Conditions for [ocal Minimizexs

Global mintmiger x* . (0 > $(x) ¥ x€ L\{xF)
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Figure 6.1 Examples of minimizers: x;: strict global minimizer; x2: strict local
minimizer; x3: local (not strict) minimizer.



Fivet Oydar Necassary Condetion

Theorem. If x* is a (oeal wminimger of § ovey L. then for omy
Feosible divaction d at %*, we howe

VT(x*)-d > 0.
Exp{ma%ian. O Teasibla divection d at o point X ESL is o divectim
$o that - S+wrf2418 f'm'm x amd moving, +owards d vemains in J).
Mot lMgmae; F,>0 S.t. X+dli,e~ﬂ,, VAE[0,80]

Fiéwre,;

@ TT*)-d : mner product o]t two veclars . Also wride ag

& VTR o (Viem), d), (vfed), d>

.%3‘::1 a Vf- d s the divectional e[uimaﬁw when Idi=1.

® Define @ = f(xF+ad) for a0l
Then $'(0) = { lim $@ —¢r0) _ lim Fx¥+ad) — F(x¥)

CRed' a a0t A DQ'J"
7fxt) - d Chain yula



Proof. Let d be amy feasible direction at x*. Define E(@)= ] (xead]
Then F(x*+ad) - fx*) = §(a) - ¢r8) = £0) & + 0)
=(vfex)-d) a+ o)
If x*isa local mingger (3¢, 5.t $602 fo v xe N\ {x*Y & (x-x*l<s)
Tor sufjicieﬁcﬂa small & (&g. [adll <€), F(¢F+ad) ~F(x") >0,

Then o) = V(xk)-d > 0. #.

FONC  Two passibilitias for aai/wn ]tea.si!ale_ divaction d.
{ Vi(x¥)-d >0 then 'f(x**-&d) > Fxt) for all suificientty small a»p
Tf(xt)-d=0. Check second-order derivative

Second,- Order Necessary Condition
Theovem. If x* is o [ocal wminimigen of T over Ju. and thare exists
o Teasible divection d ot 2* st. VF(xt)-d =0, Lhen
") d 20,
Proof. Consider B@)= Fx*sad) and ks T"‘diw senies ot d=0.
Ba) = o)+ g%eaﬁ + 580" + o(a)
0s B0)= 7F(x*)-d =0



So we hawe, B ~B(0) = 5 §"(0) &+ o(a") . Wyifen in termg
Oj' 'f (s f(x*‘f'dd) - 'j:(x.*) = —&2— dT sz(x*) d + a(az.).

If d'Vf(e)d<0, thew for sufficietly small & (how small?)
f(xt+ad) - $H = —"-;: &7V d + @) < 0
which coifradicts that x* is o. local mini m{&ejr. #

Covsl[avg, x* is an wbarior local minimer of .than
- FONC.  7F(x) =0.

- SONC. d"TH0e*) d 20, vdeR"
Examples. 6.3 (page 86), 6.5 (poge &9).

Necessav& cond,itions ave mot smﬁfcien’c

Af(x)

f(z) = 2°, f'(z) = 322, f'(z) = 6z 0 is a saddle point: Vf(0) = 0 but
neither a local minimizer nor maximizer
By SONC, 0 is not a local minimizer!



Sacond- Oydey Smﬁ{ciertt Cond,ition

Thé.3 (S0SC) FE€CH (). x*eQ (5 om intewior point .
Suppose that © TF(x*) =0 5 @ Tf(x) »0.
Than  x* & o Slviet ocal, minimger of- .
PE. T >0 & Amin (TF0H) >0
(Pyova by A{MM'{'FW of Vi) =0AQ)
For a feasib(e divection d=0 dej-ine BA) = 'f(')&*'!' ad).
Then B(&) = B(0) + Bl0)a + 5 F"(0)&" + 0@") |
Fod+ad) = Fo) = Bla) - gro) = = B70)d+ o ()
= £ AP d o+ o)
> L Amin [dU "+ 0@@) >0
i{ A i su]‘j(cfmtl& small. #
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