Ch3 \/aviaﬁg(onaL ?rinclplés

HamilHor's P‘rim'cple of least action = Newdtorts em.

12 Calewlus of Vaviakion  Function  8(x) = L: L(+.x08), X)) d

- Chaim vuls : b ) o)

- Infagvation by parts Essizyrssy
* Change of vaxiables

- [

4
Figure 41 Variation of a curve

A Voaioctions
bef. & is differantioble Lg B(x+h) -~ @ (x) = CoBE). h> + R(x. h),

where <$8(%), * ? is linean and R(%h) =(h*) cn-the semse thet
for h€C'Chot), Thile €€ (ia [hEISE, ThWICE, V4E[H0 ki), bhon

[R[< €™ The [inear part §B(0 i called the dlﬁw‘ﬁalx/ variekion.

Vaiockional form < §8(x), h» = f:[%;— h+ %’% h)d+
Pvoo - Tag([m sevies and skif the O(k™) pasrt.

Shrong, Jurm. <5805, k= L. (ax dtax ax) hdt + ( h) Lco
In—fe%m'tidh ¥g pm'-fs Trom the voviationol form.
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B Exfiamals % is on edvemal of & if (83(0,h>=0 Vh
Thegrem. X&) & on extremol of & () =f:L('t,x,5C)d:t on the
M= § x€ CTto, ], Xlko)= o, X6t =0 tf and only if
L) .3l .
T

P x+heM = W) =htt)=0. So-the bd term ia gane.

58 h>=0 & [T[&BL)- 2]k ge=0, yheth > pLgn ?

Exa,;m?le. L={l+x> x=Ct+Ca. Sﬁw’ﬁ&t [ines

Bxgmgl, L= gmi" - U0, mik=-2
C. The Euler- La.gfmm&e Eiworh‘on
g:e g’.l;) - gh‘ 20 ZYK{ NAQT ODE X(to)= Xo, X(£) = X1,

D. An tmportant yamork
The. condiction for o curiee +o be an axframol, of a.fuwb'onal dods net
c(e{)émds on-the choica d]c coordinocha szs-}em.
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13 La,%wmge’s E;ucﬁoians

A. Homilfors principle of least achion
Thegvem. E-L agn of ) =LJ:L dt, with L=T-U. (s Newhm’s .
Compllosss. Let F=(30- 3m) be omg &Wdinm in the configuration
Shace o{ o, systam. a( 1L Wass pownts. The.n Z(Jc) G(Itdj"leé E-l ¢n
%‘b(%‘) -%‘0 whera =T -U.
D.éfini‘}‘ion. L(t. 8,8) Laamafan 5 ? %émefm(c'aa_i coordinaches,
f: 3%@«1:&%4«1, velociﬁ& = a" 3emexmlc5ei momdyrta
% : ?rémeml(azd ]tm'ces, ]:L(t, g,g)d-b. action
Theorem)is called “Homitorts Jovm. of the principle of (east motion
B. The simplast axamplas

Example 1. L=T=2m¥".  The aclvemals are straightt [ines.
Example 2. Planar motion ina conitrel, fiald .

$=¥, =0 T=(r0) T=dm¥ = gm(i“re®) V=v& +vid
pthamp, pmr6. LaT-U, U=U0=UL5)
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U
—3_3- bacomas my =mry’ Y

= -52—;'- bga;mes P,_ =0, P. = COTlS‘l’I. ¢ mse,ma:H in o]t angmlm mmnex'n'hm

Def. 9iis eyclic t{ 3 0. ardle @ inthe above axampla.

Theoyam. Foracg.c]:c coordinade ¢ the %wérmbdéo( momenilum 1s Cansevil
ie. Pu= Cdﬂé’b,

14 Legendre Tramformo.’cion

60 i a convex Funetion.

DeTime Flp.x) = px ~T0) . The Le&en&re ’f?'awsfmm of T & 9(p)
m §(pP)= max F(p,x) = max {px - 6o}

An”efm&fe d&fEnH-idn. Lat, P=]""(x\ omd solve X =x(p) . Then dé:f‘v’ne

(2) () = Px(p) - Flx).

(0 hen ]LGC' amd Convex, () % (2) oz QWValen‘b. Tndeed fhe. maximum
it ochieved ob 8- =0, o fo0=p.
But (1) Can be applieci eVen :f‘ 4 nt dij‘j‘%hifo.ble.

Examgle. f60=4m&’, p=mz, §0)=—LL . xpr=2T
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Geométrie mean ..

n)

K ERERERN S i
o > " A PX-Q(P)

( 39 )v [,’l | Pox-4(P: )
By 4Rk Px-4(p
T"" 3 "(;.’ﬂ, /, ) ‘;)r
/Zé(p) X(p) % 1 X%

fix 7, find x(p) Tix 2, chang .

C Involu’civi‘lg
Thagrem, If 4() iathe Legem(m Transform of $60), then T &-the

Legendve ‘hfansj‘am of 9.
broot 1. (Y= PO - Flxw),  velation P=Flx(e)
'f'(x) = px) X~ (r(x)) if wyite p=p) .

broof 2. (emsidey GG ) = Px— 3(P) . By &W &(x,p) =0 (3
the taxurr [ine 6 T ot X2 Dueto the convexify,

TG > P-4 VP, ¥x.
The =" io acheived whe ?=F(x) .

1l
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Figure 44 Legendre transformation taking an angle to a line segment

D Young's ineguatttg 4 %ﬁ ¢ dwl

Px £ T +4(M)  vx 9
= holds when p=Tc).
Example. Te) = 23, a(p=grf | —e'll—+—é-: 1
X

)’w.ngfs fnefwl% P g X2+ 'é,‘?p, VX,

15 Hamilton's Eguactions
A Eguivalence af La%*ran&e’s and. Homilfons Egua’cfom
LQ@'M}&EOM L(t,,g,g) a——*ﬁ'}amiu'ovlian H(p,4,¢) = P?(P) - L%, 3, 20))

E_L an v fmp_—;_g_%l:(’-t'g’z) , —5;7_7‘0 S0 SGIVQ.. Z:g(p)
. _ ol - {‘)_:_%tzi L is convex wxt §.
" { g= 3H Hamitfonion sadem
- P

dH=%¥dP+%%d$+a£“df Companrd pds 349-%&"%d8@
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B Hamilton's Jr'u.ncjc(on and energy
L=T-U, T=7(3%12), A=A@.+ sSp, U=0@).

H=Teu,  podbedionp, §=A7%, pj=(id,)

H=p§-L=[A},5)-+(A}.8)+ U= T+U.
H= H(t,p,8) funchm of thwea Voviobles
H() = Het, b, 360) - HamiHonian alowg the frajectiny
% = .g_g. by Hamilton saehm.
S0 if Het.p.3) is dopendent of 4. then HEV i conctandt:

Ti'!ri.’: s ‘dne, W%ﬁ?m of CMUW Og é/hesv&gu — (anseryoction
bﬂ Homi Hamian .
C. Cyelic coordinates

. <« -] OH al
o cyelic f =0 & oy
d & L{ it af: congevvation of monen fam

i caz[ie,'dnm'fvam pr= 5% ="%% , Wi 3&
Then ?1=¢ can betreat as a pa,mvne‘t‘em. We tan solve o veduced.
S«&s{e'm Tor P'= (P2, Pn) and 3= (8, 8).

3 < %?.‘ é,:%’%l = %}% (P, P'H), §@),t)

. . no 3, ag SH _
{P':“'%;—*" Pr=0 8’ b?n—'o
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16 Liowville’s Theoyem

A The phase flow v
. H g
4t (P0), 3(00) — (pee), ) whwe(?)':('%{\ VR
8 H J (P(0), 4(0))
P »

'fmm$ dn@:Fa‘mmd@Y‘ %YOVP Df ﬁaﬂjf“ma‘kzﬂ% Figure 47 Phase flow

B Liouyilles theorem

Theovem. The phase flow prasarves volume . for awy 1egion. D

we have  vol (4*D) = vol (D).

A aeme'ml, propasition . §5(x) = £+ FLO$ + 0(+) s the group of
"r amsformadsion (‘O‘f)’éspcmding, Lo ODE % =F(x). let D(0) be Q. Yegion
and v =vol (00), pi)=$D(0) . vtb) = vol(pte). |

C. Proof
lemma. det(T+At) =1+t (A)+0(+*) ast—0

Lemmo.. % \{_‘:0 cjo(o) dfvf dx .
Pt 'U‘(t)’—‘_( 1dy =f de#(i%-;(ﬁ) dx , here ?()‘: X — Y%

D) b(0)
%Ll‘!b- l-tao - Jn(o) d%(R%ff) dx = Kn(o) div:f dx.
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Theorem If divi=0, then 4t praserves volwme . V(&) = (o).

For Hamiltoris eﬁma(ridn F2-cwdt, divf=-divewd H=0.

D Poincavd’s vecuyyence thagram

Theowm. §: D—D. D is bounded, § is one-to-ave and volume preseyving.
Then v open set UcD, 3x€U, n€Z, sit. §"xeU.
Praof. U, $(U), §50), - 47(V), - howe the same. volume

03k LeZ, kx5t 0O V) # &. Then
A ONIET:S

E Application of Poincards thegram.

Example 1. Rototien oji a eivele . aﬂgle a. If a=2m l;”i-, then. 4"=id.

& If aisnot commanswroble with 21, then
¥§>0, In: [§"x-x|< §.
vdi So if A ¥ 2T I:,_L. gl‘x is damse on the civele.
Figure 52 Dense set on the circle
Examp|e 2. W?ndinﬁ line on the Torus . 0,
hrd g (BB (Brat, Brad @
. Y]
®, = d;. s dense inthe Torus.

Figure 53 Torus
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