Newton's Methods

Consider min_ (x)
xeR”

-n=1 Xpt1 = Xp ~ U’”(XM)-' ]U(Xh)

‘n>1 Xpe = X~ (T (%)) V(%)

Another form @ solve  V(xe) de = - Vf(xa)
@ uchloLJce Xrst = X+ dp

Remork. Do not Yégmive Vlf( Xr) > () cml‘at neads non- sina,uiah ( mvertible)

NamelA&, Newton's method, olso werks ]%v vm-convex optimigation proplems.
but may wot j—(noi local min.
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Figure 9.1  Quadratic approximation to the objective function using first and
second derivatives.

Convevgence Analgsis,

Theorem. SuppOse ]Le C? x*is o cvitical, pl, e V]L(x*) =0, and V‘f(x*)
is invertible. Then ]Cw all X mﬁ(cieﬁ% clese £o X* Newdons method,
is well c[éfined fwalL R. ond [2Gen- xF 1 € C [ X =x* 1" ¥ k=0.1,2,-

Proof. Demote by Fl) = TF00). Then det Fo) €01 As det FOx) %0,
Tor Sufficiently small €, detF(x)%0, vix-x*i<e . So F(x) s mvertible.



Fuythaermore IF'(oll e, V IIX-x*lce,
Assume xe sofisfies Ixe x* U<, dhen F (0 exists and IF Gwl<C
Then X ~x¥ = X ~x* =(V*(x0)™ 7f )
= (Vo) [ 7 o) (- x%) = Ffx)] |
(e A’PP[% ﬁvs{ order Tovgﬁm eo(Pam?m to Vf(%‘) at Xk o %et
VHG) = TRt + T @ (26 - %) + 01l xe-x*IF)
Note that (%) = () ond the sfaﬂ c%oma/e, we e
Vf(xe) (xa=x*) = V() = Ol X1
W\evejtove s = 2| S CHTF (i) 1 Xk o1
<0y - x* 1
Again by C[/loo$fn3_ 3 suﬁ;c;mu% small s4 G €< we conclude
| Xeri-x¥1 < ¢ and Flxe)™ &xists and | Foun) || € C.
So if £ A Small@mwﬁ& andy %o = x¥1<¢ all|X-x*1<¢ and
| Zrer = xX¥ U N xe=X*F ¥ R=0,1,2,
which &mF[(’% the local Wdfmj}ic cmvmdbmca, ¥.

Exmnple, G =10, 1%~ <10t i -x* 1< 107" and Nxe-x*1< 107
Nt convev%@/m o= 230K 1072 (1 =2¥1< 1072, - xX* 11078 su[yerr-fasb.



Remark . Tha convengamee (s proved for [1Xe - ¥, wheva x¥ is only 0.
Critical Po«'n’h s Vf'(x*) =0. x* may nob be a [ocal mininum . Tt could

be [oca[ MOX /43\ or O SAAA/{Q ch M . Tobe o (ocaL MNM, W
need £o fw@ﬁw \/e;viﬂ th(x*) > 0.

Mod'c:fic‘rbion of Newtons method
Newton's methed may Moy be 0. dascent method, ie. ]C(Xw) > F(xe) is Fossé[y}g
(e9. x*is 0 local ynaximuwm). Have o vestvict 4o SJ(/»’fc‘dXﬁgf Convex fwnclvions.
Lemma. Assume th(x) >0, Vx. IJC V]C(XO £0, then Newton'’s divaction

i = *(Vz’f (2Q)" VJL(Xh) is a cescent divaction in-the sense that

jt()(»ﬁ adk) < ]C(Xk) f@r Suﬁide«nﬁg small a.

Pyooj", Let B(a) :_JL(Xk’f&dk\. Then @) = (VFOu+ade), dr) and

§'(0) = - (7(xa), (VFxw)” 7100 = ~($k, dr)a <0 wheve

Ju= Vi), O=(v"F@a)" >0,

Then for sufficiently small o, f(xetade) = $) < B0 = T(xw. #

For convex functions, we can uge the following modificodion
1. COYHPUL‘I:E dx by so[ving, 7T () d]«be(Xuz) |

2. Find drx= Qrgmin f(xh +ddg) by Line saporcl.

3. Update Xew = %+ dndi.



What éf VL]C s not SPD ? Note that ]cm, Nnon- Convex ]tumc{:iom, the g(mdiem‘b

method  Xwr = X - dwI Ve i aﬂw% 0. descomd method, . This motivades
the Levenbe,v&-er%umdzb modifica%ion

Xenr = Xk ~Ag( VLJC(Xk) + MpI)™ V]C(Xk),

where P >0 is chosen s.t. VL]C(Xk) HHRI> 0 and >0 s @ sjcap sge.

1t s o mixtivre of New-Hon ancC 3rai?em{7 methods .

- He=0. Newtbon's metod .
- Mk >t 00, Gradiewt method,

Non-[inear Least Sguaves

f(xh-’z—ll Yo" whera Y= (7, Yo Ym) ER™ and %= (X1 %, Xn) €R"

- : ) P
VT = (55, 7) = J(0 v(x), whare J(x)=| % o
— 3"Ym 3 Ym
— ( ~ ’Txl'(’() IxXn (X)_ mxn
mx |

CTFw = (T ) + (5% 3% ) = 800+ T60 T

. Newbon's method X = e - ( T06) Tlxw) + St} ™ T(xk) Y(Xi).

o Gauss-Nawton method  Xrer = Xe = (TTxe) T(xe)) ™ Tlek) Y(X1)
. Levenbev%—l\/la.vgumdb method. Xest = Xe = (T7(xe) T(Xe) +MnI)’[ IT(%u) Y(Xk).



