Ch4 Laﬁmn&ian Mechanies on Ma.nifo[ck

18. Difterentioble mancfolds
A. Definition. M. Hausdurf space (com sepamste, peivls).

If ¥peM, 3 mwtbarhaoci N of p, s.t. B: U—-N 3 L'smarr}ukm,

where U i an open set of R”, thew we call M isan n-dimensional. Hopolgil
manifold .

282\ N

Lotal chart /local coodinode % ’
@ T?’ ® s a local paramelrgection
VA S ‘?Z‘U, 10 ®7(p)= (Xp), P, -+, X"(PY)

U_“’ ':‘ ] }j " [ocal coordinata

compackible local, charts . 7'@: Vs V' iy diffenmctifle

atlos: U(U, @), M=U%0), {(Usda)} ave compakhible.

A differntible manifold is a- clasg of eWa[ewf of{ases.

B Examples 7 mmben’q.l A.o.f, = diméngion
SFhefre, c«nﬁammic‘an Spaces,, Yigici boo(ﬁg metion SO(3).

Math Methods in Classic Mechanics 26/ 64 1/31/19



Embedded manifold. ¥ x€M, 3 aneighborhood U R’, ond there are
n-k fumctions f;: U—R, cst., -k st 0O M = {x€R": fibo=0
far =1, n—k} and Vf (%) Gre ﬂmédnl% mJéPéﬁ\Jemt

Luhdm)t proves thet- o sepawable n-manifold can be always ermbec(alecl
m+o R an+l

C Tanaent space. For ¢mbedded 'maniﬁtald, My = Span{vf:(0} -

D\&GMWAL (‘mic(e:r derwe PR —-M, ¥0)=x. Two crwes de

beuiua[emtlf V(0) = V(0) = x and _tl"m {o(+,) b‘ﬂ(ﬂ =0 nsemd chavt

Daf. A +ana,ew( vecfor = { @} Q'aui.va[wt clags of CUXUes,

All tamgandt vecto fovrm o Lineon/vactor space TMx.

In paﬁtfcufom Canslder Q(3:), the CMYQSFOYI:{FM& ‘v‘m&wi; vector is 5.
dx; ov 3y, Can be ivn‘mpml as 0. tongant vacTor.

D The —(:an%en‘t bundle ™= | U TMx

LOC&L CL\(LY‘ES: (31.8: ,fn) X (;l 5 ,3n) = (?, 37, 3’» §,,§L ?n)
L‘P = TxM & R”
M

p:TM =M nalwral WQjec-E('an o P7(x) =TMy : ]Ciber
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E. Riemannian manifolds

Def. Riemannian méfwe e TMy = §PD majaix A

Then VEeTMy, (A5.3) (feffned o posl*ive Je]tfnifz guadmiﬁzc ]covm.
ds*= (Ad%,d7) o (Adx. dx)

A=A(3) is o diﬁmwh‘able Tunefion a{ 3.

F. The devivative map
M

+ N M £
' g - /" /
'z " ¢ b
. ~U f._,. / ,‘?/ ’{_*’TT; W Dfx! dg’
.. ," ‘_- _" o le 48:

T:M—N Dfx"z'%f(%))l'm' v:%{’m
"f*xf T::x —:’TTNf(x) v —
Jy i TM — TN V=2 %0y, f*u=27¢35£

?1""(%3')2, 7:’?%%.
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19 Lagrangio.n Dynamical Sys‘%ems

A Def(ni-h'on
M: differestioble manifold Y: R~ M 0 curve

L: TM — R diffarmitioble
Theovem Extramal cuyve s&bi‘sfl'eé

Y& EM, ¥E)ETMy

R

t139 : Y

where U3, 3) i 'bhe /

expression Of L in the R '33'1- ..
el comdinste, (4,3) =

B Nafural S ystems

L=T-U, whare T= ?'_(V.If), vTM,, U:M—R
Kinetic energy poterdial energy

C 935‘]‘&1115 with, ho[onmmic th:'l’)’abwbs 1S ndfi«tva,(/

D Procedura for solving problems with Com3iTairks

L. Dafermine the configurabion manifold, and difreduca local. csardinartes
2. T=5(A3,%>

3. L=T-U$) and solva Lagranges aguations.
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.20 Noether’s Theorem

Canseryodion law (3 ]‘Yam 3 a«rauf ﬁvmla%&m myayiomce.
A Foymuladion

M o smogth maniseld Def-. (M, L) admits the mappina,
L: TM =R o smosth fumchion hif YueTM, Llhat)=L(V)
h: M—M™M a.Snoo'HLma.p v=(%,35) two Camytme»r’rs

i M—M, seR  ane-paoméler $roup of diffeomorphiem,

Noethars Theoram. If (M.L) admits hS,bhen clI(;;(ﬂ a’(-t))
I: ™ —->R ik a'ffrx’c t‘%emL of E-L eﬂm
n 2) = _3_1;. dhS
In local, comdinade, I(3,%) _3__(11‘8 N
B. Proof. h°: ™M

g — hs(ﬁ) g+s 9L o)
E-L egn’s solution Y. £— 26 Ve

+
§: RxR—M 8(s,t) = K (vw) /35/\ Sy s

=, ue.

L (3. 3s) ie indapendanct of 3. e
RCT 3 t S 3' =0

And Ag Yeo) satisfies E-L, So &s Kvw)
O\SBIH’_
~§—,o-(a" (ﬁ(s,b) z(sa)) 5 g(ch\ 3 c.41)

3(%5) -3 (43 = as 1)
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