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Abstract: A transformed primal-dual (TPD) flow is developed for a class of nonlinear smooth saddle point sys-
tem. The flow for the dual variable contains a Schur complement which is strongly convex. Exponential stability
of the saddle point is obtained by showing the strong Lyapunov property. Several TPD iterations are derived by
implicit Euler, explicit Euler, implicit-explicit, and Gauss—Seidel methods with accelerated overrelaxation of the
TPD flow. Generalized to the symmetric TPD iterations, linear convergence rate is preserved for convex-concave
saddle point systems under assumptions that the regularized functions are strongly convex. The effectiveness
of augmented Lagrangian methods can be explained as a regularization of the non-strongly convexity and a
preconditioning for the Schur complement. The algorithm and convergence analysis depends crucially on ap-
propriate inner products of the spaces for the primal variable and dual variable. A clear convergence analysis
with nonlinear inexact inner solvers is also developed.

Keywords: saddle point system, primal-dual iteration, augmented Lagrangian method, accelerated overrelax-
ation

Classification: 65K10

1 Introduction

1.1 Problem setting

Consider a class of nonlinear smooth saddle point systems:

min max £(u, p) = f(u) - g(p) + (Bu, p) (1.1
ucR™ peR"

where B is an n x m matrix, n < m, with full row rank, f(u), g(p) are smooth convex functions with convexity
constant iy, lig, and Vf(u), Vg(p) are Lipschitz continuous with Lipschitz constants Ly, Lg, respectively. The
point (u”, p*) solves the min-max problem (1.1) is said to be a saddle point of £(u, p), that is
L',p) < LW, p) < Lu,p) Vu,p)eR™xR",
Convex optimization problems with affine equality constraints can be rewritten into a saddle point system (1.1):
min f(u)
uer™ 1.2)
subjectto Bu = b.

Then p is the Lagrange multiplier to impose the constraint Bu = b and £(u, p) = f(u) — (b, p) + (Bu, p). Note that
Ug = 0since g(p) = (b, p) is linear and not strongly convex.
The saddle point (u”, p°) satisfies the first order necessary condition for the critical point of £ (u, p):

viw)+BTp=0
Bu -vg(pH)=0.

If Vf(u) = Au and Vg(p) = Cp, where A, C are symmetric positive semidefinite matrices, one can recover the

linear saddle point system:
T *
B -C p g
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which arises in computational fluid dynamics [8], mixed finite element approximation of PDEs [17, 18, 34],
optimal control problems [53], etc. (see [5] and references therein).

For solving (1.3), the Arrow-Hurwicz and Uzawa methods proposed in [1] is one of the earliest and most fun-
damental method. The pioneer work inspired influential algorithms such as the extragradient algorithm [36],
the Popov’s modified method [44] (also known as optimistic gradient descent—ascent methods). For strongly
convex-strongly concave systems, i.e., yy > 0 and yg > 0, linear convergence of the extragradient algorithm was
established in [36]. For general convex—concave systems only sub-linear rates are achieved in [26, 40, 50, 52].

One may ask a question immediately: can we retain linear convergence rate only with partially strong
convexity, i.e., g > 0 but g = 0, which covers the most important constrained optimization problem (1.2)? The
answer is yes. When f is strongly convex, its convex conjugate exists, i.e., f (&) = max,cgn(&, u) - f(u) is well
defined and convex. Then (1.1) is equivalent to the composite optimization problem without constraints:

so*e T
;rellRIlnf( B p) + g(p). (1.5)

Notice f" is strongly convex since Vf is Lipschitz continuous and B is full row rank, (1.5) is a strongly convex
optimization problem with respect to the dual variable p. If f* and Vf" is computationally available, convex
optimization methods can be applied to solve (1.5) and obtain linear convergence with strong convexity of f".
Inexact Uzawa methods (IUM) for linear saddle point systems [2—4, 10, 22, 25, 43, 48] and nonlinear saddle point
systems [18-21, 32] can be thought of as an inexact evaluation of Vf" for solving (1.5) and achieving linear
convergence rate. Usually a nonlinear inner iteration terminated with a certain accuracy for computing V" is
required [2, 3, 20, 22, 31, 32, 43, 49].

1.2 Flows

We shall study the iterative methods from the ODE solvers point of view. Namely we treat (u(¢), p(t)) as con-
tinuous functions of ¢ and design ODE systems so that the saddle point (u”, p*) is an equilibrium point of the
corresponding dynamic system. Then we apply ODE solvers to obtain various iterative methods. By doing this
way, we can borrow the analysis tools for dynamic systems to prove the stability and convergence theory of
ODE solvers.

The main stream in this direction is the primal-dual gradient dynamics, which treat u as the primal variable
and p as the dual variable and follows the primal-dual (PD) flow [1]:

u =-04L(u, p) = -Vfw) -B'p
p' = 9pL(u,p) = Bu-vVg(p)

(1.6)

where u', p’ are taking the derivative of t. The exponential stability of the equilibrium point (u", p*) is shown
in [47] for problem (1.2) and asymptotic convergence for general convex—concave systems can be found in [23]
and references therein. Then ODE solvers for (1.6) will lead to several iterative methods and the linear conver-
gence may be obtained using the exponential stability in the continuous level.

For linear saddle point problems, we have the following factorization:

A BT (I 0\ (A0 I A71BT @
B -C BAT1/\o-s/\o 1 '

where A € R™™ is symmetric positive definite (SPD), B € R™™ is surjective, C € R™™" is symmetric and semi-
positive definite, and S = BA™'BT + C is the Schur complement of A. The triangular matrix in (1.7) can be viewed
as a change of coordinate. By changing to the correct ‘coordinate’, the primal and dual variables are decoupled
and the Schur complement S defines a strongly convex function of the dual variable; see (1.5).

Generalized to nonlinear systems, we consider a change of variable v = u + Jy1BTp where Jy is an SPD
matrix. Based on this transformation, we propose the following transformed primal-dual (TPD) flow

U = 9% 0uL(u, p) = -3y (Vf(w + BTp)

(1.8
p =7 (apz(u, p) - BIy 0uL(u, p)) S [VgB(p) - Bu+ BJ{}Vf(u)}
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(@) Trajectory of PD and TPD flows in the (u, p) coordinate. (b) Decay of Lyapunov function (1.10).

Fig. 1: Comparison of PD flow <Z> = <_11 _01> <Z> and TPD flow (;) = <_01 j) <:> for L(u, p) = %uz - up. The ODE systems

are solved by ode 45 in MATLAB.

68 where Jg is another SPD matrix and gz(p) := g(p) + p”BJ3} BT p. Here following [11] and [56], the TPD flow is
69 posed in appropriate inner products induced by SPD matrices Jy and Jo on R™ and R", respectively. After the
70 transformation, the gradient of the Schur complement BJy!BTp is added to Vg(p). Even y, = 0, the function
71 gp is strongly convex and thus the exponential stability for the TPD flow can be established. More precisely, if
72 (u(t), p(t)) solves the TPD flow (1.8), we shall prove the exponential decay

Eu(®), p() < e ™ E(0), p(0)), t>0 (1.9)

73 where the Lyapunov function
1 * 1 *
ew,p) = 5llu-w'|5, + 5P =PI, (1.10)

74 and u = min{yys g, (2= Ly g, g, 7,)} With assumption Ly 5, < 2 which can be satisfied by rescaling.
75 In Fig. 1, we present numerical results for the example £(u, p) = %uz - up with u, p € R. Itis evident that
76 the TPD flow is asymptotically stable and the Lyapunov function (1.10) converges without oscillations.
77 On convergence analysis, for linear saddle point systems, it suffices to bound the spectrum of a matrix

78 operator for the error; see [42, 55] and reference therein. For nonlinear problems, if the spectrum analysis is
79 applied to the linearization problem, then it is limited to the local convergence, i.e., (i, py) should be sufficiently
80 closeto (u*, p"); see, e.g., [32].

81 To overcome the limitation of the spectrum analysis, we shall follow the framework in [15] to verify the
82 strong Lyapunov property in Theorem 3.1:

-VE&,p) S, p) > utlu,p)

83 where G(u, p) is the vector field defined on the right hand side of (1.8). Then the exponential decay (1.9) follows.
84 Convergence analysis relies crucially on the assumption that the Lipschitz constant Ly 5, < 2 which can be
85 always satisfied by a rescaling.

86 One can further ask the question: can we still have the linear convergence rate if not only ug = 0 but
87 also uy = 0? Recall that, the strong convexity of the dual variable is recovered by the transformation on the
88 dual variable flow. We can apply the transformation to the primal variable as well. If f is not strongly convex,
89 but fp(u) = f(u) + %(BTT}lBu, u) is strongly convex, we show the exponential stability can be obtained by the
90 symmetric transformed primal-dual (STPD) flow:

u = =97 (8ul(u, p) + BT T3 8pL(u, p))

- o (1.11)
p =72 (6pL(u, p) - BT 0uL(u, p)) .

O

1 Here we further introduce SPD matrices Ty, T for the transformation and treat Jy and Jq as preconditioners.
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(a) Trajectories of PD, AL-PD, and STPD flows in (u1, p) coordi-
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(b) Decay of the Lyapunov function (1.10).

Fig. 2: Comparison of PD, AL-PD, and STPD flows for the example (1.13). In STPD, Ty = Jy =Iand T = J3 = I with B = 10. The ODE
systems are solved by ode45 in MATLAB.

With appropriate scaling of Ty and T, we can assume Lipschitz constants Ly 7, < 2 and Lg 1, < 2. Then
define the effective convexity constant ¢ = min{uy, ug} with

ty =min{1,2-Ler, Yup, g,

in Theorem 5.1, we show the exponential decay

fo =min{l1,2-Lg 1, Hig, 1,

u(), pM) < e e), p(0) vt >0

for (u(t), p(t)) solves the STPD flow (1.11).
Consider the convex optimization problems with affine equality constraints (1.2), the well-known aug-
mented Lagrangian method (ALM) [30, 45] for solving

min max £(u, p) = f(u) + gﬂBu - b||*+(p,Bu-b)

ucR™ peRn

(1.12)

can be derived from STPD flow (1.11) by choosing T;' = BI. From this point of view, the effectivness of ALM
can be interpreted by the STPD flows in the continuous level. Notice we can also consider TPD flow for the
augmented Lagrangian (1.12) which is more or less equivalent to STPD (1.11) for the original Lagrangian. We
show careful analysis to explain the connection between TPD flows and ALM in Section 6.

To illustrate different flows for constrained optimization problems (1.2), we present numerical results in
Fig. 2 for the example

min _ f(ug, uy) = L

(ug,u2)ER?

zu

2
1~ U

subjectto u; —uy =0.

(1.13)

with u = (uy, uy) € R%, p € R. The convex function f is not strongly convex but restricted to ker B = {(uy, uy) €
R? : uy = u,} is or equivalently fg(uy, up) = %u% + %(ul -uy)* - uy is strongly convex. Compared with applying the
PD flow to Lagrangian (PD flow) or augmented Lagrangian (AL-PD flow), the STPD flow approached the saddle
point with no oscillation and dramatic decay of the Lyapunov function (1.10).

1.3 Schemes

In the discrete level, we apply implicit Euler, explicit Euler, implicit-explicit IMEX) methods, and a Gauss—Seidel
iteration with accelerated overrelaxation (AOR) [28] to the TPD flow (1.8) to obtain several iterative methods.
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Implicit Euler method with growing step size and efficient Newton type inner iteration [37] will yield super-
linear convergence rate. On the explicit Euler method, an equivalent algorithm is:

U1y = Uk = T (Vf(ug) + B py)
Pie1 = Pk~ iJa (VE(PK) — Bukiy) (1.14)
Upep = (1= @)Uy + Ayl

which can be viewed as a relaxation of the inexact Uzawa methods (IUM) and recovers IUM when a; = 1. The
term ug.q,; is introduced for computing BJ{}auL(uk, pr) in (1.8). In other words, TPD flow can be viewed as a
continuous version of IUM by dividing a; and letting a; — 0 in (1.14).

When the step size ay is sufficiently small, in Theorem 4.2, we prove that

1
E(Ugs1, Pre1) < (1 - 472> E(ug, px)
n

with s¢ > max{sey, g}, sy = Ly/iy, »g = Lg/ig. We refer to Table 1 for the precise definition of these
constants and comment on the rate briefly here.

Roughly speaking, the rate of convergence is determined by >y (f):=Ly ., /iy 5, and sq(S)= (I BIBT):=
Amax (7 BIY BT ) [Ammin (75 'BI31 BT). Both Jy and Jq can be scalar, then (1.14) is an explicit first order method
with linear convergence rate. However, in this case, when either (f) or »(BBY) is large, the convergence will
be very slow. When Jy! = 1/LI, we can choose Jg' = L;(BB”)™ to improve so and the rate becomes 1~ ¢/>*(f).

To further accelerate the linear rate 1 - c/>%, we consider the IMEX scheme for TPD flow (1.8). Equivalently
we replace the third step in (1.14) by

U+ = arg min f(u) + i||u - Ut akJK}BTpkﬂH%V. (1.15)
uerRm 2ay

When Jy = LI, (1.15) is one proximal iteration

a
Uke = PTOXp 1, (uk - L’;BTPM)

where recall that prox ;(w) = arg miny flu) + % lu - w||?. Namely IMEX for (1.8) is equivalent to one inexact
Uzawa iteration plus one proximal iteration. The linear convergence rate can be improved to (see Theorem 4.3),

S(Hk, pk) (1.16)

1
< -
E(Uk+1, Pre1) < 1+ /oy

provided we can choose Jg such that 25(S) < s¢y. We can choose an inner product Jy, so that ¢y (f) small. But in
the above schemes a prior information on the spectrum of the Schur complement BJy; BT is required to design
Jo in order to control ¢ (S). Noted that when Jy! = A™! is a dense matrix, even the Schur complement BJy! BT
is expensive to compute and store. When the proximal operator of f is available, we recommend Jy = L;I and
Jg = Ly(BBT)™" so that (1.16) can be achieved. In particular, Jy = rTand Jo = 2BB” + 81 is the scheme discussed
in [29] and a sub-linear rate of 1/k is given for (non-smooth) constrained problems there.

When the proximal operator of f is not available, we propose a new Gauss—Seidel iteration with accelerated
overrelaxation (GS-AOR) for the TPD flow:

w = _j§7l(vf(uk) +BTp,)
1.17)

pkﬂ%‘l_pk =75 [VgB(pk) —B2ujq — uy) + BJK}VJC(UM)} .

This is an explicit scheme due to the update of uy., before the update of py.q. The term Bu in (1.8) is approxi-
mated by B(2uy.q — uy). With a modified Lyapunov function

1 * * .
€060 = 51X = X 30, -2a ~ QD W, W) = aDg, (P, P
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T
B O

is a symmetric matrix, and the Bregman divergence of f and gp are

where x = (u, p), My = diag{Jy,Jq},and R

Ds(u,v) = f(w) - fV) = (Vf(W), u-v)
Dgy(p, @) = g8(p) — g8(@) — (Vgs(@), P~ q)

we proved in Theorem 4.5 that

E(p) < E00) < 755 €00)

1+ ya/Z
where u = min {¢y, 1o} and a fixed step size a; = a < 1/max{4Ls, 2Ly g, 2Lg, 1, } With the constants defined
in Table 1. In particular, for the constrained optimization problem (1.2), with alarge enough I, such that Lg < 1,
constant step size a = 1/8 is allowed.

We can combine the transformed primal-dual iteration with the augmented Lagrangian methods. As we
mentioned before, f may not be strongly convex but

o) = f@ + & Bu- )P

is yfﬁ-strongly convex. That is, f is strongly convex restricted on kerB = {u € R™ : Bu = 0}. By choosing
an appropriate SPD matrix A, the condition number of f can be modified to s4(f) = Ly a/us 4. For Jy = Ag =
A+BBBT,asimple ! = BIis allowed as preconditioning of the Schur complement. We propose the ALM-GS-AOR
scheme R

% == I (Vf(uy) + BB (Buy - b) + BTpy)

Phet “Pk =~ B [BI B py + b~ Buker ~ )

+BJ} (Vf(uk+1) + BBT(Bupey - b))} :

We show in Proposition 6.1 that
1
Bllso
where s, = Apin(BA™'BT). So for p large enough, e.g., B > 1/us,, »o(S) is bounded by 2. Then with constant
step size a = 1/8, we get the linear rate

20(8) = (T BT BT) <

E(Xien) < £ < Ex).

+ 155, =1+ coa,(fp)

The choice I = I, is simple but now J3} = (4 + BBBT) ™! becomes harder to approximate. General precon-
ditioners Jy and Jq can be chosen and analyzed under the framework of transformed primal-dual methods,
which extends the choice of augmented term parameter is usually a scalar in ALM literatures [7, 46]. An optimal
choice of parameter § and inner product Jy, and Jo will be problem dependent. We summarize some typical
choices of J and Jq for explicit Euler, IMEX, and GS-AOR schemes with or without ALM in Table 2.

1.4 Contribution

To summarize, our main contribution of this work includes:

- We propose a novel transformed primal-dual flow and prove the saddle point (u", p*) is exponentially stable
by showing the exponential decay of a strong Lyapunov function. We show the symmetrized version can
recover the well-known ALM.
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— In the discrete level, we develop several transformed primal-dual iterations by applying implicit Euler,
explicit Euler, implicit—explicit Euler, and GS-AOR methods of the TPD flow. All the schemes achieve the
linear convergence rates with mild assumptions, even neither f nor g is strongly convex. In particular,
GS-AOR is an explicit scheme achieving the state-of-the-art linear convergence rate.

— Instead of solving a subproblem at each iteration accurately, we can relax to general linear inexact
solvers Ji} and J¢. We also derive convergence analysis with nonlinear inexact inner solvers for sub-
problem (1.15). Compared with existing works, our framework using the strong Lyapunov property pro-
vides flexibility and much clear analysis to choose inexact inner solvers.

The rest of paper is organized as follows. In Section 2 we describe problem settings and review Lyapunov anal-
ysis used as tools for convergence analysis. Our motivation to use change of variable to recover strong convex-
ity in dual variable is also highlighted in this section. In Section 3, the transformed primal-dual flow on the
continuous level is developed and convergence analysis is given. Variants of discrete schemes as transformed
primal-dual iterations are discussed in Section 4 and we further generalize our framework to inexact solvers.
A symmetric transformed primal-dual flow for non-strongly convex f and g is proposed and analyzed in Sec-
tion 5. In Section 6, we showed our algorithms can be adapted to augmented Lagrangian to solve constrained
optimization problems.

2 Preliminaries

In this section, we provide background on convex functions and Lyapunov analysis. We also show the loss of
exponential stability for the primal-dual flow and recover it by a change of variable.

2.1 Convex functions

Let V be a finite-dimensional Hilbert space with inner product (-, ) and norm || - ||. V' is the linear space of all
linear and continuous mappings T : V — R, which is called the dual space of V, and (-, -) denotes the duality
pair between V and V. For any proper closed convex function f : V - R, we say f € 8, with u > 0if f is
differentiable and

FO) - f @) - (VF@W),v-u) > % lu-v|* vuvev.

In addition, denote f € §,, ; if f € S, and there exists L > 0 such that
L
fO-fW-(vVfw,v-u) < 5 ||u—v||2 vu,v e V.
The Bregman divergence of f is defined as
Dr(v,u) = f(v) = f(W) = (Vf(W), v - u).

For fixedu € V, Df(- , u) is convex as f is convex. If f € S, we have

B2 Lo 2

S llu=vIP < Dy, 1) < 5 lu-v|%.

Especially for f(u) = % |u/|?, Bregman divergence reduces to the half of the squared distance Dg(v,u) = Dp(u, v) =
%||u - v||%. In general Dy(v, u) is non-symmetric in terms of u and v. A symmetrized Bregman divergence is
defined as

(VW) = Vf(v),u-v) =Ds(v,u) + Ds(u, v).

By direct calculation, we have the following three-terms identity.

Lemma 2.1 (Bregman divergence identity [13]). Iff : V — R is differentiable, then for any u, v, w € V, it holds that
(V@) = Vf(v),v-w) = Ds(w,u) = D(w, v) = D¢(v, u). 2.1
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When f(u) = 1||u||?, identity (2.1) becomes

Vv -w) = Sw- - Siw- v - Ly - ul?
W-v,v-w)=Sflw-ull" =5 lw=v[" = Sllv-ul”

2.2 Lyapunov analysis

In order to study the stability of an equilibrium x” of a dynamical system defined by an autonomous system
X' = G(x(®) (2.2)

Lyapunov introduced the so-called Lyapunov function €(x) [27, 35], which is nonnegative and the equilibrium
point x” satisfies & (x*) = 0 and the Lyapunov condition: -VE(x) - §(x) is locally positive near the equilibrium
point x". That is the flow §(x) may not be in the perfect -~V &(x) direction but contains positive component in
that direction. Then the (local) decay property of £(x) along the trajectory x(t) of the autonomous system (2.2)
can be derived immediately

%E(x(t)) =VEMX) X' () = VEX) - S(x) < 0.

To further establish the convergence rate of £(x(t)), Chen and Luo [15] introduced the strong Lyapunov condi-
tion: &(x) is a Lyapunov function and there exist constant q > 1, strictly positive function c(x) and function p(x)
such that

—VEM) - G0 = eI + p*(x) (2.3)

holds true near x". From this, one can derive the exponential decay &(x(t)) = O (e‘“) for ¢ = 1 and the algebraic
decay E(x(®) = O(™@™) for q > 1. Furthermore if || x - x'||> < CE(x), then we can derive the exponential
stability of x” from the exponential decay of Lyapunov function &(x).

Note that for an optimization problem, we have freedom to design the vector field §(x) and choose Lyapunov
function £(x). Throughout this paper, zeros denote zero numbers or zero vectors that is clear from the context.
For example, G(x*) = 0 means a vector zero and &(x") = 0 means a scalar zero for an equilibrium point x".

2.3 Primal-dual flow

One of the simplest Lyapunov function for the saddle point system (1.1) is:

ew,p) =g Ju-u'|+ 2ip-p'| @4
The asymptotic convergence properties of the PD flow is discussed in [23]. We state in the following Lemma that
& is a Lyapunov function but may not satisfy the strong Lyapunov property when g is not strongly convex.
Lemma 2.2. Assume f(u) € Sy, 1, and g(p) € Sy, 1, with iy > 0, ug > 0. Then it holds that

-04L(u, p)

-VE&(u,p)- (apL(u, )

) > urllu-u'?+ uglp-p* = 0

for E(u, p) defined in (2.4).
Proof. AsV.L(u",p’) =0, we can insert VL(u', p*) and obtain

_auL(U, p)

Tvet.p)- ( 0pL (1, p)

> = (04U, p), 0uL(u, p) - 3u L', p"))

+(0p&u, p), -0, LU, p) + 3p LU, p"))
= (u-u', VW - VW) +(p-p,vep) - vep")
> ppllu = |* + pgllp - pI1%
This completes the proof. O
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By sign change of 8,£(u, p) and 8,L(u, p), the cross terms <u -u",BT(p- p*)> and (p-p’,-Bu-u")) are
canceled. The symmetrized Bregman divergence of f can be bounded below by ||u-u"||? by the strong convexity
of f(u). However, that of g cannot be controlled by ||p - p"||? if ug = 0, which is the loss of the strong convexity on
the dual variable. One cannot achieve the exponential decay for Lyapunov function (2.4) by using the primal-
dual flow, and this is the essential reason for the sub-linear convergence rate for many numerical schemes; see
the literature review in the introduction.

In the continuous level, a compensation is to introduce a rescaled primal-dual flow and design a tailored
Lyapunov function such that the exponential decay can be verified under certain metric [15, 47]. In the discrete
level, however, corresponding explicit schemes can only converge sub-linearly [39]. The linear rate can be re-
tained if the scheme is implicit in p [38, 39] for which a linear saddle point system should be solved in each step.
Recovery the strong Lyapunov property through the time rescaling in the dual variable is thus expensive.

2.4 Recovery of strong convexity through transformation

In view of (1.5), when f~ is known, the flow for the dual variable can be the gradient flow of the strong convex
function of the dual variable [33, 51]. In general, we consider a change of variable

v=u-+ J{;lBTp. (2.5)

After transformation, the optimization problem can be formulated in terms of (v, p), i.e., L(v, p) := L(u(v, p), p).
Such idea has been successfully applied to the linear saddle point systems in [6, 16]. The primal-dual flow for
(v, p)is

{v' =-0vL(v,p) = -0ul(u, p) (2.6)

p' = 8pL (v, p) = 8pL(u, p) - By dul(u, p)

which can be rewritten as the iteration of (u, p, v) variable

Vi =-v+e(u)
p' =-Vgg(p) + Be(u)

where e(u) = u-J7 Vf(w) and g5(p) = g(p)+ 1(BIY' B p, p). If f(w) = 1 ||ul3 is quadratic and Jy = A, the term e(u)
vanishes, then v' = -v and p’ = -V gp(p) is decoupled for which the exponential decay can be easily obtained.

In general, we can show if e(u) is a contraction, the strong Lyapunov property can be established for the
primal-dual flow (2.6) for variable (v, p). In Section 3, we shall present a simplified flow for the original variable
(u, p).

2.5 Inner products

When V = R™,Q = R, the standard > dot product of Euclidean space is usually chosen as the inner product
and the norm induced is the Euclidean norm. We now introduce inner product (-, -)5,, induced by a given SPD
operator Jy : V — V defined as follows

U, v)g, = Oyu,v) = W, Iyv) vYu,veV

and associated norm || - ||4,,, given by

_ 1/2
ullgy = G, w}?.

The dual norm w.rt the Jy-norm is defined as: for ¢ € V'

4, u
Iy = sup ¥
otuev l1Ullgy
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It is straightforward to verify that

- 1/2
1y = el = @ 035 = (396 0)

We shall generalize the convexity and Lipschitz continuity with respect to Jy-norm: we say f € Sy, , with
U, = 0if f is differentiable and

fO-fWw-(vfw,v-u) > yf’zj" |\u—v||_?Jv vu,v e V.

In addition, denote f € S, iff € Sy, and there exists Ly 5, > 0 such that

Ly,

Lfﬂv 2
fW-fw-(vVfw),v-u) < 5 lu-vls, Vu,veV.

Under this definition, the default norm is a special case with Jy, = I for which the subscript will be skipped, i.e.,
tp, Ly for || - .

Similarly we introduce inner product (-, -)5, induced by a given self-adjoint and positive definite operator
Jg and the notation follows on Q. The convexity and Lipschitz constant of g w.rt to || - ||5, will be denoted by

U0 and Lgg,-

2.6 Gradient descent step for the primary variable

Forf eS8y, 1, function
e(u) = u -9y Vf(u) @7

can be thought of as one gradient descent step at u in the metric Jv. By the triangle inequality, e(u) is always
Lipschitz continuous with respect to Jy-norm. Denote by L, 5,, the Lipschitz constant of e(u), i.e., L, 5,, > 0 such
that

le(u) — e(up)ll5,, < Legy, lUr —Ualls, Yur,uz €V.

When L, 5, < 1, e(u) is a contractive map. We derive a sufficient and necessary condition for e(u) being con-
tractive in the following lemma.

Lemma 2.3. Suppose f € § .ThenLey, <1lifandonly if0 < Ls4, <2.

HrapLyay
Proof. Consider uy, u; €V,
leuy) - e[, = llus - uz - I9 (Vf(w) - VA3,
= us = w3, + VW) - Vf@)ll5a 28)
= 2(uy — Uy, Vf(ug) = Vf(uy)).

If L, <1, wehave [le(u;) - e(uy)||3 < [Jug —uy)|3 , and by (2.8)

IVf @) = VF@ll5y < 2un = uz, VF@) = VFu)
<2V = VIW)|lgallus - uzlg,

which implies Ly, < 2.1f Ly 4, =0, then ||e(uy) = e(uy)||5 . = ||uy =~ up||5,, contradicts with L 5, < 1.

We now show sufficiency. If 0 < Lg, <2, then for uq, u, € V, we have the inequality [41, Ch. 2]
IV ) = Vf a5y < 2(ur = ttg, Vf ) = Vf ()
and, by (2.8),
le(ur) - eup|f3, < luy = uz]®
which implies L, 5., < 1. O
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L Tab. 1: Derived convexity constants and Lipschitz constants for f € 8y, 14,
s 98 € Spyyaglopno» With ga(p) = g(p) + %(BJ}}BTp,p),and e(u) = u-JI}Vfu)is
Lipschitz continuous with constant L, 5, < 1.

Us = A (FIBTET) 12 = Aey (T1B97167)
By = dra, 3 =2(L2,,0+13)

Ha = (2 - Lfvjv)pgﬂﬂQ LZQ = ZLég,JQ

The condition Ly 5, > 0is to eliminate the degenerate case f(u) is affine. The condition Ls 5., < 2 can be achieved
by either a rescaling of f or the inner product Jy. For example, for f € S, 1., we can choose Iy = LifI m < L%I ms
then

IV wy) = V@)l = LifHVf(ul) - Vfy)|* < Lylluy = up||® = [|ug - w5,

for all ug, u, € V which implies Ls 5, < 1. For this example, the function e(u) is simply a gradient descent step
at u for function f with step size 1/L;.

3 Transformed primal-dual flow

In this section, we propose a transformed primal-dual flow and verify the strong Lyapunov property for a
quadratic and convex Lyapunov function. Furthermore, we show the Lipschitz continuity of the flow. We assume
fis strongly convex but g may not. In view of the dual problem (1.5), the saddle point (u”, p*) exists and is unique.

3.1 Transformed primal-dual flow
Given an SPD matrix Jy for V and Jq for Q, we consider a transformed primal-dual flow:
u =G"u,
g wp) 3.0)
p' =S, p)
with
§"(u, p) = 0y 0uL(u, p) = = (Vf(u) + B"p) = e(u) - v 3.2)
P, p) =73 (6pL(u, p) - BJy 0uL(u, p)) =75 (Vgs(p) - Be(w) (3.3)

where recall that e(u) = u - 9/ Vf(w), v = u+ 3,/ BTp, and gz(p) = g(p) + 1 (BI3} BT p, p). Namely for the primary
variable u, we use a preconditioned gradient flow and for the dual variable p, we use a preconditioned gradient
flow associated to gz but perturbed by Be(u). Since B is surjective, BJy!BT is always SPD. The non-strongly
convex function g(p) is enhanced to a strongly convex function gz(p) € §, ep90-bepio

We denote G(u, p) = (5%(u, p), S (u, p))T. The equilibrium point (1", p*) of the flow gives G(u", p*) = 0, which
satisfies the first order condition V£ (u", p°) = 0.

3.2 Strong Lyapunov property

Define Lyapunov function
1 *® 1 *
ea,p) = Sllu-u'lf, + 5lp =PI, (34)

The transformed primal-dual flow (3.1) satisfies the error equation

'

u-u"\ _ (S"up)-5'W,p)
p-p") \Swwp-5°w,p))
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We aim to verify the strong Lyapunov property to obtain the exponential decay. The key is the following lower
bound of the cross term.

Lemma 3.1. Supposef € 8 . For any uq, u; € V and p;, p; € Q, we have

UrayoLray,

(Vf(u1) - Vf(uy), 73BT (p1 - p2))

4y, Ly, 1
> L vy = v, = BT - Pl - 5 (V) = Vf ), u - )

where recall that v = u + 3y} BT p is the transformed variable.

Proof. To use the strong convexity of f, we switch between variables using relation v = u + J{}BTp. Writes
9% B (p1 = p2) = vi = vo = Wy = Up) = Uy = (g = vy + V).

Using the Bregman divergence identity (2.1) and bounds on the Bregman divergence

(Vf(u1) = Vf(up), up = (ug = v1 +v3)) = Dp(ug = vy + vy, Ug) = Dp(uy = vq + vy, U) = Dy(Uz, us)

Uy Ly
> 20 vy vl = L s - wy - = ), - Dy w)  (35)
Ky _Ly

,J 2
vy = vallg,

; S 1BT (01 - P25y — Dylutz, wy).

2
Similarly, we exchange u; and u, to obtain
(Vf(up) = Vf(ug), ug = (up + v = v3)) = Dy(up + vy = vy, Up) = Dp(up + vy = vz, ug) = Dy(uy, u)
L (3.6)
= LB (py - po)|y ~ Dylans, o).

Summing (3.5) and (3.6), we obtain the desired bound. O

U 2
> TVHVl = vallg,

We next verify the strong Lyapunov property.

Theorem 3.1. Assume f(u) € SWW,LMV with 0 < usq, < Ly g, < 2. Then for the Lyapunov function (3.4) and

the TPD field G (3.2)—(3.3), the following strong Lyapunov property holds

Hy3
2

where 0 < g = min {y, o} with uv, o defined in Table 1. Consequently if (u(t), p(t)) solves the TPD flow (3.1),

we have the exponential decay

Ve, p) S, p) > p €, p)+ L v - v, 3.7

E(t), p(t) < e™™ew(0), p(0)), t>0.
Proof. To verify the strong Lyapunov property for E(u, p), we split it as
-VE,p)- S, p) = - VEW, p) - (S, p) - ', p))
=(u-u",0ulu, p) - 0L, p"))
+(p-p", BIV(@uL(u, p) - 0u.Lu", p")
~(p-p",0pLu,p) - 3pLu’, p)))
= Il + Iz - 13.

By Lemma 2.2 for the primal-dual flow
L -1 = (VS - Vi), u-u)+(Vgp) -vgp),p-p’)

which are non-negative terms.
As Jy and B are linear operators,

I = (39 B (p - p)), 0ulu, p) - 0u L', p)
= (V) - Vf@), 57 BT (p - p) + BT - O3
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We apply Lemma 3.1 to the cross term (Vf(u) - Vf(u"), 57 BT(p - p")) to get
~vew p)- 9w p) = L v =V, > (V£ - VF) u-u') + (Vgp) - V(@ p - p)
(1) 1ol
> BV w3, + E21p-p7)5, -
We then complete the proof by rearranging the terms. O

Remark 3.1. For the linear saddle point system, A € R™™ is SPD, C € R™" is positive semidefinite, f(u) =
1(Au, u) + (a, w) and g(p) = 1(Cp, p) + (¢, p). Anideal choice is Iy} = A and I = 7! = (BA™'BT + 0)™!. Then we
have Lq, =0, s g, = Ly, = Ugy 3, = Lgy g, =1and thus

-Ve&,p)- S, p) > &, p)

which yields the exponential decay
Eu(t), p(0) < e '&u(0), p(0)).

However, A! and S™! are not computable in general. The inner product J;! and J! can be thought of as inexact
solvers approximating A™* and S, respectively. [J

To guarantee the exponential decay, we require 0 < Ly, < 2 which is equivalent to e(u) is a contraction by
Lemma 2.3. The requirement can be always satisfied by a rescaling. Indeed in later analysis, we will choose Jy,
sothat Ly 4, < 1.Thenyu = min{yy g, g, 5, }- Whenmin{us g, tig; 5, } < max{ls g, , Ug, 1, }, further scaling
in Jy or Jq can be introduced to balance the decay rate for the primal and dual variables. For discrete schemes,
the rate will be determined by the condition number which is the ratio of Lipschitz constants and the convexity
constants.

So next we show that the vector field G(u, p) is Lipschitz continuous and give bounds on Lipschitz constants.

Lemma 3.2. Assume Vf and Vg are Lipschitz continuous with Lipschitz constant Ly 5., and Lg, ., respectively.
Let L, 5., be the Lipschitz constant of e(u), then we have

15" (ur, p1) = §*(uz, p2ll5,
ng(ul’ Pl) - SP(UZ: pZ)HJg

Leg,llug = Uzllgy +[Ive = vallgy (3.8)

Leg, Lsllug = Uzllg, + Lgy . lP1 = P2llag (3.9)

NN

327 foralluqy,uy; € Vandpq,p; € Q

328

329

330

331

332

333
334
335

Proof. By the formulation (3.2) we have
G"(u, p) = e(u) - v.

Consequently
15" (w1, p1) = §*(uz, p|lgy < Legy llUr = Uzllgy, + [[V1 = V2|19,

By the formulation (3.3),
157 (1, p1) = P (uz, P2llso < IVEB(PY) = VEB(P2)lly + [[Ble(ur) = e(u))]| 51
< Lgy g, lP1 ~P2llgg * Legy, Lsllur — uzllg,,
where we have used
Amax (J{}BTJ‘QlB) = Amax (J‘QlBJ{}BT> - 12
to bound
IBle(ur) - eua)) 5 < L§le(wr) - e |5, < LELG g, |lus - a3, 0

Notice that on the right-hand side of (3.8), ||v1 - v;||5,, appears which can be further bound by ||u; - uz||5,, and
lp1 — P25, using the triangle inequality. Here we keep ||v1 — v;||5,, with a neat Lipschitz constant 1 and match
the extra quadratic term in the strong Lyapunov property (3.7).
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4 Transformed primal-dual iterations

In this section, we derive several transformed primal-dual iterations, which are the discrete schemes for solving
the TPD flow and obtain linear convergence rate based on the strong Lyapunov property.

4.1 Implicit Euler methods

Given the initial guess (ug, po), for k = 0,1, ..., consider the implicit Euler method for the TPD flow (3.1):

{ Ups1 = Ug + @G" (Upes1, Pren) “1)

Pk = P+ @GP Wpsq, Ps)-
We show by the next theorem that the implicit scheme (4.1) inherits the linear convergence rate from the

strong Lyapunov property in the continuous level.

Theorem 4.1. Suppose f(u) € SHNV’L}".JV with0 < yr g, < Ly g, < 2. Let (uy, py) follows the implicit scheme (4.1)
for the TPD flow with initial value (ug, py), it holds that, for any ay > 0,

E(Ups1, Prs1) < E(ug, pr), k=0

1+ agu
for the Lyapunov function defined by (3.4) and u = min {uvy, ug}-

Proof. Since E(u, p) is convex, we have

EWps1s Prs1) = EWUi, Pr) < (VE(Uga1s Pres1)s Ak GUpes15 Pis1))
< = €U, Pre)-

The last inequality holds by the strong Lyapunov property (3.7) in the continuous level. Then the linear conver-
gence follows. O

For the implicit schemes, the larger the step size, the better the convergence rate. By increasing ay, the outer
iteration may even achieve super-linear convergence. However, the iteration (4.1) is a nonlinear system with u
and p coupled together. Consider the example when Jy = LI is a scaled identity and the proximal operator of
f is available, then we can solve uy.q = prox; Lf(u Kk~ %’;BTpM) from the first equation of (4.1) and substitute
into the second to get a nonlinear equation of py.q

i} a
Pkt = Pk =92 |@xVE(Pya) + Buy — (1 + ay)B ProXs 4.1, <uk - L’;BTPMH .

If furthermore Vprox; L is known, Newton’s methods can be applied to solve this nonlinear equation. This
is in the same spirit of the semi-smooth Newton method developed in [37] for a non-smooth convex function f
(LASSO problem).

In general, solving (4.1) may be as difficult as solving V£ (u, p) = 0 and thus may not be practical. We shall
explore more explicit schemes.

4.2 Explicit Euler methods

An explicit discretization for (3.1) is as follows:

{ Uper = Ug + @G (U, Pr) 4.2)

Pre1 = Pr * @ SP (U, pr).

We present an equivalent but computationally favorable form of G (u, p)

SP(u, p) = 92 [Vg(p) - Blu- 94 (Vf@) + BTp))} . (4.3)
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Then (4.2) is equivalent to
Upe1sz = Uk — I (Vf(up) + BT py)
Piet = Pk~ iJa (VE(PK) — Buker) (4.4)
Upep = (1= aduy + A Ups1/2-

The update of (ug.q/2, Px+1) is a variant of inexact Uzawa methods and uy.; is obtained by a weighted average
of uy and uy.q,. The convergence is clear in the formulation (4.2).

Theorem 4.2. Suppose f(u) € Sups, Lo, with 0 < wpq, < Lfg, < 2. Let (uy, py) follows the explicit scheme
(4.2) for the TPD flow with initial value (ug, py). For the Lyapunov function defined by (3.4), it holds that

EWUpsts Pre1) < (1 - 8 E(Uy, pr)

for 0 < a; < min {‘uV/L%;,yQ/LZQ,uf,gV/Z} and
0 < 8 = min {ak(yv - L3 ay), ay ([.tQ —LZQak)} <1

In particular; for ay = 5 min{uy, o}/ max{L?, LZQ, 2}, we have the linear rate

1
E(Ugs1, Pre) < (- @)8(”"’ Pr)
with » > max{sy, »q}, sry := max{Ly, 2}/ly, >q = Lo/lg.
Proof. Since E(u, p) is quadratic and convex, we have

1
E(Ups1, Pir1) = EWis D) = (Ou€uy, i), Upey — Up) + §||uk+1 - will5, @s)

1
+(0p&QUx, Pr)s Pt =~ Pi) * 5 [IPres = picl3,-
By formulation (4.2) and the strong Lyapunov property established in Theorem 3.1,

<6v€(uk, pk)’ U+ — uk) + <ap8(uk’ pk)) D+~ pk>
= (VE(ug, pi), ax Sy, pr)) (4.6)

a a * 9 akl.l ’j *2
< - e A A C

12
lug = u g, -
By the Lipschitz continuity of the flow, cf. Lemma 3.2,
1 2 1 2
gk = ukllgy, * 5lPke = Pillag

2
= 5 (19" @i pi0 = 8GO, + 119" pi0) = S PO, ) .7

GLY
2

* 9 aiLZQ * 9 2 *12
luk =wllg, + =5~ 1Pk =P lI5o * aklvie = v II°.

<
Summing (4.6) and (4.7),

Ether, Pron) = 0ty P10 < = g (v = @) 5 g =,
- &y (1o - ad) 3 Ipic= "I,
- aily 3,12 = a)l|vie = V1%
Then the results follows by rearrangement of the inequality and bound of the quadratic polynomial of a;,. O

We can always rescale the function f or Jy so that L 5, < 1 and consequently L, 5, < 1. We can also rescale Jo
s0 that Amax (JE}BJK}BT) < 1. Consequently L}, < 4and L = O(L} 5, +1). Theorem 4.2 shows the convergence
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rate is determined by the condition number sy = (s 4,) and scq = OG«(J BJy BT)) which in turn depends
crucially on choices of Jy, and Jo.

Both Jy and Jg can be scalars, then (4.3) is an explicit first order method with linear convergence rate.
However, in this case, when either s(f) or »(BBT) is large, the convergence will be very slow since the rate is
degenerate like 1 - ¢/>.

We can choose an SPD matrix Jy to make f better conditioned. As g is convex only, i.e., u; might be zero,
the convexity 4o > Amin (J'QlBJ{}BT). In the ideal case, we choose Jg' = (BJ7'BT)™ and then g = 1+ g
but in practice (BJy'BT)™! may not be able to be computed efficiently. When J;} = A™! is dense, even the Schur
complement BJy! BT may not be formed explicitly. Without a priori information on the Schur complement, it is
hard to choose I to make sq small. A scalar Jo will lead to g = %(BJK}BT) which competes with ;...

After choosing Jy and Jo, the optimal step size is the aj, that reaching the upper bound of quadratic func-
tions to determine §y. If the convexity constants y’s and the Lipschitz constants of gradients L’s are given (or
can be estimated), then Theorem 4.2 gives analytical guidance for choosing the step size. In practice, one can
start from a; = 1 and decrease the step size with a fixed ratio, e.g., 1/2, until the residual is reduced.

4.3 Implicit-explicit methods

For the explicit scheme, the step size should be small enough and the convergence rate is 1 - ¢/><* which is very
slow if either s¢y or s is large. Can we enlarge the step size and accelerate this linear rate?

One way is to apply the Implicit—Explicit (IMEX) scheme for solving the TPD flow (3.1). Given an initial
(ug, po), for k= 0,1, ..., update (U1, px+1) as follows:

- p
{ Dis1 = P+ @i G° (ug, pr) 4.8)

— u
U1 = U + QxS (Ups1, Prs1)-

That is, we update p by the explicit Euler method and solve u by the implicit Euler method. Again we can
view (4.8) as a correction to the inexact Uzawa method

Uz = Uy = % (V) + BT py)
Pret = Pr~ Ja (VEWi) = Bugepr) (4.9)
. 1 15T 2
= + —||u—ug +agJy B pis .
Ups1 arggg{;f(u) ZakHu U + agJy B pralls,

After one inexact Uzawa iteration, u,.q is obtained by solving a strongly convex optimization problem of u.
When Jy = L¢Im, the last step is one proximal iteration

a
Uk+r = PrOXg 1, (uk - L;(BTPm) .

We can also use IMEX schemes with updating u first with proximal iteration and p later using uy.; — U.
Specific Jg = %BBT + &1 is discussed in [29] where Jy = rI with arbitrary r > 0 and step size a; = 1 is allowed.
Our analysis is unified for general Jy and Jo using the Lyapunov function. Compared with the explicit scheme,
the IMEX scheme enjoys accelerated linear convergence rates.

Theorem 4.3. Suppose f(u) € Sl‘fJV’Lva with0 < pr g, < Lyg,, < 2. Let (uy, py) follows the IMEX scheme (4.9)
for the TPD flow with initial value (ug, po). For the Lyapunov function defined by (3.4), it holds that

1
E(Up+1, Pie1) < mg(uk, pi)

for0 < q < yQ/LiQ and py = min {uv, g - akLg’Q}. In particular; for a; = %‘uQ/Lg,Q, we have

1
1+ Jug min{uy, uo/2}/L%

E(Uks1, Pre1) < E(uy, pi)-
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407 Proof. Since E(u, p) is quadratic and convex, we have

1
E(Upr1s Pre1) — EWi, Pr) = (OuEUpar, Pra)s Uksr — Ug) — QHUM - well5, @10

1
* (9p€ (e, Pron), Pieet = i) = 5 lIPret = Pill -

408 We will use the strong Lyapunov property at (Up.q1, Pr+1) but the component G (uy, py) is evaluated at
409 (uy, px)- Compared with the implicit scheme, there are some mismatch terms from the explicit step for p:

(Ou€Uks1; Pie1)s Uper — U) + (OpE(Upa1, Pret)s P ~ Pic)
= (VE(Ug+1, Pre1)s akSWUprt, Pren))
+ (Pt =P VE(Piet) = VEB(P1) + B (euye) = ettjenr ) ) (4.11)
<= Y g = w5, ~ 2 pies ~ P15,

+ (P =P 5 VEE(Pk) ~ VEB(PK) *+ B (e(ur) = ey ).

410 We use Cauchy-Schwarz inequality to bound the mismatch terms in (4.11):

WPt = P> VEBWDe1) = VEBDI) + B (e(wy) — e(Upr)))

2

a . .

s 71( (Lg’jVLé +L§B’39) IPrer = P lI3, + mHVgB(pkﬂ) —VgB(Pk)H%;}
88,Ja

1
+ ——— B (
772
2Le’ij5
2
Ay -2 w2 1 2 1 2
7kLS,QHpk+1 -p 5, * §||Pk+1 -Dpillg, * §||uk+1 = uglls.,, -

o) - e(uy)) |54

<

411 Use the negative terms in (4.10), we obtain

a =2 _1 2 *2
Y flwer = w3, - ax (o -~ @Lia ) IPa =PI, -

E(Ug1, Pre1) — E(Ug, pi) < -

412 Then the results follows by rearrangement of the inequality and bound of the quadratic polynomial of . O

413 Let us discuss the rate with assumption Amax (35 BJy BT) < 1and gy < fo/2. Theorem 4.3 shows the conver-
114 gence rate of the IMEX scheme is (1 + cuopiy) . When both uo and gy are small, the linear rate is still in the
415 quadratic dependence of condition numbers. The improvement is that if we can choose Jq such that g > uv,
416 then we achieve the accelerated rate (1+c/ %V)‘l. While for the explicit scheme, even ¢ is small, the rate is still
417 worse than 1 - ¢/ max?{sey, s} = 1 - ¢/5%.

48 Augmented Lagrangian can be viewed as a preconditioning of the Schur complement so that a simple J =
419 PBIn will lead to a well conditioned s (see Section 6 for details).
420 The largest step size ay is still in the order of uq. As u is treat implicitly, there is no restriction of the step size

421 from uv.In Section 4.5 we shall propose an explicit method with enlarged step size and accelerated convergence
422 rate.

423 4.4 Inexact inner solvers

424 For those TPD iterations, the most time consuming part is the inner solver for sub-problems. For the explicit
425 scheme (4.2), that is the linear operators J;} and J'Ql. For example, when Jy, = LfI, if we treat Lf(BBT)'1 as the
426 ideal exact inner solve, then s = 1. A general J'Ql can be treated as an inexact inner solver and the inexactness
427 enters the estimate by Ayin (95 BJy/ B ).

428 For the IMEX scheme, the sub-problem in the third step of (4.9) is a strongly convex optimization problem.
429 In this part, we derive the perturbation analysis for inexact inner solvers for this sub-problem.
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430 Define the modified objective function for this sub-problem
Z 1 “1pT 2
W ug, pre) = f(w) + szHH ~ U+ aJdy B pralls, (412)

431 the inexactness of the inner solve is measured by \|Vf(u)|\2.

432 Theorem 4.4. Suppose f(u) € § with 0 < s g, < Lg g, < 2. Suppose (uy, p) follows the inexact IMEX

Ur,ayLya,, s

433 iteration (4.9) with initial value (ug, po) and the inexact inner solver returns uy., satisfying | Vf (uk+1)||§,1 < &
v

434 for k =1,2,---. Then for the Lyapunov function defined by (3.4), it holds that

1 (242

ms(uk: P+ (

Eu+) + < e — )
(Uks+1, Prs1) T+ a0y o

435 for 0 < ay < yQ/Lé’Q and [ = min {yV/Z,uQ - akLiQ}. In particular, for a; = yQ/ZLiQ, the accumulative
436 perturbation error for the inexact solve is

n
+ Ho n-k+1
Etns1, Pro1) < P EUg, po) + ——2— N " p" e
n+l, Pn+l 0> F0 ZHVL‘%"Q — k
437 where it = min{giy, fio} and p = 1/(1 + pou/aL% o) € (0, 1).

438 Proof. By definition (4.12),

~ 1
VfUps1) = VI (ugq) + ar (jv U1 = JpUy + akBTpk+1)

439 we can write B
et = e = @I (VF@eon) = 9F ger) = Bpicn )
= i (I3 V@) + §* W, Pren)) -

440 We use the strong Lyapunov property at (i1, Px+1) but compared with (4.11), we have an additional gra-
441 dient term due to the inexact inner solve:

E(Uks1, Pre1) — EU, Pi)
= (OuE s, Por) Wt = ) = 5 ltkes = el
* (0pEUks1; Pie1), Pt ~ Pk} ~ %HPM - el
< (0uUprt, Pren)s A S" Wpers Prt)) + (Op € (Wperts Prsn)s Ak SP (Ui, D))
= s = el = 3 1Pics = Pl + (0w Wi, Proa)s @5 VF )

a * 1 2 2 . Qg oF 2
< = e =W, - 30 (o = Lo ) Ik =01, + R IV T @)

442 where the last inequality holds from Theorem 4.3 and by Cauchy-Schwarz inequality

(OuE W, Prot)s @5 VF (W) = Oy (st ~ ), @5 VF(atn))

axly
4

N

12 Ak o7 2
lUgsr —u [|5,, + E\Ivf(um)llg;-

443 Since the inexact solver terminates until || Vf (ukﬂ)Hg,1 < &g, we have
v

Ak €k

E(Us1, Pre1) — EWUg, Pr) < —AxlgEWgiq, Pren) +

444 with g = min {uvy/2, pg - akLEYQ} and the accumulated error is straight forward. O
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Fora = aj = yg /2L§)Q and &, < puye for some € > 0, the accumulated perturbation error

n n k+1
Ug n-k+1 1
—=2 = p" e <aped < ) <e.
2
2uvLs o k=0 k=0 1+au

—k+1 ~k+1

Furthermore, in the product p" "¢, the weight p" is geometrically increasing, we can choose relative
large &) in the beginning and gradually decrease €. On the other hand, when the outer iteration converges, the
initial guess uy, for the sub-problem

Vf(u) = V) + B Py = 0ulltiy, pi) + BT (D — pi) > 0

is already small. A smaller &, can be achieved for constant inner iteration steps. Therefore the inexact IMEX
scheme retains the accelerated linear convergence rates.

4.5 A Gauss-Seidel iteration with accelerated overrelaxation

In this subsection, we propose an explicit scheme for the transformed primal-dual flow: a Gauss-Seidel iteration
with accelerated overrelaxation (AOR) [28]:

Uket = Uk _ ~J9(Vf(ug) + B py)
a

. (4.13)

% = -7 {B:J;}Vf(ukﬂ) +Vgp(PK) ~ B(2ugs = uk)} -

The formulation (4.13) is in Gauss—Seidel type as when updating py., the updated uy. is used. AOR is applied
to the term Bu = B(2uy.q — u;) with an overrelaxation parameter 2. Such change is motivated by accelerated
overrelaxtion methods [28] and the linear convergence rate is indeed accelerated to (1 + ¢/t

For a symmetric matrix M, we define

X113 = 06, X)nr = xT Mx.

When M is SPD, it defines an inner product and the induced norm. For a general symmetric matrix, || - ||y may
not be a norm. However the following identity for squares still holds

2(a, by = llallir + IbII; = la = bl (4.14)
Let M« = diag{Jv,Jo} and x = (u, p). Then we have
1 * 1 * 1 *
S =X ey = Sllu=l5, + 5P =PI,

Now we are ready to prove the convergence rate. Consider the Lyapunov function

1 * # .
€00 = 51X =X [Rcx-an ~ @Dy’ u) - aDg, ¢, p). (4.15)
T
where recall that B = <g % ) is a symmetric matrix and Dy and Dg, are Bregman divergence of f and g,
respectively.
Lemma4.1. Fora < 1/max{2Ls, 2Ly, 2Lg, 1, }, for the Lyapunov function € defined by (4.15), we have &(x) >

0 and &(x) = 0 ifand only if x = x".

Proof. Notice

- T _ -1pT
Ny-2am- v 2By (0 0) (o 0 ) (2 2By @16)
-2aB  Jq -2aB3y ) \ 0 9o -4a’BI}BT) \0 7
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We have 1 1 1
*12 _ ) _ *12
I =X gy = 310X Peg2am = 31 =¥ Iie, >0 (4.17)

_ (9 ~2a3yB" N
Y7o g

Iy 0
M =
9 ( 0 Jg- 4a235;}BT>

is positive definite if @ < 1/(2Lg). In particular, the equality is obtained if and only if y = y*, which is equivalent
to x = x since the change of coordinate is invertible.
For a <1/max{2Lyy,,,2Lg, g, }, we have

where the change of variable is

and

1 * 12 1 * 19 1 ® 9
2||x—x l12vy = ZHU‘ u g, + ZHP‘P 15,
1 * 1 *
> ———Dfu,u)*+ ———Dg(p ,p) (4.18)
2Lf,3v ! ZLgB:JQ &
> aDy(u’,u) + aDg,(p’, p).

The last inequality becomes equality if and only if D¢(u", u) = Dg, (p", p) = 0, which is equivalenttou = u",p = p".

Sum (4.17) and (4.18) we get the desired inequality
1 * * %
€00 = 11X =X [Fey-an ~ aDp(u’, W)~ aDg,(p", p) > 0
for a < 1/max{2Ls,2L; ,,2Lg, 1, } and the equality holds is and only if x = X O

Then we show the accelerated linear convergence rate.

Theorem 4.5. Suppose f(u) € 8y, 1, With0 < prsy, < Lpg, < 2. Let i = (uk, py) be generated by GS-
AOR iteration (4.13) with initial value xo = (ug, po) and a < 1/max{2Ls, 2Ls 5, ,2Lg, g, }. Then for the discrete

Lyapunov function (4.15), we have
Exn) < w%/z“"“' 4.19)
where ¢ = min {uv, to}-
Proof. We use the identity for squares (4.14):
1 £ 9 1 wo - 1 2
X1 = X Mlvey = 511X = X My = Kt =X Xpeor = Xid e = 5 1X0e1 = Xl - (4.20)

We write the scheme (4.13) as a correction of the implicit Euler scheme

Uper — Uk = (G (Xge) — GO + @Iy BT (Drr — Pi) + a9 (Vf Wpeer) = V()
D1 — Pk = a(GP (Xpiq) - GP(x)) + ajélB(ukﬂ - U) + aﬁ?j(vgg(pm) - Vgs(pr).

Recall that, for the TPD flow, we have proved in Theorem 3.1 that
Mg =X, §0en) = G0 < = E s =X e,
We merge the first cross terms and use the identity (4.14) to expand as
ke = U, B it = i)+ Prot =075 By = ) = (ot = X', Xpeot = Xp)

1 * 9 2 *12
= 5 Uk =X I+ (X1 = Xl B = (130 = X [[8).
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485 The other cross terms with the Bregman divergence is expanded using the identity (2.1)

486

(Ut = U, Vf Uker) = VFuR)) = Dp(u, Ugey) + Dptigea, Wx) = Dp(u”, uy)
(Pt = P> VEBDi1) = VEB(DI)) = Dy (D', Picst) + Dgy (Pt i) = Dy (0, P

Substituting back to (4.20) we obtain the inequality

1 * 9 1 * 9 ua *12 1 2
o =X By = =% By < = B e = ey~ ke = 2l

a
+§H

2, a 2 _a *112
Xt =X |3+ 5 Xk = Xills = 5 X = x|

+ an(Ll*, uk+1) + an(uk+1, uk) - an(u*, uk)

+aDg,(p", Prs1) + aDgy (Pran, Pr) — aDgs (P, Pi).

487 Rewrite the inequality with € by rearranging the terms, we obtain

488
489

490
491
492

493
494
495

496
497

498

499

500

501

502
503

a *
E0tke) = €00 < = 5 xien = X e,

1 2
= | 5 XK1 = Xkl

w-aB = aDp(Upst; Ug) = aDgy(Praa;s Pi)

ua 112
< ‘7\|Xk+1‘x l19vec

< - “—Z"E(XM)

where in the second inequality, by the proof of Lemma 4.1, the extra term is negative, and in the third equality,

we use My > %(Mx - aB) by a factorization similar t

0 (4.16). O

Theorem 4.5 showed the step size is inversely proportional to the Lipschitz constants. Compared with the step

size of the explicit schemes and IMEX schemes, which
chitz constants are usually easier to estimate.

is also proportional to the convexity constants, the Lips-

Remark 4.1. If we further choose a large enough Jo (or scale appropriately) such that Lg < 2, then the upper

bound of the step size can be enlarged to a < 1/ max{4, 2L,

}.For a = 1/max {8,4Ly, 5, }, the convergence

B,J0
rate 4
1 _(, min{uy,uo}
1+ual/2 8max{Lg;, .2} ’
In particular, when g(p) = (b, p) is affine, Lg, 5, = L?g < 1, we can choose constant step size a = 1/8 and get the

linear rate 1

1

1+ya/2=1+

£ min {gy, go}

5 Symmetric transformed primal-dual iterations

In this section, we present symmetric transformed primal-dual iterations which retain linear convergence
when f is strongly convex in the subspace ker(B) and may not be in the whole space.

5.1 Symmetric transformed primal-dual flow

To distinguish the role of transformation and preconditioners, we introduce SPD matrices Ty, T for the trans-
formation and treat Jy and Jo as preconditioners. The change of variable associated with Ty, T+ is given as

v=u+T B p,

q=p- Tg}Bu.
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Recall that the strong convexity of the dual variable p comes from the strong convexity of gg(p) = g(p) +

3 (BT{!B"p, p). Symmetrically, define

Folw) = f) + %(BTTr}lBu, w. 5.1)

With the spirit of transformation, if fp(u) is strongly convex while y; = 0, linear convergence rates can be still
obtained by applying transformation to both the primal and dual variables. There are applications under this
consideration, for example, see [17] for solving Maxwell equations with divergence-free constraints.

We present the symmetric transformed primal-dual (STPD) flow with Jv, Jo as preconditioners:
u' =G"(u,p)
v wp (52)
p' = 5", p)
with
5"(u, p) = ~9% (3uL(u, p) + B' T5' 0p L (w, p))
= =07 (/) + B'p - 15 V)
- _ (5.3)
SP(u,p) =I5 (apL(u, p) - BT 9uL(u, p))
=93 (Ves(p) - B~ Ty Vi) .
The following lower bound of the cross terms can be proved like Lemma 3.1. Here we state results with
operators Ty, Tp.

Lemma 5.1. Supposef € 8 . For any uy, uy € V and p1,p; € Q, we have

by myoLrry

(Vf(ug) = Vf(uy), ug - up)

L T 2 1
- LT BT (p, ‘P2)||T;g ~3

(VF ) - Vo), Ty BTy = p) > 0% vy v, -

where recall v = u + Ty BTp.

Lemma 5.2. Suppose g € 8 . For any uq, u; € V and p1, p; € Q, we have

Ug Ty Lgrsp

Hg, Ty

(Vg(p1) - VE(py), ~Ty Blug - up)) > 5

Le 7, 1
a1 - @2l1F, = =557 1B - w7y - 5 (VEPD - VE@2). pr - p2)

where recall q = p - T3 Bu. In particular, when g(p) = (b, p) is affine, the equality holds with all terms are 0.

The strong Lyapunov property and the Lipschitz continuity can be verified following the lines of proof in Sec-
tion 3. For completeness, we present the results and skipped the proofs for brevity.

Theorem 5.1. Choose Ty such that g(p) € Sy, 1,,, With Lgr, < 1. Choose Ty such that f(u) € Sty Ly
with Ly, < 1 and assume fp is strongly convex, ie, yis, 5, > 0. Then for the Lyapunov function (3.4) and the
STPD field G (5.3), the following strong Lyapunov property holds

My, Ty

-VE,p)-Su,p) > uélu,p)+ 5

* u T *
v =Vl + =5 =4Iz, (5.4)

where 0 < g = min {[,lfB’j o lgy 1, - Consequently if (u(t), p(t)) solves the STPD flow (5.2), we have the exponential
decay
E@(D), p(t) < e E(0), p(0)) vt > 0.

Remark 5.1. The assumptions on Lipschitz constants can be relaxed to Ls 7, < 2and Lg 1,, < 2, then the effec-
tive u = min{uv, to} is defined as

Uy =min{l1,2 - L, }[JfB,jv, Uo =min{1,2 - L, 1, Higy .-

Therefore the algorithm is robust with perturbation on Lipschitz constants around 1.
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To guarantee the exponential decay of the STPD flow, we require both gz and fp are strongly convex. In the
linear saddle point system, this reduced to the necessary and sufficient conditions in [56] for the well-posedness
of a saddle point problem. Especially for g(p) = (b, p), it corresponds to the inf-sup condition for saddle point
systems [12].
Define
ey =u-Tivfw, ep=p-Tpvep) (5.5)
They are Lipschitz continuous as discussed in Section 2.6 and the constants will be denoted by L., r,, and L., ..

Lemma 5.3. Assume Vfp and Vgp are Lipschitz continuous with Lipschitz constant Ly, 5, and Lg, 5, respec-

tively. Let L, ., Le.,, 3, be the Lipschitz constant of ey, e, respectively, then we have

15" (uy, p1) = §*(uz, p2)ll3,
157 (uy, p1) = SP (uz, 2|5,

Lg g, lu1 = uzllgy *+ Ley 90 Lsllp1 = p2llag

Lgy3,1IP1 = P2llag * Ley gy Lsliur = uzlls,

NN

foralluy,u, € Vandpq,p; € Q.

5.2 Explicit Euler method

An explicit discretization for (5.2) is as follows:

{ Upep = Ug + @ G" (U, D) (5.6)

Pre1 = Pi + i SP (U, p).-

To compute the transformation, we introduce intermediate variables u.q5, Px+1/2 and present an equivalent
but computationally favorable form of (5.6):

Uy = U = Tol (Vi) + BT i)
Preijz = Prc = T (VE(Pi) = Buy)
Upa = Uk~ Ty (Vf(uk) * BTPk+1/z)

Piet = Pk~ @I (VE(PK) = Bugayz) -

(5.7

All four SPD operators can be scaled identities and scheme (5.7) can be interpreted as two steps of primal-dual
iterations with the same gradient Vf(u) and Vg(py). The convergence analysis is more clear in the formula-
tion (5.6). Follow the same proof of Theorem 4.2, we obtain the linear convergence of the scheme (5.7).

Theorem 5.2. Choose Ty such that g(p) € Sy, 1,, WithLgr, <1andchoose Ty suchthatf(w) € 8, 1.,
with Ly, < 1. Assume fp is strongly convex, i.e, lis, 5, > 0 and gp is strongly convex with yig, 5, > 0. Let (uy, px)
follows the explicit scheme (5.6) for the STPD flow with initial value (uy, py). For the Lyapunov function defined
by (3.4), it holds that

EUgs1, Pre1) < (1= 8p)E (U, py)

for 0 < a; < min {ny,gv/L%;,ugB,gQ/LZQ} and

0 < 8 = min {ak(‘UfB’jV - L%;ak), ay (‘ugB’jQ - LZQak)} <1

with
13=2 (L}B,jv + L%l[,f,vLé) , Lh=2 (Lﬁ,&gg + Lﬁ,‘PJQLé) .
Define
sy = Lylig g, »q = Lollig, 3,
Theorem 5.2 shows the convergence rate is determined by sy and . For f, g € €2, a guideline to choose Ty, 7o

would be
Jy = Vf+BTT;'B,  Jg =V?g+BTyB".
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For affine g(p) = (b, p), it is straightforward to show Lg 7, = 0and L., 5, = 1forany T, Jo.Let Tp = Jg = I, we
can choose Ty = Jy and Ly 7, < 11is satisfied by proper scaling. Then we have sq = O(<(BJ BT)). In this case,
the convergence rate will be determined by «(BJy} BT) and sy,. The computational cost is basically the effort to
compute Jy;.

5.3 Implicit-explicit methods

To get accelerated convergence rate, we can apply the IMEX scheme:

- p
{ Pis1 = P+ @ S° (U, pi) 5.8)

— u
Upst = Uk + QG (Ugar, Prs)-

That is we update p by the explicit Euler method and solve u by the implicit Euler method. Again we can
view (5.8) as a correction to the inexact Uzawa method

Uperjp = U — Tt (Vf(ug) + B py)
Piet = P~ IS (VE(Pr) — Bugayz) 5.9

Uk = ﬁrgminfB(w Uk, pk+1)
ucV

where N 1
QW uy, prs1) = fp() + ZleHu - uy + Iy BT (Pk+1 - TC_I’1Vg(pk+1)) 15, -

Compare with (4.9), one more gradient descent step py.1 — Ty VE(Pys1) is added. When I3} = I, /Ly, the last step
is one proximal iteration

a i}
Uk+1 = PrOXp, g1, (uk - T;BT (Pk+1 - T9>1Vg(Pk+1))) :

The IMEX scheme enjoys accelerated linear convergence rates. We skipped the proof as it follows in line as
Theorem 4.3.

Theorem 5.3. Choose Ty such that g(p) € Sy, ;. 1., WithLgr, <1andchoose Ty suchthatf(u) € 8y, 1.,
with Ly 7, < 1. Assume fp is strongly convex, i.e, lis, 5. > 0 and gp is strongly convex with yig, 5., > 0. Let (uy, pi)
follows the IMEX scheme (5.9) for the STPD flow with initial value (ug, po). For the Lyapunov function defined
by (3.4), it holds that

1
E(Ups1, Prs1) < mg(uk: pi)

2 i 2 2 _ 72 2
for0 < qp < ygB,gQ/LS,Q and ;. = min {‘ufB’jv,‘UgB,jQ - akLS’Q}, where Lgqg = LgBng +L

2 .
ey, 7y L's- In particular;
- 2
for ay = 31ig, 5, /L% o, we have

1
1+ %‘ugB:jQ min{tufﬂﬂv’ ‘ugB:jQ/z}/Lé,Q

E(Uks1, Pie1) < E(ug, pr)-

The inner solve in (5.9) can be relaxed to an inexact solver. We state the result as a corollary of Theorem 4.4.

Corollary 5.1. Choose Ty suchthatg(p) € 8, 1, WithLgr, < 1andchoose Ty such that f(u) € Sty Ly
with Ly 7, < 1. Assume fp is strongly convex, i.e, iy, 5, > 0 and gp is strongly convex with pg, 5, > 0. Suppose
(uy, pi) follows the inexact IMEX iteration (5.9) with initial value (u, pg) and the inexact inner solver returns
Uy Satisfying ||V]~°B(uk+1)\|§,v1 < g for k = 1,2, --. Then for the Lyapunov function defined by (3.4), it holds
that

E(Ups1, Prs1) < E(ug, pi) +

1 L SRS
1+ aypik @+ qudpy
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for 0 < ay < pg, 9,/L% o and uy = min {uy, 5, /2, fg, 5, — axL} o}, where L} o = L} g,

for ay = g, 7, /2L% o, the accumulative perturbation error for the inexact solve is

+L% , L%.Inparticular,

8(un+1:pn+1) < pn+18(u0’ Po) + [“lgB JQ Zp k+1
zny Uv S Q k=0

where y = min{y, g, g, 7, } and p = 1/(1 + pg, 5, u/4L% o) € (0, 1).

Due to the nonlinear coupling BT (p- T Vg(p)), we cannot apply GS-AOR scheme to STPD in general. Only when
gisaffine, i.e., the constrained optimization problems, Vg is constant, the Gauss-Seidel splitting can be adapted
to STPD and achieve the accelerated linear convergence. For this case, it can be also retrieved by considering
augmented Lagrangian and apply TPD. We shall discuss this important case in the following section.

6 Augmented Lagrangian methods

In this section, we consider the augmented Lagrangian methods [30, 45] for solving the constrained optimization
problem (1.2). Consider the augmented Lagrangian

min max L g(u, p) = fw)+ BHBu b||* + (p, Bu-b) (6.1)
ueR™ peR"
where B > 0. It is clear that the critical points of £(u, p) are equivalent for all B, as the constraint Bu = b holds
for critical points, and when f = 0, (6.1) returns to the Lagrangian of the constrained optimization problem (1.2).
Notice (6.1) is still a nonlinear saddle point system with g(p) = (b, p) and fz(w) = f(u) + §||Bu - b|)?, the TPD
flow and the corresponding transformed primal-dual iterations can be adapted. In this section, we will show
that simple choices of o = BI, in the TPD flow is a good preconditioner for solving augmented Lagrangian
when f is sufficiently large. Particular discrete schemes will recover a class of augmented Lagrangian methods.
ALM can be also derived from STPD flow for the original Lagrangian by using T = I and thus enhance
the stability by the strong convexity of f. We first show the strong convexity equivalence between a simplified
f and f3, where

fow = f@)+ YBTBu W, fy0 = 1w+ Eypu- )P,

Lemma 6.1. For any B > 0, fp is strongly convex if and only if fg is strongly convex. In particular; yg, > uy, for
B=>1

Proof. Suppose fp is iy, -strongly convex with ug, > 0, for all ug, u, €V,
(Vfp(u1) = Vfp(up), ur = uz) = min{B, 11(Vfp(u1) - Vfp(up), us - uy)
>min{B, 1}y, ur - uz”.

Hence fp is yfﬁ-strongly convex with g, = min{p, 1}us, > 0.For B > 1, Ug, = Uy

Suppose fp is tg,-strongly convex with gz, > 0, forall us, u; €V,
(Vfp(ur) - Vfpuy), ug — uz) > min{™, 1}(Vfp(ur) - Vfp(ua), ug - Uz)
>min{B™, 1}uy, lus - us [
Hence f3 is iy, -strongly convex with ug, = min{g7, l}yfﬁ > 0. O
Therefore ALM can achieve linear convergence rate even f is not strongly convex but f3 is. Besides the enhanced

stability, next we shall interpret the augmented Lagrangian as a preconditioner of the Schur complement: for
sufficiently large B, a simple choice J5 = BI will lead to a well conditioned »zq. The condition number sz, will
be controlled by using another SPD matrix A.
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Proposition 6.1. Let A be an SPD matrix and define Ag = A +BBTB for B > 0. Assume f5(u) € SWBA1 Lipa, - Choose
-1
Ty = Ag! = (A . BBTB) , 92t = Bl
Thenfor f > 1
min{ug, 4,,1} < Uppy S Lpyg, < max{Lys, 4,1} (6.2)
and p 1
So . 1gT “1gT =
T frry, < min (BAﬁ B ) < Amax (BAﬁ B ) <3 (6.3)
where g, = Apin(BA™ BT). Consequently
“1pq-1pT 1
»3,(fp) < 5a,(fp), »(JgBJyB) <1+ .
Bus,
Proof. Bound (6.2) is straight forward. Define Sz = B(A + BBTB)_lBT. By Woodbury matrix identity,
-1
1T _ T T
BA;'B" =B (4+BB"B) B
=B(A™ -A"'B" (8w + BAB) 'BA )BT
~ -1
=So-So (ﬁ U+ SO) So.
Hence A
-1pT) _ -
a(BAﬁ B ) = a(Sp) {1+BA’A c 0(80)}.
Then (6.3) follows. O
As an example, if we choose § > 1/ug,, then the condition number of the Schur complement is bounded by 2.

While the condition number of f keeps unchanged and preconditioning of f can be achieved by appropriate
choice of A. The condition number for the primary variable is bounded by ¢4, (f5).

In practice, (A + BBTB) ! can be further relaxed to an inexact solver J;} which introduce a factor Amm(J{}A p)
in the convergence rate. In the sequel, we shall fix the simple choice 5" = fI» and § > 1. We can either apply
discretization of the TPD flow to the augmented Lagrangian (6.1) or the STPD flow to the original Lagrangian
L(u, p) = f(u) - (b, p) + (Bu, p). The resulting schemes are slightly different but share similar convergence rate.
Here is an example.

The explicit scheme of the TPD flow for the augmented Lagrangian (ALM-Explicit) is:

Uz = = 5 (V) + BB (Buy = ) + Bpy)
Pi+1 = Pk~ kB (b = Buyy)) (6.4)
Ujenn = U ~ @Iy (Vf(uk) + BB (Buy - b) + BTPk) :
Computationally the third step can be written as uy.; = (1 — ap)uy + aglg.1/2. The explicit scheme of the STPD
flow for the Lagrangian with T = Jo = BI:
U1z = U = Tol (VS () + BT pr)
Pi1 = Pk~ kB (b — Buy)) (6.5)
Uper = Ug — QT (Vf(uk) + BBT(Buy, - b) + BTpk) .
So (6.4) and (6.5) are only different in the first step of updating uy.q,: (6.5) is the gradient flow of u using 9., £,
and (6.4) is 9uL . Discretization of the TPD or STPD flow gives generalized variants of augmented Lagrangian-
like methods and provide flexibility of choosing transformation operators and preconditioners. Within our
framework, one can easily derive convergence analysis by verification of assumptions.

Next we present the convergence analysis. To save space, we only present the version of TPD flow for L.
The STPD flow for £ is similar.
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Theorem 6.1. Let A be an SPD matrix and define Ag = A + BBTB for B > 0. Assume fz(u) € S“vaArLfsm with
0 < g, 4, < Ly, 4, < 1. Choose Ty} such that Amax(Jy) Ag) < 1. Let (uy, py) follows iteration (6.4) with initial value
(ug, po), it holds that

EWUpsts Pre) < (1 - 8 E(Uy, pr)

for 0 < ay < u/4 with u = min {uvy, g} and
Sk = min {ay(uy - 4ay), ax (Lo ~ 4ax)}

where

Wy = i, 4 AminGv Ap),  Ho = %Amnm}f‘ﬁ)
0

with s, = Apin(BA™BT).
In particular for a; = u/8, we have

2
E(Ups1, Prs1) < <1 - %) E(ug, px).

Proof. By (6.2) and assumption Ly, 4, < 1, we have L £, < 1. Consequently we can apply Theorem 4.2.

To estimate the constants, we introduce a partial ordering for symmetric matrices. For two symmetric ma-
trices X, Y, we say X < Y if Y - X is positive semidefinite. Then
Amin(V Ap)Ty < Ap < Amax(0y Ag)Ty (6.6)
Amin(y Ap)BAG'B" < BIY'B" < Amax(07) Ag)BA5'B”. (6.7)
By Proposition 6.1 and (6.7), since AmaX(JK}Aﬁ) <1,
Lg, 0 = L% = Amax(9g BIY' BT) = BAmax(BIy BT)
< B/lmax(j;]lAﬁ)/‘\max (BAl_;lBT> <1.
Therefore,

Ly =2(L,0,0+19) <4

Lh =2 (L0, +L5) <4

where eg(u) = u - I3 Vfp(w).
Similarly,
Hgy7o = Amin(Jg BIY B") = BAin (BT BT)
Bus, _
1+ Bus,

> Bimin(15 AplAmin (BA'B") > Amin(07/ Ap)

Thus we have

o =t a1V A, o 115% Amin07 A )
0

and desired estimate then follows. O

The assumption Ly 4 < 1and Amax(J{}AB) < 1 can be easily satisfied by scaling. For example, if L 4 > 1, we can
assign Ly oA as anew A. Once Ag is available, symmetric Gauss-Seidel or V-cycle multigrid iteration will define
an J3} with Amax(95/ A p) < 1. As the upper bound requirement is Ly, 5., < 2, the analysis and algorithm is robust
to small perturbation near Ly, 5., = 1.

In the following we present the GS-AOR for the augmented Lagrangian (6.1) (ALM-GS-AOR):

w = - Iy (Vf(uy) + BB" (Buy - b) + B"py)
w --p {BJQ}BTpk +b = BQuUys - Up) (6.8)

+BJ3 (Vf(um) + BBT(Bupes - b))} .
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Tab. 2: Examples of J3} and ¢ for f € 8.1, or f € 8y, 1,, and g(p) = (b, p). A is an SPD matrix induced inner product in V with L; 4 < 1.

Linear inner solvers Rate
N 73 B>1
Explicit 1 Lillm L;(BBTY 1-1/32(f)
Explicit 2 A7 (BAT'BTY 1-1/52(f)
IMEX 1 Li/Im Lf(BBT) (1+175(f)) ™
nonlinear solver proxf,ak,[f(uk - ‘LL[kBTpkH)
IMEX 2 AT (BAT'BTY (1+1/5a(H)”
nonlinear solver ~ minycvy f(u) + 21@ llu = uy+ @I B Py ||
GS-AOR 1 Li/Im Lf(BBT) (1+175(f)) ™
GS-AOR 2 AT (BAT'BT) (1 +1/5a(h) ™"
ALM-Explicit1  (L;In + BBTB)™ Bl 1-1/32(f)
ALM-Explicit 2 (A+BB™B)" By 1=-1/32(f)
ALM-GS-AOR1  (LfIy + BBTB)™ BI, (1+1/5(fp) "
ALM-GS-AOR2 (A +BB7B)™ Bl (1+1/5a(fs) ™"

Theorem 6.2. Let A be an SPD matrix and define Ag = A + BB'B for B > 0. Assume fp(u) € Spugya, Lpa, With
0 <y, 4, < Ly a, < 1. Choose Iy such that Amax(Ty Ag) < 1. Let (uy, py) follows iteration (6.8) with initial value
(ug, po), it holds that

1

T+ gz~ e PW

EUgs1, Pre) <
for0 < a < 1/4with y = min {uy, ug} where

Hv = ufB’AlAmin(j{}Aﬁ)’ Uo = Amin(jK}Aﬁ)l f[;ijs
0

with s, = Apin(BA™ BY). In particular for a = 1/8, we have
£ ) < e £y, i)
Uk+15 Pies1) S 1+u/16 Ui P)-

Proof. By (6.2) and assumption Ly, 4, < 1, we have Lfg, <1 Consequently we can apply Theorem 4.5. The
desired result follows from the constant bounds given in Theorem 6.1. O

In Table 2, we list out typical choices of I3} and compare TPD and ALM schemes for convex optimization prob-
lems with affine equality constraints (1.2). Explicit schemes only require linear SPD solvers, but the convergence
rate is O(1 - 1/5(f)) or O(1 - 1/524(f)). If the proximal operator of f is available and (BBT)™! can be efficiently
computed, we can apply the IMEX 1 to accelerate converge rate to O(1 - 1/5<(f)). If some preconditioner A™! of
f is given, then the convergence rate can be accelerated to O(1 - 1/5¢4(f)) using TPD-IMEX 2 scheme. However,
an inner solver to a nonlinear strongly convex optimization problem is required. Overall we recommend the
GS-AOR methods, which enjoy a convergence rate of (1 + ¢/)"! and only require linear SPD solvers. When f is
not strongly convex, we recommend to use ALM-GS-AOR which can enhance the convexity to fp.

Our analysis on ALM shows that the condition number of f and Schur complement can be simultaneously
improved with a modified linear solver (A+BSB”B)™! or a modified inner problem for fp- Compared with schemes
without ALM, update of the dual variable in ALM is simpler and more importantly the stability is enhanced from
the symmetrized transformed primal-dual flow point of view.
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7 Conclusion and future work

By revealing ‘Schur complement’ in the transformed primal-dual flow, we proposed first-order algorithms, the
Transformed Primal-Dual (TPD) iterations, and achieve linear convergence rates without the strong convexity
of function f or g. From a perspective of change of variables, the convergence rate in our analysis is essentially
determined by choices of inner products on the primal and dual spaces. The augmented Lagrangian methods
can enhance the stability and preconditioning the Schur complement so that the scaled identity defines a suit-
able inner product in the dual space. We also derive an approach to analyze the inexact inner solvers with
perturbation on the gradient norm of a modified objective function for the sub-problem. More importantly, we
propose a Gauss—Seidel iteration with accelerated overrelaxation (GS-AOR) to the TPD flow to obtain accelerated
linear rate (1 + ¢/s) L.

For the strongly convex-strongly concave nonlinear saddle point system, the optimal lower bound rate (1 +
¢/ /)" for first-order methods is recently proved in [54]. We shall develop accelerated primal-dual methods
to reach this rate and extend to convex-concave saddle point problems by combing the TPD flow.

Multigrid methods have been developed for linear saddle point systems [2, 17] and convex optimization
problems [14], showing convergence independent of problem sizes. One of our future work will be deriving
multigrid-like methods for nonlinear saddle point systems. The TPD iterations can be used as good smoothers.
Furthermore, we will extend this framework to tackle more general nonlinear saddle point systems, such as
non-smooth objective function f, variables (u, p) restricted in convex sets. For multi-block problems, the TPD
flow will connect to the alternating direction method of multipliers (ADMM) [9, 24] and there relation deserves
further investigation.
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