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Abstract A V-cycle multigrid method for the Hellan-Herrmann—Johnson (HHJ) discretiza-
tion of the Kirchhoff plate bending problems is developed in this paper. It is shown that the
contraction number of the V-cycle multigrid HHJ mixed method is bounded away from one
uniformly with respect to the mesh size. The uniform convergence is achieved for the V-cycle
multigrid method with only one smoothing step and without full elliptic regularity assump-
tion. The key is a stable decomposition of the kernel space which is derived from an exact
sequence of the HHJ mixed method, and the strengthened Cauchy Schwarz inequality. Some
numerical experiments are provided to confirm the proposed V-cycle multigrid method. The
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exact sequences of the HHJ mixed method and the corresponding commutative diagram is
of some interest independent of the current context.

Keywords Kirchhoff plate - Hellan-Herrmann—Johnson mixed method -
Multigrid method - Exact sequence - Stable decomposition

1 Introduction

We consider multigrid methods for solving the saddle point system arising from the Hellan—
Herrmann—Johnson (HHJ) mixed method discretization (cf. [32,33,39]) of a fourth order
equation: the Kirchhoff plate bending problem.

Linear systems arising from discretization of fourth order partial differential equations
are difficult to solve due to the poor spectral properties. For C! conforming finite element
methods of the biharmonic equation, some multigrid methods are studied in [12,56,58,60].
In practice since it is hard to construct C! finite elements, nonconforming finite element
methods (cf. [24,41,52]), notably the Morley element (cf. [43,52-54]), Zienkiewicz element
(cf. [8,51]) and Adini element (cf. [2,41,52]), are favored for the fourth order equation.
Optimal-order nonconforming multigrid methods with the full regularity assumption are
developed in [13,45,47,57,61]. Without assuming full elliptic regularity, similar results are
obtained in [15,50,59]. For C interior penalty methods of fourth order equations in [16,27],
it is proved in [17] that V-cycle, F-cycle and W-cycle multigrid algorithms are uniform
contractions. Standard mutligrid solvers for the Poisson operator are used to design efficient
smoothers. An algebraic multigrid method by smooth aggregation is developed for the fourth
order elliptic problems in [49]. In all of these works, special intergrid transfer operators
are necessary for both conforming and nonconforming multigrid methods, since either the
underlying finite element spaces are non-nested or the quadratic forms are non-inherited. The
contraction number of V-cycle, W-cycle or F-cycle multigrid method can be proved to be less
than one uniformly with respect to the mesh level provided that the number of smoothing
steps is large enough.

We shall develop a multigrid method for the Hellan—-Herrmann—Johnson discretization of
the Kirchhoff plate bending problems in the mixed form. The resulting linear system is in
the following saddle point form

-
B 0 u —f
which is considered harder to solve than the symmetric positive counterpart due to the
indefiniteness of the saddle point system. To this end, the hybridization technique is
applied to the HHJ mixed method by introducing a Lagrange multiplier, which changes
the saddle point system to a symmetric positive definite (SPD) problem (cf. [4,30]).
It is shown in [4] that the resulting SPD problem in the lowest order HHJ mixed
method is equivalent to a modified Morley method. As we mentioned earlier, however,
multigrid algorithms for the Morley element method have been only proved to be opti-
mal with special intergrid transfer operators and large enough number of smoothing
steps.

We shall apply the approach developed in [21] to design effective multigrid methods for
solving the equivalent linear system of (1.1), whose mixed finite element method is to find
(0, up) € Vi x Py, such that
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a(@p, ) +b(t,up) =—a(loo,t) YT €V)) (1.2)
b(@, v) =0 Yv e Py, (1.3)

wherea(o, 1) = [ Co : Tdx, b(t,v) = — [, (div,T)-Vv dx+> ker Sk Mn: ()30 ds.
The smoother of our multigrid method is a multiplicative Schwarz smoother based on a
multilevel decomposition of the null space ker(B). Since the finite element spaces of the
HHJ mixed method are nested, the coarse-to-fine intergrid transfer operator is simply the
natural injection.

The key to the analysis and the algorithm is a stable multilevel decomposition of the null
space ker(divdiv). To this end, we first establish exact sequences for the HHJ mixed method
of Kirchhoff plate in both continuous and discrete levels. By the discrete exact sequence, the
mixed method (1.2)—(1.3) is equivalent to find ¢, € gh such that [40]

a(V¥ x ¢, VS x ¥) = —a(l,00, Vi x ¥) V¥ €8,

with 6, = V* X ¢,,. After achieving a decomposition of the finite element space for the
stress based on the discrete exact sequence for the HHJ mixed method, a stable decomposition
and the strengthened Cauchy Schwarz inequality are derived using the standard technique as
in [55]. Then according to the theoretical results developed in [21], the contraction number of
our V-cycle multigrid HHJ mixed method is bounded away from one uniformly with respect
to the mesh size with even only one smoothing step. Since a stable decomposition is obtained
using the L2-projection, the full regularity assumption is not needed neither in our approach.
As far as we know, our V-cycle multigrid method is the first work possessing these two
merits among the multigrid methods for solving the fourth order partial differential equation
directly.

Although the multigrid method used here and its convergence follow from the framework
developed in [21], this example has special features which lead to rather difficult analysis than
examples considered in [21]. Furthermore, the Hilbert complex for the HHJ mixed method
revealed in this paper is of some interest independent of the current context and will play a
central role in the design and analysis of the HHJ mixed method [5], c.f. the convergence of
adaptive finite element methods for the HHJ mixed method established in [38]. We emphasize
such a contribution by listing the commutative diagram for the HHJ mixed method as follows.
Details on the spaces and interpolation operators can be found in Sect. 2.2.

PR —S o H'(Q: R2) % H-!(divdiv, @: S) Y 1) — 0

l Iy l I, l On
(divdiv),

PR —< S VX Vi P 0

The rest of this paper is organized as follows. The HHJ mixed method for Kirchhoff plate
and the corresponding exact sequence and commutative diagram are presented in Sect. 2. Then
we construct a stable decomposition and prove the strengthened Cauchy Schwarz inequality
for the HHJ mixed method in Sect. 3. In Sect. 4, we show and analyze the V-cycle multigrid
method for the HHJ mixed method. Some numerical experiments are given to testify our
multigrid method in Sect. 4 as well.
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2 Mixed Method for the Plate Bending Problem

Assume a thin plate occupies a bounded simply connected polygonal domain 2 C R2. Then
the mathematical model describing the deflection u of the plate is governed by (cf. [29,46])
Co =—Vu inQ,

divdive = —f in Q, 2.1)
u=0yu=0 onaS2,
where # is the unit outward normal to 9€2, V is the usual gradient operator, div div stands for
the divergence operator acting on vector-valued (tensor-valued) functions (cf. [46]). Here, C

is a symmetric and positive definite operator defined as follows: for any second-order tensor
T,

1 v

Ct = T trt)Z
1—v 1- vz( )
with Z a second order identity tensor, tr the trace operator acting on second order tensors,

and v € L™ (£2) the Poisson ratio satisfying inf v > 0 and sup v < 0.5.
xeQ xeQ

2.1 The Hellan-Herrmann-Johnson Method

Denote the space of all symmetric 2 x 2 tensor by S. Given a bounded domain G C R?
and a non-negative integer m, let H” (G) be the usual Sobolev space of functions on G, and
H"™(G; X) be the usual Sobolev space of functions taking values in the finite-dimensional
vector space X for X being S or R2. The corresponding norm and semi-norm are denoted
respectively by || - |ln.¢ and | - |, ¢. If G is 2, we abbreviate them by || - ||, and | - |,
respectively. Let Hj'(G) be the closure of C{°(G) with respect to the norm || - [ln,G. P (G)
stands for the set of all polynomials in G with the total degree no more than m, and P, (G; X)
denotes the tensor or vector version of P, (G) for X being S or R2, respectively.

Let {7,}5>0 be a regular family of triangulations of Q2. For each K € 7j, denote by
ng = (n1,n2)7T the unit outward normal to 3K and write tx := (11, )T = (—n2,n1)7, a
unit vector tangent to d K. Without causing any confusion, we will abbreviate nx and ¢ as
n and ¢ respectively for simplicity. Let £, be the union of all edges of the triangulation 7},
and S,i the union of all interior edges of the triangulation 7. Set for each K € 7,

En(K) i=le € & te COK), E(K)i=|ees)ecok].

For any e € &, fix a unit normal vector n, := (ny, n2)T and a unit tangent vector £, :=
(—n2,n1)T. For a column vector function ¢ = (¢1, ¢2)T, differential operators for scalar
functions will be applied row-wise to produce a matrix function. Similarly for a matrix
function, differential operators for vector functions are applied row-wise. Discrete differential
operator divy, is defined as the elementwise counterpart of div with respect to the triangulation
7. For a second order tensor-valued function 7, set

M, (1) := n’tn, M, (t) = tTn,

on each edge e € &,. Next, we introduce jumps across edges. Consider two adjacent triangles
K™ and K~ sharing an interior edge e. Denote by nt and n™ the unit outward normals to
the common edge ¢ of the triangles K+ and K ~, respectively. For a scalar-valued function
v, write v := v|g+ and v~ := v|g-. Then define jumps across e as follows:
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[v]:=v'n,-n"+v n,-n".

On an edge e C K lying on the boundary 0€2, the above term is defined by
[v] :=vn, - ng.
For any second order tensor-valued functions o and 7, set
2
0T = Z 0T
i,j=1

Throughout this paper, we use “< ---” to mean that “< C---”, where C is a generic
positive constant independent of the mesh size i, which may take different values at different
appearances.

Then we define some Hilbert spaces. Based on the triangulation 7, let

V= {1’ € L2(Q:S): 7|k € H'(K:S) YK €T, and [My(t)]l, =0 Ve e 5,§},
P = {ve H(Q):v|x € H(K) VK € T;}.
The corresponding finite element spaces are given by
Spi={p e H' (R :¢lx € P.(K;:R?) VK €T},
Vi={teV:tlg e P,_1(K;S) VK €T},
Py = {ve Hy(Q) vk € P(K) YK €T;)

with integer r > 1.
With previous preparation, the Hellan—-Herrmann—Johnson (HHJ) mixed method (cf. [32,
33,39]) for problem (2.1) is given as follows: Find (o, uj,) € Vj, x Py, such that

a(op, ) +b(t,up) =0 VTeV, (2.2)
b(oy,v) =—/ fvdx Vv eP,, 2.3)
Q
where

a(o,T) ::fCa:rdx Vo,T €,
Q

b(t,v) = —/(divhr)‘Vvdx—i— Z / My (t)drvds YT eV, veP.
Q Kex, K

The boundary condition for the deflection # = 0 on 02 is imposed into the space P,
whereas the boundary condition for the rotation d,u = 0 on €2 is imposed weakly in the
variational form (2.2). If the plate is simply supported along the boundary, i.e. the boundary
condition is now # = 0, M, (¢) = 0 on 92, we only need to modify V as

Vo:={teV:M,(tr) =0o0ndR}.

It was shown in [7,10,28] that the HHJ mixed method (2.2)—(2.3) is well posed. And the
inf-sup condition holds as follows (cf. [38, Lemma 4.2])

b(tp, vp)
lonllon S sup ————= VY € Pp.
mev, NTnllon
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where mesh dependent norms are

iz, = Y Ivlg+ > hy ' 10a 01115,

KeTy, ee&,

2 2 2
ITl5, =TI+ D hellMu(D)IIG,-

ee&y,

It possesses the optimal a priori error estimates provided that ¢ and u are smooth enough:

lo—anllo < Nl
lu —uplle S Aol + lullr4).

Reliable and efficient a posteriori error estimators, as well as the convergence of an
adaptive HHJ mixed method, can be found in [38].

2.2 Hilbert Complexes for the HHJ Mixed Method

In this section, we shall derive an exact sequence and a commutative diagram for the HHJ
mixed method (2.2)—(2.3).

For a vector-valued function ¢ = (¢1, ¢2)”, denote by ¢+ = (—¢, $1)7 the vector
perpendicular to ¢. The standard symmetric gradient operator is

e@) =5 (Vo + Vo).

The symmetric curl operator will be defined analogically by

VX = % (curl¢ n (curl¢)T) .

ey = (2). (1) ()]

It is easy to see that ?llm(ﬂ; RR?) is exactly the rigid body motion space where

Let

7R —
PY (R = (¢ € LX(Q: RY) : ¢+ € P (Q; RY)).
Lemma 2.1 The following complex for Kirchhoff plate

_ - VS x divdiv
P (92 RY)—>C™(Q; R?)———> C®(Q; S)————> C®(Q)—>0 (2.4)

is exact.

Proof By direct computation, it is easy to see that (2.4) is a complex, i.e. V¥ x (P1) =0
and divdiv V¥ x = 0. We then verify the exactness.

Let us first show that ker(VSx) = P;(Q; R?). For any ¢ € C®(Q; R?) satisfying
V¢ x ¢ =0, it holds

Vix¢=LTe(@p )L =0.
0 —1
where L = ( 10 ) Thus we have
e(¢) =0,
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which implies ¢ € P1(S; R2).

Next we demonstrate that ker(divdiv) = V¢ x C®($2; R?) using the similar argument
adopted in [9, Lemma 1] and [38, Lemma 3.1]. First of all, V¥ x C*°(; R?) C ker(divdiv)
by direct computation. For any t € ker(divdiv), there exists v € C°°(£2) such that divt =
curlv = —div(vL), which implies div(z + vL) = 0. Hence there exists a vector function
¢ € C®(Q; R?) satisfying

T + vL = curl¢.

Since 7 is symmetric, we have T = V* x ¢. Thus ker(divdiv) C V* x C*®(Q; R2),
Finally we show that divdivC*°(2; S) = C*°(2). By the elasticity complex in [6, p.
405], the divergence operator div : C*®(Q2; S) — C*°(Q; ]R2) is surjective. And due to the
de Rham complex in [5, p. 27], the divergence operator div : C*°(£2; R2) - C*(Q) is also
surjective. Hence we have divdivC ™ (R2; S) = C*®°(Q). O

We then derive an exact sequence with less smoothness. To this end, we define B : V — P’
as

(Bt,v) :=b(t,v) VvePpP.

For any (z,v) € V x Pwithv € HOZ(Q), it follows from an integration by parts and the fact
[M,(7)] |g}[ = 0 that

Bt,v) = :V2udx — / -Vud /M,,ad
(BT, v) /Qr vdx Z E’K('m) vs—l—z » ((T)orvds

KeT, KeTy,
=/ 7:V2udx — Z / M, (t)o,vds
Q KeT, 0K
:/ T2 Viody = (divdive, v) g 2 0)- 2.5)
Q

On the other side, for any (t,v) € V x P with t € H(div, 2;S) := {7 € L2(Q;S) :
divt € L2(Q:; R?)}, sincev € P implies v being continuous in €2, it follows from the fact
(M ()] = 0 that

(BT, v)

—/Q(divr)-Vuder Z /m M,y (T)3;v ds

KeT, v °

- / (divr) - Vudx = (divdivr, U>H*1(Q)><HO'(Q)’
Q

Therefore the bilinear form b(-, -) can be defined either on H (div, 2; S) x HO1 (RQ)as B =
divdiv in H~1(€) distribution sense or L%(2) x HOZ(Q) with B = divdiv in H2(Q)
distribution sense. However, conforming finite element spaces of H (div, ; S) or Hoz(Q)
are difficult to construct. Until this century, H (div, 2; S) conforming mixed finite elements
with polynomial shape functions were constructed in [1,3,6,23,34-37], and an efficient fast
solver on general shape-regular unstructured meshes was recently developed in [22]. We
strike a balance of the smoothness of these two spaces and understand the bilinear form
b(-, -) being defined on V x P and thus

divdiv : H_l(divdiv, Q;S) — H_l(Q)
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with space H~'(divdiv, ; S) := {r € L2(Q;S) : divdivt € H~' ()} which was firstly
introduced in [44].

Making use of the similar argument as in Lemma 2.1, we can acquire a Hilbert complex
for Kirchhoff plate as follows.

Lemma 2.2 The following Hilbert complex for Kirchhoff plate

s

_ .. C | 5 VI x 1y divdiv 1
P (2, R)——>H (2; R°)———>H " (divdiv, Q; S)———>H ' (Q)—0 (2.6)
is exact.

Remark 2.3 A less smooth exact Hilbert sequence for Kirchhoff plate is

Ay

— w C ,. Vix 5 divdiv 5
P (2, R°)——>L"(2; R )—> H “(divdiv, Q; S)—>H “(Q2)—0, (2.7)

where H 2(divdiv, $%;S) := {r € H-'(Q:;S) : divdivt € H%($2)}. Finite element
spaces of H ’Z(div div, Q; S) is, however, difficult to construct. Indeed in the HHJ mixed
method, the space V and V, are not even subspaces of H -1 (divdiv, 2; S). That is, the HHJ
mixed method is still a non-conforming method. O

Remark 2.4 The dual complex of (2.7) is

C 5 v? rot 5 5
0 Hy(R2) Hy(rot, Q; S)——> L(2; R*)—>0,

where
Ho(rot, 2;S) := {t € L*(Q;S) : rott € L2(Q; Rz), and 7t =0 on 3R},
L3 R?) = {¢ e L*(Q;R?) : / ¢ dx = 0}.
Q

It is interesting to notice that the last exact sequence is an rotation of the elasticity complex
in two dimensions [6, (2.1)]. O

In the discrete level, we shall derive a similar exact sequence for the finite element spaces
introduced before. To this end, we first discuss the discretization of the two differential
operators V* x and divdiv. Since V* x only requires the H' smoothness, it can be naturally
discretized by choosing the finite element space S, C H'. The difficulty is the discretization
of operator divdiv. First we can understand B : Vj, — P} as

(Bt,v) :=b(t,v) YveETP,.

Using the Riesz representation induced by the L2-inner product, we can identify P;, with
P, and finally define (divdiv), : V, — P, as follows: for any T € Vy, (divdiv),t € Py is
uniquely determined by

/ (divdiv),t vdx = b(z,v) Vv € Py.
Q
To present the commutative diagram, we need some interpolation operators. Let O, be the

L? orthogonal projection operator from L?(£2) onto P, which can be extended to H~!(Q2) —
Puas P C HJ ().
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For any element K € 7, define Ix : H*(K) — P.(K) in the following way (cf.
[7,26,28,48]) : given w € H2(K), any vertex a of K, and any edge e of K,

Igw(a) = w(a),
/(w —Igw)vds =0 Yve P_s(e),
e
/ (w—Igw)rdx =0 Vve P_3(K).
K
The associated global interpolation operator [, is given by
(In)|k :=1Ix forall K € 7.
Letlx =1g x Ig, I, =1 x I.

Lemma 2.5 (divdiv)y, is a conforming discretization of B in the sense that ker ((divdiv)y,) C
ker B.

Proof By the definition of I, we have (cf. [7, p. 1058])
b(ty,v) = b(ty, Iv), YT, € Vy,veP. (2.8)
For any t € ker((divdiv);), we get from (2.8) that for any v € P,
(Bt,v) =b(t,v) =b(t, Iv) = /;Z(divdiv)hr Ipvdx = 0.
Thus T € ker B. O

Then define Mg : HY(K,S) — P,_|(K,S) in the following way (cf. [7,18,26,28]):
given T € H'(K, S), for any element K € 7}, and any edge ¢ of K,

[ = Mol uds =0 Ve poe)
e

/ (t—Mgt):¢dx=0 Vge P,»(K,S).

K
The associated global interpolation operator IT, : V — V), is given by
(Iy)|x :=MNg forall K € 7.

From the definition of II, it holds that

b(t —ut,v) =0 VT eV, veP,. (2.9)
Namely QB = (divdiv), 1.

Lemma 2.6 The following complex for the HHJ mixed method

_ .. C AV (divdiv)y,
P (2; R7) Sh Vi Ppr—>0 (2.10)

is exact.
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Proof As (2.4),(2.10) is a complex by direct computation. Then we prove ker((divdiv);) =
V¢ xSy, Take any T € ker((divdiv)). Since ker((divdiv);,) C ker B and thus using (2.5) and
the exact sequence (2.6) in the continuous level, we find a vector function ¢ € H L(Q; R?)
satisfying T = V* x ¢. By direct computation, it hold for each K € 7,

curl(div(¢|x)) = 2div(t|g) € Pr_2(K,R?).

Hence div(¢|x) € P,—1(K), which combined with V* x ¢ = 7 € P,_(K,S) means
V(plk) € P,_1(K,S). Therefore ¢|x € P,(K,R?),ie. ¢ € Sj.

Using the similar argument as in Lemma 2.1, we have ker(V* x) = P1(2; R?). To show
that (2.10) is exact, we shall prove (divdiv), (V) = Py by adapting a technique in [7,
p. 1056].

For any p € Py, let wy € Py, be the solution of

/th«Vvdx:—/pvdx YveP,.
Q Q

0
Let og = (u())h wh>' Thanks to M, (09) = nlogn = wy, and wy € Py, 09 € V. Let

o; = Il o0 € Vy. Using (2.9), integration by parts twice, and the definitions of a9 and wy,,
it holds for any v € Py,

b(or,v) = b(og,v) = Z f op: VZudx — Z / M, (09)dzvds
keT; 'K KeT; V9K
= Z / wpAvds — Z f wpdpv ds
ke, 'K KeT, VK
= —/ Vwy, - Vodx =/ pvdx,
Q Q
from which we can see that p = (divdiv), o ;. The proof is finished. O

Theorem 2.7 We have the following commutative diagram for the HHJ mixed method

P2 RY) — S H'(Q: R 2 H(divdiv, 2: S) MY g-1Q) — >0

l I l I, l O
V¥ x (divdiv)y,

P (Q:R?) —< Sh Vi Ph 0

Proof The identity Qpdivdiv = (divdiv); IT;, has been proved in (2.9).

Next we show that for any ¢ € H! (€2; RY) Nndom(Iy), V¥ x (In¢) = O, V¥ x ¢. For
each ¢ € P,_»(K,S) and K € 7, it follows from integration by parts and the definitions
of I, and I,

/ (V¥ x (Ip¢) — Mp(VP x @) : gdx =/ Vix (Ipp — @) : gdx =0. (2.11)
K K
On each e € &,(K), by the definition of Iy, it holds for any u € Pr-_1(e)

/ Mo (V* x (In$) — T (V° x ¢y ds = / M(V° x (L — $))pe ds.

@ Springer



J Sci Comput

Note the fact that M, (V* x (I¢ —¢)) = 0;((I,¢ — ¢) - n). Hence we get from integration
by parts and the definition of I,

/Mn(VS x (Ing) — (V' x @) ds = /at((1h¢ —¢)-mpds=0. (212

e

Since (V* x (Ing) — O(VP x @)k € Pr—1(K,S), (2.11)—~(2.12) together with the well-
posedness of IT;, means V° x (I,¢) — I;(VS x ¢) = 0,i.e. V* x (In¢) = I; (VS x ¢).
O

Remark 2.8 It is worth mentioning that we use the natural Sobolev spaces with minimal
regularity in the top sequence of the commutative diagram. The interpolation operators I,
and ITj,, however, are defined for smoother functions and not bounded in the corresponding
Sobolev norms. Namely we treat these interpolation operators as densely defined unbounded
operators. O

3 Stable Decompositions and Strengthened Cauchy Schwarz Inequalities

In this section, we will present a stable decomposition for the space V), used in the HHJ mixed
method. We assume that there exists a sequence of meshes 71, 72, ..., 7y = 7;,. Hereafter
subscript k is used to indicate spaces associated to triangulation 7. The triangulation 77 is a
shape regular triangulation of 2 and 71 is obtained by dividing each triangle in 7 into four
congruent small triangles. The mesh size of 7; will be denoted by /. By the construction,
the squared ratio v2 = higr/ by = 1/2.

Based on the exact sequence (2.10), define K := V¥ x Sy fork = 1,2, ..., J. Obviously
we have the following macro-decomposition

Kn=Ki+Ka+-+Ky.

Denote by Nj the number of vertices in 7 for k = 1,2, ..., J. Define the ith patch
wk,; in the kth level as the union of the elements sharing the common ith vertex in 7; for
i=1,2,..., Ni. Let

Sk,i = {¢ € Sk : supp(¢p) C k,i}, Vii = {t € Vi :supp(t) C i},
and Cg ; := V* x S ;. It can be verified that

J N J  Ni

:kZi;Sk ZZ&“’ Vi, —ZVk—ZZVku

k=1i=1 k=1i=1
J Ng

J
Kn=Y K=Y Y Ki. (3.1)
k=1

k=1 i=1

We shall prove the space decomposition (3.1) is stable in the energy norm introduced by
V¥ x
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3.1 Equivalent Norms

We introduce the following quotient spaces

S:= {¢6H1(Q;R2):/¢dx:0, /qﬁ«xdx:O},
Q Q

gk::{(beSk:/Qd)dx:O, /qu-xdx:O}.

It is easy to see that
H'(Q;R) =80 P1(QRY), Si=8 @ Pi(4RY).

Notation & means the direct sum. Since the polynomials of degree less than or equal to 1
belong to the space Sk, the spaces Sy are nested. Let

W= {¢6H1(Q;R2):/¢.wdx=o vweF’f‘”(Q;Rz)}, Wi = WN .
Q

It is obvious that ¢ € Sif ¢ e W, and vice versa.

The following lemma says that in the quotient space S, the differential operator V¥ x
introduces a norm equivalent to ' norm. Similar result has been proved in [19] on a slightly
different quotient space.

Lemma 3.1 It holds _
ol SV xdllo Yo eS. (3.2)

Proof By a direct computation, we have for any vector ¢ and ¥
Vix¢:V xy =e(p):e(y). (3.3)

Since ¢ € S, we have ¢ € W. According to the Korn’s inequality [see (2.2) in [14] and
Theorem 2.3 in [25]], it follows

o~ < lle(@Dllo-

Then we obtain from (3.3)

gl =51 S lle@H)llo = IIV* x dllo,

which ends the proof. O

3.2 Strengthened Cauchy Schwarz Inequalities

Thanks to the relation (3.3), the following strengthened Cauchy Schwarz (SCS) inequality
can be proved using the technique for the scalar case; see Xu [55].

Lemma 3.2 Letl <k <[ < J. We have

/QVSX¢IVSX'ﬁdxﬁyl_kh,_lllvs><¢||o||1ﬁ||0 VéeSuves.
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Proof Forany K € T, we get from integration by parts and the Cauchy—Swarchz inequality

/stqS:VSXIﬁdx:/VS><¢:Curlvﬁdx
K K

= / rot(V* x ¢) - ¥ dx —/ (VS x @)t) - ¥ ds
K aK

S lirot(VE x d)llo.x ¥ llo,x + IV x dlloax 1V llo,ok -

By the inverse inequality, it holds

2 2 —1 2 —1 2
Wloox = Y Wlg,e Skt D Il z=n 19I5k

KeT ,Kck KeT,Kck

Then we get from the last two inequalities and the inverse inequality

/ VS x ¢ VS x gde SV x llo k¥ llo.x + (rieh) ™2 IVE x dllo k1Y llo, &
K
< (heh) ™2V x llo.x 1 llo.x

—kp—1 ) o
="V < llok ok

Due to the Cauchy—Swarchz inequality, we obtain

/stgb:vsxrﬁdx: Z/VSX(ﬁZVSXlﬁdX
Q K

KeTy

YR IV x Blo I llo.k S v Er IV x gllol¥ o,
KeTy

as required. O

Next we prove the SCS inequality for the space decomposition (3.1) of K. For this, we
use the lexicographical order of the double index, i.e., (I, j) > (k,i)ifl > korl =k, j > i.

Theorem 3.3 (SCS) For any ty,; € Ky, and S1j € Ki,j, we have

J Ng J Ng 172 J N 172

Y % /Qrk,,-:s,,,dxs SSS e3> s

k=1i=1 (1, j)>(k.i) k=1 i=1 =1 j=1

Proof Letty,; =V x ¢ ;andg; ; = V' x ¥, ; with¢ ; € Sg;and ¥, ; € Sp,j. Set ¢y =

Ny Ny
> ¢riandy; = > ¥, ;. Using Lemma 3.2 and the fact that hl_1 19 ll0 = VS x ¥ ;llo,
i=1 j=1

we get
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J Ni N

ZZZZLTk,iigl,jdx

k=1i=1 I>k j=I

I N N J
DI T VEL LIS 30 B T R L
k=1 i=1 I>k j=1"% k=1 1>k V<
; ; 12, 1/2
SO VTRV X dilolivllo S (Z IVS x ¢ ||%> (Z hi 21 ||%>
k=1 I>k k=1 I=1
;o 12 7, N 1/2
S>3 SN T n 03
k=1 i=1 I=1 j=1
;N 1270, 1/2
S DI > sl
k=1 i=1 =1 j=I
On the other hand, since the index set ng (i) :=={j € {i + 1,..., Ni}, wr; Ny, j # D} is
finite in the kth level,
J Ng N J N
ISP I IFEEATIED 30 D D WY
k=1 i=1 j=i+1’% k=1 i=1 jeni (i) ¢
;N 12, 1/2
2 DI LA Y3 sl
k=1i=1 =1 j=1
The summation of the last two inequalities implies the desired result. O

3.3 Stable Decompositions

Let Q, be the L? projection from L?(2; R?) onto . It is easy to see that Q¢ € Sy if
¢ € S. Due to the nestedness of spaces S, we also have Q; O, = Oy for [ > k. The
following first order error estimate of @, is well known

I — Q¥llo S hell¥ll, forall y € H' (R R?). (3.4)

Lemma 3.4 Let W; = (Q; — Q;_)Sy fori = 1,2, .-, J. We have
f Vix gV xgdr S vV x @0l VP x il
Q
forany ¢ € Wi and € W ;.

Proof According to the estimate of @;_; and (3.2),
I¥llo=11T = Q;_DV¥llo S hjl¥l ShjIV xFllo Y €W,

The proof is finished from Lemma 3.2. O

Let Py be the V¥ x-orthogonal projection onto Sk, that is for any ¢ € S,

/st(Pkd)):VSxxdx:/stqi:VSxxdx Y x € &. (3.5)
Q Q
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To derive the error estimate of Py, we introduce another operatorNRk WI’ECh is related to
the pure traction problem in the planar linear elasticity. Let Ry : YW — Wj be defined as
follows: for any ¢ € W, Ry ¢ is uniquely determined by

/ e(Rr¢) 1 e(x)dx = / e(@):e(x)dx Vx e W
Q Q
According to the standard finite element approximation theory (cf. [11, (5.9)]), we have

16 — Ridlli—a SHElIGI Vo eW (3.6)

for some constant & € (0, 1]. Here « is the parameter indicating the elliptic regularity of the
pure traction problem in the planar linear elasticity defined in 2 (cf. [31]). « = 1 if Q is
convex and 0 < o < 1 if €2 is nonconvex.

Lemma 3.5 It holds _
¢ — Prodlli—o Shilldli Yo eS. 3.7

Proof Due to (3.3), (3.5) is equivalent to
/Qe«Pm)l):e(xl)dx =st<¢l):e<xL)dx VxeSk

which is nothing but
/Qe«qus)L) re(x)dx = /Qe(&) re(x)dx Y x € Wi,

Noting the fact that ¢ € W and (Pyp)L € Wi, we get (Prd)L = Ry (¢"). Therefore it
follows from (3.6)

¢ — Pioplli—o = 16~ — (Pkd)  ll1—a = llp" — Re(@D)Il1-«
Sh el = hllh,

as required. o

Again using the technique for the scalar H 1 space [55], we have the following stable
decomposition of functions in Sj,.

Lemma 3.6 (Stable macro-decomposition) For each ¢ € g‘h, there exist ¢, € gk, k =
1,2,..., J such that

J J
b= . and Y |IV' x ¢l = IV* x $I5.

k=1 k=1

Proof Let O, = Qy — Q41,0 = Qipand ¥, = (P; — P;_forik=1,2,....,J.
Using Cauchy—Swarchz inequality, it holds
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J J
DIV x ills =D IV x (25

k=1 k=1

J J _ ~
ZZ/va<Qm,->:v‘x<ka,-)dx

k=11i,j=k

J inj
> Z/ VX (Qp¥)) 1 V¥ x (Qp ¥ ) dx
i j=1k=1"%

J inj
< DD IV X (@i lolVE x (@ Pllos

i j=1k=1

where i A j = min{i, j}. According to the inverse inequality, the error estimate of Q;, and
(3.7), we have

IV x ( Q¥ llo S1Q:¥ilt S h N Qu¥illi—a S h ¥ ll1—a S A R 111

Combining the last two inequalities, we get from the strengthened Cauchy—Swarchz inequal-
ity and (3.2)

J J Inj
2 -2
DIV X Bl S D0 D P RSh I IYIh
k=1 ij=1k=1
J J
» .
SO 2R S Y v I I
ij=1 i,j=1

J J
ST S DIV x ¥ = 1V x Bl
i=1 i=1
On the other side, it follows from Lemma 3.4 and the strengthened Cauchy—Swarchz
inequality

J
T DS /QV‘Y X (0,9): v x (0,$)dx
ij=1
J . . ~ ~
< 30 AT X (@0l x (280
Q=1
J J

SOOIV X (@id)llo = Y IIV* x ¢;llo-
i=1

i=1

The proof is completed. O

Lemma 3.7 (Stable micro-decomposition) Let ¢;, = (Qy — Qy_1)¢ with ¢ € §h. Then
based on the decomposition (3.1), there exists ¢y ; € Sy, i = 1,2,..., Ny such that

Ny Ny

S 2 S 2

b= i and Y IV x ;5 SNV x By ll5-
i=1 i=1
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Proof Let ¢, = Zjvil &y, j be a decomposition such that supp ¢, ; € wg, ;. Such a decom-
position can be obtained by partitioning the nodal basis decomposition of ¢, . For example,
for a basis function associated to an edge, it can be split as half and half to the patch of each
endpoint of this edge.

According to the inverse inequality and the stability of the basis decomposition in L>-
norm, we have

N Ni

K 2 -2 2 -2 2
DIV X @il S he” D i illg < Nl
i=1 i=1

Since ¢, = (I — Oy _)¢;., it holds from the estimate of Q;_; and (3.2)

I@ello =11 — Qx_Ddillo < helldrllt < hillV* x dillo-

Therefore we can finish the proof from the last two inequalities. O

Hence the following multilevel stable decomposition of j can be derived by the combi-
nation of Lemmas 3.6 and 3.7.

Theorem 3.8 (Stable decomposition) For each o € Ky, there exists o; € Ky, k =
1,2,...,J,i=1,2,..., Ny such that o

J Ni J Ni

o=> "> opiand Y. lowill} < llol3.

k=1 i=1 k=1 i=1

Proof Since 0 € Kj, we can find a unique element ¢ € Sy such that ¢ = V* x ¢. Let
¢ = (0 — Oy_1)¢. We get from Lemma 3.6

J J
¢=> ¢ and Y [V x ¢ li5= IV x 5. (3.8)
k=1 k=1

Then we apply Lemma 3.7 to obtain a decomposition of ¢, such that

Nk Nk
de=> b and D V' x 15 S IV x el (3.9)

i=1 i=1

withg; ; € S fori =1,2,..., Nrandk =1,2,..., J.Nowletoy; = V' x @ ; € Ky ;.
It is apparent that

J N

=Y ois

k=1 i=1

Moreover, it follows from (3.8)—(3.9)

J  Ni J Nk
2 2 2 2 2
DX lowild =YY IV xbiillg S DIV x bellg SNV x I = llo 5.
k=1 i=1 k=1i=1 k=1
The proof is ended. o

@ Springer



J Sci Comput

4 Multigrid Methods for the HHJ Mixed Method

In this section we shall develop a multigrid method using an overlapping Schwarz smoother
for the HHJ mixed method and prove its uniform convergence. We first solve a Poisson
equation with a Dirichlet boundary condition to transfer the source. Then we apply the
multilevel method advised in [21] and the space decomposition (3.1) to obtain a V-cycle
multigrid method with an overlapping Schwarz smoother for the HHJ mixed method. We
analyze the V-cycle multigrid method by using the stable decomposition and the strengthened
Cauchy Schwarz inequality.

4.1 Reformulation

We change the source to the first equation in the saddle point system (2.2)—(2.3). One possi-
bility is as follows: let wj € Py, be the solution of

/th-Vvhdxszvhdx Yo, € Pp.
Q Q

This is the standard Poisson equation which can be solved efficiently by multigrid methods.

Let 09 = <u())h U?h ) According to the proof of Lemma 2.6, we have M, (69) = wy,

oo €V, 00 € Vy and (divdiv), 00 = — 0y f, i.e.,
b(Ilpog, vp) = —/ fopdx Vv, € Py.
Q

Now set 6, = 6, + IT;0¢, then the HHJ mixed method (2.2)—(2.3) is equivalent to: Find
(@, up) € Vi x Py such that

a(@p, 1) +b(t,up) = —a(l,og, ) YT €Vy) “4.1)
by, v) =0 YvePy. 4.2)

After obtaining o, due to Theorems 5.1-5.2 in [40], we can acquire deflection by solving
the following Poisson problem using standard multigrid methods: Find u;, € P}, such that

/Vuh-Vvhdx:a(ah,Hhro) Yo, € Pp.
Q
v, O

0 vy
Our multigrid method is actually developed for solving (4.1)—(4.2).

with 79 =

4.2 A V-Cycle Multigrid Method

We shall use the multilevel methods for constrained minimization problems developed in [21]
and adapt to the HHJ mixed method under consideration. For simplicity, we consider the low-
est order HHJ mixed method for which V), consists of piecewise constant symmetric matrix
function and normal-normal component is continuous, Sy is the standard linear finite ele-
ment space for vector functions, and Py, is the linear finite element space with zero boundary
condition for scalar functions. For the high order HHJ mixed method, we can combine the
multigrid cycles for the lowest order and an overlapping Schwarz smoother in the finest level
to design efficient multigrid solvers.
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Let My : Vx — Vi be the mass operator associated with the bilinear form a(-, -): for any
T € Vi, Myt € Vg is uniquely determined by

/ Myt :gdx =a(r,g) Vg€
Q
The mixed variational problem on the kth level is: Find (6%, uy) € Vi x Py such that

a(Ek,r)—i—b(r,uk):/rk:tdx YTeV,
Q 4.3)

b0k, v) =0 Vv e Py,

with the residual r; € L>(€2; S).

As we mentioned before, the smoother on each level is an overlapping Schwarz method.
To simplify the notation, we skip the level index k and describe the local problem in each
subspace V; (of a given level k) below. Define M; : V; — V; asforo; € V;, Ma; € V;
such that (M;o;,t;) = (Mo, ;) for all T; € V;. Let P; = P N divdiv,(V;). Define
B; : V; — P; as for o; € V;, divdiv,0o; € P; such that (B;o;, v;) = (divdiv,o;, v;) for all
v; € P;. Then the local saddle point problem is

M,‘ BiT e\ f—MO’,'_l
(5 9)()=(%5)

Let w; be the support of V;. For the lowest order HHJ mixed method, this is the patch
of the ith vertex of the triangulation in the given level. The space V; is spanned by basis
functions associated to all edges connecting to the ith vertex. The matrix representation of
M; can be extracted from the global one using the edge index in w;. The right-hand side is
the corresponding components of f minus the contribution from the current approximation.
Note that Mo ;_1 only need to be computed locally by including the boundary edge index
of dw;. The exact space P; is somehow difficulty to identify. We shall work on the space C;
instead. An algebraic way to find K; is as follows. We extract a sub-matrix of B; consisting
of all nonzero entries associated to the edge index in V; and compute ker(B;) numerically.
An alternative way is computing V® x ¢, where ¢, is the vector hat function associated to
vertex i.

Remark 4.1 Since ker(By) = V5 x Sy dueNto the exact sequence (2.10), the mixed method
(4.1)—(4.2) can be rewritten as: Find ¢;, € Sj, such that

a(V¥ x ¢, V* x ¥) = —a(l00, Vi x ¥) V¥ €8, (4.5)

with 6, = V* x ¢,,. By the theory in [42], this symmetric and positive semidefinite problem
can be solved by multigrid methods efficiently. Solving the mixed method (4.1)—(4.2) by the
V-cycle multigrid method designed in this paper is essentially equivalent to the multigrid
method developed for (4.5). ]

‘We then discuss the prolongation and restriction operators. Since both finite element spaces
Vi and Py are nested, the prolongations 1 11271 :Vk—1 = Vyand ] 1571 : Pr—1 — Py are chosen
as the natural inclusions. Set the restriction Ifl = (Ii_l)T and I,ffl = (I,f_l)T. With the
restriction and prolongation matrix, the matrices M and By in each level can be obtained
by the standard triple product.

With previous preparation, a V-cycle multigrid method for problem (4.1)—(4.2) is sum-
marized in Algorithm 1 withr; = —M ;1 0.
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Algorithm: MG(k, 6, r)
if K = 1 then
\ solve problem (4.3) exactly;
end
if k > 1 then
Presmoothing
for j =1:m; do
G0 < O
fori =1: Ny do
‘ Update 64 ; by solving local problem (4.4);
end
Ok < Ok N,
end
Coarse grid correction
rp—1 < Ifl(rk — M5y);
e,‘Ll <~ MGk —1,0,rg_1);
Ek <~ 3]( +I’I§—leg—1;
Postsmoothing
for j =1:m> do
0k0 < Ok
fori = Ny :—1:1do
\ Update 6k ; by solving local problem (4.4);
end
Ok < Ok,N>
end
end

Algorithm 1: A V-cycle multigrid method for problem (4.1)-(4.2).

The A-norm introduced by a(-, -) on V), is equivalent to the L2-norm. With the stable
decomposition and the strengthened Cauchy-Schwarz inequality proved in Sect. 3, applying
the framework developed in [21], we concluded that multigrid method Algorithm 1 is a
contraction with contraction number bounded away from one uniformly with respect to
mesh size as follows.

Theorem 4.2 Let (G, uy,) be the solution of the mixed method (4.1)—(4.2). Given an initial
guess 6o € Vy, let G be the kth iteration in Algorithm 1. Then there exists a constant
8 € (0, 1) independent of the mesh level such that

~ k]2 ~  ~k2
6, — % < 8llgn — 115
. 2 .
with ||T||5 = a(z, T).
4.3 Numerical Results

To confirm the theoretical results established in the previous sections, numerical experi-
ments are carried out. The simulation is implemented using the MATLAB software package
iFEM [20]. Set r = 1. Starting from an initial grid, several uniform refinement are applied
to obtain a fine mesh. The level listed in the first column indicates how many refinements
applied and the size of the saddle point system is listed in the second column. The stopping
criterion is the relative residual is less than 1073, The iteration steps are reported in Table 1.

We test two examples. One is a square 2 = (0, 1) x (0, 1) and another is an L-shaped
domain @ = (—1, 1) x (=1, 1)\[0, 1) x (—1, 0]. For the square domain, the Poisson ratio

@ Springer



J Sci Comput

Table 1 Iteration steps of V-cycle multigrid for the saddle point system with (m1,m3) : m| pre-smoothing
and my post-smoothing steps

Level Size (1, 1) 2,2) Level Size (1, 1) 2,2)
3 1089 18 14 3 833 13 11
4 4225 21 15 4 3201 17 14
5 16,641 22 16 5 12,545 19 16
6 66,049 23 16 6 49,665 20 17

Stopping criterion is the relative residual is less than 10~8. The left table is on the unit square example with
v = 0.3 and the right one is the L-shaped domain example with v = 0

Table 2 Numerical errors for the

unit square example with v = 0.3 Level llu = unllo Order Ju — unlt Order
2 4.8576E—04 - 3.2658E—03 -
3 1.2846E—04 1.92 1.2925E—03 1.34
4 3.2667E—05 1.98 5.9046E—04 1.13
5 8.2042E—06 1.99 2.875TE—04 1.04
6 2.0534E—06 2.00 1.4280E—04 1.01
7 5.1351E-07 2.00 7.1278E—05 1.00

is v = 0.3 and the exact solution of (2.1) is chosen as

u(x,y) = (x* — 02 (% — »)%

And for L-shaped domain, we simply set f = 1 and the Poisson ratio v = 0. The later
example is to test the multigrid method for problems without full regularity assumption.
From Table 1 we can see that the iteration steps of V-cycle multigrid method almostly
remain invariant when the mesh size becomes smaller and smaller, as Theorem 4.2 indicates.
Moreover through the comparison of different number of smoothing steps, we conclude
that one smoothing step is enough. Two smoothing steps will save only few iteration steps
but with more computational cost since the cost of one V-cycle with 2 smoothing steps is
almost doubled that with 1 smoothing step. This indeed shows the advantage of removing
the assumption of requiring large enough smoothing steps. These numerical results are all in
coincidence with the theoretical result in Theorem 4.2. Atlast, it is observed from Table 2 that
the convergence rates of ||u — up|lo and |u — uy|; for the unit square example with v = 0.3
are O (h?) and O (h) respectively, both of which are optimal.

S Conclusion
In this paper, we have advanced and analyzed a V-cycle multigrid method with an overlapping
Schwarz smoother for the HHJ mixed method. The novelties of our V-cycle multigrid method

are:

(1) Full regularity assumption is not necessary for the analysis of our multigrid method,
i.e. our approach works for both convex and non-convex domains.
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(2) One smoothing step is enough to guarantee the uniform convergence of our V-cycle
multigrid algorithm, whereas large enough smoothing steps are usually required in the
former multigrid methods for the fourth order partial differential equation.

To obtain the uniform convergence of our V-cycle multigrid algorithm, we establish the
exact sequence for the HHJ mixed method in both the continuous and discrete levels, and
prove the stable decomposition and strengthened Cauchy Schwarz inequality. Then using the
framework developed in [21] we obtain the uniform convergence.

References

1. Adams, S., Cockburn, B.: A mixed finite element method for elasticity in three dimensions. J. Sci. Comput.
25, 515-521 (2005)

2. Adini, A., Clough, R.: Analysis of plate bending by the finite element method, technical report, NSF
Report G. 7337 (1961)

3. Arnold, D.N., Awanou, G., Winther, R.: Finite elements for symmetric tensors in three dimensions. Math.
Comput. 77, 1229-1251 (2008)

4. Arnold, D.N., Brezzi, F.: Mixed and nonconforming finite element methods: implementation, postpro-
cessing and error estimates. RAIRO Modél. Math. Anal. Numér. 19, 7-32 (1985)

5. Arnold, D.N., Falk, R.S., Winther, R.: Finite element exterior calculus, homological techniques, and
applications. Acta Numer. 15, 1-155 (2006)

6. Arnold, D.N., Winther, R.: Mixed finite elements for elasticity. Numer. Math. 92, 401-419 (2002)

7. Babuska, I., Osborn, J., Pitkéranta, J.: Analysis of mixed methods using mesh dependent norms. Math.
Comput. 35, 1039-1062 (1980)

8. Bazeley, G., Cheung, Y., Irons, B., Zienkiewicz, O.: Triangular elements in plate bending—conforming
and nonconforming solutions. In: Proceedings of the Conference on Matrix Methods in Structural Mechan-
ics, Wright Patterson Air Force Base: Dayton, Ohio, pp. 547-576 (1965)

9. Beirdo da Veiga, L., Niiranen, J., Stenberg, R.: A posteriori error estimates for the Morley plate bending
element. Numer. Math. 106, 165-179 (2007)

10. Boffi, D., Brezzi, F.,, Fortin, M.: Mixed finite element methods and applications. Springer, Heidelberg
(2013)

11. Bramble, J.H., Pasciak, J.E.: New convergence estimates for multigrid algorithms. Math. Comput. 49,
311-329 (1987)

12. Bramble, J.H., Zhang, X.: Multigrid methods for the biharmonic problem discretized by conforming C 1
finite elements on nonnested meshes. Numer. Funct. Anal. Optim. 16, 835-846 (1995)

13. Brenner, S.C.: An optimal-order nonconforming multigrid method for the biharmonic equation. SIAM J.
Numer. Anal. 26, 1124-1138 (1989)

14. Brenner, S.C.: A nonconforming mixed multigrid method for the pure traction problem in planar linear
elasticity, Math. Comp. 63, 435-460, S1-S5 (1994)

15. Brenner, S.C.: Convergence of nonconforming multigrid methods without full elliptic regularity. Math.
Comput. 68, 25-53 (1999)

16. Brenner, S.C., Sung, L.-Y.: C 0 interior penalty methods for fourth order elliptic boundary value problems
on polygonal domains. J. Sci. Comput. 22, 83-118 (2005)

17. Brenner, S.C., Sung, L.-Y.: Multigrid algorithms for C 0 interior penalty methods. SIAM J. Numer. Anal.
44, 199-223 (2006)

18. Brezzi, E,, Fortin, M.: Mixed and hybrid finite element methods. Springer, New York (1991)

19. Carstensen, C., Gallistl, D., Hu, J.: A discrete Helmholtz decomposition with Morley finite element
functions and the optimality of adaptive finite element schemes. Comput. Math. Appl. 68, 2167-2181
(2014)

20. Chen, L.: iFEM: An integrated finite element methods package in MATLAB, technical report, University
of California at Irvine (2008)

21. Chen, L.: Multigrid methods for constrained minimization problems and application to saddle point
problems. arXiv:1601.04091 (2016)

22. Chen, L., Hu, J., Huang, X.: Fast auxiliary space preconditioner for linear elasticity in mixed form. Math.
Comp. (2017). https://doi.org/10.1090/mcom/3285

23. Chen, L., Hu, J., Huang, X.: Stabilized mixed finite element methods for linear elasticity on simplicial
grids in R". Comput. Methods Appl. Math. 17, 17-31 (2017)

@ Springer


http://arxiv.org/abs/1601.04091
https://doi.org/10.1090/mcom/3285

J Sci Comput

24.

25.
26.

27.

28.

29.

30.

31.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.
47.

48.

49.

50.

S1.

52.

53.

54.

55.

Ciarlet, P.G.: The Finite Element Method for Elliptic Problems. North-Holland Publishing Co., Amster-
dam (1978)

Ciarlet, P.G.: On Korn’s inequality. Chin. Ann. Math. Ser. B 31, 607-618 (2010)

Comodi, M.I.: The Hellan—Herrmann—Johnson method: some new error estimates and postprocessing.
Math. Comput. 52, 17-29 (1989)

Engel, G., Garikipati, K., Hughes, T.J.R., Larson, M.G., Mazzei, L., Taylor, R.L.: Continu-
ous/discontinuous finite element approximations of fourth-order elliptic problems in structural and
continuum mechanics with applications to thin beams and plates, and strain gradient elasticity. Com-
put. Methods Appl. Mech. Eng. 191, 3669-3750 (2002)

Falk, R.S., Osborn, J.E.: Error estimates for mixed methods. RAIRO Anal. Numér. 14, 249-277 (1980)
Feng, K., Shi, Z.-C.: Mathematical Theory of Elastic Structures. Springer, Berlin (1996)

de Veubeke, D.F.: Displacement and equilibrium models in the finite element method, ch. 9. In:
Zienkiewicz, O., Holister, G.S. (eds.) Stress Analysis, pp. 145-197. Wiley, New York (1965)

Grisvard, P.: Singularities in Boundary Value Problems. Masson, Paris (1992)

Hellan, K.: Analysis of elastic plates in flexure by a simplified finite element method. Acta Polytechnica
Scandinavia, Civ. Eng. Ser. 46, Trondheim (1967)

Herrmann, L.R.: Finite element bending analysis for plates. J. Eng. Mech. Div. 93, 49-83 (1967)

Hu, J.: Finite element approximations of symmetric tensors on simplicial grids in R”: the higher order
case. J. Comput. Math. 33, 283-296 (2015)

Hu, J., Zhang, S.: A family of conforming mixed finite elements for linear elasticity on triangular grids.
arXiv:1406.7457 (2014)

Hu, J., Zhang, S.: A family of symmetric mixed finite elements for linear elasticity on tetrahedral grids.
Sci. China Math. 58, 297-307 (2015)

Hu, J., Zhang, S.: Finite element approximations of symmetric tensors on simplicial grids in R”: the lower
order case. Math. Models Methods Appl. Sci. 26, 1649-1669 (2016)

Huang, J., Huang, X., Xu, Y.: Convergence of an adaptive mixed finite element method for Kirchhoff
plate bending problems. SIAM J. Numer. Anal. 49, 574-607 (2011)

Johnson, C.: On the convergence of a mixed finite-element method for plate bending problems. Numer.
Math. 21, 43-62 (1973)

Krendl, W., Rafetseder, K., Zulehner, W.: A decomposition result for biharmonic problems and the
Hellan—-Herrmann—Johnson method. Electron. Trans. Numer. Anal. 45, 257-282 (2016)

Lascaux, P., Lesaint, P.: Some nonconforming finite elements for the plate bending problem. RAIRO
Analyse Numérique 9, 9-53 (1975)

Lee, Y.-J., Wu, J., Xu, J., Zikatanov, L.: A sharp convergence estimate for the method of subspace
corrections for singular systems of equations. Math. Comput. 77, 831-850 (2008)

Morley, L.S.D.: The triangular equilibrium element in the solution of plate bending problems. Aero. Q.
19, 149-169 (1968)

Pechstein, A., Schoberl, J.: Tangential-displacement and normal-normal-stress continuous mixed finite
elements for elasticity. Math. Models Methods Appl. Sci. 21, 1761-1782 (2011)

Peisker, P., Rust, W., Stein, E.: Iterative solution methods for plate bending problems: multigrid and
preconditioned cg algorithm. SIAM J. Numer. Anal. 27, 1450-1465 (1990)

Reddy, J.N.: Theory and Analysis of Elastic Plates and Shells, 2nd edn. CRC Press, New York (2006)
Shi, Z.-C., Xu, X.: A V-cycle multigrid method for TRUNC plate element. Comput. Methods Appl. Mech.
Eng. 188, 483-493 (2000)

Stenberg, R.: Postprocessing schemes for some mixed finite elements. RAIRO Modél. Math. Anal. Numér.
25, 151-167 (1991)

Vanék, P., Mandel, J., Brezina, M.: Algebraic multigrid by smoothed aggregation for second and fourth
order elliptic problems. Computing 56, 179-196 (1996). International GAMM-Workshop on Multi-level
Methods (Meisdorf, 1994)

Wang, M.: The W-cycle multigrid method for finite elements with nonnested spaces. Adv. Math. (China)
23,238-250 (1994)

Wang, M., Shi, Z.-C., Xu, J.: A new class of Zienkiewicz-type non-conforming element in any dimensions.
Numer. Math. 106, 335-347 (2007)

Wang, M., Shi, Z.-C., Xu, J.: Some n-rectangle nonconforming elements for fourth order elliptic equations.
J. Comput. Math. 25, 408-420 (2007)

Wang, M., Xu, J.: The Morley element for fourth order elliptic equations in any dimensions. Numer.
Math. 103, 155-169 (2006)

Wang, M., Xu, J.: Minimal finite element spaces for 2m-th-order partial differential equations in R".
Math. Comput. 82, 25-43 (2013)

Xu, J.: Iterative methods by space decomposition and subspace correction. SIAM Rev. 34, 581-613 (1992)

@ Springer


http://arxiv.org/abs/1406.7457

J Sci Comput

56.

57.

58.

59.

60.

61.

Xu, X., Li, L.: A V-cycle multigrid method and additive multilevel preconditioners for the plate bending
problem discretized by conforming finite elements. Appl. Math. Comput. 93, 233-258 (1998)

Xu, X.-J., Li, L.-K.: A V-cycle multigrid method for the plate bending problem discretized by noncon-
forming finite elements. J. Comput. Math. 17, 533-544 (1999)

Zhang, S.: An optimal order multigrid method for biharmonic, C ! finite element equations. Numer. Math.
56, 613-624 (1989)

Zhao, J.: Convergence of V-cycle and F-cycle multigrid methods for the biharmonic problem using the
Morley element. Electron. Trans. Numer. Anal. 17, 112-132 (2004)

Zhao, J.: Convergence of V- and F-cycle multigrid methods for the biharmonic problem using the Hsieh—
Clough-Tocher element. Numer. Methods Partial Differ. Equ. 21, 451-471 (2005)

Zhou, S.Z., Feng, G.: A multigrid method for the Zienkiewicz element approximation of biharmonic
equations. Hunan Daxue Xuebao 20, 1-6 (1993)

@ Springer



	Multigrid Methods for Hellan–Herrmann–Johnson Mixed Method of Kirchhoff Plate Bending Problems
	Abstract
	1 Introduction
	2 Mixed Method for the Plate Bending Problem
	2.1 The Hellan–Herrmann–Johnson Method
	2.2 Hilbert Complexes for the HHJ Mixed Method

	3 Stable Decompositions and Strengthened Cauchy Schwarz Inequalities
	3.1 Equivalent Norms
	3.2 Strengthened Cauchy Schwarz Inequalities
	3.3 Stable Decompositions

	4 Multigrid Methods for the HHJ Mixed Method
	4.1 Reformulation
	4.2 A V-Cycle Multigrid Method
	4.3 Numerical Results

	5 Conclusion
	References




