Ch8 ngPleCJcic Mamlfolds

37 Symplectic sfvucture on manifolds
M. 'mani]cc[d. A closed ond won-Jen&@m-fo&e Z-foym w on M,
dw=0, ¥3%0,37. w(37)%0

W 0 sﬁ'mylec’cic S"f’ruﬁwe. (Mzn,w): ng?[ecb'c 'mam)fola(

V: n-dim manifotd TH. cotangmb bundle . 2n-dim mami-fold.

(».8) — % preaction
T v V rr

(T*v,w)  w=dpadf = dnadg, ++ dpaAdfn = d(pd5) |

26TyV, P=5 €TIV. Phase qpace (B ic in ofampont busdle

Sgrmrlecjcic Shrucure. wS wiliduee an isomavphim : TeM —TiM
i— Wz st (W, Ny := ws(M,3). In Ynaikixfmm, Wg=-T%

The mverse map c{emo—beclbg. I: TxM —TyM

H: M™— R . dHEA(M™), TdH eV : welor field on M.
TdH i colled o hamiltonian vector Field .

Example. M= R7={(0.H)} (M 7). 1dn = (-3 &) =-774
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38 HomiHonian phase f[ows
(M, ws) . ngflec’cic manifold , H:M*"—R

gt MM %{lt--o %) = TdH(®)
EX‘“"FIQ- % ==-JVHG&) X)) s-the Solw’cfanog Hame[Eoniom S&s-iem.

Theorem. A hamilfonian phase flow pyesemves Yhe sypmplectic Structwe
Pf. See my etmre nofes
In‘tegmL invavionts of the map §: M—M i a h—form W st

fﬁ(ﬂw .—.jc w  [nview oo” P‘*“ back, & is Fo=w,

9 . hamitenian Plna.se f{aw. Than 0% =

(W$* ia also t'vquegfml tvaviant for k=12, 1.

3 R — R™ is canomicol 4{ w® U on l‘vrfégfra[ (nvovrlant wy.tg.
or colled &&mF,e&ic mawfng,

w eAR i called o relative Cwl-egml, tnoeriarct of map 9 {
fgmw = [cw Jov avary lased R-chain ¢. By Stekes'thearan, dew
4 ivrPeraL warions,  Exomple. wepdg, dw=dpadg
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39 The Lie algebra. of vector fields

Veclor space V. A product [,-1: VxV — V.

Lie olgebra.. The product s show- -symmeltic and satisfies the Jocobi
(destity - [[A,B].C1+[[B.C1,AT+[[C,A],B]=0.

Example. R®. [w,v]=uxv.
Use (AxB)xC=B(A-C)~A(BC) 4o verify Jocobi idertily.

Example. R™". sguared mdbux. [A,B]=AB-BA.

Vedfor Tields A: M—=TM, A ¢TM,
f —

Lie devivative. In R” case, (A¥= A VP

| (x+ 0t A) - LK)
For mwmj:o(ds, X+ AEA ‘T"Wg— clul;y-:lo ! (At A)

not stll en M. So we ]tme'
sslve ODE +o c[ejme a ﬁaw d:tl-t iy *(x) = Alx).
Then (La®) ) Tlt “ V(A% )

Poicson byacket. C=[A,B] st. Le=Llsla—lals

A\x‘hougfi\ Lale, Lala ave secmd ordun diff orerrafrm. their diffavance
i o first order cli.ﬁ operaip-.

La? = A 70, Lg(La®)= (B, V(A VP)) = (EVAJTE + (B, A)gg
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La(l®) = A-7(BV0) = KTVR)TP + (A,B)yp

The secomd oveler bawt: (B,A) g = (A, Blyp

Aso fivst ovder diff oparatnn, 3 C, st Le¥ = Lela?- Lala?
C=BVA-AYB

Jocobt ideritity  LrrA8Le1 = Lelraea - [raeile
= lelpla- Lelalp-Lslale + [AlsLe

Commuctodivity of Tlows.

A.B: two vecldr Tialds | [A,B] =0
A%, B corresponding. flows. Atps = B°A*

|

Rel ot iom l.[;\g]“é’“asa,C (@(A"B‘x) QJ(BSA"xﬂ Vo

4

AtpS=BSAt = [A,B1=0 is based on the above idedily

If [A,B1=0, then D(A* %) - @(8°A* %) = 0(s™++").
Show ¥(AtBfx) = P(B°Atx) for cufficietly small s and 4

A'B*x

B°A'x

A'x

Figure 169 Non-commutative flows
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40 The Lie algebm of hamilbonian ]cwnc{,ions

(M* wS). S&mp[ec‘tic man,bfold,.

H: MM =R, dHeA'(M™)  Throush w®, IdH isa \/ecTtrrfidi
so-that (TdH, 3y = w3(1dH,3).

+
%"— = TdH(x) dejmes o ng:lecbw mapping. : X _§_,x(_“

Example. (R, 3). (1dH, ") = (7, 1dW)y = (7, I 1dw)
On-the sther hand, (dH, 77 = (VH, 7). So J1dH = TH, IdH=-TVH.

Poisson bracket [F,H](x) = ﬁ%u:o F (g% (o)
Example (R™,3) [F.H] = (VF, 77
Corollay. F is a fiwst integral of the phase flow g *ﬂ and only 4/
(F,H1=0, e (VF,VH)T=0.
Theovem. (M™, w®): o symplectic mancfold
If His  firet infeqral, (imariont) of the flow 95, Hhen F ig o fivt
EnJrea*vaL of the Flow 3?1.
Proof. Eiuiva,levd: to [F.HI=0,

Jocobi identity [[A.B1,C1+([8,C1 Al+[[C,Al B]l=0.
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A: jtwm dA : 1-form, IdA - ved‘wf\’eld, dencted by A
Then [A,B]=T[A,B]
f. [A,B]=BVA-A"yRB, A=JIVA, B=JVB.
=(TvB) v(JVA) - FVAY V(TVA) TT=1
(ve) v*A - (VA B
[A,B1=(VA,778), CA,Bl=TV(VA,UB);
= T(V*A,ve)s + T(vA, V'B);

=(TVB)' T VA - T(*8, VA);
=(vB) VA - (VAYY'8,

i\

Theorem (Poissan’s) TF Fi, Fa aretwo invariant (the first integrals)
of o. Hasmildrmion sa&em, so & [F, F.].

Proof. Usa Jocobi idestif: (LFy,Ful, HI = [Fu[F HI1+ [Fo,(H, Fi11 = 0,
x Hoamiltonian vector Jt[eUs (IVA) on o sgmplec’cic manifold Jorm o

Subialaebm of the Lie a[&ebm, o/ ol vacter J“ield.s.
clased +o C,1 procuct:

% The first M‘e&»rol.s c‘ & o Koniow How fovm ws«b-aldabm,.
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Jacobi identity [LA.B1,C1+([8.C1,A]l+[[CAl BI=0.

Prost. [A,81=(VA, V87,

[[A.8],¢]=(7(vA.v8)1, vC)r = ([¥*A,TV8), IvC )+ ((VA.TV*B),Iyc)
= (TvB, IVC) 2a - (IVA,IVC) 3.

s;milanl/g ([8,C1, Al =(Iv¢,3VA) ¢ - (TVB,IVA) 2

ond  [[C,A1,8]=(JVA,JV8) g2 - (TVC,I78) g%
As Hessiam 14 sammeﬁa, sum o 8&% 0.
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