
Ch 10 Conjugate Gradient Methods

Problem setting m i n f i x ) , 11×1=241×1120,
- (b .x )

XER"
Q > O i .e . Q i s S P D .

Global minimizer x * satisfies Qx*=b, x*=Q"b.

Gradient Methods Xka-Xu-2kPflXk), a n >O stepsize
Steepest Gradient Descent 2 , =

11%112

¥ 1 2 . 8k-Dfw),

ar-argjnjnoflxr-2PflxrD-ajgnf.int/Xk-2Pflxr7-X*ll2a

llxk-i-xtllo.sk#llxr-x*l

where k=dmaxlQ)¥ a , i s t h e conditionnumber of Q .

Idea l c a s e k = 1 . When K A I . convergence i s slow.
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Orthogonality Classic l z i nne r product ( x . g ) = y ' x=xTy= l y, x )
^ A

x t y ⇐ I X .8 1=0 L
,

× t QY ⇐ ( x . g )⇐ o
' a

↳
orthogonal a - orthogonal

lx.ly/q:=lQx,y)=lx.QY1=Y-Qr=xtQY

T o speedup gradientmethods, choose directions {d i } orthogonal i n
l i l a i n n e r product, o r i n short A -orthogonal, o r conjugate.
T h a t i s (di,d;la=0, for i t ' s .

Projection, orthogonality, and shortest distance

A-classical geometry problem: Given a planesandapointxes,
findthe pointo n s s t . t h e distance t o × i s minimized.

€¥¥"§. heist's:=#x-yep * ,

Pf l y ) = Y - x .
Pf ly1 = 0 ⇒ y = x . What'swrong?

This i s a constrainedminization problem.%÷¥÷÷÷÷%:i:÷:*.ir#.t.::::i
nt..ii::.*tion.



.⇐¥÷÷i÷÷÷÷÷÷:÷÷÷÷÷
÷:#
L e m m a . Le t Xr-Xo-projglx-Xo). Then x - x r t s . i e .

(X-Xr,V)=OVUES# 1 1 1

consequently llx-xrlt-myi.es 11×-411. 121

Pf. By definition of Projs, ( x r-xo. i r ) - (x-Xo, u ) l i v e s .

which i s 111 by rearrangement.
Y - X r t s

11X-XnH2= (X-Xie, X-Xk) = ( x -Xb , X-g) t ( x ¥ X ) .
E l l X-Xk l l l l x-Yt l

cancel o n e " X-Xm l t o get I l k X k l l s 11×-411 V.Y E S ,

The equality holdswhen y = x r . This completestheproof of 121. # .

Here w e abusenotat ions: t r e a t i t a s a s e t ofpoints.e .g. x r . I E ' s
and a s a s e t ofvectors,e .g. v = Y - N E S . The lateroneisindeedTxos.

Question: what i s thesolution t o nfins IIIx-Ilia?



Consider problem myei
ng
I I I x- I l i a .

Choose a n arbitrary point x o e s , l e t Xr-xo-Projsalx-xd, where

for UER", ProjsQUES s.t.lprojfu.ir/a=lu.VlQVVE
Then llx-xrlta-myi.nl/x-Ylla.

Proof i s almost identical. Leave a s a n exercise.

Quadratic Programming x=Q " b istheglobalmin
p

myelin
,

-1181=12118110:
- (b.Y ) -Elly-8118

s t a r t from anarbitaryxo. Considerate-dim subspace S E R "

Look for X r s . t . X i e -Xo t s and distancebetween X n a n d x i s
minimized.

m i n y x - y 11 o r m i n 11×-8110,
Y-Xots Y-Xots

" ' "o, and L i l a i sthe rightchoicep€¥iI¥ ① origin:p:b:*.

y o u ,
S : vector space ② Projsalx-Xo) i s computable

< S t X o : s e t of points without knowing × .



( X-Xo , U )a = ( Q( x -Xo ) ,V ) = ( b -Qxo,U ) = - (Pflxo), V )

w e don't know x bu t Q x = b i s known!

S o X k - X o = ProjgQ( X-Xo ) , x k = X o t Projsalx-Xo) i sthesolution.

Examples of subspaces.
① dim5 = 1 . Now changenotation X o → x k . Le t g r = Pflxr).
S-span { g r } . m i n 11x-Yl la

Y-Xhts

Optimal p t Xian i s X i a n - X k = ProjsQ(X-xp)

(Xkti-Xk,U l a = (X-Xk, U l a Y V E S .

Choose U = g r basis of s . lxkti-xk.gr/Q=lx-Xk.gk# (Ix)

Now w r i t e Xkti-Xk=-draft a n d notice Q(X-Xk) = b-QX r=-g ,

CK) becomes 12kGn,f r )a = (gn.gr) s o 2 k =
118k¥
118kHE-

This i s t h esteepest descentmethod and

11X-X i an Ha = m i n 11×-8116 = m i n 11X - (Xr-217µm) Ho,
Y-arts 2

② dim s - n . Chooset o ER", what i s
M i n 11×-8110.?
Y-Xots

A s XER", t h e a n s w e r i s Y - x ! 5=112" non-constrained problem.



③ S = span{do,di . . . . .dk} . ( d i , d;)a = O, for i t ) .
ChoosearbitaryX o . ym.ixn.e

s
I l l X-Llia

The best X r c a n befound by X n - Xo =
ProjsQ(x-Xo)

fxk-xo.UIQ-CX-xo.ulo.tv#Clx1-
xn-xoEsmeansXk-xo=Ei2idi,withcoefficients £ t o bedetermined.

Choose U = dj i n 1*1, w e get
(E)d i d i , dj)a = (X-xo.cl; l a = (Qlx-Xo),d;) = - I go,d; )

"2;(D;,d;)a since (d i , dj)a=o for i t .

s o a;=-%i;%¥a for''⇒""k,*=-"igIaµ
Recrusive formulae. Xk t i = X r t 2ndk

when k= n . S = span{di.dz.", dn}. Then

x-xo-i-42idi.aie-%fa.cl#a.-ori=li-'

s o w e c a n find × bycomputing 2 : using go, d i , i s I . .- i n .
X o i s arbitary. B u t howt o get Q-orthogonal basis { d i } ?



Question: Howt o find conjugate directions efficiently?

Assume w e alreadyhave f o r t h directions {do,di . . .'.dk}
① add a n e w vector ② make i t Q.or th

F i r s t t w o steps
T o star t wi th, chose do=-fixed. Now S-span{do} . Find × , by
A -projection: X i - X o = ProjsQ( x - xo ) .

W r i t e X i -Xu = dodo. By definition ( x , -Xo, dola = (X-Xo,dola

s o X , = X o+ dodo,¥ ¥ d o(do, do)Q = (QX-Gxo, do)
(do,d o l a . = - (go,do)

Then e w vectort o beadded is-G, =-gun-b-ex . .
C l a im . (Gi,do1=0.

Pf. llx-xiliaym.ixn.es/lx-Yllo= main 0121, 0121=11 X-lxotadollle.

A s d o = argmin0/121, 0/4207=0. Compute 0127=2(X-Hot2 do), do)a.

0121=0 i s equivalent t o

(Qlx-Hotdodo)),do) = ( b - QX i , do) = - l Gi, do1=0 . #

I n general,steepest descent along direction dk . i e . Xm, - x r t a r d k
w i t h 2 , =-18M¥ w i l l imply ( g a , dis) = O.(dk.dk)Q



¥µ§ Theorthogonality i s i n C',- I . B u t w e need (do,d il a = O.

Look for d i E span{do.-g,} . Write d . = - g , + Bdo
Usecondition (di.dola = f-g,t fdo dola

¥ ¥ . This
iscalled"

t o get

(do,dola Gram-Schmit

algorithm
General steps.
Supposew e have A -orthogonal vectors {do,de.....dk}. Considert h e
subspace S-spanI do,di.....d r } and compute X r t , by Q-projection

Xm l - Xo= ProjsQ(x-Xo) .

Wr i te Xml-Xo = ¥02:d i . Bydefinition. (Xu-Xu,M o , = (X-Xo.
uFIt9*,

chose v - d i and u s e l d i ,d;)a = O for j t i , w e c a n compute
1¥12;D;,di)a= d i (d i ,d i )a = (x-Xu, dida = (ax-axo, di) = - (go,d i l

SO L i = .
(Go,d i )
T h i d a , for

2=0, I . . . . . k .

After w e get Xian, compute 8kt, = P f(Xm) = A n t i - b .
Now w e have {do,d i , --t.dk. -Grt,} ¥ {do,d i , --t.dk, dnt,}

Gram-Schmiot



Wri te dkti = -ga , tpdktrmdk. i t . . . t todo and u s e

1dm, d i l a - o t o figure o u t coefficients for i =o , I . . . . . k .

Magicfact: a l l r i - o , i.e.dk#tpdk.p=l8kti.dk)Q-
(dk , dk)a

-

Exploretheorthogonality of Gkn fromth e Q-orthogonality X-X u , t a s .

Lemma. Let Xu , - X o = ProjsQ(x-Xo) and Gm,= Pflum)= QXkn-b.
Then ① (Gkn,d i ) - O for E O,I . . . . . k .

② (Gpu, d i )a = 0 for i s 0,1 .' ' - , k - 1 .

Proof.
①€¥÷÷i÷÷÷i::::::::::::..........

LHS: ( Q(X-Xml), d i ) = - (Grandi).

② S = span{do,di,....dk} = span{go,ga..... Gr}.
We c a n w r i t e Xa ,- X o+

¥42;D;
= X o+ ¥12;D;+ d i di = X i t a i d i .

S o d i A d i = Q X i n - QX i = gi t , - g i E S for 2=0,I . . . . . k - t .
As Qd i e s , from① , (gm,d il a = (Gpu,Qd-4=0, for¥0.1..... k - I . #.

Consequently, if d a i = - g a , + p d n t Iiiridi, from I d a , di late 0 ,
w e get r i ld i ,d i )Q = (9mi,d il a = O for 2=0,I . . . . . k-1.



Conjugate Gradient Methods

Problem setting.@IinfYzYab.lH-
whereQissPD.i.e.Q-Oi,Q > O.

Optimization problem 111 is equivalent t o

| Q # 121

Keysteps ① Q-orthprojectiontos-span {do.de.....dk} Projsa

X i a , - X o = ProjsQ(x-Xo).

② Gram-Schmidt processt o get dirt,
dirt,=-Grt, + Bd,

③ Three-terms recrusive formula.

xmi-xrtardr.net#%148.=-foIII?dI
{gµ=gkt2k
Qdk a Qdate-gather.ae/8II!II4-a=f9Eiik.d4,

Remark . Moreefficient(lesscomputationalcost) formulae

2k-1%41%4,, p r e 1841.8k¥ i n which 118,112c a nbe reused.
(Gk, Gr)



function x = CG(Q,b,x,tol)

tol = tol*norm(b);
k = 1;
g = Q*x - b;
g0t = g0’; 
d = -g;
d2 = d'*(Q*d);
while sqrt(d2) >= tol && k<length(b)

Qd = Q*d;
d2 = d'*Qd;
alpha = -g0t*d/d2;
x = x + alpha*d;
g = g + alpha*Qd;
beta = g’*d/d2;
d = -g + beta*d;
k = k + 1;

end

Algorithm Duet o t h ethree-term formulae,t h e r e i s n o needt o store
a l l previous quantities.

µ.,U
① Themost t ime consumingpar t i s matrix-vectorproduct Q * d..

② Thee r r o rmeasured bythe relativee r r o r Hd"a s to l l lb l l .

③ A maximum i te ra t ion step n = length(b) i sgivent o avoidinfinite loops.


