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1. ERROR ESTIMATE WITH NUMERICAL QUADRATURE

We shall consider the effect of the numerical quadrature to the convergence rate of linear
finite element method for solving Poisson equation.

The weak formulation of Poisson equation with homogenous Dirichlet boundary con-
dition is: given a f ∈ H−1(Ω), find u ∈ H1

0 (Ω) such that

a(u, v) = 〈f, v〉, ∀v ∈ H1
0 (Ω).

Given a triangulation Th, let Vh be the linear finite element space based on Th. The linear
finite element approximation to Poisson equation with numerical quadrature is to find uh ∈
Vh ∩H1

0 (Ω) such that

a(uh, vh) = 〈f, vh〉h, ∀vh ∈ Vh ∩H1
0 (Ω),

where 〈f, vh〉h is an approximation of 〈f, v〉.
Recall the Strang’s first lemma

(1) |u− uh|1,Ω ≤ C
(

inf
vh∈Vh∩H1

0 (Ω)
|u− vh|1,Ω + sup

wh∈Vh

|〈f, wh〉 − 〈f, wh〉h|
|wh|1,Ω

)
.

We denote the error function of numerical quadrature in one element as

Eτ (g) =
∫
τ

g(x) dx−
k∑
i=1

ωig(pi).

The numerical quadrature is of order k, if E(g) = 0 for any g ∈ Pk(τ), where Pk(τ) is
the polynomial space in τ with degree k. Prove the following theorem.

Theorem 1.1. Suppose the numerical quadrature is of order 0, i.e., it is exact for constant
function. Then for any f ∈W 1,q(τ), v ∈ P1(τ) with 1− n/q > 0, we have

|Eτ (fv)| ≤ chτ |τ |1/2−1/q‖f‖1,q,τ‖v‖1,τ .

Hint: the requirement 1− n/q > 0 is to ensure W 1,q(τ) is embedded into C(τ) such that
the point value f(pi) make sense.

Using the Theorem 1.1 and 1.2, prove the error estimate with numerical quadrature.

Theorem 1.2. Suppose the solution of Poisson equation u ∈ H1
0 (Ω) ∩ H2(Ω) and the

right hand side f ∈ W 1,q(Ω). Furthermore the numerical quadrature scheme is of order
0. Then we have optimal convergent rate

|u− uh|1,Ω ≤ h (|u|2,Ω + ‖f‖1,q,Ω) .
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2. LOWER BOUND OF THE RESIDUAL TYPE A POSTERIORI ERROR ESTIMATE

Let u be the solution of Poisson equation−∆u = f with homogeneous Dirichlet bound-
ary condition and uh be the linear finite element approximation of u based on a shape
regular and conforming triangulation Th.

(1) For a triangle τ , we denote Vτ = {fτ ∈ L2(τ) | fτ = constant} equipped with
L2 inner product. Let λi(x), i = 1, 2, 3 be the barycenter coordinates of x ∈ τ ,
and let bτ = λ1λ2λ3 be the bubble function on τ . We define Bτfτ = fτ bτ .

Prove that Bτ : Vτ 7→ V = H1
0 (Ω) is bounded in L2 and H1 norm:

‖Bτfτ‖0,τ = C‖fτ‖0,τ , and ‖∇(Bτfτ )‖0,τ . h−1
τ ‖fτ‖0,τ .

(2) Using (1) to prove that

‖hfτ‖0,τ . |u− uh|1,τ + ‖h(f − fτ )‖0,τ .

(3) For an interior edge e, we define Ve = {ge ∈ L2(E) | ge = constant}. Suppose e
has end points xi, and xj , we define be = λiλj andBe : Ve 7→ V byBege = gebe.

Let ωe denote two triangles sharing e. Prove that
(a) ‖ge‖0,e = C‖Bege‖0,e,
(b) ‖Bege‖0,ωe . h1/2

e ‖ge‖0,e and,

(c) ‖∇(Bege)‖0,ωe
. h−1/2

e ‖ge‖0,e.
(4) Using (3) to prove that

‖h1/2[∇uh · ne]‖0,e . ‖hf‖0,ωe
+ |u− uh|1,ωe

.

(5) Using (1) and (4) to prove the lower bound of the error estimator. There exists a
constant C2 depending only on the shape regularity of the triangulation such that
for any piecewise constant approximation fτ of f ∈ L2,

C2η
2(uh, Th) ≤ |u− uh|21,Ω +

∑
τ∈Th

‖h(f − fτ )‖2τ .
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