2856 L. Chen / Computers and Mathematics with Applications 70 (2015) 2854-2866

element discretization of Stokes equations —Au + Vp = f, divu = 0 posed on a polygon or polyhedron domain 2. For
another important example: Darcy systems using H(div) elements, we refer the reader to [4].

Let 7, be a quasi-uniform mesh of £2 with mesh size h. We consider geometric multigrid methods in this paper and
thus assume 73, is obtained by uniform refinements from an initial mesh 77 of £2, i.e., there exists a sequence of meshes
71, 72, ..., 9 = T,. The mesh 77 is a shape regular mesh of 2 and 7y, is obtained by dividing each element in 7} into
small elements following appropriate refinement rules for different types of meshes. The mesh size 7} will be denoted by
hy. By the construction hy/hy1 = 2. We are interested in solving the system in the finest grid but coarse grids will be used
to construct auxiliary problems such that only relaxation on each level is enough to produce an iterative solver convergent
with a rate independent of the mesh size.

Let X = Kker(B) be the null space of B. The saddle point problem (3) can be reformulated to the following symmetric and
positive definite (SPD) problem in X': Find u € X such that

(Au,v) = (f,v) forallv e X. (4)

We introduce the operator Ay : X — K as (Axu,v) = (Au,v) forallu, v € X and the operator Qy : # — K as the
(-, -)-projection, i.e., for a given function f € #, Qxf € X satisfies (Qxf, v) = (f, v) forallv € K. Then the operator form
of (4) is: Find u € X such that

Ayu=Quf inXK. (5)
Last we define the Dirichlet energy:

1
E(v) = 5||u||f\ —(f,v), forvew. (6)
Eq. (5) is Euler’s equation of the following constrained minimization problem:
min &(v). (7)
veX

Equivalently the saddle point problem (3) is the first order equation of (7) by introducing the Lagrangian multiplier p to
impose the constraint Bv = 0.

We shall switch our viewpoint from these three equivalent formulations: energy minimization in the constrained
subspace, the SPD problem in the constrained subspace, and the saddle point system in the non-constrained space.

We use notation a < b to denote there exists a positive constant C independent of the mesh size h, such that a < Cb, and
a~ btodenotea <b < a.

We use the standard definition of Sobolev spaces H*(£2) and H;(§2) with s > 0. Whens = 0, HO(£2) coincides with the

space of square integrable functions L?(£2).
3. Constrained relaxation of saddle point problems

The constrained relaxation for solving (3) is defined as a relaxation scheme such that the iteration remains in the
constrained subspace. For Stokes equations, this means that the velocity iteration is always divergence free. We will always
denote by u the solution to (3) and (5) and by u* the kth iteration of u fork = 0, 1, 2, . . .. We chose an initial guess u° € X.
A trivial example is u® = 0. Then, for a constrained relaxation, all u¥ € X fork =1, 2, ....

We first explore the relation between operator A : V — VandAyx : X — K.LetIyx : X — V be the natural inclusion
operator. By definition Ix = Q. Then it is easy to see that Ay = QxAlx = QxAQ}.

Classical iterative methods for solving Axu = Qxf would require the explicit form of Ax. Since Q% = I — B"(BB")~'B
involving an inverse operator, Ay may not be easy or efficient to form explicitly. We shall use the equivalence between (3)
and (5) to design smoothers for (3) without forming A .

Remark 3.1. For some discrete Stokes systems, it is possible to find a so-called discrete divergence free basis of X and
each basis function is locally supported; see, e.g. [21, page 267]. Therefore a sparse representation of Ax can be obtained
using this basis. The finding of such bases, however, is not easy and is problem dependent. More importantly, the condition
number of the reduced SPD system is much worse than that of the saddle point system. Essentially it is a fourth order
elliptic equation with an @ (h=*) condition number rather than a constrained second order elliptic equation with an O (h=2)
condition number. Thus even if a sparse representation of Ay is available, it is still better to solve the original saddle point
system. O

We first transfer the simplest iterative method, i.e., Richardson iteration for (5) to an iteration for solving (3). Recall that
Richardson iteration can be written as:

W =+ 07 QS — Axt) = U+ 07 Qe (F — AuY). (8)
The error equation of (8) is
U—ut = — o AU —u") = QI — 0 1A (u — ub). 9)

In view of (9), we should chose w™! € (0, 2/pa,, ) so that the iteration (8) converges, where py denotes the spectral radius
of operator M.
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From the minimization point of view, Richardson iteration (8) is related to a gradient method for solving the constrained
minimization problem (7). The corresponding iteration for the saddle point system is: solve

[ BT\ (e, f— Auk
(7 5) (@) =(7") (0

and then update u**! = u* 4 e,. One can compute the inverse (wl, B; B', 0)~! to verify the relation (9). This is exactly the
smoother developed by Braess and Sarazin [1].

Remark 3.2. In the implementation level, the identity operator I is realized by a mass matrix and the exact solve of (10)
can be approximated by using an easily invertible matrix, e.g., using the diagonal of the matrix representation of operator
A instead of the mass matrix. Then the inner product (-, -) can be replaced by an equivalent mesh-dependent and weighted
I2-inner product of an Euclidean space which will not affect the analysis.

It is a coincidence that, for Richardson iteration, it is simply replacing A by wl in the saddle point system which resembles
the Richardson iteration for solving A. Other classical iterative methods such as Jacobi and Gauss-Seidel methods for the
SPD formulation (5) correspond to more delicate formulations of the saddle point system. For example, when all operators
are represented by matrices, using (diag(A), B"; B, 0) in (10) will not lead to Jacobi method for solving (5) which requires
diag(Ax).

We shall interpret Gauss—Seidel or Jacobi iterations based on the subspace correction method [10]. Let

V=Vi+Vo4+---4+Vy, V,CV,i=1,...,N,
be a space decomposition of 'V satisfying the condition
X=X+ K, +-+ Ky, withX;=V,Nnker(B),i=1,...,N.

Note that the condition X = Zf'z , Ki requires a careful choice of the space decomposition V = Zf’z 1 Vi. Roughly speaking,
each subspace V; should be big enough to contain a basis function of X and each basis function of X should be contained
in at least one V;. }

Denote by Q; : 'V — XX the (-, -)-projection and A}, = Q,-AQ!-T the restriction of A to the subspace X;. The parallel
(additive) subspace correction method (PSC) is:

N
uk+] — uk + Z(AZK)—]QI(I‘ _Auk).
i=1

The successive (multiplicative) subspace correction (S5C) method is: . .
Let v® = uk, fori=1,2,...,N,solve A, e; = Q;(f — Av'"!) and update v' = v'~! + e;. The new iteration is u**1 = v,

SSC and PSC differ in the update of the residual. In SSC, when solving the local problem in .X;, the residual is updated
while in PSC it is not. From the energy minimization point of view, SSC will always reduce the energy while PSC does not
and usually an appropriate scaling factor is needed. Therefore SSC is more effective. On the other hand, PSC is more friendly
to parallel computing.

It is well known that SSC corresponds to Gauss-Seidel type iteration and PSC is Jacobi type iteration [10].

We now transfer SSC or PSC for (5) to iterative methods for the saddle point system. LetA; : V; — V;and B; : V; —
P; = P N B(V;) be the restriction of A and B to the subspace V; and &, respectively. Given a residual r;, the local problem
Afxei = Q;r; in the subspace X; corresponds to a small saddle point system in V; x &;:

. T . )
G 9)6)-6) o

Therefore SSC for solving Ay u = Qxf based on the space decomposition X = Zf; K;canbeinterpreted as a multiplicative

Schwarz method for solving the saddle point problem based on the decomposition V = vaz 1 Vi. Similarly PSCis the additive
Schwarz method.
Denote by Ry the corresponding operator of SSC or PSC for solving (5), i.e.,

uk+l — uk + RJ{(QJ(f _Axu’().
Then the error equation is
u—ut = (I = RyAx)(u — t¥) == Sy (u — ub). (12)

The operator Ry is introduced for the ease of analysis. In implementation, for a given residual r, the action Rxr can be
realized by solving small saddle point problems (11) consecutively (SSC) or in parallel (PSC). Explicit formulation of Ry is
not easy and not necessary, but possible, see e.g. [22,23].

4. Multigrid methods using constrained smoothers

Following the convention, we use subscript H to denote quantities associated to coarse spaces Vy C V and £y C &
which are usually constructed on a coarse grid with grid size H = 2h. We denote by Iy : Vg — 'V the natural inclusion
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which is usually skipped if no confusion arises. The adjoint I,Z is the restriction (of residual) from 'V — V. One difficulty
of applying standard multigrid methods to saddle point systems is the non-nestedness of the constrained subspaces, i.e., in
general Xy ¢ X although Vy; C V. To overcome it, we introduce another operator Qg : V — X which brings a function
in V back to the constrained space X and require that Qg restricted to X is the identity operator. One generic choice is
Qx = Q. The restriction of Q4 to K can be thought of as a prolongation operator between non-nested spaces XKy — XK.

4.1. Two-level method and its convergence

A two-level method using a constrained smoother Ry is presented below and the multigrid V-cycle or W-cycle multigrid
can be obtained by recursion.

uk+1 —TM (le,f).

Set v; = uk.

(1) Pre-smoothing. Fori =1, ..., m, vis1 = v;i + RxQx (f — Av)).

(2) Coarse grid correction: ey = A;(L Qxy I,T,(f — Avpt1).

(3) Prolongate the correction back to the kernel space: e = Qyxlyey.

(4) Update the approximation: vy, = Vi1 + €.

(5) Post-smoothing. Fori =m +2,...,2m+ 1, viz1 = v; + RxQx (f — Avy).

Set uk“ = UVm+2-

In the pre- and post-smoothing, the projection of the residual Qxr, withr = f —Aw;, is not computed explicitly when using
the constrained smoother. Since in the fine space the subspace X; C X, the action (QAr, v;) = (Ar, v;) forv; € K; C X
can be computed without computing QAr.

In the coarse grid problem, again, evaluation of the projection Qy,, is not needed either. The correction ey = A;&, Qi (I,Er)
will be obtained by solving the following saddle point problem in the coarse space:

T T
G %) ()= (%) =

After we obtained a correction in the coarse grid, say ey € Ky, since Xy ¢ X, the direct update using ey will be out
of the subspace X. Thus in step (3), we do need to compute the projection Qyey. A generic choice is Qx = Qy which
requires a Poisson-type solver in the case of Stokes equations. When the space of Lagrange multiplier is discontinuous, we
can construct such a Qg by solving local problems. Specific examples will be given in the next section.

If we introduce the operator P, : V — VyasPy = A;CL Qxy I,EA, then the error operator of the two-level method (TM) is

SR — QxPy)SK = SxQx( — Py)Sk. (14)
Here we use the property Qxv = v whenv € X.
We shall prove the uniform convergence of this two-level method from which convergence of the W-cycle follows
from the standard recursive argument. As usual, we present the following assumptions on the smoother and coarse grid
correction.
(S) Smoothing property. There exists a function n(m) with property lim,,_, .o n(m) = 0 such that
ISvlla < n(m)pllvll, forallv e X.

(R) The smoother Ry is symmetric, non-singular, and satisfies
(Ry'v, v) > (Ayv,v), forallve X.

(A) Approximation property of the coarse grid correction:
10— Pi)vll < oy, *Ivlla forallv e v.

Due to the non-nestedness of constrained subspaces, we need one more assumption of the prolongation operator Q.
(Q) The operator Qg : V — X is stablein || - ||-norm and preserves K. Namely Q| x is identity and

IQxvll < llvll, forallv e V.

Theorem 4.1. Assume that

e the smoother Ry satisfies the assumptions (S) and (R).
e the coarse grid correction Py satisfies the approximation property (A).
e the operator Qy satisfies the assumption (Q).

Then the two-level method converges in A-norm with sufficiently many smoothing steps. More precisely, there exists a constant C
independent of the size of the problem such that

k+1 I
llu — s < Cn(m)llu — u*|la.
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Proof. The assumption (R) implies o (RxAx) € (0, 1].ThenSy = I — RxAy is a contraction in A-norm. Recall that the error
equation is

u—uf = ST Qu (I — Py)ST (u — ub).
We then use the assumptions to estimate the A-norm of the error operator. For any v € X,

1/2
S5 Quc (I — Pu)Sicvlla < n(m)ijc Qx I — Py)Skvll
1/2

< 77(m)pA§< (I = Pw)Sxvll < nm)|ISkvlla < n(m)l|vlla.

The desired inequality then follows. O

4.2. W-cycle method and convergences

We present the standard recursive formulation of the W-cycle using TM. We introduce one more index I for levels. The
coarsest level is | = 1 and the finest one is [ = .

Ut = W-cycle (X, f, )

Ifl == 1, then

Ukt = uk + A Qi (f — uk); return;
else
Set v = uk.

(1) Pre-smoothing. Fori =1, ..., m, vis1 = v; + RxQx (f — Av)).
(2) Coarse grid correction: let ry = I,E(f — Avpmi1)
(a) ey = W-cycle(0, ry, I — 1);
(b) ey = W-cycle(éy, ry, 1 — 1).
(3) Prolongate the correction back to the kernel space: e = Qxlyey.
(4) Update the approximation: vpm4y = vpy1 + €.
(5) Post-smoothing. Fori=m+2,...,2m+ 1, viy1 = v; + Rx Qx (f — Avy).

Set Uk+] = Um+2.

Use the standard recursive argument, we can prove the uniform convergence of W-cycle.

Theorem 4.2. Assume that in each level

e the smoother Ry satisfies the assumptions (S) and (R).
e the coarse grid correction Py satisfies the approximation property (A).
o the operator Qy satisfies the assumption (Q).

Then the W-cycle multigrid converges in A-norm with sufficient many smoothing steps. More precisely, there exists a constant C
independent of the size of the problem such that, when m is large enough,

k+1 k
lu = u*Mia < Cnm)flu — u|la.

5. Application to Stokes equations

In this section, we apply our approach to design and analyze multigrid methods for saddle point systems arising from
finite element discretization of Stokes equations. Here we focus on stationary Stokes problems.
Consider Stokes equations with Dirichlet boundary condition posed on a polygon/polyhedral domain £2 c R¢, d = 2, 3,
— Au+Vp=f, divu =0 in$2, u=0, onadf. (15)
Let [2(2) = {q € [*(R2), [, q = 0} endowed with L?-norm || - || and L*-inner product (-, -), and (H}(2))? = {u €
(L2(£2))%, Vu € (L2(£2))%¢, ulye = 0} withnorm | - | := ||V ()||. The weak formulation of (15) is: find u € (H} (£2))4,p €
L2($2) such that
(Vu, Vv) — (p, divv) = (f, v) forallv e (H(}(Q))d,
—(divu, q) =0 forall g € L3(£2).
Given a quasi-uniform mesh 7; with mesh size h, we consider inf-sup stable finite element spaces. The setting is: spaces
(V, ) = (Vy, Py) are stable finite element pair based on 7. Space # = (I%(£2))¢ with the L? inner-product (-, -). The A
inner-product is (Au, v) = (Vu, Vv). The operator B = —divand A = — A. We shall use subscript h or H, respectively, to

indicate operators restricted to spaces on 7}, or 7. The coarse grid size H = 2h.
It is well known that pa,, pa,, = O(h™%).
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5.1. Approximation property

In this subsection, we denote the exact solution of Stokes equations by (u, p) and the finite element approximation based
on triangulation 7, by (up, pn). Notice that for all existing stable finite element pairs, we have first order convergence of u
andp, i.e.,

lu = unlls + lp — pall < h (Jullz + lIpllD) - (16)

To verify the approximation property in L?>-norm, we need the following full regularity assumption.
(Reg) Letu € (H(} )4, p € L(z) (£2) be the weak solution of Stokes equations (15) with a given data f € [*(£2). Then
ue (H*(2) NH(£2))% and p € H(£2) and

lullz +llpll < IF1-

Using the standard duality argument and the above full regularity assumption, we can get the following approximation
result in L?-norm:

llu—unll < B*IF 1. (17)

We then verify the approximation property (A). Note that we are solving the discrete Stokes equation on 7 and the
coarse spaces are based on 7. The approximation property is given by the error estimate between two consecutive meshes
Th and T4.

Theorem 5.1. Assume (Reg) holds for Stokes equations. Let Py : 'V, — Vy be defined as Py = A}L Qxy I,T,Ah. Then the following
approximation property holds:

llvn — Propll < hllvklla  for all vy, € V.

Proof. Let f = Ajv, and (v, p) be the solution of Stokes equations with data f. Then v, and vy = Pyvy are the Galerkin
approximation of v in 'V, and Vy, respectively. By the triangle inequality, the L?-error estimate (17), the inverse inequality,
and the fact H/h < C, we have

2
lon = Pronll < [lv — vall 4+ lv — vall < H*|Avall < Hllvnlla < hllvnlla-

This completes the proof. O

5.2. Constrained smoothers

To define a constrained smoother, it suffices to give a space decomposition V = ZlN:"] V; such that X = Zf\’:hl X with
K; = V; N ker(B). The key of an effective constrained smoother is to identify the support of the local spaces V;. On the one
side, the size of the local problem should be small such that local problems are efficient to solve. On the other side, the space
V; should be big enough to enclose a basis function of XK. Note that we do not need to figure out a discrete divergence-free
basis but only need to know the support of a basis function. In the following, we will give the sub-domain w for specific
examples and the local problem is solving Stokes equations with Dirichlet boundary condition on dw. We refer the reader
to Sarin [24] for algebraic ways to identify patches of divergence free basis which might be helpful on designing algebraic
multigrid methods for Stokes problems.

A rule of thumb is that, when the pressure space is discontinuous, chose the vertex patch of the triangulation. More
specifically, when the pressure is piecewise constant, the velocity is quadratic Lagrange element or Crouzeix-Raviart (CR)
non-conforming linear finite element space [25], the support of two type of discrete divergence free functions (vertex-type
and edge-type) will be contained in the vertex patch; see [26,27]. On rectangular grids, for the Q, — P; (bi-quadratic velocity
and discontinuous linear pressure) pair, the vertex patch also contains the support of four types of discrete divergence free
functions; see [21, page 271].

For Q, — Q; (continuous bi-quadratic velocity and continuous bi-linear pressure), we can still use the vertex patch which
consists of a 2 x 2 sub-mesh and contains the support of discrete divergence free basis functions [28]. For lowest order
Taylor-Hood P, — P; elements, i.e., the velocity is continuous quadratic element and the pressure is continuous linear
element, in addition to the vertex patch, we need to solve additional local problems in a triangle patch which is defined
as the union of triangles sharing edges with a given triangle. The discrete divergence free basis will be contained either in
the vertex patch or the triangle patch; see [29,30].

5.3. Prolongation operator

We discuss several choices of Q. One universal choice will be the L? projection to K. Namely we chose Qx = Qx
which requires a Poisson solver. As remarked in [1], this is practical since a lot of efficient Poisson solvers are available and
the Poisson equations need only be solved with low accuracy.

When the pressure space is discontinuous, we can chose local L% (or H")-projections. For each triangle T € 73, we consider
the L2-projection restricted to K7 = {v € X, suppv C T}. A similar local H'-projection was proposed by Schéberl in [2].
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The stability of Q in [>-norm is trivial. When v is already in X, the solution to the local problems is itself and thus this
operator preserves functions v € X.

5.4. Smoothing property of additive Schwarz smoothers

A smoothing property for additive Schwarz smoothers has been established by Schéberl [2]. Here we review his approach
briefly and will extend to the multiplicative case in the next subsection.

Assume the space decomposition V = vaﬂ V; satisfying X = Zf’ﬂ K; with X; = V; N K. The additive Schwarz
smoother Ry based on this space decomposition can be written as Ry = wDy = w ZfV: , A,,}} Qx;,» where the parameter @
is chosen approximately such that (R) is satisfied. It is well known that, e.g., [11]

N
(O'v,v) = ol = inf D il (18)

> vi=v,vieX; i=1
i=1

In [2], Schoberl has proved the following inequality:

-1
1l , < 0N, (19)
where || - [ p-1 Aliz is the interpolation norm between || - || ;-1 and || - |4 norm with parameter 1/2.
K K
The smoothing property
IS5 vlla < m™ 2wl (20)

is well known [6] and by our choice of the relaxation parameter w, the operator Sy is a contraction in A-norm, i.e.,
IS5 vlla < llvlla- (21)
Then interpolation gives the smoothing property

<m V4 v].

m < _1/4 _
ISxvlla <m ”U”[Dxl,ﬂh/z ~

5.5. Smoothing property of multiplicative Schwarz smoothers

In this subsection, we verify the symmetric multiplicative Schwarz smoother (or Vanka smoother) satisfies assumptions
(R) and (S).

Let Ry be the operator of SSC based on the space decomposition KX = Z,N: 1 Ki. The symmetrized Vanka smoother Rx
is an operator defined by the relation

I = RyAx = (I = RyAsx) (I — RxcAx). (22)

Note that the relaxation R} is realized by applying multiplicative Schwarz method in the reversed ordering, i.e., if Ry is
solving local problems fromi =1, 2, ..., N, then Rgc isfromi=N, N—1,...,1.

From the energy minimization point of view, the energy is strictly decreasing for the multiplicative Schwarz method
which implies the contraction of the operator Sy = I — Ry and therefore (R) holds for Ryx. Indeed any symmetrized
scheme defined by the relation (22) will satisfy (R). A short proof is as follows. Since Ay is SPD, (I — RECAJ()(I — RyAyx) =
(I — RxAx)*(I — RxAx) is SPD, where the adjoint (-)* is with respect to (-, -)a, . Therefore Apin (I — RxAx) > 0 which
implies p(RxAx) < 1. Obviously Rx is SPD. So this verifies that Ry satisfies (R).

Let P; : X — X be the projection in (-, -), inner product, i.e., Pv € X; satisfies (Piv, wi)a = (v, wy)a for all w; € K.
We have the following characterization of the norm introduced by Ry: for all v € X

N J
——1 .
®Rev.v)=lollz+ inf Y [P Dyl (23)
i vj=v,V;€K; i=1 J=itl

i=0
The identity (23) can be found in [11]. A simple proof of (23) is given in [23].
Lemma 5.2. Assume that the space decomposition X = Zf; K is finite overlapping, i.e., the cardinality of n(i) = {j € [1, N] |
XN X; # @} is uniformly bounded foralli = 1, 2, ..., N, and the inequality (19) holds. Then Ry satisfies the smoothing prop-
erty (S).
Proof. By the finite overlapping property, we have

N J
2|2
i=1 j

v
Jj=i+1

2 N N

N
2 2 2 2
SOOIl < Y lvill3, and iz < Y lill3.
i=0

A =0 jen() i=0
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Therefore we have, for symmetric multiplicative Schwarz smoother Ry,

Ry v.v) £ (Dy'v, v). (24)
The smoothing property

-1/2 —-1/2
ISR vlla < m™Y ol < m / vllp-1, (25)

is proved as before. Since Ry satisfies (R), the operator Sy is a contraction in A-norm:
[Skvlla < llvla. (26)
Then interpolation gives the smoothing property

< = 1/4p—1
Ay ST L O

ISk vlla < m= 4ol po

The finite overlapping property is usually true for finite element methods. The inequality (19) has been established

in [2] for P, — Py pair (continuous and piecewise quadratic element for the velocity and piecewise constant element
for the pressure) and can be proved similarly for other stable pairs with discontinuous pressure spaces. Together with
the approximation property proved in Theorem 5.1, we thus have proved the uniform convergence of W-cycle multigrid
methods for solving Stokes equations with multiplicative Schwarz smoothers. Note that in [2], it shows numerically that the
multiplicative Schwarz smoothers is more effective while the theoretical analysis in [2] is restricted to the additive case only.

6. Convergence theory with partial regularity assumption

Results obtained in the previous sections require the full regularity assumption and sufficiently many smoothing steps.
In some scenario, e.g., the domain £2 is concave with a reenter corner, the full regularity assumption is violated and only
partial regularity assumption holds. We shall follow Bank and Dupont [7] to prove the multigrid convergence with partial
regularity assumption for the B-S smoother. The key is to verify the approximation and the smoothing property using an
operator dependent norm. We shall also follow Bramble, Pasciak, and Xu [18] to use the variable V-cycle multigrid as a
preconditioner which can relax the assumption of sufficiently many smoothing steps.

6.1. Fractional norm and stability

We will use a fractional norm defined by the SPD operator Ay : X — X.Fors € [0, 2] and v € X, we define
llvlly = 145 ]l
Obviously [[v[lo = llv|l and ||v[|; = ||v]la and thus by interpolation ||v||; = ||v||s forall v € X and s € [0, 1].
Lemma 6.1. The [? projection Qy is stable in ||-||, for all s € [0, 1].

Proof. By definition [|Qxllg = [|Qx|| = 1. By Lemma 1 in [14], we have the stability of Qx in A-norm, i.e, [|Qx|l; =
lQxlla < C.Interpolation then leads to the result. O

6.2. Two-level method and its convergence

We present the two-level method using a constrained smoother Ry below.

1 = TM-R (¥, f)
Set vy = uk.

(1) Pre-smoothing. Fori =1, ..., m, viz1 = v; + RxQx (f — Avy).

(2) Project the residual to the kernel space: r = Qx (f — Avmp+1).

(3) Coarse grid correction: ey = Ayl I IhT.

(4) Prolongate the correction back to the kernel space: e = Qy Iyl ey.

(5) Update the approximation: vpmiy = Upmt1 + €.

(6) Post-smoothing. Fori =m+2,...,2m+ 1, viy1 = v; + Rx Qx (f — Avy).

Set Uk+1 = Um+2-

Comparing with the two-level method TM, the difference of TM-R is that: when transfer the residual to the coarse grid,
we add one [2-projection Q before applying the restriction from V to V4 and Qx = Qy in the prolongation step. The use
of Q4 will increase the computational cost a little bit but the benefit is that now the error operator of TM-R is symmetric in
the (-, -)4 inner-product.
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Lemma 6.2. Let u¥t! = TM-R (u, f). Define E by the relation u — u**! = E(u — u*). Then E is symmetric in the (-, -) inner-
product.

Proof. We write out the error operator first
E =S} — Quclul iy Ayl L, 11 QicAx)SH (27)

and explain step by step. The extra projection in step (2) is to realize the action Ay (-) = QxA(-). The restriction I; YV — Vy
is applied to elements in V. So we need the natural inclusion Ic = Q% : X — 'V after the action Ax. The action of operator
A%L I % is realized by solving the saddle point system in the coarse grid. After we obtainey € Ky, we embed it to Vy through
Iy, : JCH — Vy and then to 'V through Iy : Vy — V. The projection Q4 from V to X is applied to bring the iteration back
to X.

Since QKIHIKHA;CLI;(HI,SQ}C, Sx,and Ay are symmetric operators from X — X, we conclude E : X — X is symmetric
in the A inner-product. 0O

To prove the uniform convergence of TM-R without the full regularity assumption, we modify the smoothing property to:

(S,) Smoothing property. There exist a constant & € (0, 1] and a constant ¢s such that
C af o/2
lIsmofl .., < (ﬂ) Pp22v)ls, forallv e X. (28)
We then define a slightly different coarse grid correction operator P, : X — Ky C VasPy = IHIKHAKLI}HITQ}(Ax
and formulate the approximation property using the fractional norm.
(Ay) Approximation property. There exist a constant « € (0, 1] and a constant ¢, such that

I = Pivlly_q < capp?Ivlla, forallv € X.

Theorem 6.3. Assume that

e the smoother Ry satisfies the assumptions (R) and (S,).
e the coarse grid correction Py satisfies the approximation property (Ay).

Then the two-level algorithms TW-R converges in the energy norm when the smoothing step m is sufficiently large. More precisely,
there exists a constant C = C(cs, ¢q, ) such that

k+1

k
llu— lu —u™f|a.

< —
A= (2 )a/z

Proof. Since the error operator E = ST (I — QxPy)S% : X — X is symmetric with respect to (-, -)4, we can estimate ||E||
by proving (Ev, v)4 < (v, v)4 forall v € X as follows:

(Ev, v)a = (I — QxPy)SKv, SRv)a
< [la = @xPsivll,_, lISxvll.

a/2
= lla=roszoll,, (55) " AsZivla

Cs )01/2 2
C Ul[4-
=a(5s) I

A

In the third step, we write I — Qx Py = Qx (I — Py) and use the stability of Qx in ||-||;_, norm; see Lemma 6.1. O
Again using the standard recursive argument, we can obtain the uniform convergence of W-cycle when smoothing steps
are sufficiently large. The formulation of algorithm and results are similar and thus skipped here.

6.3. Smoothing property

We shall derive the smoothing property (S.) from the following smoothing property (S,) which is easier to verify.
(S,) Smoothing property of high frequency. There exists a constant ¢, such that
(Ry'v, v) < cspay (v, v) forallv € X. (29)

We use the notation of comparing symmetric operators: for two SPD operators M and O, we write M < O if (Mv, v) <
(Ov, v) for all vin X or V. We can write (29) as chl < Cspa, I which is equivalent to I < ¢s0a, Rx. Multiplying Ay from left
and right, we get another form of (S,)

Ai{ < CsPay AxRycAx = Cspay Ax (I — Sx),
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which can be written in the following rigorous way:

(Axv, Axv) < Cspay (I —Sx)v, v)a,, forallv e X. (30)

Lemma 6.4. Assume a constrained smoother Ry satisfy (R) and (S,). Then the smoothing property (Sy) holds for o = 1.

Proof. As we mentioned earlier, the symmetry of Ry implies Sy is symmetric in (-, -)4,.. The assumption (R) implies Sy is
a contraction.
We use formulation (30) of the assumption (S,) and the symmetry of Sy to get

(AxSiv, AxSEv) < cspay (I — Sx)SEv, SEVIA = Cspas (I — Sx)SH"v, V)4

From the elementary inequality

, forxel0,1),
X
we obtain the corresponding operator form
1
({1 = Ss)Seu, Sgwa = 5 (0 = S, W,
m
Since Sy is a contraction, p(I — S?C’”) < 1, and consequently we get the desirable inequality

C.
AsxSKvl* < ﬁmxnvuix. O (31)

As noted in [1], let v™ = S’ v and ¢ = —(BB")~'BAv™. We can write the norm
IAsxSKvll = QxAv™|| = [|Av™ — B"(BB")'BAV™|| = ||Av™ + B'q]|.

Namely we can find a pressure term q € & to write the smoothing property in the form
C
IAV™ +BTql)* < —= pallvll}. (32)
2m
The extra pressure term comes naturally in the evaluation of Ay.

Theorem 6.5. Assume a constrained smoother Ry satisfy (R) and (S,,). Then the smoothing property (S, ) holds forany « € [0, 1].

Proof. For o = 0, since Ry satisfy (R), Sy is a contraction and thus (28) holds for « = 0. The case « = 1 has been proved
in Lemma 6.4. Interpolation will lead to the conclusion. O

We shall verify the B-S smoother, which is the Richardson iteration for (5), will satisfy the assumptions (R) and (S,) and
consequently prove that B-S smoother satisfies the smoothing property (S,).

Recall that B-S smoother corresponds to Ry = @™~ !Qy. To satisfy (R), we require w > p4, . A more practical requirement
isw > pa > pa, since A, not Ay, is explicitly formed. Assumption (S,) will hold with constant ¢; = w/pa, . Therefore we
obtain the smoothing property (S,) for B-S smoother.

Corollary 6.6. Assume pa, < w < Cspa,. Then B-S smoother satisfies the smoothing property (Sy) for any o € [0, 1].

Remark 6.7. For B-S smoother, Ax = w(I — Sx) and one can prove a better smoothing property in L>-norm ||A xSRI =
o|l(I=Sx)S% |l < Cw/m; see[1]. Here we consider the convergence in A-norm and the best smoothing property (fora = 1)
is in the order of 1/,/m.

Remark 6.8. For the symmetrized multiplicative Schwarz smoother, it satisfies the assumption (R). But assumption (S,) is
unlikely true. Consider smoothers based on a decomposition X = ZL K; in the finest level with dim X; = ©(1) and
Xi C X.Then (S,) would be true if the decomposition is stable in [?-norm, i.e.

N
inf > " Jlill” < [lvl)* forallv e X. (33)
i=1

Vi=v *;

For some v € X, we can find ¢ in an appropriate finite element space such that v = curl ¢. Since v; € X, it may happen
v; = curl ¢;, then we would get a stable decomposition of ¢ in H'-norm. Such H'! stable decomposition of ¢ does not exist
using only subspaces with @ (1) size in one level only.
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6.4. Approximation property

We then verify the approximation property using the following partial regularity assumption.
(Reg,) Letu € (Hj(£2))4, p € L3(£2) be the weak solution of Stokes equations (15) with a given data f € [*(£2). Then

ue (H™"(2)NHj(2))% p € H*(2) and
lulli+e + 1Plle S Iflla—1 (34)
holds for some @ € (1/2, 1].

Theorem 6.9. Assume (Reg,,) holds for Stokes equations. Define Py : X — Ky C V as Py = Iyl KHA;CL I}H I},Q}Ay. Then the
following approximation property holds:

I = Peuplli—o < h*[lunlla,  forallup € Kp. (35)

Proof. We denote by (u, py) the solution to
(Un, vi)a + (Pn, Bup) = (AxcUn, vn) for all vy € Vy, (36)
(Bup, qn) =0 for all g, € 2. (37)

By the inf-sup condition, we can chose v, € Vj such that Bvy, = py and ||vplla < ||pnll. Choosing such vy, in (36), we can
bound the L? norm of pj, as

Ipnll® < 1(Aun, Qxvw)| + [(n, v)al < lupllallvnlla < lunllallpsll,
which implies
Ipnll < Nlunlla- (38)
By definition of Py, there exists a py € #y such that (Pyuy, py) satisfy equations
(Pyup, vy)a + (Pu, Buy) = (Axup, vy) forall vy € Vy,
(BPyup, qy) =0 forall gy € Py.

Similar to (38), we have |lpy || < IPyunlla < llunlla.
We thus obtain the orthogonality

((I — Py)up, vu)a = —(Pn — pu, Buy), forall vy € Vy,
(B(I — Py)up, qy) =0, forall gy € Py.
We now estimate the norm ||(I — Py)uy|l;—, by the standard duality argument. Let p € H*~1(£2) and n € (H'*%(2) N
HJ(£2))%, x € H* () satisfy
(0, v)a+ (x. Bv) = (p,v) forallv € (Hy(£2))", (39)
(Bn,q) =0 forallq € L3(£2). (40)

By the partial regularity assumption (Reg, ), we have

7014 + X lle S Nolle-1
We chose v = (I — Py)uy in (39), to get, for any ny € Ky and xy € Py,

(0, U — Py)up) = (n, I — Py)un)a + (x, BU — Py)up)
= (m—nu, I — Pu)un)a + (B(n — nu), pp — pn) + (X — Xu, BU — Py)up)
SH (Inlhse + Ixlle) A = Pa)uslla + lipnll + pall]
Sl plla=1llunlla,
which implies
(o, (I — Py)up)

I = Puplli—o = sup —————— Sh*[[(I = Po)uplla < h*||luplla. O
peri—a  llolla—

With the smoothing property (S, ) and the approximation property (A, ) using only partial regularity assumption, we can
conclude that the W-cycle multigrid using the B-S smoother is uniform convergent in A-norm if the smoothing steps are
sufficiently large. Note that a convergence result of multigrid methods using B-S smoother has been obtained in [ 1] but in
I2-norm and with the full regularity assumption.
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6.5. Variable V-cycle multigrid preconditioner

In the convergence analysis of the two-grid and W-cycle multigrid methods, we require the smoothing steps that are
sufficiently large. Now we discuss possible ways of relaxing this requirement.

We can view the operator Qi : Ky — XK as the prolongation operator between the non-nested spaces KXy and K.
Combining the stability ||Qx|la < C, the smoothing property (S,), the assumption (R), and the approximation property,
we can apply the framework developed in [18] for non-nested multigrid methods to conclude that the condition number
k (VicAx) < 1whenvariable V-cycle multigrid Vy is used. Here variable V-cycle refers to a V-cycle with variable number of
smoothing steps in each level. Moving from fine to coarse grids, the sequence of smoothing steps is geometrically increasing
with a certain factor. A typical choice is: 1, 2, 3, 5, 8, 12, 18.. ... Variable V-cycle has the same computation complexity as
the W-cycle but the error operator of the variable V-cycle can be proven to be SPD while that of W-cycle could be non-
SPD[18].

Thus preconditioned conjugate gradient (PCG) method can be used for solving the SPD problem (5); see the formulation
in Braess and Dahmen [ 14]. Note that in the evaluation of Ay, an extra L?>-projection is needed.
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