Ch 10 Corgugm%e Gradient Methads

PYOb‘em Seﬁ'ing :(ne‘l‘gn f(x) ' ][(7( :-i—“)(“io\__ (b,x)
Q>0 6. Q s SPD.
Elobal minimiger «* saﬁsjies Qx*=h «*=Q7'b.

Gradient Methods Xpsl = dean{Xk), Ak > () S*E? 5{56
Steepest Gradient Descont = ghul g T
l\ ah ”a
Qg = Mg:\n:g ]L(xn—olVf(xh)) = aﬁvonin I XK-—o\Vf(x;a - x¥ la
| Xer - % g i;: | X - x* la.

Amax (Q)

whaeye K= Amin (Q) IS the COwAi’H‘on numbey of Q.

Tdeal caga K=1. When w»1, convengence is slow.

Steepest descent method in search for minimizer in a narrow valley.



OY’U’\O%OYIQLC&% Clagsic L5 imney pY()c{t,ch X 4) = Y'x=oY%=(Y,x)

XxLY & (x4)=0 l f'

X 1pgd & (x4$)g=0 ovthogonal Q- «Fmog,anal
G a=(0%4) = (2,04 = YAx = XQY

To SPee,cL p ?(mdzevd; methods , choose divections {di} oﬂ]f«o&ma[/ n

(. )a N[ P*rocf/uct 07 1N SL\OVJC Q- thoa/wal, o Comw&wﬁe
That s d d =0, JCW ck

P\rojecjcfon, o\/‘dlogomtdg, ond shovtest distance

A classical 3eome15&d¢ pvoplam . Given a P[ome S and, b point x &S,

'ffnc( the Fofnlo on'S s+ the c{is—Famce +o X s “minlrnféec(,
X

/ / min 1Y) = "l{“x g“ ()
|\ Yeg

/ /'/ 7y = Y-x.

Vf(}) =0 = Y=x. (habs wmvzg?
/1& T(nis (s 4 Cons’l?dneo( mfm‘éo&:‘on Pmblem.
/| \

/ /'Q' / Choose an arbibany point Xo€ S
T

he so{mjr{cm ~'Eo (%) (% g(\/en ba, —%é P'Ygiec{(oy/,



/& The vectr X —Xo = Projs (x=%)
/| \

// 'n/ Given o U, Projg U €S sadicfies
‘

(onjsu, V) = (w,v) YUES.

Lomma. [et Xe—Xo = PTOJS(X_X")' Then, X-Xe LS, .

(x-%k, v) =0 YUES (1)

Conseguently [l x-20n] = min [ %= 4. (2)

P1. By defmiton of Projs ( Xe-xo, v )= (X-%,v )  WVES.

which s (1) by vedarrameament.
d W U-%pe S

=%l = (K= %e, X=Ke) = (%=, X=4) + (X=X 4=TF0)

Slx-xellllx-41
Cance| one llx=%kll 4o gob =Xl < UX-41 V4es,
The éﬁm(k(g holdls when Y=xk. This cwle%@s the pvoof o]t (2), #
Heve we obuse netodion S -treat it as aset of points, e.q. %, €3

and as & set a{ vectovs, ey. V= 4-%€S. The loder one <3 (ndeed T,S -

Question . What is the solution +o ?‘rél_g = | x—g(l;v 9



Congicley prololem/ ?'2 7 “X‘ﬁ”
¢

. —- NN
Choose om wvbllcmnﬁ point %o€S, (et X=X = Projg (x-%), where

For WeR", Produes st (Proj%u,v‘)a: (u, Vg Yves.

Then 1x~%ellg = ?ég | %= 4llg

proo} is almost idewhical . Leawe 0 am axercise.

Cuadrabic Pm%mmwin?( x=0b is %egleboi in
m Ty = < UYly ~ (b, 1 I
”Y;e“’é“ ]C 2 131 3 l ! @ Q

Start fmm an ow\oiwtwé\r Xo. Comsider a4 R-dim Smbspace S¢ R"
Look for %k st. Xe-% €S and distamee between Xk and % (s
mm«mlged. min [[x- 4 || 2 or min [ x-4o 2
4-xy €S d-%tS

X

/4\ Illg avd C;)q is-the vight choice
/ .
——\ 0 Ovigmau(. pmb}em

// - /\ 'mﬂin llﬁ’X”Q

S: veclor SPaLe @ PVOJ?(X-%) (3 Compuialole/
S+ Xo: seJco{) potrhg witheut know(n% X .




(%= %o, W)g = (Q(x-%),¥) = ( b~ Qxs, V) = «(ViCw). V)
e dow't know % but Qx=b (s known'

So Xe-Xo = qujg (X -%), Xp=Xot Projg(x- Xo) (% the solukion

Examples oj SubSFaces,
(D dimS=1. Now changa metation %o~ Xk Let §p= VF(xe),

S = span { §r} . ma [ x-§ g

4-%ke€g
Optimal pt Xwa is e - Xie = P& (- )

(Xwn ~2e, )g = (X-%r,¥)q ¥ VES.

Choose V= G basis of §. | (ks =Xk, Grlg = (X-Xr, dk)a | (4)

Now wyite Xeti-Xe=-dgdr and notice (l(%- Xk) = b- A%k = -%&

- 1l

) becomes (r 3k, dr)g = (9r.4x) s0 & :
“gkl(o_ '

This & the Sjceepest dascent method and

I X~ %rei llg = Q”-’Zﬁs“ X-4ll, = min | %= (e -aVf(x) [

@ dimS=n. Chose %o €R" (ohot is ;_"7‘;:"68“ X-¢lg !

As XER" the amswer s Y=x! S=R" mnon-comshained problem.



(3 S=spanfdod, -, drt . (di,dj)a=0. for i&j.

Ch bong Koo min 7 lx- 4l
0056 awbiTan Ko ;)2‘72)65 dllq

The best Xk can be foomd by Xk~ X = ijsa(x— Xs)

(Xk-%o, Vg = (X~%, Vg Y VES (4

Xe-Xo €S meons Xe- %X = é A CLL, (/oiJCLL COQﬁ(‘CfQW)S A to be c[eﬁmineol.
Choose U= dj in &), we get
k
(goolzdt, dj) o = (£-%o dilg = (Q(x-%a), dj) = =( 8, 4d)

" a50dj, di)g Simee (didj)g=0 for ikj.

(30 d;) .
\go & - - ) =V, '“',&-
- (dj, 8;) . frrizol

RéCYUSWQ ]Cwmb{[&é . X4t = Xp t+ &hd«h . Ap = -

EN
IGely

When k=n, S= SPOL’” {4, da," dn} Then

n (3o, di)
X=Xo = Sdidi a4 = - 9% =l,, M,
° (=1 ’ - (dl, dL)Ov ' ]COY L

So we can jf?'nc[ X by comTmecinéL i usf‘ngf o, i, i=1,m.
Xo s arbﬂmvac. Bucts how o gets Q- oithoganal, basis {d:}?



Question: How +o j{m{ con J‘mjo&e divactions eﬁ[c (exthy ?

Assume. we O'(MaA"A/ have (L-ovth divections { do, di, -, drt
M odd a new vactor @ make b Q- ovih

Fiyst two steps

To gfont with, chose do =-3(xs). Now S = span {do}. Find by
Q-projaction.  Ki-Xe= Proj& ( x-x,)

Wyde X -%o = do Clo. Bg, C[é][(VIL‘(?(OVL (7(1 ~ Xo, (‘lo)a = (X‘ X, do)&

So X, = Xo“'dodo | o= - (3'0, CIO) olo(do, do)a = (0\7(-. 6\7(0,({0)
(do, ds)g = - (4, do)

The new vacfer +o be added, s -4, =-4(x) = b~ Q.
Claim. (31 51'0)‘ :
Pf x-% l|a= x;&sllx-gll; = Z\m‘n By ER) = | X"(?Co"‘ddo)u;.

As do= orgmin FQ) - Fla)=0. Compute F1@)=2(x-(tatads), do)q
3'(a) =) s éﬁ@valén‘t Yo
(O»(X“(Xo'l‘dodo)), do) = ( b- G,X-(, do) = ( g(, C{O) =(. #

In géﬁ’léj’a’(, 5{266[)&5‘(,' C){QSCQM‘{T a(ondq ({IYQC{I(\CM dk, 8. Xgt1 = Xt Ak d,k

with & = - ((i: i:) wil M‘P'ﬂf (e, i) = 0.




Ao/ The ovthogonality s in C,-). Bub we meed (do di)g =0
N Look For d:esFan{do-ﬁi. Wyde di=-9.+8d,

Use COhCLL‘l:(on (Cll C[o 3,1‘@010 o) 0. =0 o 3@(7
_ (8‘, do)a TL\(J ) C(Aueo(
P (do, do)g Grom-Schmid

Geneval steps.
SuPPose We howe &—WCM&MQL veclors {do, ds, =, dn}  Comsider the
SULbSPOLCe S=8Pan{do,dn, "',Clk} and Com[)wfe K| bg O.—Png{‘eclc{on

Xipr = %o = Pngg” (% - %)

k FueQ
Wycte Kps - %o = ?::3&2 di . B& Cl/&ffni:(?(on ) (Xh-\-l - Xo, W) o= ( X~ Xo, U)a (%)

Chose v=d:i and use (de, dj)a =0 ]Cmfj*fi, W{ Can compufoe

(éooljdj ,dl)&z olz(di,dl)a = (X=X, CLL)CL = (d%—(lxo, Cl:) ’—'*(go,d:)
L (go,di\ ; -k
SO di= CROI Tov =0,1,-, k.

A]Cter we %et X1, comPudoe Qs = V]C(xk+,) = O Xy -

NOW Wwe wae {A'O) dl,'", dk, —QR'HE ? {AO, Cll,"', dk, C]R‘HE
Grom-Schmids



wYL—t-Q dhﬂ = —gk{-] +€Cllo,’\' yk-,dk-\ + ... + Yo d,o Cmd rse
(deet, i) =0 o f(ﬁm’e out COéﬁECEew—Ls ]Cmf =01 . k.

M&&iC j:atl:: OLL( YL:O, (‘e dh‘\'lz'gkﬂ +€CI~K, @: ((gcfﬂ,jhia
R, AR/}

ExFldrebﬁe avﬁ\oazowa['ﬂ%' of Jun Trom the a—wm?(m% X=Xew Lg S
Lemma, Le‘t Xgrr — Ko = PYng'(X*Xo) and, 81@” "—'V]C(Xlw): QL K "b.
Then @ ($r, di) =<0 for =01,k

@ (e, di)g =0 for =01, R-1L.

Proof. g

/|\ O) We have X=Xk LasS.

// ,/aczl/\% (X“ Xest, di)a =0 Vi=0,1,-,k
g %o ‘ %hi-l' LHS, (Qlx-%y), do) = - (4, d:)

@ S=span{ds,di . de} = Sym{go,gl 4t
We can write X+."‘°+J§O°b% = Ko+ z.oz dij+ did; = X +aud;

So i Qdi = Qxon = Q% = Gin gbes Jor i=0,1,-, k-1,
As QdieS, ]Cvom (1), (j(k,,,,d;)& = (gml,&di.) =0 ]Cm =01, k-1 #

C(}Ylsegmavrt ‘gdkﬂ— ﬁkﬂ'"@dh"‘ La, d 'ﬂ'VOYVl (d«k_-(-] ) O’
b\]é&é}b XL(d/ CL )O\ = (%h—u d = ]CCO’ =0,1,, k-1,



Conjugate Gradient Methods

Problem sett(ng, min_ T(Y)= éjl\zill& - (b4 (1)

wheve Q is SPD, i.a. Q=@", G>0.
OPJcEm(goHcion Prob[em (1) 13 eﬁmva(ent to

&X=b| (2)

Koy Steps @ Q-orth projection bo § = Span{ds, ds, -~ de}  Projg
Xetr = %o = Pm_jg (x-%,)
® Gram-Schmidt process o get dies
it = = Geer + Bk
(3) Three-terms vacrusive ]Cormula,.

r Xp+1 = Xb.'i‘dhclh’ AR = (X— xo’dk)o\ = _(3o,dh)
(de.dela (Qudk, di)

3!&1 = gb,"“olhadh

L d,-\- == 4pn T (‘lh = (gk“/dk)ou: (ﬂ'hﬂ,dk)o.
o = B, B (dk, de)a. (Qdg, dw)

Remavk More eﬁ(c ent (lesg comFmLoJc(omL cost) formulas

= (%K,gk) - (3‘('\'!, gk“'l) . - 1
& , = n which |
k (0de. dn) Pr (3, 9,) m which 14k can be Yeused,

AN




A lgov'ﬁchm Due £0-the three -term fovmulae, there is mo meed 4o Sl
ol previow Wwﬁﬁes.

function x = CG(Q,b,x,tol)

tol = tol*norm(b);

k=1,

g=Q"x - b;

got = g0’;

d=-g;

d2 = d™(Q*d);

while sgrt(d2) >= tol && k<length(b)
Qd = Q*d;
d2 = d"Qd;
alpha = -g0t*d/d2;
X = X + alpha*d;
g = g + alpha*Qd;
beta = g’*d/d2;
d = -g + beta*d;
kK=Kk+ 1;

end

Remark

() The most time censumimg. part (s motbu&x—\/ec‘t_crr pmc{ucb axd .

(2 The evror measwred, by the raladiva ervr lldlg < ol bl

® Amaximum teyodion step n = length(b) s 8£ven to avoid c‘nﬁn‘d@ loops.



