Chb5 Oscillotions

22, Lineaygaﬁon.
hi

L=T-U, T=7(A(9E.§), U=U(}). -9

d oL)_ aL L _ a1 _3au t E<hse
F(ag)“agf'%“%f 24 %__%_q
3

' au.
30:0' d (30) =0 . Figure 75 Stable equilibrium position

—%‘% =f(x), xeR" egui(ibrium Fx) =0

Th. Eguilibvium pocition of E-L egn ig -%—Ef(g.):o, 2,20
Th. T §0 & o $tvick local winimem o{ U, than §= §, 24 Liapunoy stabe.

Recall different stahility.
1. Liapunov shoble. V€20, 3§, st 4f 1% % 1<, then

XY -%el <8 Y20
2. AsgmpranicaUg stable. Liapunoy stable + Hé,s.t‘« [xC0) - %< §
then Jil’la Ixt) - % 1 = 0.

3.fExpcmm’ciaU}‘f stable. Argmﬁcr}imug stable +3a, .80, s.t. A{
1700 - % 11<§ hew 126 -16] € Q[ X0)- wll &85 yvizo
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Proof of Liagunou stabilify & fram the conseryodion of anergy The flow
vemaing incthe vagion (7,87 B U(%) + €Y.

i Cy. 3
[meayga’cwn. %’é_zf@c) M%"'Ag, A=(E§'¢)("‘)

eﬂm'l(bﬁum

SI-anc'('g L c{ehtr‘minei b& 4 TR;“ pasition
ha, Lineasrigod sgsten.
For Lo«qvw»ag 4544, w.Lo.&. GsSwme £o=0 24 Om thium po:’n‘b,'bfte,
!Linear%etﬁcm wathe E-L éim : A (sSPD, B s sdmm?hw

L= To-Us, To=a(A0,8), Up=7CB3, 37, wih B=TU0
Gel2e) <55~ Afe-Bg. soionj id calld smll gsillations

Neos on QWYIM pasiion 2, .

23 Smoll. Oscillotions
Ty +o decouple the Sgetem A =-B2
Lot (A, 32) be the yamerlgod aiemvsluse of B with vapect 40 A, ie.
Bi.= AAdc, such ()\2:5::) xists as A 44 SPD. and {;;? f«mg an
A-evthoganal, basis. Suppose §=Z0i3:. Then Af=B3 begmes

”;:_k"ai, i‘-';lo."on-
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(Ohen Xxi=to: >0, the solubionis Q= Ci Cpsovt + (o Smawt ond
n n Wit
) = :L;'Ok(‘t);h = Ra kzg'che * ;k ~ Here Cr 24 mcmﬁu wumbey,

w: chagacteristic fveiueno%. Relew 0°%*%) charactenshic. ogeillabion

24 Behavioy of choyaeterishe ]tmﬁuencie.s
Comsicler A, B0, w.l.o.g. assume. A=I . The avel sef (Bg 2)=1
defines on oligsod in R EN0T=1. The semi-axss 0=

Tkeavem (Min-Max property) E . an ellipsoid in R” with semi-axes

o 2 = 20n. Then Qg-= ‘max min X,
t xeR*\E

Pf @p’mm I
@ @3 mim 1™ (o

J = R.n-kﬂSPaﬂﬂtd b& Ak 2 Qr#1 =" 2 Qn
For any R* o5 n-ktl+k = nt1 o irfarsacks and, let <% RE()S
and x*is onthe ellipsoid. A e S, 141 Q.

min x|l < IX*1 < 0k. The min i ac‘xéwecl uuhem R spanned b
LERRNE 20, 220, #
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Based on-this min-max propev’r&, we have the following praposétions.

Theovem 2. E:Qi20: %~ 2an  ECF anclﬂaeg hawe the same
E'.-aq/ 204, 72 a, Cerrter,
Then @, 20/, 0220,, ", Gn¥ Qn.
Pf. 0p = max min [x] < max min [x] = Qe since ECE.
TR RME (RN xeRME #

Thaovam4. E : Q12022 20nt 200, E & the cvoss-Séction of E
E'. 020, 22 Qu. by o h&Péﬁ'P‘Oﬂe rR™ -tﬁvoude« +he

center. Then , ,
a] Y 0.') Q, 72Q 0 2 aﬂ‘l 7”7 aﬂ-l % Qn.

Pf. ng Qe /. Topmie Gk 0k, any S=R™ AR

Q= Mmax wmin (x| > mex min [x]

{ch Rt--l x (RMCR"} m lErCE
)/ (R'Yk?"a% m x|l = Qe

m
~]
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Def. A system with-the same kinetic energy, and o mew poteritial
energy U' is called mare vigid xg U'=2(883) >+(85.4)=U, vz

Theoyem. Under an incvease o Yigid'd'g, all, the. chavacteristic
fveguencies osre incveased..

U: WeSWe & CWn Then W W), wp$ Wy, Wn € wh
U'; QJ\' < W2 S R w';

)

Relation Yo the ellipssid E: (Bf,§)=1.
E' (Bg,4)=1. w:
w

BR2B = ECE= /'S & w2

1
o
A

a:

N

a .

Behavior oJC W; under canilvat. T, U - c[eﬁwecl om R

Cemsiclay -the sxs-lem-. T.U rastvict 40 B ( a [jnea comslinint)
the Jreguancy . s

Theorem. The chavacteristic frﬁmomcies of -the system with

consivaint SePaYoc}e the claracteyistic fveiwenci% of the arifrinaf/
system. w0 € @0/ < We S0 < € Wnet < Wt € W,
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Homework 1% 2
Problam. 2nd cogmic Ve(oc'c(a. o stone with v, can fbg fn:f\'ntflbi, far
Trom the surfoce of +the eavth.

Sl . Comsarportion o]° emergy. FE=T+U, T= ";vaz, U=- GMm

Y
Et,=To+U¢,=z'-muI“—G—%’2

Fw=TutUs =0 a5 Y—=>+0, Uym=0

sarth Eo=Ew =0 2. In=0

= Uo = MM G- zwwcbm Camgtomt, M. viass ofm

». YO
%112 ke To: YOAITUS ob' aorth

Droblem. Eo i3 a [scol mininum oﬂ U at point 3. Find the peviod.

To = lim T(E) cfs'mau asicollations neas 3.
E-=>Ep

Ssl. % =-VU@), VUG = TOB)+(V*UG) (£-3), (-3)) + a(I%31*)
Comsider the scalan case. The ,«,?meamzu( Qﬁxu &

X+ 0"63) (x-3)=0,  x-3=ces 7]t + S |UB)E
Sothe Fém‘ocl 7 Z,'It/‘{U"(j),
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PYOblem. Cansielev'bﬁe ODE s‘asjre'm { X = ¢
§ =-3U

. . ax
Assume 3ts, either @ [mK)=se ar @ fim4(0)]=+0.

By the conservadion of emevyy E=74'+UGH = covst. Then
Y= Z(E ~U) S 2E as Uxo. N&melg_ Y] G boumdec{, @) c'mpos.czbk

. X(44) +00
“g X('t*)"'w, bg. ‘{:*-tI:J dx ? &él -:1-60
x. \IE"U - xl (E— )

So O s Fossible cmbg,.c{ +*= +w, 0. the selukion exisks fc/r al[ t.
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PYOHem' {x' =X Let Yi=%xi. Thenthe QmeV&a, (s
X=X T 1
’ = %(2"‘-‘41)4"2‘7(7‘-""7(;)

Xy=CiCost + (aomt { Xo= (3 Cest +Ca Stnt
{ 4, =-CGsmt + G cost Yo =-Gsint + Cq cogt

GRi*Cali= (O @) Cost (3% 4 Ca Yy = (R4 08) aash

Cy X+ Co ¢

= G
e (‘..‘Jr(‘z‘g G+ (‘:X" C+C’ 4. )

s.'milmbéY we con use siwt o geb Ondthar va| ackiom. .

Ca ¢, _Cq _
x ’-
Gty l erer ¢ C; +(4 A= C5+ Ca %z

(2)

assm& 0
Tha cwhavsection O]L two hgyerﬂames (1) & (2) 5 o 2-dimemional. F?ame,

The M‘l'é!‘fSé(‘-l-imGg'b‘\& sphen’e, E= -Z(g,ﬂ—\‘( ) + (x.+xl) (5 & 3)’!4"

cirele.

Problam. X = Aisin(t+@,)
{ X (t) = Az Stin(wt+ %)

Cose 1 W=—- (&t T=2wn. Then X(£+T) = %) ond
X2 (£ +T) = As S?n(—;,—(twrn)-r%) = A S (F-4+ 8+ 21m) = Xalt)
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L8, §X|(HT) =) The curve (48, %6 i clased.
Y (t+T) = %)
Case 2. @ 8 cvrabimal viember If 37,54 %EXT)= %), =12
Than T=2Tk fmm Z(6+T) = 106) oand, WT= 2wl from
X (£+T) = %6). So w=—£;_ should be o vodional number.

Problem (p3p) . Consider o typical. emeryy neay, 0. locolL maximum

\% 4
Consicley indial candetion Y(0)= Yo

and V(o) =0. ﬁen'%e'fmjec’lﬁg—
will be the curele ver) =1, .

. But with o s(zjart Aushotion og
Tmin N Yo Yoax ¥ Y(0), ﬂne’f?m:lwfmg will Yamow in

one of the valles, ;. Vo< YIS 1o
oy Yo LYE) K Ymay .

!
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It is almost o civele ;fwo.'bm:[ed'm} nean the épw—i[ibvfum (civela)
second ordor in a1

Sothe Sluf‘k b'g pem'aee = sLu‘f{ cf-b‘\e cw{wqg ctveleg = RSm1° ~ 110
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