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1. Introduction

1.1. The aim of this paper is to give an exposition of some recent progress
on the computation of the unitary dual of a reductive group over a local field of
characteristic 0. The results are for Langlands quotients of minimal principal series,
and form the subject of [Bal], [BP], and [BC1].

Let F be the real field or a p-adic field of characteristic zero, and let | | denote
the absolute value, respectively the p-adic norm. When F is p-adic, we let

(1.1) O={zeF:|z|<1}, and P={x eF:|z| <1},

be the ring of integers, respectively the unique prime ideal. Let O* = O\ P be the
set of invertible elements in the ring of integers. We fix an uniformizer w € P, and
then P = wO. The quotient O/P is isomorphic to a finite field F, of characteristic
D.

Let G(F) be the F-points of a linear connected reductive group G defined over
F. Assume that G(F) is split. This means that G has a Cartan subgroup H such
that H(F) is isomorphic to a product of r := rank(G) copies of F*. In this paper
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we will deal almost exclusively with split groups. Since G(F) is split, G also has
a Borel subgroup which is defined over F. Choose such a Borel subgroup B, and a
split Cartan subgroup H C B.

The reductive connected algebraic group G is determined by the root datum
(X,R, ), R), where X is the lattice of algebraic characters of H, ) is the lattice of
algebraic cocharacters of H, R is the set of roots of H in G and R are the coroots.
Then H(F) = Y ®z F*. The choice of Borel B determines the positive roots R
and positive coroots RT. Also let h = Y ®z C be the complex Lie algebra of H(F).

Let VG be the dual complex connected group corresponding to (J),R, X, R).
Denote by H := X ®z C*. This is a Cartan subgroup of VG. Its Lie algebra is
h = X @z C. The torus H has a polar decomposition

(1.2) H = H, - Hy,, where H, = X ®7 5 and H, = X ®z Rso.

A semisimple element s € VG is called elliptic (respectively, hyperbolic) if s is
conjugate to an element of H, (respectively, Hy). Similarly, the Lie algebra b of H
has a decomposition into a real (hyperbolic) part hg = X ®z R and an imaginary
(elliptic) part hr = X ®z iR.

We fix a maximal compact subgroup K in G(F) in the real case, and K = G(0)
in the p-adic case. Set °H = H(F)N K. In the real case °H is isomorphic to (rank G)-
copies of Z/27. The familiar notation for Y H in this case is M. In the p-adic case,
YH is isomorphic with (rank G)-copies of O*.

For a character x of H(F), the minimal principal series X (x) is defined to be

(1.3) X(x) =IndG) (x ® 1),

where Ind means unitary induction. Each such principal series has finite composi-
tion series, and in particular a canonical completely reducible subquotient denoted
L(x). This paper is concerned with the problem of when the constituents of L(y)
are unitary.

A character x: H(F) — C is called spherical (or unramified) if its restriction to
H is trivial, i.e. Y := x|og = triv. It is called nonspherical (or ramified) otherwise.

There are two main themes in this paper: the first is to describe what is known
about the unitarizability of the unramified subquotient L(y), and the second is
to relate the unitarizability of the Langlands subquotients of ramified minimal
principal series X (x) of G(F) with the spherical unitary dual for certain groups
G (%) attached to Y% (see definition in 1.9).

1.2.  We begin with the case when the character x of H(F) is unramified.

A representation (m, V) is called spherical if the set VE of vectors fixed by K is
nontrivial. By Frobenius reciprocity X (x)¥ is 1-dimensional when x is unramified.
Thus X (x) is spherical, and has a unique irreducible subquotient which is spherical.
In the unramified case, this is precisely the canonical subquotient L(y) alluded to
earlier.

The basic example, going back to [Bar] is G = SL(2,R). Then H(R) = R*.
The unramified character y can be written as

(1.4) X=Xv: HR)=R* = C, x,(2) =1z]", z € R*, for some v € C.

When v is purely imaginary, X (x,) is irreducible (and unitary). If v is real, then
X (v) is reducible if and only if (&, v) € 2Z + 1. When (&, v) = 1, respectively —1,
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then the trivial representation is a quotient, respectively a submodule of X (x). The
spherical Langlands subquotient L(x, ) is unitary for

(1.5) v eiR, and,
v € R, such that —1 < {(a,v) <1.

1.3. Now we consider the similar example for SL(2,F), when F is p-adic.
This is again well-known ([Sa]), and we refer the reader to chapter 9 of [Cas2] for
a detailed treatment. The unramified characters of H(F) = F* can be described
similarly to (1.4), but since now | | is the p-adic norm, the actual parameterization
is
(1.6)

X=xv:HF)=F" —=C, x,(2) =|z]", 2 € F*, for some v € C/(27i/log q)Z.

When v is real, X(x,) is reducible if and only if (&, ) = +1, which is the value
of the parameter where the trivial representation is a subquotient. But when v
is purely imaginary, there are two cases one needs to consider. If v # mi/loggq,
then X (x,) is irreducible (and unitary). If v = 7i/loggq, then X (y,) decomposes
into a sum of two irreducible submodules, both of which are unitary. It is worth
noting that the Weyl group W = Sy acts by v — —v, and v = i/ log ¢ is the only
nontrivial parameter so that x, is fixed by W.
The spherical Langlands subquotient L(x, ) is unitary for

(1.7) vei(R/(2n/logq)Z), v # mi/logq,
v=mi/logq, and
v € R, such that —1 < {(a,v) <1.

What should be noted from equations (1.4), (1.5) and (1.6), (1.7) is that, if v
is assumed real, then the parameter sets for the spherical representations and the
unitary sets are the same for both real and p-adic case. This suggests the following
natural questions:

(a) Can the determination of the unitary representations be reduced to the
case when the parameter is (in some technical sense) real?

(b) If the parameter is assumed real, can one generalize the identification
of spherical unitary duals between the real and p-adic cases to all split
groups?

When F = R, the answer to (a) is the well-known reduction to real infinitesimal
character to Levi subgroups for unitary representations (see Chapter XVI in [Kn]
for example). In the particular case of spherical representations, the reduction has
a simple form. Assume v = Rv + iSv with Sv # 0. Sv defines a proper parabolic
subgroup Pg, = Lg,Us, of G (similarly to the construction in section 2.9). Then

(1'8) L(XV) = IndIGDgl, (Lms, (XFRV))v

and since this is unitary induction, L(, ) is unitary for G if and only if Lz, (x»v)
is unitary for Mg, (a proper Levi).

When F is p-adic, the situation is more complicated as already seen in the case
v =mi/logq in SL(2). The answer is positive nevertheless for the representations
which appear in unramified principal series, and it is the subject of [BM2].

The answer to (b) is known to be positive, at least when G is of classical type
([Bal]). But in order to explain this (and the reduction to “real infinitesimal
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character” in the p-adic case), we need to introduce the Iwahori-Hecke algebra and
its graded versions.

1.4. Let F be a p-adic field. In this case, the set of spherical irreducible
representations are part of a larger class, the Iwahori-spherical representations. Let
K, C K be the subgroup of K of elements congruent to I'd modulo P. Then there
is an exact sequence

(1.9) 11— K, — K- K/K; 2G(F,) — 1.

The group B(F,) is a Borel subgroup of G(F,). Then Z := 7~ 1(B(F,)) is an open
compact subgroup of K, called an Iwahori subgroup. The Iwahori-Hecke algebra,
denoted H is the algebra of locally constant compactly supported Z-biinvariant
functions under convolution. If (7, V) has Z-fixed vectors, then H acts on VL. Let
C(Z, triv) be the category of admissible representations such that each subquotient
is generated by its Z-fixed vectors. A central theorem in the representation theory
of reductive p-adic groups is the following result of Borel and Casselman.

THEOREM 1.1 (Borel-Casselman). The association V +— V7T is an equivalence
of categories between C(Z,triv) and the category of finite dimensional representa-
tions of H.

1.5. The Hecke algebra H also has a * operation f*(g) := f(¢~!). So it
makes sense to talk about hermitian and unitary H-modules. The next theorem
transforms the analytic problem of classifying Z-spherical unitary representation of
the group G(F) (F p-adic), which is about infinite dimensional representations, to
the algebraic problem of classifying finite dimensional unitary representations of H.

THEOREM 1.2 ([BM1],[BM2]). (m, V) is a unitary representation of G(F), F
p-adic, if and only if VT is a unitary module of the Iwahori-Hecke algebra H.

The proof of this theorem requires the classification of the irreducible finite
dimensional representations of H from the work of Kazhdan-Lusztig ([KL]). We
give an outline of the machinery involved, more details are available in later sections.
The algebra ‘H has two well-known descriptions in terms of generators and relations.
The original description is in terms of the affine Weyl group ([IM]). We will use
a second one due to Bernstein, because it is better suited for our purposes (see
section 3.1). Schur’s lemma for H holds, so the center of H acts by scalars on
any irreducible finite dimensional representation. By the aforementioned result of
Bernstein, the characters of the center of H, which we call infinitesimal characters
in analogy with the real case, can be identified with semisimple orbits of VG.

Therefore, they are also in 1-1 correspondence with W-orbits of elements of H.
Suppose s € H denotes an infinitesimal character. Decompose s = s, - 55, where s,
is elliptic, and s hyperbolic.

DEFINITION 1.3. The infinitesimal character s is called real, if the W-orbit of
Se has only one element.

[BM1] proves theorem 1.2 in the case when the infinitesimal character is real.
Then [BM2] extends the result to all infinitesimal characters. In the process,
[BM2] shows that it is sufficient to determine the unitary dual of the graded version
of the Iwahori-Hecke algebra defined in [Lul], denoted H, and in addition it is
enough to consider modules with real infinitesimal character only.
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The affine graded Hecke algebra is the associated graded object to a filtration
of ideals of H defined relative to a (W-orbit) of an elliptic element s.. It has an
explicit description in terms of generators and relations, similar to the Bernstein
presentation ([Lul]). For example when s, = 1, as a vector space, H is generated
by a copy of C[W], the group algebra of W, and a copy of the symmetric algebra
A = Sym(h), with a nontrivial commutation relation between C[W] and A. (See 3.3
for the precise definition.) The center of H is AW, so the central (“infinitesimal”)
characters are parameterized by W-orbits in h. We call an infinitesimal character
for H real if it is an orbit of elements in hg.

When s. # 1, we refer the reader to [BM2], and we will only give the details
(which are representative) for the case of SL(2,F). [BM2] proves that the unitarity
of a H-module with infinitesimal character s = s.sy, is equivalent with the unitarity
of the corresponding H_-module with (real) infinitesimal character log s;,, where
Hs;, is the algebra obtain by “grading” at W - s..

1.6. We explain the example of SL(2,T), F p-adic, in this setting, and illus-
trate the role of the Hecke algebra. The dual complex group is VG = PGL(2,C).
The algebra H is generated (in Bernstein’s presentation) by T' corresponding to the
nontrivial element of W, and € corresponding to the unique coroot, subject to the
relations

(1.10) T? = (¢ — )T +q, T0=0""T+(¢—1)(0+1).

The center of H is generated by 6 + 071 Homomorphisms of the center correspond
to W-orbits of semisimple elements s = s.s, € H. In the correspondence 1.1, if
V is a subquotient of X(x,) (as in (1.6)), then the center of H acts on VZ by
¢” 4+ ¢~ . The infinitesimal character s € H is (the W-orbit of) <g a(_)1> , where
a = vlogq/m. As noted in section 1.3, the principal series X () is irreducible for
v # 1,v # mi/logq. When it is reducible, the constituents are: the trivial module
(triv), the Steinberg module (St), which is the unique submodule (discrete series)
at v = 1, the two components X g5, and X ponspn at v = wi/logq. They correspond
to the four one-dimensional Hecke modules as follows:

SL(2)-mod H-mod Action of Z(H) Inf. char. s Se

. _ logq/m 0 10
_ _ 1

triv T=gq, 0=q q+q ( 0 /log g 0 1
St T=-1,0=q" g+q!

— i 0 i 0

Xaph T=q 6=—1 -2 <o _Z.> (0 _i)
Xponsph | T=-1,0=—1 —2

Relative to s., there are three cases as follows.

1 0
1.6.1. s. = 0 1

Hecke algebra is generated by ¢, w subject to the relations

). The infinitesimal character s is real. The affine graded

(1.11) =1, twtwt=1.

This case is relevant for the unitarity of the complementary series in SL(2,TF).
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162 se=(, _

—1, the affine graded Hecke algebra is the group algebra of the affine group gener-
ated by ¢, w with relations

(1.12) t?=1, twtwt=0.

! O.). The infinitesimal character s is real. Because 6(s.) =

The finite dimensional representation theory of this algebra is also well known, but
quite different from case 1.6.1. In particular, at real infinitesimal character the only
unitary representations occur at s;, = 1. They correspond to the two modules X4y,
and Xnonsph-

1.6.3. s. = (8 Cgl . When (? # 41, the infinitesimal characters are not
real, so there is a reduction to a smaller algebra. The affine graded Hecke algebra
H,, in [BM2] is generated by E¢, E¢-1, t, w satisfying the following relations:

(1) Eg = F, Eg,l = FE¢1, B¢ - Ec-1 =0, E¢ + Ec~1 = 1, in other words
they are projections,
(2) tE; = Eqt, Eit =tE:1,
(3) 2 =1, tw +wt = 1.
Let M5 be the algebra of 2 x 2 matrices with complex coefficients and the usual
basis F;;. Let A be the polynomial algebra generated by w. Then theorem 3.3 in
[BM2] states that the map m ® a — ¥(m) - a from My ®c A to Hy,

v MQ i Hse

By — Ee, FEig— Ect, FEo —tE:, FEypw—tEit= Eg—l

is an algebra isomorphism. Therefore Hg, is Morita equivalent to A. The equiva-
lence also preserves unitarity. It follows that the only unitary representation with

such infinitesimal character is the trivial one. This case corresponds to the unitarity
of X(x,), v purely imaginary, but v # 0, 7wi/logg.

(1.13)

1.7. Now we can describe the role of the graded algebra H in the determi-
nation of the spherical unitary dual of G(R). The SL(2) examples suggest that, in
this correspondence, under the appropriate technical assumption (“real infinitesi-
mal character”), there should be a matching of the unitary representations. The
technical notion for proving this correspondence is that of petite K-types for real
groups, which were defined in [Bal] and studied further in [Ba2] and [BP].

In theorem 1.1, the unramified principal series X () correspond to the induced
Hecke modules H ®4 C,, where x can be identified with an element of h. The
action of H on this induced module, which we will denote by X (x) as well, is by
multiplication on the left. Therefore as a C[IW] module it is isomorphic to the left
regular representation,

(1'14) Z Vw (24 VJ;
(1, Vy)EW

A module (7, V) of H is called spherical if it has nontrivial W-fixed vectors,
i.e. VW #£(0). It is clear from (1.14) that the H-module X () contains the trivial
W-type with multiplicity 1, so it has a unique spherical subquotient, denoted again
by L(x). In theorem 1.1, spherical modules for H match spherical modules for G(FF).

Assume that x is real and dominant, and such that the spherical quotient L(y)
is hermitian. Then X (x) has an invariant hermitian form so that the radical is
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the maximal proper invariant subspace (so that the quotient is L(x)). Each space
V,; inherits a hermitian form Ag(x) depending continuously on x so that L(y)

is unitarizable if and only if all AE(X), NS W, are positive semidefinite. The
set of relevant W-types defined in [Bal], [Ba2], [BC2] is a minimal set of W-
representations with the property that an L(x) is unitary if and only if the form
Ay is positive definite for all ¢ relevant.

EXAMPLE 1.4. For G = SL(n), the representations o of the Weyl group W =
S, are parameterized by partitions, and the set of relevant W-types are formed
only of the partitions with at most two parts ([Bal]). In G = Eg, there are 112
W-types, and only nine are called relevant ([BC2]).

Now consider the case F = R and y a real unramified character. Assume that
there is w € W so that wy = x~!. This is the condition x must satisfy so that
X (x) admits an invariant hermitian form. Assume further that y is dominant so
that L(x) is the quotient by the maximal proper invariant subspace. The maximal
proper invariant subspace is also the radical of the hermitian form, so that L(x)
inherits a nondegenerate hermitian form. Then for every K-type pu, there is a
hermitian form A (x) on Homg 11, X (x)]. The module L(x) is unitary if and only

if AE(X) is positive semidefinite for all . By Frobenius reciprocity, we can interpret

Aji(x) as a hermitian form on (V:H )*. Moreover (V:H )* is a representation of W
(not necessarily irreducible). We denote it by 1,,.

The petite K-types are K-types such that the real operator Aﬂj(x) coincides
with the Hecke operator Ag“ (x)- The petite spherical K-types for split G(R) are
studied in [Bal, Ba2].

EXAMPLE 1.5. For the spherical principal series of SL(2,R), (where K = SO(2)
and W = Z/2Z) the only petite SO(2)-types appearing in X (x) are (0), and (£2),
which correspond to the trivial, and the sign W-representations respectively.

The main result is that, for every simple split group G(R), every relevant -
type occurs in (V:H )* for a petite p. The consequence is that the set of unitary
spherical representations with real infinitesimal character for a real split group
G(R) is contained in the set of unitary spherical parameters with real infinitesimal
character for the corresponding p-adic group G(F). In fact, for the split classical
groups, [Bal] proves that these sets are equal. (This is false for nonsplit groups,

see [Ba3] for complex groups, [Ba4] and [BC3| for unitary groups.)

1.8. The description of the spherical unitary dual (for real infinitesimal char-
acter) when G(F) is a simple split group has a particularly nice form. The details
are in section 5, where we also explain the main theorem.

View the spherical parameter y as an element of hgr. Then, motivated by the
results in [KL], one can attach to y a nilpotent YG-orbit O(x) in § as follows. Note
first that because x € g is semisimple, the centralizer VG(x) is connected. In fact,
it is a Levi subgroup of YG. Define

(1.15) g1 ={Xeg:[x,X]=X}.

This vector space consists of nilpotent elements of §. The group VG(x) acts on §;
via the adjoint representation with finitely many orbits. Therefore there exists a
unique orbit which is open (dense) and we define O(x) to be its YG-saturation.
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For every nilpotent orbit O in g, we fix a Lie triple {¢, h, f} (see [CM]), and
we denote by 3(O) the centralizer in § of this Lie triple. Then, in particular, any
parameter x for which O(x) = O can be written (up to W-conjugacy) as

(1.16) x="h/2+v, vej;0).
In fact, according to [BM1], O is the unique maximal nilpotent orbit for which x
can be written in this way.

DEFINITION 1.6. We define the complementary series attached to O, denoted
by CS5(0), to be the set of spherical parameters x such that L(x) is unitary and
O(x) = O. Clearly, the spherical unitary dual of G(F) is the disjoint union of all

CS5(0).

When O = 0, i.e. the trivial nilpotent orbit in §, the set of parameters y such
that O(x) = 0 corresponds to those characters y for which X (x) is irreducible.
By the results of [Vo4] in the real case, [BM4] in the adjoint p-adic case, these
are precisely the spherical principal series which are generic, i.e. admit Whittaker
models. So C'S5(0) consists of the unitary generic spherical parameters for G(IF).

The reducibility of the spherical principal series X () is well-known. X (x) is
reducible if and only if

(1.17) (&, x) € 2Z + 1, in the real case,
(v, x) =1, in the p-adic case,

for all @ € R. Assuming x is dominant, C'S3(0) is necessarily a subset of the
complement in the dominant Weyl chamber of hg of the arrangement of hyperplanes
given by (1.17). The region of hg in the dominant Weyl chamber on which all coroots
& are strictly less than 1 is called the fundamental alcove. Moreover, any region
in hr which is conjugate under the affine Weyl group to the fundamental alcove is
called an alcove. Since the spherical principal series X (x) is irreducible at y = 0,
by unitary induction and a well-known deformation argument, the parameters in
the fundamental alcove must be in C'S5(0).

We can now list the main results of [Bal] and [BC1]. Earlier, for split p-adic
groups, the spherical unitary dual in type A was determined in [Ta], for types
B,C, D in [BM3], and for G2 in [Mu]. For split real groups, types A and G are
part of [Vol] and [Vo2], respectively.

TueEOREM 1.7 ([Ball,[BC1]). Assume F is a p-adic field. Recall that G(F) is
a simple split group, O is a nilpotent orbit in §, with a fized Lie triple {e,h, [} ing,

whose centralizer is 3(O). The spherical complementary series CSg(O) are defined
in definition 1.6.
(1) A spherical parameter x = h/2+ v, v € 3(O) is in CSz(O) if and only if
V1S in CSZ’(@)(O). There is one exception to this rule in type Fy, one in
type Er, and siz in type Es (tabulated in section 6).
(2) CS;(0) is the disjoint union of 2° alcoves in hr, where ¢ and the explicit
description of the alcoves are listed in section 5.3.

THEOREM 1.8 ([Bal]). When F = R, the same description of the spherical
unitary dual holds for split classical groups.
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In sections 5.5 and 5.6, we give an explicit description of the spherical unitary
parameters for classical groups in terms of the Zelevinski-type strings introduced
in [BM3| and [Bal]. We then explain, following [Bal], how this allows one to
write any given infinitesimal character x in the form (1.16), and to check if it
parameterizes a unitary representation as in the theorem above.

For the split exceptional real groups, the same theorem is expected to hold,
but at this point, by the correspondence relevant W-types/petite K-types, we only
know that C'S5(O) in the real case is a subset of C'S(O) in the p-adic ([Ba2, BC2]).

1.8.1. The pictures below show the set of spherical unitary parameters for
GR) = SO(3,2) (H = H(Cy)) and G(R) = Sp(4,R) (H = H(B3)) respectively.
In both cases, the set is partitioned into a disjoint union of complementary series
attached to nilpotent G-orbits in §; the orbits are listed in the adjoint tables.
Note that the complementary series attached to the trivial nilpotent orbit (@ =
(1,...,1)) is the fundamental alcove. The complementary series attached to the
regular nilpotent orbit consists of only one point, the trivial representation.
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FIGURE 1. Spherical unitary parameters for SO(3,2) and Sp(4,R)
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Note that Sp(4,R) = Spin(3,2), and indeed the pictures are the same, up to
the change of coordinates (i1, 12) — (X422, 1222) (from the Sp(4,R) parameters
to the SO(3,2) parameters).

1.9. Now we consider the ramified principal series. If y is a ramified character
of H(F), recall that % is the restriction to the compact part °H. To %; one
associates the homomorphisms

(1.18) x:0% — H, when F is p-adic,
X:7Z/27 ={1,-1} — H, when F = R,

defined by the property that

(1.19) Aox(z) = %oA(z), z€ 0% (or 2 € Z/2Z C R*), forall A € Y,

where in the left hand side ) is regarded as a character of H and in right hand side
as a cocharacter of H(FF). In the real case, the image of x can clearly be identified
with a single semisimple (elliptic) element of order 2 in H.

Define

(1.20) YG(R) = the centralizer of the image of ¥ in G.

In the p-adic case, it is proved in [Ro] that there exists an elliptic semisimple
element s of VG such that the the identity component of YG(Y) equals the identity
component of the centralizer of s in VG. Moreover, the component group R”x of
VG(R) is abelian. In the real case this is a classical result (Knapp-Stein): the group
VG(R) is the one defined by the good roots with respect to %, while Rox is the dual
of the R-group. (For a definition of good (co)roots, see section 2.3 if F is real, and
section 3.2 if F is p-adic.)

Let G(°%) be the connected split subgroup of G(F) whose complex dual is
the identity component of YG(X). The methods described in this paper give a
way to compare the unitary Langlands quotients of the ramified principal series
X(x) = Indggg (x ® 1) with the spherical unitary dual of G(%).

Remark. One may consider the extension G(%)" of G(°) by the (abelian) R-
group R o, = R oy, and say that a representation (m, V') of G(%)’ is quasi-spherical
if the restriction of 7 to G(%) is spherical. A refinement would be to explain
the unitarizable Langlands quotients of the ramified principal series via the quasi-
spherical unitary dual of G(%)’, rather then the spherical unitary dual of G(%).

1.10. We give some examples illustrating the construction of G(%) when x
is ramified.

1.10.1. The first example is the nonspherical principal series of SL(2,R). Let
% be the sign character of Z/2Z. We can write y = % ®|-|¥, and we assume that
v is real. It is well-known that X (x) is reducible when v = 0, and then it splits into
a sum of two unitary representations L(x) = X (x) = L(x)1 € L(x)-1 (the limits
of discrete series). Moreover, v = 0 is the only value of the parameter v for which

L(x) is unitary. In this case, the nontrivial element in the image of ¥ is <(1) _01)

in PGL(2,C). The centralizer YG(x) has two components: the identity component
is the diagonal H, and the other is formed by the matrices with 0 on the diagonal.
Then G(%) is the diagonal torus H(R) = R*, and the only unramified real unitary
character is the trivial one. This can be formulates as: L(x) is unitary if and only
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if x is an unramified unitary parameter of G(%). One refines this statement by
introducing G(%)’. The R-group is Z/2Z, and G(°x)" = H(R) x Z/2Z = O(1,1),
where the nontrivial Z/27Z element acts by flipping the diagonal entries. There are
two quasi-spherical unitary representations of G(%)’ corresponding to the trivial,
respectively the sign representations of Z/27Z.

1.10.2. An example of a nontrivial character % for p-adic SL(2,F), p odd, is
as follows. First set

. X o 17 a 6 (F;)27
(1.21) sgn:Fy — {£1}, sgn(a) = {_17 ag (F)?
Then °H = O, and the analog of (1.9) is
(1.22) 1 —14+P — 0" —Fs — 1

The character % we consider is the pull back of sgn from F, to O*.

Later in the paper, in section 3.2, we will define a correspondence between
the minimal principal series for G(R) and certain minimal principal series of p-
adic G(F), by sending the sign character of Z/2Z to a fixed nontrivial quadratic
character % of Q.

1.10.3. When G has connected center, then VG has simply-connected derived
subgroup, and VG(Y) is connected by a well known theorem of Steinberg. Using
the results of [Ro] and [KL], the Langlands classification for the ramified principal
series in the p-adic case was obtained in this case in [Re]. When G has connected
center, G(%)" = G(%) is the (endoscopic) group of G(F) we consider, and the
intent is to match the unitary Langlands quotients of the ramified principal series

Indggg(x ® 1) with the spherical unitary dual of G(%).

For example, when G = SO(2n + 1), the groups which appear as G(%) in
our cases are precisely the elliptic (in the sense of not being contained in any Levi
subgroup) endoscopic split groups SO(2(n —m) + 1,F) x SO(2m + 1,F).

1.10.4. On the other hand, when G = Sp(2n), the groups which appear are
the split groups G(°%) = Sp(2n — 2m,F) x SO(2m,F), and G(°x) = Sp(2n —
2m,F) x O(2m,F). When F = R, the case of nonspherical minimal principal series
for Sp(2n,R) is presented in more detail in sections 2.6 and 4.7.1.

For example, consider G = Sp(4). If F = R, then "H = (Z/27Z)?, so there are
four characters % of °H: % = triv @ triv, triv ® xo, xo @ triv, and xo ® o, where
Xo = sgn. Since triv ® xo and xo ® triv are conjugate, there are really only three
cases. When F is p-adic, °H = (0*)2. We fix a quadratic, nontrivial character xo
of O, and only consider the similar three %’s: triv ® triv, triv ® xo, and xo ® Xo
respectively. Then we have:

N G(%) G\
triv ® triv Sp(4,TF) Sp(4,T)
triv® xo | Sp(2,F) x SO(2,F) | Sp(2,F) x O(2,F)

The first case is the unramified one. The notation in the table may be confusing
when F = R: we mean the split orthogonal groups, in classical notation, SO(n,n)
and O(n,n).
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1.11. Similarly to the unramified case, we define H(%) to be the graded
Hecke algebra for YG(%), and we denote by H'(%) the extension of H(%) by the
dual R-group. (These extensions of the graded Hecke algebra are defined in section
3.7).

Notice that if % is trivial, i.e. if the principal series X (x) is spherical, then
the R-group is trivial. In this case H'(°x) = H(%) is the (usual) Hecke algebra
H attached to the coroot system of G(F). Also, when G has connected center, or
more generally whenever the R-group of % is trivial, H'(®x) = H(%).

In the p-adic case, at least when G has connected center, the generalization of
theorem 1.2 and of the [BM2] translation of unitarity to the graded Hecke algebra
appears to hold. We will not consider this problem in the present paper, but we
hope to pursue it in future work.

The generalization of the notion of petite K-types in [BP] provides a similar
matching of intertwining operators for the ramified principal series of the real split
group on one hand, with intertwining operators for the Hecke algebra H(%) on
the other. For example, for the nonspherical principal series of SL(2,R), the only
petite SO(2)-types are the two fine K-types (section 2.3), (£1). The difficulty
of defining and computing the petite K-types for nonspherical principal series in
general lies in the fact that one needs to capture at the same time the specifics of
both the spherical and nonspherical principal series of SL(2,R). This is realized in
[BP], and we postpone the technical details until section 4. Instead we present the
example of Sp(4,R).

1.12. The example of Sp(4,R). In this example, we use the more customary
notation § for %, and § for X (defined in 1.9). There are four minimal principal
series X(8,v) (M = °H = (Z/27)%): & = triv @ triv, § = triv ® sgn, 6; =
sgn @ triv, and d2 = sgn @ sgn. The maximal compact group is K = U(2), whose
representations are parameterized by pairs of integers (a,b), a > b. The ramified
character x is written x = 6 ® v, where v = (v1,12), 11,2 € R. We assume that
vy > 19 > 0, i.e. that the parameter is (weakly) dominant.

As in the spherical case, it is well known when X (0,r) admits an invariant
hermitian form. Since the parameter v is assumed real, the condition is that there
exists w € W such that

(1.23) w-0=6, and w-v=—v.

In the Sp(4,R) cases, all quotients L(d, ) are hermitian.

We denote the Weyl groups of G(8) and G(6)', by W§ and W; respectively.
For every K-type p, similarly to the spherical case, one has an operator A]E(é, V)
on the space

(1.24) Homp [p|ar : 6],

whose signature we would like to compute. This space carries a representation of
Ws (and W), which we denote as before by 9,,. The conditions in section 4 used
to define petite K-types are such that this operator is the same as the “p-adic”
operator on 1, for the Hecke algebra H(J) (or more precisely, the extended version
H'(4)).

The tables with examples of petite K-types u, their operators A]E(I/l, va), and
the set of unitary Langlands subquotients of minimal principal series are next. In
the tables below, by “mult.” we mean the dimension of the space (1.24).
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1.12.1. 09 = triv ® triv. This is the spherical principal series. In this case
VG(SO) = SO(5,C). We may assume v > v > 0. Then W5 = Wy = W = W (Bs).
The representations of W (Bs) are parameterized by pairs of partitions of total sum
2. There are 4 one dimensional representations, and one two-dimensional, labeled

(1) > (1).

1 mult. | ¢, e W AR (v)

0,00 | T | (2)x(0) 1
A=(r1+v2))(1—(r1—v2))

(L= 1 [(1,1)x(0) (1+(V%1+u§)%8+(ui)—u§))

(22) | 1 | (0)x(2) (EEnET)

(2,0) 2 (1) x (1) m

where m — —1 (<1+u2>[<1+u1>+<1—u1><u%—uén 201 (1 - ) )
c(v1,v2) 2v1 (1 — v3) (1 —v)[(L—v1) + (L +v)] —v3)] )

and c(v1,v2) = (L 4+ 1)1+ v2)(1 + (11 — 12))(1 + (11 + 12)).

The spherical quotient L(v) is unitary if and only if 11 + 5 < 1, or (v1,10) =
(2,1).

1.12.2. 6 = trivesgn and 57 = sgn@triv. In this case, YG(5;) = S[O(3,C)x
0(2,C)], and VG(0;) = S[O(2,C) x O(3,C)], W(?i = W(A;) and Wis = W(?i X

1 1

W(Aq).

The two principal series are X (6, (v1,12)) and X (67, (v1,10)) with vy > vy >
0. If v1 = o, they have the same Langlands quotient. There is a difference however:
in the case of 0;, the parameter v; corresponds to the SL(2) in G(6;), and v» to
the SO(1,1), while in the case of d; , 1 corresponds to SO(1,1) and v2 to SL(2)
in G(67).

1) We cousider first 5fr and v1 > o > 0. We need to distinguish between two
cases:

(i) o > 0. The Langlands quotient L(8;,v) is irreducible. The operators are as in
the following table.

m mult. | ¥, € W0 | ¢, € Ws AR (v)
(1,0) 1 triv triv X triv | +1
(0,-1) 1 triv triv X sgn | —1
; I—v

(2,1) 1 sgn sgn X triv 1?,1

=)

(—1,-2) 1 sgn sgn X sgn | — 17,

Thus L(v) is not unitary for v, > 0.

(ii) v2 = 0. Then X (6], (11,0)) is a direct sum of two modules, X(1,y(6;, (v1,0))
and X (o,_1)(67, (v1,0)). The Langlands quotient is a direct sum of two irreducible
modules, L(170)(5f, (11,0)) and L(O)_l)(éf, (11,0)), distinguished by the fact that
the former contains the K-type (1,0) (and (2,1)), and the latter contains (0,—1)
(and (—1,-2)). For vy > 0, L(; o) is the unique irreducible quotient of X(; ¢, and
L,—1) is the unique irreducible quotient of X _1). The intertwining operator is
as in the table above. Thus the Langlands quotients are not unitary for 1 < v4.
On the other hand, X(1,0) = L(1,0) and X _1) = Lo,—1) for 0 < v < 1. At
vy = 0, X(6],(0,0)) is unitarily induced from a unitary character 6, , and equal
to the direct sum of L gy and L, —1). Thus L,0)(0,0) and Ly _1)(0,0) are both
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unitary. It follows that L o) and Ly 1) are unitary for 0 < 11 < 1 by the
continuity of the hermitian form in the parameter v;.

In this case, G(6]) = SL(2,R) x SO(1,1). A spherical parameter for this
group, (v1,12) with 11 on the SL(2,R) and v2 on the SO(1,1), is hermitian if and
only if v = 0. The representations L(d;, (v1,0)) are unitary if and only if the
corresponding spherical L(v1) on SL(2,R) is unitary.

2) Now consider 0; , and v1 > o > 0. The intertwining operators are as in
the table for §;” above. But in this case, the Langlands quotient L(8;, (v1,12)) is
irreducible if and only if 4 > 0, which implies that unless (v1,12) = (0,0), the
Langlands quotient is not unitary. At (0,0), there are two Langlands quotients,
same as for 6], and they are both unitary.

The group G(4; ) is SO(1,1)® SL(2,R), with 14 corresponding to SO(1,1) and
Vs to SL(2,R).

The conclusion is that a hermitian parameter for 61i with v1 > v9 > 0 is unitary
if and only if the corresponding parameter for G(éli) is unitary.

1.12.3. 8§, = sgn ® sgn. In this case, YG(d) = S[O(4,C) x O(1,C)], and
WP =W (A1) xW(Ay), Ws = WX (Z/2Z) = W (Bs). We may assume vy > vy > 0.
There are two cases:

(i) v2 > 0. The Langlands quotient is irreducible, and the operators are as in the
table

m mult. | 1, € WY Yy € W;s AR (v)

1,1 1 triv ® triv 2) x (0 1

(1,1) (2) x (0)

—-1,—-1 1 triv ® triv 0) x (2 1
( ) (0) x (2)

(2,0) 1 | sgn@sgn | (1,1) x (0) g;?ggjiﬁ;ggijg‘jg
(0,-2) 1 sgn @ sgn | (0) x (1,1) (1+(V1+V§)(1+(V1_V§)

_ S
-0 | 2| s | )x() | (T 1_<,,1+V2>>
14+ (v1+v2)
+sgn @ triv

The Langlands quotient is unitary if and only if 0 < o <1 — 1.

(ii) v2 = 0. In this case X (d2, (v1,0)) is the direct sum of modules Xy 1)(v1,0) and
X(~1,-1)(»1,0). The Langlands subquotient is the direct sum of two irreducible
modules Ly,1)(v1,0) and Ly _1)(v1,0), characterized by the fact that the former
contains the K-type (1,1) (and (2,0), and a copy of (1, —1)), and the latter contains
(—=1,-1) (and (0, —2), and a copy of (1, —1)). For vy >0, L(1,1)(v1,0) is the unique
irreducible quotient of Xy 1y, and L(_y _1)(v1,0) the unique irreducible subquotient
of X(_1,—1). The intertwining operator is obtained by taking v — 0 in the table
above. This means in particular that the operator on (1,—1) is };Zi Id. Thus both
L(1,1y(v1,0) and L(_y,_1)(v1,0) are not unitary for 1 < v;. At vy = 0, the module
X (02,(0,0)) is unitarily induced from the unitary character d2, so both Ly 1y(0,0)
and L(_;,_1)(0,0) are unitary. Since both X(; ;) and X(_; _) are irreducible for
0 < vy < 1, the unitarity of L 1) and Ly 1) for 0 < 1y < 1 follows from the
continuity of the hermitian form in the parameter v;.
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In this case, G(§) = SO(2,2). The unitary representations L(dz, (1, v2)) match
the spherical unitary dual of this group, which in the coordinates used in this
subsection, consists of parameters (v, v2) satisfying 0 < v <1 — 1.

1.12.4. As already alluded to in the cases above, every principal series X (d;, /)
contains certain special K-types, called fine (see section 2.3). They are as follows:

0o (0,0)
5t 1 (1,0), (0,-1)
5o | (1,1), (—=1,-1)

In conclusion, the matching for unitary nonspherical principal series of Sp(4, R)
can be formulated as follows.

PROPOSITION 1.9. Assume that v = (v1,v2) is weakly dominant, and (6,v)
is hermitian. Fiz a fine K-type p and let L, (6, (v1,12)) denote the irreducible
Langlands quotient which contains the fine K-type L.

Then L, (6, (v1,v2)) is unitary if and only if (v1,v2) parameterizes a unitary
spherical representation for the split group G(9).

Remarks.
(1) The spherical unitary dual for G() can be read from the theorems in 1.6.

(2) Even though (5?‘ and §; are conjugate, the corresponding unitary duals are not
the same. This should not be surprising in view of the Langlands classification
of admissible representations. The fact that in the classification, we must assume
(v1,v2) is dominant implies that (6], (v1,12)) is conjugate to (07, (v}, v4)) if and
only if 1y = vy = 1] = 1.

(3) The correspondence (0, (v1,v2)) — (v1,12) from parameters of G to spherical
parameters of G(d) does not necessarily take hermitian parameters to hermitian
parameters. Again in the d; example, any parameter (v, v2) is hermitian for G.
For the factor SO(1,1) = R*, the hermitian dual of a real character z — |z|"* is
z + |z|7"1, so the only hermitian character is the unitary one, i.e. for v; = 0. One
of the roles of the group G(9) is to fix this problem, as well as to take into account
that the Langlands quotient is not always irreducible. See also the remark in 1.9.
For this example, G(0; ) = O(1,1) x SL(2,R). The maximal compact group of
0(1,1)is O(1) x O(1), and for SO(1,1) it is S[O(1) x O(1)]. We describe the quasi-
spherical representations of O(1,1) = R* % Z/2Z. Explicitly we realize O(1,1) as
0 1
10
have restrictions to O(1) x O(1) which consist of triv ® triv and det ® det. The
analogues of the X (4, v) are the two dimensional representations k,,, given by the
formulas

the subgroup preserving the form J = . The quasispherical representations

(1.25)

[z 0 [z|"* 0 0 =z 0 |z|" x
Ry = (0 Z_1> = ( 0 |Z|—u1) ’ and (Z_l O) = (|Z|—u1 0 ) € R”™.
The restriction of k,, to SO(1,1) is the sum of the characters | |** and | |71,

and the restriction to O(1) x O(1) is the sum of triv ® triv and det ® det. The
representation k,, is irreducible for v; # 0, and decomposes into the sum of the
trivial and the determinant representation for v; = 0. So the k,, for v; # 0 and
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the trivial and determinant representations for 1 = 0 can be viewed as the ana-
logues of the L, (d,v). We can make this precise by pairing the two fine K-types
of X(67,v), (1,0) and (0, —1) with triv ® triv and det ® det of O(1) x O(1) re-
spectively. Furthermore every k,, is hermitian, but not unitary if v; > 0. Thus we
have set up a correspondence between parameters L, (67, (v1,12)) for G with pa-
rameters Ly, ((v1,v2)) which is 1-1 onto parameters for G(d; )" satisfying v1 > vy
which matches hermitian parameters with hermitian parameters, and unitary pa-
rameters with unitary parameters. The only drawback is that there is a choice in
the matching of fine K-types which is not canonical.

A similar result can be stated for d; and 2. We summarize this discussion in
a proposition.

PROPOSITION 1.10. Let ¢ denote the (non-canonical) correspondence for fine
K-types. Assume that v is weakly dominant for G. Let Ly, (G(8)",v) be the unique
irreducible quasi-spherical representation of G(0)" which contains ¢(p). Then:

(1) Ly(6,v) is hermitian if and only if L) (G(8)',v) is hermitian.
(2) Lu(6, (v1,v2)) is unitary if and only if Ly, (G(0)',v) is unitary.

The two propositions 1.9 are indicative of the general case. The calculation of
nonspherical petite K-types in [BP], given here in section 4, implies the “only if”
statement of the proposition for all nonspherical principal series of classical split
simple groups. For exceptional groups there is at least one minimal principal series
for G = F}, the one labeled d3 in table 1 in section 2.7, for which the unitary set is
larger than the spherical unitary dual for the corresponding G(d3).

1.13. We give an outline of the paper. Section 2 presents basic facts and
examples about minimal principal series of quasisplit real groups, intertwining op-
erators, fine types, and R-groups. Section 3 is concerned with minimal principal
series of split p-adic groups and affine Hecke algebras. Section 4 presents the idea
and the construction of petite K-types, and the relation between intertwining op-
erators for minimal principal series of real split groups and intertwining operators
for (extended) graded Hecke algebras. In section 5, we record the main elements
involved in the determination of the spherical unitary dual for split real and p-
adic classical groups and for split p-adic exceptional groups. Section 6 has lists of
parameters for unitary spherical representations of split groups.

Some of the results on which this exposition is based were presented in June
2006, at the Snowbird conference on “Representations of real Lie groups”, in honor
of B. Casselman and D. Mili¢i¢. We would like to thank the organizers, particularly
P. Trapa, for the invitations to attend the conference and for their efforts in creating
a successful meeting. This research was supported by the NSF grants DMS-
0300172 and FRG-0554278.

2. Minimal principal series for real groups

In this section, and in section 4, we will use the classical notation from the
theory of reductive Lie groups. For example, if G is a real group, the Lie algebra
of G is denoted by gg and the complexification by g, and a minimal parabolic
subgroup P has the decomposition P = M AN. The set of inequivalent irreducible
representations of a group H is denoted by H.
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2.1. Minimal Principal Series. The definitions and basic properties of min-
imal principal series can be found for example in chapter 4 of [Vo3].

Let G denote a quasisplit real linear reductive group in the sense of [Vo3]. The
main case of interest in this paper is when G is the real points of a linear connected
reductive group split over R. Let K be a maximal compact subgroup corresponding
to the Cartan involution 6.

Let P = M AN be a minimal parabolic subgroup of G (a Borel subgroup), and
H = M A be the Cartan subgroup. The group M is abelian, because G is quasisplit.
(If G is split, then M is a finite abelian 2-group.) The Iwasawa decomposition is
G = KAN. One identifies a*(2 &) with A via

(2.1) vi—e’, (€")(a) = exp(v(loga)), v € a*,a € A.

For every irreducible representation (8, V?) of M, and every element v of a, we
denote the minimal principal series by

(2.2) X(0,v) :=Ind{sn(6 @ e’ @1).

(Ind denotes normalized induction.) The K-structure of X (§, ) is easy to describe:
(1) The restriction of X (4,v) to K is

(2.3) X(0,v)|x = Ind% (6).
(2) For every K-type (u, E,), one has Frobenius reciprocity

(24) Hom g (,uv X(5a V)) = Hompy (/L|Ma 5) :

DEFINITION 2.1. A representation (m, V') of G is called spherical if 7 has fixed
vectors under K. The minimal principal series X (v) := X (triv,v) is called the
spherical principal series.

2.2. Denote by

(2.5) A(g, h) the set of roots of h in g,
A (g, b) the set of roots in A(g, h) whose root spaces lie in n,
A the set of restricted roots of a in g,
A the reduced roots in A,
At CA the restricted roots whose root spaces lie in ng.

If G is split, then A = A. The Weyl group of A is

(2.6) W = Ng(A)/A = Ng(A)/M.

A root in A(g, b) is called real if oo = —av. Tt is called complex otherwise (recall

that G is assumed quasisplit). A root in A is called real if it is a restriction of a
real root in A(g,h)), or otherwise it is called complex. When G is split, all roots
in A are real.

For every a € A, define

(2.7) ag = the kernel of « on ag, with
A% = the corresponding connected subgroup of G,
M*AY = Za(A™), where the Lie algebra of M® is
m{ = the algebra spanned by mg and {E., root vectors: ¢ > 1},
K*=KnM*“.
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When the root o € A is real, this gives rise an SL(2)-subgroup

(2.8) G = KA N® =2 SL(2,R)
as follows. Let
(2.9) $a: s1(2,R) — go
. 1 0 0 1
be a root homomorphism such that H, = ¢ g _1) €90 and E, := ¢ 0 0
is an a-root vector. Then G is the connected subgroup of G with Lie algebra
o(sl(2,R)).
We will need the following notation later:
(2.10) Zy = E, +0(E,) € £

Oq = €XP (gZQ) € K“ is a representative of s, in Ni(A)

M := 02 € M an element of order 2.

When G is split semisimple, the elements m, generate M.

2.3. Fine K-types. We will only recall the properties of fine M -types and
fine K -types that we need later (for a general definition see chapter 4 of [Vo3]).
The number of fine M-types is directly related to the disconnectedness of M.
The two extreme cases are as follows.
(1) If G is a split semisimple group, then any M-type is fine. In this case, a
K-type is fine if and only if

(2.11) the eigenvalues of u(iZ,) are in {0, £1} for all (real) a.
(2) if G is a complex semisimple group, then only the trivial M-type and the
trivial K-type are fine.

If 11 is a fine K-type containing the fine M-type ¢, then p is minimal (in the sense
of [Vo3]) in the principal series X (4, v).

The number of fine K-types containing a given fine M-type is related to the
R-group of §, which we now recall.

DEFINITION 2.2. Define As to be the subset of roots o in A such that either o
is complex, or, if « is real, then d(m,) = 1. One calls A the good roots with respect
to . Let VA = {a: a € A} be the set of good coroots.

If § is fine, then As is a root system. We denote the corresponding Weyl group
by W5 = W(As). We also set

(2.12) Ws={weW:w-6~d}
(the stabilizer of § in W). Let AF = At N Ay, and similarly define VAF. Then
(1) W} is a normal subgroup of W, and
Ws = W) x RS

with RS = {w € W: w(YA}) = VAT}. Note that R is contained in the
Weyl group generated by the reflections through the roots perpendicular
to p(As). Since these roots are strongly orthogonal, R§ is an abelian
2-group.
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(2) The quotient
(2.13) Rs = W5 /W
is a finite abelian 2-group (isomorphic to R§). We call R the R-group of
J.

(3) If G is connected semisimple (and has a complexification), then we can
identify W5 with the stabilizer of the good co-roots for ¢:

Ws = {w eW: ’w(VA5) = VA(;}.

THEOREM 2.3 ([Vo3], 4.3.16). Let ¢ be a fine M-type. Set

(2.14) A(0) = {u fine K-type such that Homps(p|ar, ) # {0}}.
Then
(1) A(0) # 0.
(2) If u € A(6), then ply = @ &', In particular, p appears with multiplic-
5'EW.§

ity one in X (0,v).
(3) There is a natural simply transitive action of Rs on A(9).

(1/%\5 is a group, because Ry is abelian.) For the action of ]/%\5 on K , and in particular
on A(4), we refer the reader to 4.3.47 in [Vo3]. Notice that the cardinality of
Rs equals the number of fine K-types containing § (as well as the number of fine
K-types contained in X (,v)).

Examples. (a) If G = SL(2,R), then K = SO(2) and M = Z/27. There are two
M-types triv and sgn, and they are both fine.
If ¢ is trivial, then As = A, Rs = {1} and X (0, r) contains a unique fine SO(2)-
type (p = (0)). If 6 is sign, then Ay =0, Rs = Z/2Z and X (9, v) contains two fine
SO(2)-types, namely (+1) and (—1).
i0

(b) If G = SL(2,C), then K = SU(2), and M = {(eo eg-9> 10 e R} =
U(1). So M = 7, but (by definition) only the trivial M-type is fine. If 6 = triv,
then Ay = A and #Rs = #A(J) = 1.

(c) If G = SU(2,1), then K = S(U(2) x U(1)), and M = U(1). Again M = 7,
but (by definition) only the trivial M-type is fine. If § = triv, then #Rs = #A(d) =
1.

2.4. Subquotients of Principal Series. Let § be a fine M-type and let
A(0) be the set of fine K-types in X (4, v) from theorem 2.3. Since every p € A(0)
appears in X (0, ) with multiplicity one, there is a unique irreducible subquotient
of X (6,v) which contains p. We set

(2.15) L(6,v)() = the unique irreducible subquotient of X (§,v) containing p.

In general, L(d,v)(x) may contain other fine K-types (other than ).
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DEFINITION 2.4. Define
(2.16) W) ={weW: wv=uv},
Ws(v) =W ()N Ws, W) =WJnW(),
Rs(v) = Ws(v)/W3(v) C Rs,
Ry(v)={x ¢ Ry: x(r) =1, for all r € Rs(v)}.

THEOREM 2.5 ([Vo3]). Assume p € A(0).

(1) Two subquotients L(6,v)(u) and L(5,v")(1) are equivalent if and only if
there exists w € Wy such that v/ = wv.

(2) Every irreducible (g, K)-module containing the K-type u is equivalent to
a subquotient L(d,v)(p) for some v € a*.

(3) Let p' € A(S) be another fine K-type. Then L(§,v)(u) = L(6,v) (i) if
and only if i and y' are conjugate by an element of Ry (v).

2.5. A parameter v € a* is called weakly dominant (respectively, strictly dom-
inant) if

(2.17) (R(v), &) > 0 (respectively, (R(v), &) > 0), for all « € A™.
An important consequence of theorem 2.5 is:

COROLLARY 2.6. If R(v) is strictly dominant, then there exists a unique irre-
ducible subquotient which contains all fine K -types in A(J).

On the other hand, when v is purely imaginary (R(v) = 0), every fine K-
type in A(0) parameterizes one constituent of X (d,r) (a result obtained first by
Knapp-Stein):

THEOREM 2.7 (Knapp-Stein). If v € a* is purely imaginary, then
IRs()|
(2.18) X@v)= @ X'6,v),
i=1
where X*(8,v) are irreducible and inequivalent subrepresentations. Moreover, each
X(8,v) contains some fine K -type u € A(S).

The trivial K-type is the only fine K-type in A(triv), so every spherical princi-
pal series X (v) = X (triv,v) has a unique irreducible spherical subquotient L(v) =
L(triv,v)(0). In particular, the spherical principal series X (v) is irreducible for all
v purely imaginary. The original proof of this result is due to Kostant.

2.6. An example: Sp(2n,R). Let G be the split group Sp(2n, R). Then
K ~U(n) and M ~Z%. Let
(2.19) AT ={e+ei,j=1...ni<j}U{2¢:1=1...n}

be the set of positive roots. Note that every root is real. The Weyl group W = §,,
(Z)27)" acts as the group of all permutations and sign changes on {e1, €2 ...€,}.
The abelian group M has 2" irreducible inequivalent representations, all of the
form
(2.20) 81 diag(A, A2y Ans Azy Aaseos M) [ A
JjeS
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for some S C {1,---,n}. Because G is split and semisimple, every M-type is
fine. The Weyl group partitions M into (n + 1) conjugacy classes; we choose
representatives:
(221) 50 = 5@ and
(2.22) Op = Ofn—ptin—p+2,...ny for1<p<mn.
We compute the number of irreducible subquotients of X (d;,v), for all i =0...p.
dp is the trivial representation of M, so As, = A, Ws, = W(?@ = W and
Rs, = {1}. Since there is a unique fine K-type containing do, the principal series
X (09, v) has a unique subquotient L(v) = L(dg, v)(0).
Now assume 1 < p < n. To identify the good roots for §,, we need to evaluate
dp on the elements m,’s. For every (positive) root a, write

me = exp (2mil|a|| 2Hy) = diag(dy, da, ..., dy, di, da, ..., dy).

Notice that the entries of m,, are 1, with the exception of d; = d; = —1if a = €;+¢,
and d, = —1 if o = 2¢;,. Hence we find:
(2.23)
+1, ifeither 1 <i<j<n—porn—p+1<i<j<n
6P(m€ii€j) = .
—1, otherwise

and
+1,if1<k<n-—
(2.24) 8p(mac,) = { P

—1, otherwise.

The good roots for 4, are
(2.25) As, = {te L ejhi<icj<n—p U {26} 1<h<n—p U{Eei £ €5 tnpii<icj<n.
For brevity of notation, set Co=Do=D1=0 and C;=A4;. Then
(2.26) Ws =CnpxDy Vp=1...n.

Next, we compute the stabilizer of §,. Recall that W, can be identified with
the subgroup of Weyl group elements that preserve the good coroots for §,. Every

permutation and sign change on the sets {e1...€,—p} and {€,—p41...€,} has this
property. Hence

(2.27) Ws,=Cn_pxCp forallp=1,---,n.
Note that, forallp=1...n, W(;Op is a normal subgroup of W;, of index 2.
Because Rs, ~ Z /27, 6, is contained into two distinct fine K-types (notably A?(C™)
and its dual), which we denote by H}; and pg .
Finally, we give the Rs,(v)-group. Write v = (a1, az, ..., a,) with
ay ZQQ Z Zanfpzanprrl Z ZanZO

Then

1 if 0 € {an—pt1,---,an} & an #0
(2.28) Rs,(v) = {1 0 g {anpir,.vant < an 7

Z/2Z  if0 € {an—pt1,-..,an} < a, =0.
We conclude that

o If the last entry of v is nonzero, then the principal series X (d,,7) has a
unique irreducible subquotient L(4, v) (u}rp) = L(0,v)(us,)-
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o If the last entry of v is zero, then the principal series X (d,,7) has two
distinct subquotients L(4, v) (/L};) # L(0,v) (ugp).

2.7. Lists of fine K-types for split groups. For the convenience of the
reader, we record a list of examples of fine M-types, fine K-types, R-groups and
sets of good roots for split simple linear groups. For brevity, we do not include the
trivial M-type, and we only give one fine M-type for each orbit of W in M. We
list, instead, all the fine K-types containing a given fine M-type.

Table 1: Table of fine types

| Group | Fine M-type § | Fine K-types | Rs-group | As |
| SL@2n+1LR) [, 1<p<n [ APC") ] 1 [ Api + Aznp |
SL(2n,R) Sp, 1<p<nm AP(C™) 1 Ap—1+ Aspn_p_1
On A" (C*) 4 Z)2Z Ap_1+ Apa
A"((C2"),
| Sp(2n, R) | 0p, 1<p<n [ AP(C"), AP(C")" ] 7./27 | Cnp+D, |
| SO(n+1,n) |6, 1<p<n]| 10AP(C") ] 1 | Buo,+By, |
| SO2n+22n+1)0 [ &y, 1<p<n | 1®APC") | 1 | Bani1p+ By |
SO(2n +1,2n)0 dpy, 1<p<n 1® AP(C™) 1 Bon—p + By
5n 1® A" (C*™)4 7/27 By, + B,
1 ® An((c2n)7
SO@n+1,2n+1)0 | 6, 1<p<n | 1®AP(C™) 7]2Z Dant1—p + Dp
Ap((c2n+1) ® 1
SO(2n, 2n)o Spy, 1<p<nm 1® AP(C™™) 7]2Z Day_p + Dy
Ap((c2n) ® 1
5n 1@ AP(C™): | Z/2Z xZ/2Z D, + D,
AP(CPM), ®1
1® AP(C%),
AP(C*)_® 1
G 03 | Va®C | 1 A+ Ay
Fy 03 (210, 0,0) 1 Cy
012 (1|1,0,0) 1 B3z + A
FEs 027 w2 1 Ds
036 2w1 1 As + Ay
Er 028 w2, We 727 Es
636 2(4)1, 2W7 Z/QZ A7
de63 w1 + wr 1 Do + A,
Es d120 wa 1 Er 4+ Ay
0135 2w1 1 Dsg

We explain the notation in the table.

(1) If G is a split simple linear group of classical type, the group M consists of
diagonal matrices. We have denoted by J; the character of M that maps
an element m of M into the product of the last k& diagonal entries of m.
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(2) If G is a split simple linear group of exceptional type, 0y denotes the
character of M that has a k-dimensional orbit under the action of the
Weyl group.

The group K is a maximal compact subgroup of G, as follows:

A N — BT |
G2 | SU2) x SUR)/{xI
SEm.R) | 50(m) 7, [ Sp(0) % S/ 1211
p(2n,R) (n) Fs Sp(®)/{ED}
50(p.q) | 5(0(p) x Olg)) | |~ SU(R)/{£I}
S0, 0)o | SOW) X SO | 15 gpin(16)/{T, 0}

The notation for the maximal compact subgroup when G = Eg means that
K is a quotient of Spin(16) by a central Z/2Z, not equal to SO(16). For all n,
we denote by C™ the standard representation of SO(n), O(n), SU(n) and U(n).
We write V3 for the three-dimensional irreducible representation of SU(2) (on the
space of homogeneous polynomials of degree 2 in 2 variables). The fine K-types of
Es, E7 and FEg are described in terms of fundamental weights; the ones of Fy are
described in terms of standard (Bourbaki) coordinates.

REMARK 2.8. For the purpose of computing intertwining operators on principal
series, we need to fix a priori a fine K-type us containing §. If the cardinality of
A(0) is not one, the choice of ys is not canonical; we choose:

| ¢ | 0 | Ko |
SL(2n,R) on A" (C?)
SO(2n+1,2n) on 1®A™(C?)
SO@2n+1,2n+1) [ 0, (1 <p<n)|1®AP(C*™)
SO(2n,2n)g 5, (1<p<n)| 1®AP(C™)

SO(2n,2n), on 1@ A" (C?)

Ly 028 w2

E; 036 2wy

This choice of pus will be used to define the full intertwining operator in section
2.8, the Wis-representation in section 4.2, and the bijection between Rs and A(9)
in sections 2.9 and 4.2.

2.8. Intertwining operators. We recall some basic facts about intertwining
operators for minimal principal series of real groups (see chapter 7 of [Kn]| for more
details).

Fix an M-type 6 and a character v of A, and let X (4, v) be the minimal principal
series induced from P = M AN. Denote by P = M AN the opposite parabolic. For
every w € W, one defines a formal intertwining operator

(2.29) A(w,d,v): X(,v) — X (wd, wv),
(A(w, d,v)F)(g) = /ﬁ F(gwn) dn, g€ G.
NN(wN)

Formally, the integral defines an intertwining operator, but it may not converge for
general v.
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2.8.1. The intertwining operator A(w,d,r) can be decomposed as follows.
(This is the Gindikin-Karpelevié decomposition.)

PROPOSITION 2.9. Assume that w = wyws, with {(w) = {(w;)¢(ws). Then
(2.30) A(w, 8, v) = A(wy, w6, war) o A(ws, §, v).

COROLLARY 2.10. Ifw = 8189+ Sy 18 a minimal decomposition of w as
a product of simple reflections, then A(w,d,v) factors as

(2.31) A(w,d,v) = A(s1, w10, w1v) - A(S2, wad, wav) - - - - A(Sm, W0, Wi V),
where W, = Sg41 - - - Sm, for all 1 <k <m.

If
(2.32) (R(v),B) >0, for every root 3 € AT such that w3 ¢ A™,

then the integral in (2.29) is actually convergent. This is proved using the decom-
position (2.31) and an investigation of the rank one cases (we will make this more
precise below).

2.8.2. For every K-type (u, E,), the intertwining operator A(w, d,v) induces
an operator

(2.33) Ay (w,0,v): Homg (p, X (0,v)) — Hompg (p, X (wé, wr)).
By Frobenius reciprocity (2.4), this can be regarded as an operator
(2.34) Ay (w,d,v): Homps(p, §) — Homps (i, wo).

Via (2.30), A, (w,d,v) also acquires a decomposition into factors corresponding to
simple reflections. Let A, (sq,d,7) be such a simple reflection factor.

REMARK 2.11. Observe that the operator A,(sq,d,v) for G agrees with the

operator A, . (8a,0,V[qa) for the real rank one group MG*.

More precisely, if G is split,
(2.35) p=Pu,
meEZ
is the decomposition of the K-type p into isotypic components of K¢ = SO(2)
(K> =17), then the decomposition
(2.36) Homy (1, 6) = @D Hom (g, + 1%, 6)
meN

is preserved by A, (sq, 0, V). Moreover, the restriction of A, (sq,d,v) to Homas(us, +
p<,,) coincides with the operator A,s 4o (84,0, V|qa) for MG,

2.9. Reducibility. We discuss the reducibility of the principal series X (4, v).

Assume that R(v) is weakly dominant with respect to A™. The first instance
in which X (0, ) becomes reducible is when the R-group Rs(v) is nontrivial.

Partition the restricted roots according to their inner product with R(v):

A=ALUALUA,
with
Ap ={ae A: (R(v), a) =0},
Al ={a e A: (R(v), a) >0},
Ay ={aecA: R(v), a) <0}.
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The set Ay is a root system, and AT = AT UAS.
Denote by L the centralizer of (v) in G. This is a Levi subgroup containing
the Cartan M A, with Lie algebra [j = my® ag® (®aeAL ga) . Define the parabolic

subgroup Q = LU of G with Lie algebra qp = mo®ao® (®OZEAL ga)EB (@aeAg Ea) .
The following lemma is induction by stages.

LEMMA 2.12. X(6,v) = Ind%(6 ® v) = [nd%,, (Indé(a Q1) ® 1) .

Note that v is imaginary for L, so in parenthesis we have unitary induction.
By the results presented in section 2.4, the unitarily induced module Indf;(& ® V)
decomposes as the direct sum of #R;s(v) irreducible inequivalent representations of
L. Let

(2.37) X(@v)= P X"(6.v)
reRs(v)
be the corresponding decomposition of X (4, v).

Recall that Ry acts on the set of fine K-types A(0) simply transitively (theorem
2.3). Implicit in (2.37) is the fact that we fixed a particular fine K-type ps. This
gives a bijection between Rs and A(J): r € Rs +— pisr, Where p50 = ps.

The fine K-types occurring in X" (8, v) form an orbit under the action of Ry ()
on As(v).

Let p be a K-type which occurs in X (4, ). The space

(2.38) Hompg (p, X (8,v)) = Homps (i, )

carries a representation of Wy. Identify R\(; with RS, so that W = W(;O X R\[s, and
regard Hompg (u, X (6,v)) as a Rs-module (by restriction).
Because Rs5(v) C Rs and Rjs is abelian, we can regard Rs(v) as a subset of

=

R;, and restrict Homy (1, X (8,v)) to }?5(\1/). The Rjs(v)-module structure on
Homp (p1, X (d,v)) is compatible with the action of Rs(v)* on A(6).

PROPOSITION 2.13. Let r be an element of Rs(v), and let p be a K-type con-
taining 6. Identify Rs(v) with its double dual. Then:
(2.39) Homp (u, X"(d,v)) = Homm (r,Hompg (u, X (6,v))) .

2.10. A second way in which X (§,v) becomes reducible is when the oper-
ator A(wp,d,v) has a nontrivial kernel. Let wy = s1 - 82+ -+ 8, be a minimal
decomposition of wg, and let

A(wo, 6,v) = [ [ Alsi, wid, wiv)
i=1
be the factorization of A(wo,d,v) (as in section 2.8). Then A(wq,d, ) has a non-
trivial kernel if and only if one of its factors has.

PROPOSITION 2.14 ([Vo3, 4.2.25]). The long intertwining operator A(wy, d,v)
has a nontrivial kernel if and only if there exists a simple root o € A such that
Reld, v) # 0 and Ind¥ A" (6,v) is reducible.

This proposition reduces the question of finding the kernel of the long inter-
twining operator to a similar question for rank one groups, where the answer is
known. If G is split, the only rank one root subgroup that appears is SL(2,R), and
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the answer is particularly simple. (The operators for SL(2,R) are given in section
2.13.)

COROLLARY 2.15. Assume that G is split. Then the operator A(wy,d,v) has a
kernel if and only if there exists a simple (real) root « € A such that
(2.40) (&, V) =k, for some integer k #0, and
5(me) = (—1)FL,
The parity condition means that (&,v) should be an odd integer if o € As, and an

even integer otherwise.

For split groups, reducibility can only occur in the two instances described
above. We summarize this in the next statement.

THEOREM 2.16. Let X (9,v) be a minimal principal series for a real split group.
Then X (6,v) is reducible if and only if
(i) the R-group Rs(v) is non-trivial and/or
(13) there is a simple root v such that the inner product (&, v) is a non-zero
integer k, and

5(me) = (—1)FFL,
Example. If G = SL(2,R), then

(2.41) X (triv,v) is reducible at (&, v) € {+1,+43,£5,...},
while
(2.42) X (sgn,v) is reducible at (&,v) € {0,+2,+4,...}.

The point of reducibility (¢, v) = 0 for X (sgn,v) comes from the R-group (since
Rggn(0) = Z/2Z.).

2.11. Langlands quotient. We look at the connection between intertwining
operators and Langlands classification. Let wg € W be the long Weyl group element
and

(2.43) A(wy, 6,v): X(§,v) — X(wp - d,wp - V)

be the long intertwining operator. We choose a fine K-type ps € A(9). Since pgs
has multiplicity one in X (8, ), the operator A, (wo,d,v) is a scalar function of v.
We normalize A(wo, d, ) by this scalar, and denote the resulting operators by

(2.44) A'(wo, 0,v) and A, (wo, d,v).
So A, (wo,d,v) = 1.
THEOREM 2.17 (Langlands, Milici¢). Assume R(v) is weakly dominant with

respect to AT,

(1) The operator A'(wo,d,v) has no poles.

(2) The (closure of the) image of A’ (wy, 0, V) is the Langlands quotient L(d,v).
This is the unique largest completely reducible quotient of X (6,v). When
R(v) is strictly dominant, L(6,v) is irreducible.

The connection between this classification and fine K-types can be formulated
as follows.
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COROLLARY 2.18. Assume R(v) is weakly dominant with respect to the roots
in AT. Every irreducible summand L*(6,v) of the Langlands quotient L(5,v) is of
the form L(8,v)(u) for some fine K-type pn € A(9).

If R(v) is strictly dominant, then L(0,v)|x contains all the K-types in A(9)
(each with multiplicity one).

2.12. Hermitian forms. Assume for this section that R(v) is strictly dom-
inant with respect to the roots in AT. We use the results in section 2.5 to define
Hermitian forms and investigate the unitarity of the (irreducible) Langlands quo-
tient L(d,v). The following result is based on the fact that the Hermitian dual of
L(6,v) is L(8, —7).

THEOREM 2.19 (Knapp-Zuckerman). Let X (d,v) be a minimal principal series
induced from P. Assume that R(v) is strictly dominant with respect to AT and let
L(6,v) be the irreducible Langlands quotient of X (6,v). Then

(1) L(6,v) admits a nondegenerate invariant Hermitian form if and only if
(2.45) wp -0 2§ and wy - v = —D.
(

2) If L(6,v) is Hermitian, choose an isomorphism 7: wy-d — 0, and construct
the operator

(2.46) A(wg, §,v) = 70 A'(wo, 6, v).

Let (, ) denote the pairing between the module L(d,v) and its Hermitian
dual. Then the Hermitian form on L(0,v) is given by

(2.47) (x,y) = (x, A(wo, 0, V)y)p  for all x,y € L(,v).
(Note that there is an implicit choice of the normalization, dictated by A’ (wo,d,v).)

Fix a fine K-type us containing 6. We can identify the representation space
V9 of § with the isotypic component of § in p;, and define

(2.48) 7 = ps(wo).

REMARK 2.20. If R(v) is dominant and the Langlands quotient L(4,v) is Her-
mitian, then L(d, v) is unitary (or unitarizable) if and only if the invariant Hermitian
form in (2.47) is positive definite.

Because L(4,v) is the quotient of X (d,~) modulo the Kernel of the opera-
tor A'(w,d,v), the form on L(4,v) is positive definite if and only if the operator
A'(w, 8, v) is positive semidefinite on X (4, v).

Restricting the attention to the various K-types in X (4,v), one obtains the
following criterion of unitarity.

COROLLARY 2.21. If R(v) is dominant and the Langlands quotient L(0,v) is
Hermitian, then L(6,v) is unitary if and only if the Hermitian operators

(2.49) Au(w,6,v)
are positive semidefinite for all K-types p appearing in X (0,v).

REMARK 2.22. If R(v) is weakly dominant, the Hermitian condition in (2.45)
can be replaced by:

(2.50) w-Q=Q, w-d=fand w-v= -0,
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where @ is the parabolic subgroup of G defined by v, as in section 2.9. Note that
the Langlands subquotient L(d,») might be reducible. Equation (2.47) defines a
non degenerate invariant Hermitian form on every irreducible constituent of L(d, v),
i.e. on every irreducible subquotient of X (4, ). Note that the form on L(4,v)(m)
is normalized so that it takes the value o [w] = +1 on the fine K-type 7 (see
section 4.2). Every operator A, (w, d, v) has a block corresponding to L(d, v)(m). If
or[w] = 1 (respectively or[w] = —1), the subquotient L(d,v)(r) is unitary if and
only if this block is positive semidefinite (respectively negative semidefinite) for all
K-types p.

For practical purposes the unitarity criterion stated above is used mainly to
prove that a given Hermitian L(d, v) is not unitary, unitarity being proven by other
methods.

The idea of petite K-types is to give a small set of K-types on which the
operator A, (w, d, V) is computable, and these computations are sufficient for ruling
out all nonunitary L(d,r). Before looking at the general case in section 4, we will
present some examples of real rank one cases, where this idea will already become
apparent.

2.13. Real rank one. In view of theorem 2.5 and remark 2.11, it is of par-
ticular importance to have the formulas for the intertwining operators for real rank
one groups. These are known (see [JW] and the references therein). We give three
examples. Assume that v is real and weakly dominant for the spherical cases below,
and strictly dominant for the nonspherical one.

(1) G=SL(2,R).
(a) 0 = triv, normalized on po:

K| . .
. (25 —1)— (v,q)
2.51 a,triv, v) = TN T o
( ) Aﬂzk (S v V) Jl;[l (2,] _ 1) 4 <V, a>
(b) § = sgn, normalized on puy:
|k+%|7% 2] _ <V d>
(2.52) Aparir (8, 891, v) = sgn(k) Jl;[l m.

For all k € Z, jux, denotes the character e? — e of K = SO(2) = U(1).

(2) G=SL(2,C) and ¢ = triv, normalized on f:
ko .
J— <I/7 Oé>

2.53 A, (Sa, triv,v) = - —.
( ) Hk( ) j:1j 4 <I/, a>

For all k € N, uy, denotes the (k+ 1)-dimensional representation of SU(2).
From corollary 2.21 and the calculations above, one concludes that:

e If G =SL(2,R) and § = triv, the Langlands quotient L(¢riv, ) is unitary
if and only if 0 < (&,v) < 1. The spherical petite K-types for G =
SL(2,R) are up and po. They have the property that L(triv, v) is unitary
if and only if the operators A, (sq,triv,v) are positive semidefinite for
€ {po, pa}
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o If G = SL(2,R) and ¢ = sgn, the Langlands quotient L(sgn,v) is never
unitary for v > 0. The nonspherical petite K-types for G = SL(2,R) are
p1 and p—1. They have the property that L(sgn,v) is unitary if and only
if the operators A, (sq, sgn, v) are positive semidefinite for p € {1, p—1}.

e If G =SL(2,C) and § = triv, the Langlands quotient L(¢riv, v) is unitary
if and only if 0 < {(&,v) < 1. The spherical petite K-types for G =
SL(2,C) are up and p1. They have the property that L(triv, v) is unitary
if and only if the operators A, (sq,triv,v) are positive semidefinite for
€ {po, i1}

3. Graded Hecke algebra and p-adic groups
3.1. Split p-adic groups. As in the introduction, denote by

(3.1) F a p-adic field of characteristic 0,
O the ring of integers in I,
P the unique prime ideal in O,
F, the residue field with g elements.

Let G denote the F-points of a connected reductive linear algebraic group with root
datum (X, R, Y, R), split over F, and let B be the Borel subgroup, H = (F*)rank &
the Cartan subgroup, K = G(Q) the maximal compact subgroup, °H = H N K =
(0*)rank & the compact part of H as in section 1.1. We also fix an Iwahori subgroup
7 C K of G as defined in section 1.3.

Let x: H — C* be a character. Recall that y is unramified if x|oiy = 1, and
otherwise y is called ramified. The minimal principal series X (y) is defined by
induction, similarly to the one for real groups. It has a finite composition series
and, if x is unramified, it contains a unique irreducible (K-)spherical subquotient.
Every irreducible spherical module appears in this way. However, unlike the case of
real groups, not every irreducible G-representation can be realized as a subquotient
of a minimal (ramified or unramified) principal series.

A remarkable feature of the representation theory of p-adic groups is the that
it is often controlled by affine Hecke algebras. This approach originated with the
seminal work of Iwahori-Matsumoto ([IM]), Borel ([Bo]), and Casselman ([Cas1]).

DEFINITION 3.1. The Iwahori-Hecke algebra H(G//I) is the algebra of Z-
biinvariant complex locally constant functions on G with the convolution. Define
the category C(Z,triv) of (admissible) representations of G which are generated by
their Iwahori fixed vectors.

Iwahori-Matsumoto have determined the structure of H(G//Z) by a set of
generators in correspondence with the affine Weyl groups. We will instead the
set of generators and relations introduced first by Bernstein. The Iwahori-Hecke
algebra is a specialization of the affine Hecke algebra H which we define now. Let z
be an indeterminate (which can then be specialized to ¢'/2). Then H is an algebra
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over C[z, z71] generated by {T\ }wew and {0, }.cy, subject to the relations
TwTw = Tyw (l(w) + 1(w") = l(ww")),

ozey - 91+y5
(32) T? = (22 = )T, + 22,
0, — 0
osz - Tsesz 2 - 1 ua
+ (=) == 0.

where a denotes a simple root, and s is the corresponding simple reflection.

THEOREM 3.2. (1) (Borel) There exists an equivalence of categories
(3.3) C(Z,triv) — H(G//T)-modules, V ~ VT

(2) (Casselman) Every irreducible subquotient of the unramified principal se-
ries X (x) is in C(Z,triv), and every irreducible object in C(Z,triv) has
this form.

As explained in section 1.3, this approach has proven successful towards the
determination of the unitary dual as well. By [BM1, BMZ2], one reduces the
determination of the unitary representations in C(Z, 1) to that of the unitary dual
of H(G//T), and furthermore to the similar problem for the graded Hecke algebra
(section 3.3) introduced in [Lul].

3.2. The Borel-Casselman correspondence was vastly generalized in [HM],
and in the theory of types (|[BK] and the references therein). Hecke algebra iso-
morphisms as in part theorem 3.2.(1) are constructed for many categories of rep-
resentations of p-adic groups. The Iwahori subgroup 7 is replaced by an arbitrary
compact open subgroup J, and the trivial character triv of 7 is replaced by a char-
acter p of J. Then one defines the category C(J, p) of representations of G which
contain p in their restriction to J, and are generated by the p-isotypic compo-
nent. The Iwahori-Hecke algebra is replaced by the algebra H(G//J, p) of (locally
constant) complex functions f on G, such that f(ji1gj2) = p(j1)f(9)p(j2), for all
g€ G j1,j2 €J.

In relation to section 2, of particular importance to us will be the case of
ramified minimal principal series. The following definitions should be compared
with those for real groups in section 2.

Let A denote the root system determined by H and G, AT the positive roots
given by B. Let W be the (finite) Weyl group of A. Fix a character x and let
O = xogr: (@X)rankE — CX be its restriction to °H. Define:

(3.4) Wo, = stabilizer of %y in W
Aoy = {a € A: (%) o (dlox) =1}
AL = Ao N AT
Wg, = W(Aoy)
RS, = {w e Wag: wAf = ALY,
We call Ao, the good roots for %x. It is easy to see that Wo, = W5, x Ro,.

In [Ro], one associates to % a particular compact open subgroup Jo, of G and a

character p of Jo,. The pair (Jo, p) satisfies (among other properties) Jo, NH = °H

and plog = %.
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THEOREM 3.3 ([Ro]). Let Go, denote the split p-adic group determined by Ao,
and H(Goy //Io,) the corresponding Iwahori-Hecke algebra.

(1) There exists a family of x-preserving algebra isomorphisms H(G /[ Jo,., p) =
H(Goy //Ioy,1) X Ro,. (Since Ro, acts on the root datum of Go,, we can
form this extended Hecke algebra.)

(2) The group Ro, is abelian.

(3) An irreducible representation of G is in C(Joy, p) if and only if it is an
irreducible subquotient of the ramified principal series X (x).

In conclusion, we see that the representation theory of the unramified principal
series is controlled by certain extended Iwahori-Hecke algebras.

One can make a connection with table 1 for split real groups. Recall that,
in the real case, every fine M-type 6: (Z/2Z)"*"k¢ — C* can be viewed as a
character of (Z/2Z)"*% or in other words as a (rank G)-tuple of characters of
ZJ)2Z: 6 = (61,...,0mankc), Where §; is either the trivial or the sign character of
Z/2Z. Similarly, every character °x: °H — C* can be viewed as a (rank G)-tuple
of characters of 0% : % = (%a1,....%xrank¢), where %;: 0% — C*.

Fix a nontrivial quadratic character %o of @*. Then define the correspondence

1 if §; = triv,

(3.5) § — "%s, with (%;); = 0 )
Xo if §; = sgn.

Then all the data associated with ¢ in the real case is identical with the data
associated to %ys in the p-adic case. In principle, by an extension of the results in
[BM1, BM2], one expects that the unitary representations in the ramified principal
series in C(Joy, p) should correspond to the unitary dual of the extended algebra
H(Goy//Ioy,1) x Ro,. The (possibly surprising) observation is that the unitary
representations in the nonspherical minimal principal series of the real group are
closely related to the unitary dual of the same Hecke algebra. This will become
apparent in section 5.

3.3. Definitions. We recall some basic results on graded Hecke algebras. The
affine graded Hecke algebra H was introduced in [Lul]. We will only need to
consider a special case of the definition. The generators of H are the elements
{ts,,: @ € II} and {w: w € bh}. Here II denotes the set of simple roots. As a
C-vector space,

(3.6) H=C[W]|®A,

where

(3.7) A = Sym(h).

The following commutation relations hold:

(3.8) wts, =15, Sa(w) + {(w,a), acll, web.
The center Z(H) of H consists of the W-invariants in A ([Lul]):
(3.9) Z(H) = AW,

On any irreducible H-module, which is necessarily finite dimensional, Z(H)
acts by a central character. Therefore, the central characters are parameterized by
W-conjugacy classes in . We will only consider real central characters, i.e. W-
conjugacy classes of hyperbolic semisimple elements in § = h*.
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We say that a module V' of H is spherical if the restriction of V' to C[IV] contains
the trivial W-representation.

Let x € h be a hyperbolic semisimple element. Denote by C, the corresponding
character of A. Then one can form the spherical principal series module

(3.10) X(x) =H®4C,.
It is immediate from the definition that
(3.11) X(x) 2 C[W] as W-modules,

hence X () contains the trivial W-representation with multiplicity one. Therefore,
X () has a unique spherical subquotient, L(x). The following result is well-known,
it is the Hecke algebra equivalent of a classical result for groups.

THEOREM 3.4. Let X (x) be the spherical principal series defined in (3.6).

(1) If x is dominant, respectively antidominant, then X (x) has a unique ir-
reducible quotient, respectively submodule, which is L(x).
(2) Every irreducible spherical H-module is isomorphic to L(x), for some x €

B.

3.4. Operators. We would like to consider Hermitian and unitary modules
for H. For this, we need a s-operation on H. This is given by [BM3]|:

(3.12) ty =ty-1, weW, w'=—-w+ Z (w,a)ts,, weEb.
aeAt
For every a € I, set
(3.13) To =ts, & —1
(an element of H). Then, if w € W and w = Sa; * Say * "+ * Sa, 18 & minimal
decomposition of w in W, one can define

k

(314) ’]"w :/]"al .fr‘az -, 'Tak-

Note that r, is independent of the choice of the reduced decomposition (¢f. [BM3]),
and therefore is well-defined. When w = wy (the long Weyl group element), we use
Tw, to define the long intertwining operator:

(3.15) Alwo, x): X(x) — X(wox), tw @ Ly = tyrw, @ Lygy, w e W.

We obtain the same formula if we replace the ry,, by the element r,,(x) € C[W]
defined as follows. If

Wo = Say * Sag * -+ * Say

is a minimal decomposition of wq in W (with £ = #A™), then

(3.16) Tuwo(X) = Ty Ty = - Ty,
with
(3.17) T/a], = —(dj, (8,150 - - Sag)X) tsa, — 1.

The following discussion is again the Hecke algebra analogue of a classical result
for groups, we refer the reader for example to [BM3] for more details.

LEMMA 3.5. Let A(wo, x) be the operator defined in (3.15). Then A(wg, x) is
an intertwining operator, and is polynomial (hence entire) in x.
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Let (¢, Vi) be a W-type. The operator A(wg,x) induces operators on Hom
spaces

(3.18) Ay (wo, x): Homw (Vy, X(x)) — Homw (Vi, X (woX)).
Furthermore, by Frobenius reciprocity and (3.11), this induces an operator
(3.19) Ay (wo,x): Vi — V.

The operator A, (wo, x) is the scalar

(3.20) N = [T e +1).

aeAt

We normalize the operators by this scalar and call them A(wg,x), respectively
Ay (wo, x). Then Ay (wo, x) = 1.

PROPOSITION 3.6. Let A(wy, x) be the operator defined above. Assume that x
is dominant.

(1) The operator A(wog,x) has no poles.

(2) The image of A(wo,Xx) is L(x).

(3) The Hermitian dual of L(x) is L(—x). Therefore L(x) is Hermitian if and
only if wox = —x. In this case, if (, )n denotes the Hermitian pairing,
then the Hermitian form on L(x) is

(3.21) (ty @ Ly, ty @ 1y) := (t, @ 1y, tyTwe (X)) @ L_y)p, x,y € W.

1
N(x)
It is easy to see that L(0) is (irreducible and) unitary. In general, we have the
following unitarity criterion.

COROLLARY 3.7. Assume x is dominant and wox = —x. The spherical irre-
ducible module L(x) is unitary if and only if the operators Ay (wo,x) are positive
semidefinite for all W -types ).

Clearly, this shows that the computation of the spherical unitary dual, for any
given Hecke algebra H, is a finite problem.

Example.
(a) The operator on the sign W-type is easy to compute:
1- <d7 X>
3.22 sign(Wo, X) = —_—.
( ) A g (wO X) H 1+<047X>

aeAt

If x is dominant, the module X (x) is irreducible if and only if Ag;gn(x) # 0, that
is, if and only if

(3.23) (&, x) # 1, for all « € AT,

This is the Hecke algebra analogue of the statement that the spherical quotient
of the unramified principal series of a split (real or adjoint p-adic) group admits
Whittaker models if and only if it is the full principal series.

(b) Let us consider the simplest case, i.e. the Hecke algebra of type A;. Then
there are two representations of W, the trivial and the sign. There is a single
positive root «. From corollary 3.7 and formula (3.22), it follows that L(x) is
unitary if and only if

(3.24) —1 < {a,x) < 1.
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3.5. Let wg = 84, *Say * --- *Sa, be a minimal decomposition of wy in W, and
let
(3.25) Ay (wo, x) = Ay (a1, wix) -+ - Ay (e, wex)

be the corresponding decomposition of Ay (wo, x), with w; = (8a,,15a,,2 " Say)-
Then

1 on the (+1)-eigenspace of sq; on V

(3.26) Aplg,v) =4 1@ m) on the (—1)-eigenspace of s,, on V}

THa,,0) gensp oy e
If « is a simple root, we have the formula
(327) ts ,Tw = thswfla-
From this, since s,,-1, = w™'sqw, it follows that
(3.28) twTw = Twlw, for all w e W.

REMARK 3.8. In particular, for w = wg, we conclude that every operator

Ay (wo, x) preserves the (+1) and the (—1) eigenspaces of wq on ¥*.
3.6. Relevant W-types. In light of corollary 3.7, a spherical module L(x) is

unitary if and only if Ay (wo, ) is positive semidefinite, for all W-types ¢ € w.

In fact, one determines in [Bal],[BC2],[Ci] a strict subset of W which is suffi-
cient to detect unitarity. We call this set the relevant W -types. Of course, relevant
W-types are interesting if and only if they form a small set. (This is the case, for
example, for W(FEsg): while there are 112 irreducible representations of W (FEjg), our
set of relevant W (FEg)-types contains only nine representations.)

In general, it is still unclear what the best way to define uniformly this set
would be. For example, one can notice, after the calculations are done, that a
possible set of relevant W-types consists of representations which in the Springer’s
correspondence ([Sp]) are attached to nilpotent orbits of level 4 or less. (One says
that a nilpotent element ¢ has level k if ad(¢)*+! = 0, but ad(é)* # 0.)

We now provide lists of relevant W-types. They will play a role in section 5.7.

DEeFINITION 3.9. The following sets of W-types are called relevant:
Ap—1: {(n—m,m): 0<m < [n/2]};
B,,Cp: {(n=m,m)x (0): 0<m < [n/2]}U{(n—m)
Dy : {(n—m,m)x(0): 0<m<[n/2]}U{(n—m)
GQ : {11, 21, 22},
F4 : {11, 42, 23, 81, 91};
FEs: {1,,6p,20,,30,, 154};
Er: {14,7,,27,,56., 21}, 35,,105,};
Es: {1,,8.,35,,50,,84,, 112, 400, 300,, 210, }.
The notation for Weyl group representations is as in [Car].

n};

0<m<
(m):0<m < [n/2]};

3.7. Extended Hecke algebras. We present some elements of the construc-
tion of extended graded Hecke algebras. This construction will be applied to the
setting of a Hecke algebra constructed from the set of good coroots and the (dual
of the) R-group, as in section 3.2.

Let H denote the graded Hecke algebra associated to a root system as in the
previous section, and let R be a subgroup of the group of automorphisms of the
root system for H.
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DEFINITION 3.10. We define H' to be the semidirect product
(3.29) H' := C[R] x H,
where the action of R on H comes from the action of R by outer automorphisms
on the root system of H.

Set
(3.30) W' :=Rx W.

In the same way as for usual graded Hecke algebras, one obtains that:

LEMMA 3.11. The center of H' is AW,

For every v € h*, we fix the following notation:

(3.31) R(v) = the centralizer of v in R,
A'(v) = CR()] x A,
H'(v) = C[R(v)] x H.

Let trivyy be the trivial representation of W. This is stabilized by R, so by
Mackey induction, any representation A of R gives rise to a representation of W/,
which we denote by A X trivy; any W'-representation containing trivy in its
restriction to W is obtained in this way.

Call an irreducible W'-representation fine if it is of the form A x trivy, for some
A € R. Note that if p = X x trivy is a fine W-type, then Homy [p : trivw ] =2 A*.

DEFINITION 3.12. We call a module 7 of H' quasi-spherical if Homyy [r :
trivy] # 0.

Clearly, any module 7 containing a fine W/-type is quasi-spherical. Consider
the principal series

(332) XI(V) = H/ ®A’(1/) (CV = HI ®H’(u) (HI(V) ®A’(U) (CV)

Every fine W'-type p = A X trivy appears in X'(v) with multiplicity dim A.
Our main case of interest is when R is abelian, in this case all the multiplicities are
one.

We can extend the definition of intertwining operators to this setting. Assume
ww® € R x W. Then, similarly to section 3.4, we define a H’-operator

(3.33) A(uw®,v): X'(v) — X (uwv), 2@ 1, — 2uryo @ 1,0,

We normalize the operator A’(uw’,v) to be the identity on the trivial W'-type,
and denote the resulting operator by A’(uw®,v).
For every W'-type 1/, we obtain an operator

(3.34) Ay (uw®,v): Homyy (¢, X' (v)) — Homy (¢, X' (uw’v)).
REMARK 3.13. When w'v = —v, the H'-operator Ay (w°, v) is block diagonal,

each block corresponding to a representation A of R(v), such that it is the restriction
to HOIHR(U) (1/)/, A) of Aw/‘w (U)O, V).

4. Petite K-types for split real groups

In this section, we discuss the construction of petite K-types and the rela-
tion between the real intertwining operators from section 2, and the graded Hecke
algebra operators from section 3.
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4.1. Operators for real split groups. Assume that G is a real split group,
let P = M AN be a minimal parabolic subgroup of G. Choose a (fine) K-type ¢ and

a weakly dominant character v of A. By the results in section 2.12, a Langlands
quotient L(d, ) is Hermitian if and only if there is a Weyl group element satisfying

w-Q=0Q, w-6~) and w-v=-U

where @ is the the parabolic defined by v, as in section 2.9. (If v is strictly dominant,
then @ = P and w = wy, the long Weyl group element.) The intertwining operator

Au(w,6,v) = ps(w) A, (w,8,v): Hompy(p, ) — Homps (g, 6)

induces a nondegenerate invariant Hermitian on L(4,v).
The operator A, (w, d, ) has been introduced in sections 2.8 and 2.11. We now
describe its properties in greater details.

THEOREM 4.1. Let w = Sq,.5a, 4 - - - Say be a minimal decomposition of w as a
product of simple reflections. Then

T

(41) A#(w75a V): HA#(Sajvpjflvyjfl)
j=1
with
(4.2) Au(8a;,pi-15v5-1) = pi5(00; )AL (S0, pi—1, V1)

and p; equal to the unique copy of d; inside the fine K-type 5.

PROOF. Recall that A, (w,d,v) is a normalization of the standard intertwining
operator A, (w,d,r) introduced in section 2.8. As in (2.31), it has a decomposition
of the form:

(4.3) A (w,6,v) = [ [ 4}, (sa,.0;-1,v-1)
j=1

withwg = 1,00 = 6 = 29-0, 9 = v = zo-v, and 6; = 84,54, _, - -+ Sa, "0 = Tj- 6, Vj =
—_———

Tj

Sa;Saj_y -+ Say -V = ;- v, for j > 1. The operator A, (w,d,v) = pus(w)Aj,(w,d,v)
—_————

Tj
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inherits a similar decomposition. We can write:

A (w,8,0) = ps(w) | T] Ap(sa5585-1,75-1)
j=1

= ps(xr) | [] A (say 251+ 6,251 - v) | pslao) ™

Jj=1

=T (1o (@) A (50, w51 6,251 - v)ps(aj1) "]
=1

T

=TT [15(0a,) Al (50,0 p5-1,75-1)]

— H Au(saj yPj—1, Vj—l)-
Jj=1
Here p; denotes the unique copy of ¢; inside the (fixed) fine K-type pus. We refer
to the factorization

(44) A#(w75a V): HA#(Sajvpjflvyjfl)

j=1
as the Gindikin-Karpelevi¢ decomposition of the operator A, (w,d,v). Note that
every factor

Au(Sa,5 pi—1,vi—1): Hompr(p, pi—1) — Homps (1, pi)

of this decomposition can be regarded as an operator on Homps(p, p15). We sum-
marize the factorization with the following diagram. The horizontal lines on top
represent the decomposition (4.3) of A} (w,d,v). The vertical lines are the opera-
tors us(x;)’s and their inverses; in particular, the first and last vertical lines are the
identity and the operator ps(w) respectively. The horizontal lines in the bottom
represent the factorization (4.4) of A, (w,d,v).

HOH]]\{(,U/, 6) AL(Sajvéj—lij—l) AL(Socj+1,6ijj) Hom]\f(lu‘7w5)
I /ﬂ ﬂ I
Homns(p,d0)  Homar(p,05-1) = Homar(p,d;) = Homar(p, j41) Hom s (1, 07)
@ > e ° ° @ ieiens v e
s (zo) Y =1 po(zj—1)| |ms(@im) ™ ps(@)| |us(@) ™ wes(ejpr) |ms(zjp1) ™t ps(@e)= ps(w)
@ — > e ° _ ° : @ ccieienn — s e

Homps (s, po)  Homnr (g, pj—1) U Hom s (1, pj)ii Homps (p, pj+1)  Homur (g, pr)
I I
Homas (1, 0) Ap(sajspj—1,vj-1) Ap(sajirspivs) Homas (1, 0)

O

Next, we show how to compute the various factors of the decomposition (4.4).
Consider the action of Zij on the space Homps(p, pj—1) defined by

(4.5) T T odu(Za,)*.
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This action is well defined because Ad(m)Z,, = £Z,,; for all m € M, so Zo%j
commutes with M. Every eigenvalue of Zgj on Homps(u, pj—1) is of the form

(—1?), with [ an integer. Precisely, [ is an even integer if «; is good for p;_; and
an odd integer otherwise. Write

(4.6) Hom (1, pj—1) := EP E* (—1°)

for the decomposition of Homas (g, pj—1) in generalized eigenspaces for Zij.
Then the operator A, (sa,, pj—1,vj—1) acts on E* (—I1?) by

(4.7) T iy, vy—1) ps(oa,) T plo)),

where 0, is a representative of Sa,; in K. The constant ci(og,vi—1) is equal to 1
for I =0 or 1, and is given by

@A) (2m =N
(4.8) cam1(a, V1) = (=1) 2+NE+N) - (2m+N)

@ =NE =N 2m 1))
(4.9) cam(aj, vj-1) = (=1) (T+NB+N) - (2m—1+))

for m > 0. Here A = (vj_1,d;). Notice the similarity with the formulas for the
spherical operators of SL(2,R) in section 2.13. Recall from section 2.8.2 that
A, (8a;,pj—1,vj—1) agrees with a spherical operator for the rank-one group MGy
on the restriction of y to M K%i.

REMARK 4.2. For the purpose of computations, it is sometimes convenient to
construct simultaneously all the operators A, (w,¢’, v) with ¢’ an M-type occurring
in .

Let ¢’ be any M-type in the W-orbit of . The operator A, (w,?d’,v), together
with all its factors

Au(saj ) p_/j—lu Vj—l) : Homyy, (/1'7 p;‘—l) - HOHIM(M, p_/])7
can be regarded as operators on Hom (i, pis). Let
(4.10) A, (w,v): Homp (E,, E,;) — Homp (E,, Ey)

be the direct sum (over all the ¢’ in the W-orbit of ¢) of the operators A, (w,d’,v).
Via (4.4), the operator A, (w,r) has a decomposition:

(4.11) Ap(w,v) =[] Au(sa,,vi-1)-

Jj=1

Every factor is an operator on Homps(E,,, E,;), and is easy to compute. Write

(4.12) Homy (Ey, B,) = € B (—1?)
lEN/2

for the decomposition of Hom s (Ey,, E,,) into eigenspaces for Z2 . Then Ay, (sa,,vj-1)
acts on E% (—I?) by

(4.13) T alaj, vj—1) ps(0a, ) Ti(og,))-
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4.2. Operators on fine K-types. Let ps be our (fixed) fine K-type con-
taining ¢ (the same one used to define the operator A(w, d,v)). Our normalization
imposes that A, (w,d,v) is trivial. We will show that, if u is any fine K-type
containing 9, then the operator

T
A#(wv 55 V) = H A#(Sa]‘ y Pi—15 ijl)
j=1
is a (possibly nontrivial) scalar.
Choose u in A(d). To construct the j'* factor of the operator A, (w,d,v), we
look at the action of Zij on Homas(p, pj—1). Because p is fine, the only possible

eigenvalues of Zgj on this space are 0 and —1, hence

E;7(0) if a; is good for p;_1

4.14 Ho Pi=1) = po
( ) mpy (4 Pj 1) {E,/(—l) otherwise.

In both cases, the operator A, (sq;, pj—1,7j—1) acts by T+ ps(0q,) T,u(a;jl). This
follows immediately from the fact that co(oj,vj—1) = e1(ayj,vj—1) = 1.
Then, the full intertwining operator

A, (w,6,v): Homar(p, ) — Homas(p,96), T — H Au(sa,,pj—1,vj-1)| T
j=1

acts by
(4.15) T = ps(ow) T p(ow),

where o, is a representative of w in K.

Note that the space Homs(y,0) is one-dimensional, so A, (w,d,v) is a scalar
operator. We will now give a different interpretation of this scalar.

For every (not necessarily fine) K-type m containing 0, we define a representa-
tion ¢, of W5 on Homj, (7, d), as follows. Since § appears in ps with multiplicity
one, we can identify § with its copy inside us, and V° with E,,(8) (the isotypic
component of ¢ in ). Let M§ be the preimage of Ws in the normalizer M’ of A in
K. The group Mj acts on both E.(d) and E,,, () by restriction of the appropriate
action of K, hence it acts on

Hom (B, V?) = Homps (Ey, B,y (6)) = Hompy (B (8), E,y (6))
by
(4.16) o-T(v) = ps(@)T(n(c)" ") Yve E;.

Because M acts trivially on Hom s (E,, V?), we also get a representation ¢, of Ws.
The restriction of 1 to W will be denoted by 2.

Now assume that 7 is fine. Let (M})° be the subgroup of M} generated by the
elements o, for all the good real roots . Notice that (M})? can be smaller than
the preimage of VV5O in M’, because it may not contain all of M.

The group (M})? acts trivially on the d-isotypic component of every fine K-type
7 containing ¢. To prove this claim we observe that

(02w = T(ma)v = 6(ma)v=v Yv € E.(0)

[e3

for all o, € (M})" (recall that « is a good real root for §). So m, acts trivially
on Er(d). Because p is fine and has level at most one, the (+1)-eigenspace of
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0o coincides with the (41)-eigenspace of m, (and the (0)-eigenspace to Z,). In
particular, o, acts trivially on E.(0).
Let us go back to the space

Hom (7, 8) = Homps (Er, V°®) = Hompy (Ex(8), B, (6)).

Since 7 and ps are both fine, the action of (M})" on this space is obviously trivial.
The group W = [M(M})°]/M also acts trivially on Homps (7, §).

Hence, for every fine K-type 7 containing 4, there is a representation of the R
group Rs = Wg/VV(;O on Homy (E, V‘;). We denote this representation by o,. If
[w] € Rs and o is a representative for w in Mj, then

(4.17) (0x[W]T)(v) = ps(o)T(7(c) ') Vv € E,.
Notice that this is exactly the action of A, (w,d,v) on Homa(Ex, V7).

REMARK 4.3. The representations v,,, wg and g, depend on the choice of the
(fixed) fine K-type pus € A(d). This is the same fine K-type used to define the
operator A(w, d,v).

PROPOSITION 4.4. Choose a minimal parabolic subgroup P = MAN of G,
a representation § of M and a weakly dominant character v of A. Suppose that
X (8,v) is Hermitian, and let w € Wy be such that w-Q = Q and w-v = —v.
Denote by o a representative for w in M§ and by [w] the equivalence class of w in
Rs.
Having fized a fine K-type us € A(S), we associate a character or of Rs to
every fine K-type m containing 9§, as above. The intertwining operator

Ar(w,6,v) = ps(w) AL (w,8,v)
acts on Hompy(m,0) by the scalar ox[w].
COROLLARY 4.5. Ifw € W?, the operator A (w,d,v) is trivial for all m € A(S).
If w g WP (and Rs # {1}), then different fine K-types may get different sign.

4.3. A nonunitarity criterion. A first criterion for nonunitarity is obtained
by analyzing the signature of the intertwining operator on the fine K-types.

PROPOSITION 4.6. Let G be a real split group. Choose a minimal parabolic sub-
group P = M AN of G, a representation 6 of M and a strictly dominant character
v of A. Let L(6,v) be the corresponding irreducible representation of G. Suppose
that w-P = P and w-v = —v for some w € Ws, so that L(6,v) is Hermitian, and
assume that there is no element w® € W(? with the same property. Then L(6,v) is
not unitary.

PROOF. Since A(d) = #Rs and Rj is nontrivial, the principal series X (§,v)
contains several fine K-types. Every fine K-type of X (§,v) is contained in L(d, V),
because L(d,v) is the unique irreducible subquotient of X (d,v). So, to prove that
L(4,v) is nonunitary (i.e. A(w,d,v) is not positive semidefinite), it is sufficient to
show that there is a fine K-type 7 in A(d) such that A (w,d,v) = ox[w] < 0.

Because Rs is an abelian two-group, the dual 1/%?5 is a group isomorphic to Rs.
In particular, the number of distinct characters of Rs equals the number of fine
K-types containing §. Also notice that, with the notation of the previous section,
On, = On, if and only if m = ma. So every character of R; is of the form p, for
some 7 € A(d). We conclude that there must be at least one fine K-type 7 in A(0)
such that or[w] = —1, and we are done. O
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Another explanation (suggested by D. Vogan) for why this result should hold
is as follows. Choose G2 D G as disconnected as possible (if G is the real points of
an algebraic group, then G5 is the preimage of the real points of the adjoint group
of G), and let MsAsNs be a minimal parabolic subgroup of G5 containing M AN .
The group M, is still abelian and contains M ; we can choose an extension do of d to
M, such that Ws, = WJ. Then the principal series X (02, v) of G2 is not Hermitian,
and its restriction to G' cannot be unitary. (Note that every fine K-type containing
d appears in the restriction of the unique fine Ka-type containing ds.)

We now give some applications of the proposition.

(1) If v = a > 0, the nonspherical Langlands quotient L(sign,a) of SL(2,R)
is Hermitian. The element w = s, € Wgy carries P into P and v into
—v. Because WY, = {1}, there is no element in WY, with the same
property. It is not hard to check that the operator A(s,, sign,a) takes
opposite sign on the two fine SO(2)-types (+1 and —1) containing sign.
Both fine SO(2)-types are contained in L(sign,a), hence L(sign,a) is not
unitary. Notice that the corresponding representation of Go = SL*(2,R)
is not even Hermitian.

(2) If v is real and strictly dominant, the nonspherical Langlands quotient
L(6p,v) of Sp(2n,R) is Hermitian (c¢f. section 2.6). The element w =
—I € W5, = Cy—p x C,, carries P into P and v into —v. Because W(?p =
Cpn—p x Dy, when p is odd there is no element of W(?p that can change sign
to v (only an even number of sign changes can occur in the last p entries
of v). It is not hard to check that the operator A(—1, d,, ) takes opposite
sign on the two fine U(n)-types (AP(C,,) and AP(C,,)*) containing d,. Both
fine U(n)-types are contained in L(dy,,v), hence L(d,, ) is nonunitary.

In these examples Rs = Z /27 and A(J) contains two fine K-types (which correspond
to the trivial and the sign representation of Z/27Z respectively). Because [w] is a
generator for the Rs group, the operator A(w, d, ) takes opposite sign on the two
fine K-types. Hence the Langlands quotient L(d, ) (which includes both K-types)
is nonunitary.

REMARK 4.7. In proposition 4.6, v is required to be dominant, so X (4, v) has
a unique irreducible subquotient (which must of course contain all the fine K-types
for §). If v is only weakly dominant, the lowest K-types are distributed among
the various subquotients. If one of these subquotients contains at least two fine
K-types, then a similar nonunitarity test may apply.

PROPOSITION 4.8. Suppose that

(1) Rs # {1}, and

(2) Rs(v) # Rs
so that there is a subquotient of X (d,v) containing (at least) two fine K-types m
and m. Also assume that w - v = —v for some w € Wy, and that there is no
element wo € WP with the same property. If or, [w] # or,[w], then the Langlands
subquotient L(6,v)(m1) = L(6,v)(m2) is not unitary.

Petite K-types are meant to provide additional nonunitarity certificates for
Langlands quotients of principal series.
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4.4. Definition of petite K-type. The definition of petite K-types is rather
technical. It is intended to provide a natural relation between intertwining operators
for real groups and intertwining operators for graded Hecke algebras. This relation
will be detailed in the next few sections.

DEFINITION 4.9. Let p be a K-type containing 6. We say that u is “petite for
0" if the following conditions hold.

(1) If v is a good root for d, and « is simple in both WY and W, then the
only possible eigenvalues of Z2 on Homyy(p, §) are 0 and —4. This gives:

Hom(p,0) = E*(0) & E*(—4).

(2) If a is a good root for &, and « is simple in W9 but not in W, choose a
minimal decomposition of s, in W of the form

Sa = (S’Yl Syg - '571)55(5’71 o '572571)

with

e ¢ good for 7 = (s, -+ 54,84,)0, and

o yibadfor 75 = (54, , <+ 5y,8y, )0 and 77 = (84, -+ 55,868, -+ 54,0,

forall j=1...1.

Then
(2a) the only possible eigenvalues of Zg on Hom s (p, 7) are 0 and —4.
(2b) the only possible eigenvalue of Zﬁj on Hom s (s, Tji) is —1.
Note that, in these cases,

Homy (i, 7) = E(0) ® ES(—4)
and
Homy, (p, 75) = BV (1) Vj=1...1
(3) If v is a bad root for & but s, is in the stabilizer of §, then the only
possible eigenvalue of Z2 on Hompy (1, 6) is —1. This gives:
Homps (p,0) = E*(—1).
PROPOSITION 4.10. K -types of level at most 2 are petite.

DEFINITION 4.11. Let p be a K-type containing §. We say that p is “quasi-
petite for §” if conditions (1) and (2) hold.

PROPOSITION 4.12. K -types of level at most 3 are quasi-petite.

4.5. Spherical Petite K-types. Assume that ¢ is trivial and v is weakly
dominant. Choose w € W such that w-Q = Q, w-J = and w-v = —v. Note
that W5 = Ws = W in this case.

THEOREM 4.13. Let § be the trivial character of M. For every spherical K -type
w, let 1/12 be the representation of W{ on Hom s (p, 8) introduced in section 4.2. If
1 is petite, then
Ap(w, 6, v) = Aoy (w,v)
for all weakly dominant v.

The operator on the left is an operator for the real group G; the operator on
the right is an operator for the affine graded Hecke algebra corresponding to W
(cf. section 3.3).
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ProoF. Consider first the Hecke algebra operator
(418) A(wg)*(’w, V)Z (prz)»«) = HOIIIM(/L, 6) — (prz)»«) = HOIIIM(/L, 6)
(Note that domain and codomain of A(yg)~ coincide with the ones of A, (w,d,v)).
If
(4.19) W= 53,588,503,

is a minimal decomposition of w in W, then A(wg )+ has a Gindikin-Karpelevic
factorization of the form

(420) A(wg)*(’w,y) = H.A(d,z)* (ng,’)/j_l)
j=1

with 7,1 = sg,_, -~ Sg,sp,v for all j > 1 and 79 = v. The j*"-factor of the
operator acts by

1 on the (+1)-eigenspace of 1 (sg,)
(421) A(qu)*(Sﬁ,,’}/j_l) = {1_@, 7ﬁ“> . g !
" ! m on the (—1)-eigenspace of ¢,(sg, ).

Here is a picture of the action of A(yo)«(ss,,7;-1):

(+1)-eigensp. of $i(sg;)  (—1)-eigensp. of ¥} (sp;)
. . 0 1-(v;_1,85) o

A(wﬂ)* (Sﬁj7ﬁ)/]*1) . lwu(sﬁj) lil+(w;,1,ﬁ;‘)wu(sﬁj)
(41)-eigensp. of wZ(sBj) (—1)-eigensp. of wz(sBj)

Notice that
L+ (-1, B;)0p(ss,)
(4.22) Awpo)- (85,75-1) ! e
L+ (vj-1, B5)
Now look at the real operator. Corresponding to the same minimal decompo-
sitions of w in W, there is the factorization (4.4) for A, (w,d,v):

(4.23) Ay (w, d,v) = HAM(ng,pj_l,uj_l).
j=1
Observe that pj_1 =6 and vj_y = 7,1, for all j =1...r. Most importantly, both
Ao~ (s8,,7vj—1) and A, (ss;,0,7;-1) are operators on Homs(p,6). We will prove
that the two factors match.
Recall from section 4.1 that the action of A, (sg,,d,v;-1) on Homps(p,d) de-
pends on the decomposition of Homps (1, d) into Zgj eigenspaces. In particular,

A, (s3,,06,7j-1) acts on B (—4m?) by

(424) Tl—> Cgm(ﬁj,’}/j_l)/L(;(Ugj)TM(O'Ejl).
Because 3; is a good root for 4, we can re-write this action as
(4.25) T = cam(Bj,7j-1) Y (sp,)T.

Now, because p is petite, and 3; is a good root for ¢ (simple in both W and WY),
the only eigenvalues of Zgj on Homp(p,0) are 0 and —4:

Homyy (i, 0) := EP1(0) @ EPi(—4).
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Hence only the constants co(8;,7v;—1) = 1 and ca(8;,vj-1) = —% appear:
=15 P

E (0) E( 4) ( 16)

Au(58;,0,75-1) + [ whieny) IR s, ( /
5 (0) B (-1 50

Notice that

(4.26) EPi(0) = (+1)-eigenspace of wg(SBj)

(4.27) EPi(—4) = (—1)-eigenspace of wg(SBj)

SO

(428) A#(ng y 5, ")/jfl) = A(wz)* (ng y ’yjfl) Vj =1...r

We conclude that

(4.29) Ap(w, 6,v) = Agyo)- (w,v).

O

4.6. Nonspherical petite K-types. The matching of operators in the non-
spherical case is much harder, especially if the K-type is not pseudospherical. In
this case, W} is a proper subgroup of W and the two intertwining operators cannot
be compared term by term. We point out some of the difficulties:

e The element w is in the stabilizer of § in W, but does not necessarily
belong to W{, so the operator Awg)* (w,v) might be meaningless.

e If ais a bad root for ¢, and is simple in W, then the a-factor of A, (w, d,v)
does not have an immediate correspondent in sz )= (w,v).

e If o is a good root for ¢, and is simple in WJ but not in W, then the
a-factor of Agyo)-(w,v) does not have an immediate correspondent in
Ay (w,6,v).

It is convenient to proceed by increasing level of difficulty. At this stage we will
assume that w € W, so that we can choose a minimal decomposition of w in Wy
which is “compatible” with the one of w in W.

LEMMA 4.14. Let w = sg, - $p,83, be a minimal decomposition of w in WJ.
Notice that the roots occurring in this factorization are obviously simple in W(?,
but need not to be simple in W. If §; is not simple, we can choose a minimal
decomposition of sg, in W such that:

(4.30) 58, = (Sy1Sys " Sy,)8¢(Sy, ** 5y284,)
with

o & good for (s, -+ Sy,5+,)0, and

o ; bad for both (s, | -+ 8,5+,)0 and (S, -+ 8,565, -+ 5, )0.
We can choose these minimal decompositions in a way that, after replacing every
non simple reflection sg, by its expression in 4.50, we obtain a minimal decompo-
sition of w in W.

The following example will clarify the lemma. Let G be the split linear group
of type Fy, with simple roots:
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Q] = €] — €3 — €3 — €4 ag = 2€4 a3 = €3 — €4 g = €3 — €3
e 9 — —"——7—"7—79

There is a one-dimensional nongenuine character § of M (with a three-dimensional
orbit {4,d’,0”} under W) that admits

Qg = 2¢4 Q3 = €3 — €4 Qg = €2 — €3 B=c¢€1—e€2
[ —— °® °

as a basis for the good roots. Then W? is a Weyl group of type Cy. The long Weyl
group element w = —1 has length 16 in VV5O , and length 24 in W. We choose

(4.31) W = Sa, (SasSasSas ) (SasSasSasSasSas ) (5504 SasSasSasSas SB)

to be a minimal decomposition of w in WY. Note that § is the only good root
which is simple in W(? but not in W; we decompose it as:

(432) Sp = (SalsOQ)SOéa (SOQSOCI)'
Then

aq is bad for §. The reflection s,, carries ¢ into ¢’ = s4,6 and ¢’ into 9.
ag is bad for ¢’. The reflection s,, carries ¢’ into 6" = s4,0" and §” into
5.

e a3 is good for §”. . The reflection s,, obviously stabilizes §”.

e The composition Sq, S, SasSasSa, stabilizes 6.

Replacing every occurrence of sg in w by the product su,Sa,Sa55q55q;,,; We
obtain a minimal decomposition of w in W:
W = Sa, (Sas5asSas)(SasSasSasSagSay)"

(Sa1SazSagSasSar SasSasSazSasSas Sar SasSasSazSay)-
=sp =sp
THEOREM 4.15. Let § be a nontrivial representation of M and let v be a weakly
dominant character of A. Assume that there exists w € WY such that w-Q = Q
and w - v = —v. For every K-type p containing 9, let 1/)2 be the representation of
W on Hompy (i, 8) introduced in section 4.2. If ju is petite, then

Ap(w, 6,v) = Aggo)- (w,v).

The operator on the left is an operator for the real group G; the operator on
the right is an operator for the affine graded Hecke algebra corresponding to W}
(cf. section 3.3).

PROOF. Suppose that

(4.33) W =83, """ 58,5806,

and

(4.34)

W= 8p,. """ (571572 TSy SeSy 5’72571)5[3«;71 (S Sy " S¢STy Sry87y) Sp1
58; ng

are minimal decompositions of w in W) and W respectively, that are compatible
in the sense of the previous lemma.
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Recall that the Hecke algebra operator

*

(4.35) Aoy (w,v): (V(w;z)*) = Hom; (i, 6) — (V(l/fﬂ)*) = Homjs(p, )

has the factorization (4.20):

T

(436) .A(d,l(i)*(w,l/) = HA@,B)* (ng,’)/j_l).

Jj=1

The jth-factor of Awg)* (w,v) is again an operator on Hom;(p, d), and acts by

1 on the (+1)-eigenspace of 1% (sg,)
(4.37) Aoy (88,7j-1) = 1—(v, 1. 4, , b
(WR) J % on the (—1)-eigenspace of ¢ (sg, ).

The real operator A, (w, d,v), on the other hand, has the factorization (4.20).
This factorization involves more factors; every factor corresponds to a simple root
in W (which might, of course, be either good or bad for ¢). We will prove that:

(a) If B8 is a good root for 4, and 3 is simple in both W and W, then the
B-factor of A(%)* (w, v) matches the corresponding S-factor of A, (w, d,v).
(b) If B is a good root for &, and 3 is simple in W but not in W, write

83 = (81 8y ++5,)86(Smy ++ Sy554,)

for a minimal decomposition of sg in W as in lemma 4.14. Then the
(B-factor of A(wﬂ)*(w,y) matches the product of the all the factors of
A, (w,6,v) coming from (s, 8y, <+ - Sy, )Se(Sy; *+* Sya Sy )-

In our F; example, the matchings are as follows:

(") Aoy (ai, ) = Au(ai, 6,7) for all i = 2,3, 4, and all .
(b”) -A(wﬂ)* (B,7) = A#(al, 0, S 504350425&17) © A#(ag, [ 504350425&17)0

OAM(CY3, 51/7 SasSay '7) o Au (042, 6/7 Say ’7) o Au (ala 57 7)
for all ~.

Instead of proving claims (a) and (b), we will prove (a’) and (V') instead. The
general idea will emerge from this simpler case.

Condition (a’) is easy to prove. Let 8 = «y, for i = 2,3,4. Then [ is a good
root for &, and is simple in both W and WJ. Because p is petite, Homps(u, ) =
EP(0) @ EP(—4). The same argument used in the spherical case shows that the
[B-factor of the Hecke algebra operator matches the g-factor of the real operator:

for all . Notice that both factors act on Homps(p, d).

Condition (b') is more delicate. Choose § = a1 and sg = (Sa; SasSasSasSa )-
The Hecke algebra operator A(yo)«(/3,7) acts on Homps (g, 0) in the usual way. The
composition of the factors of the real operator corresponding to (Sa; SasSasSasSar)
also acts on Hom(p,d); the single factors, however, do not. Set ¢’ = s,,d and
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0" = $4,8a,0. Then

(4.39) A, (say,0,7): Homps(p,8) — Homps(p,6")
(4.40) A#(SOQ, ,Say7y): Hompy(p,6") — Homps(p, 8")
(4.41) Au(Sag,0”, SasSayy): Homps(p, 6") — Hompg (s, 8”)
(4.42) A (805,0", SaySasSayy): Homay(p, 6") — Hompg (s, 8")
(4.43) Au(Sar,0', SasSasSasSary): Homay(p, 8') — Homag (1, 9).

Because p is petite and a4 is bad for both 6 and ¢, serious restrictions are imposed
on the eigenvalues of du(Z,,)? on both Hom s (p1,6) and Hompy (1, 9"):

B :
w E‘;l (—1) E%1 (—9) E‘;l (“25) E®1 (—19)

Then, for all v, we have:

-+

(444) A,LL (5061 ’ 55 7) : HOHlM (,LL, 5) - HOHlM (,LL, 51)7 T /Lts(gal)Tﬂ(Uﬂcl)_l

and

Au(Sar5 0"y SasSasSasSayy): Homar (i, 8") — Hompg (1, 8), T+ ps(0ay ) T1t(00,)

Note that, because T' is M-invariant and Uil € M, we can also write

(445) -A,u(soq ) 5/a SasSazSas SQI’Y)T = /Lts(aal)ilTﬂ(Uﬂtl)'

There are similar restrictions on the eigenvalues of dj(Z,,)? on Homps(p, ') and
Hom s (11, 6”). Hence
(4.46)

A# (Sﬂtz ’ 517 Salp)/) : HOHlM (:uv 5I) - HOIIlM (,Uﬂ 6H)a T /Lts(gaz)T:U‘(UOQ)_l
and
(4.47)
A,LL (Sﬂtz ’ 51/5 SagSas 50117) : HOIIlM (,LL, 5”) - HOHlM (,Uﬂ 5/)5 T Hs (0'042)_1T:u(0'0¢2)'

We are only missing the central factor, A, (Sas,0”, 5as5q,7). Because p is petite,
and ag is good for 6", Z2 acts on Homy (u, 0”) with eigenvalues 0 and (—4). Then

(4.48) Au(Sas5,0", SasSayy): Homps(p,6") — Hompy (1, 6")

acts by

T+ <3a25a1'7a OZ3>/145(0'0¢3)T,U(U(13)_1

4.49 T —
( ) 1+ <5a2 San s d3>

Finally, we look at the composition of the 5 factors:

A,u (011, 6/7 SasSazSas 5061'7) o -A,u (042, 5”7 SagSasSay F)/)o
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" /
OA#(O‘& J ) 50625041'-0 © A,u(o@v o ) SOq'Y) © A#(alv 55 7)7

which acts by

(4.50) T s T + (SasSa, 7, As) ps(op)Tp(op) .
I+ <SO¢2 San s OZ3>

Because 3 is a good root for ¢ and

(Saz8a17,A3) = (7, Say Sasdi3) = (7, 5),
we can re-write this action as
T+ .0) Un(s0)T
1+ (v,5)

Hence the product of operators behaves exactly like Awg y=(3,7). This concludes
the proof of the theorem. O

We now go one step forward, and discuss the case w € W (not necessarily in
W{). Recall that W is the semidirect product of W{ with

R ={we W:w(VA])="VA}}.

R§ is an abelian two group, and is generated by reflections through strongly or-
thogonal bad roots perpendicular to p(Ag).

THEOREM 4.16. Let § be a (nontrivial) representation of M and let v be a
weakly dominant character of A. Assume that there exists w € Wy such that w-Q =
Q and w-v = —v. Write w = uw®, with u € R§ and w’ € W(;O. For every K-type
p containing 6, let 1, be the representation of W5 on Homas(p,6) introduced in
section 4.2, and let 1/)2 be its restriction to WJ. If u is petite, then

Au(w,8,v) = P (u) Aoy (w, v).

The operator on the left is an operator for the real group G; the operator on the
right is an operator for the extended Hecke algebra corresponding to W (cf. section
3.7).

PRrROOF. Choose a minimal decomposition of w = uw® in W of the form
(4.51) w:S<t-..S<1 SOts”'SOzl

—_—— ———
u wo

with s¢, € RS and (sq, - Sa,) a minimal decomposition of w in W. Notice that
(1...¢ are bad roots for §, but the corresponding reflections stabilize 6.

The intertwining operator A, (w, d, ) factors:
(4.52)

S

‘AH(wv d,v) = AM(SCt=67 Vsit—1) AM(S<1757 Vs) H AM(Saij—l? vj-1)

If p is petite, then

S

(4.53) TT Aulsayspi-1,v5-1) | = Apsg)« (0, v)

j=1
by theorem 4.15.
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Let us look at the remaining factors of the operator A, (w,d,v). Since s,
stabilizes J, each A, (s¢,,0,Vr1i—1) is an operator on Homas(p,d). Because p is
petite, Z2 acts on Homy(u,6) with eigenvalue (—1). Then

(454) AM(SQvé? I/S+i—1): HOIIlM(/L, 6) - HOIHM(/L, 6)7 T MlS(O—Ci)T:u'(UCi)il

for all i = 1...t. We can re-write this action in terms of the Ws-representation 1,
introduced in section 4.2:

(4.55) Au(s¢, 0, Vsqi—1): Hompy(p, 6) — Homag (1, 6), T +— v (s¢,)T.

Composing the various factors of the operator we find:

(4.56)  Au(w,0,0) = Y5,y 1) Pulse) Aoy« (0, 1) = () Agye)u (W, v).
Pu(u)

This concludes the proof of the theorem. O

REMARK 4.17. If p is fine, then
A (w,8,) = (W) A (w, v) = Yu(w)ihp (w°) = P (w) = oulw]
(in accordance with proposition 4.4).

4.7. Matching of unitary duals. Let G be a split real group. Suppose, for
simplicity, that the principal series X “(6,r) has a unique irreducible Langlands
subquotient LE(8,v). Let w € W be such that

w-d~§ w-v=-v and w-Q=AQ.

The unitarity of the Langlands quotient L%(d,v) depends on the signature of the
Hermitian intertwining operator A(w, 8, ). More precisely, LY(d,v) is unitary if
and only if A, (w, d,v) is positive-semidefinite for all p € K containing 4.

Because the Weyl group element w stabilizes §, we can write w = ww®, with
u € RS and w® € WP. If u is a petite K-type containing §, then

(4.57) Ay (w,6,v) = wﬂ(u)A(wﬁ)*(wo, V).

Here v, is the Ws-representation on Homp(p, d) and 1/12 is its restriction to W(? .
The operator A(wﬁ)*(wo, v) is a spherical intertwining operator for a graded Hecke
algebra H° defined as in section 3.3, with W=W} and II the simple roots of As.
Recall from section 3.6 that the unitarity of the irreducible spherical H°-module
LE’ (1) is detected by a finite number of relevant W{0-types.
If A(6) has cardinality one, then W = Wy, R; is trivial and u = 1. Hence

(4.58) Ap(w,6,v) = Aoy (w,v)

for all p petite.
Suppose that every relevant Wy type comes from a petite K-type via the cor-
respondence i — 1/)2. In this case, the unitarity of the G-module L% (6, v) implies

the unitarity of Hecke algebra-module LE’ (v).

‘LG(& v) is unitary‘ ====================="> LHO(V) is unitary

) )
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AH(w757V)20 A#(w,é,y)zo AT(U)’V)ZO AT(M’V)ZO
R = = A —
VueK Y p petite V7 relevant VreWw

It follows that the portion of the unitary dual of G induced by § is embedded in
the spherical unitary dual of H.

THEOREM 4.18 ([Bal],[Ba2]). Let G be any real split group and let § be the
trivial representation of M. Then Rs = {1}, W(? = Ws = W and every relevant
W -type comes from a petite K -type (via p — 1,,).

As a consequence, the spherical unitary dual of G is embedded in the spherical
unitary dual of the corresponding Hecke algebra H.

Suppose that A(d) has cardinality bigger than one, so that R is nontrivial.
Because we are assuming the existence of a unique irreducible subquotient, every
fine K-type in A(9) is contained in LY(§,v). We distinguish two cases:

(a) we Wy
(b) w e W\ WY, and there is no w® € W{ satisfying
w' - v=-v and v’ -Q=0Q.

If w € WP, the operator A(w, §, v) acts trivially on every fine K-type contained

in LE(8,v), and acts by

Aoy« (w,v)
on every petite K-type containing . Assume that every relevant W} type can be
matched with a petite K-type. Then the same analysis performed above shows
that LG (6, v) is unitary only if LE’ (6, v) is unitary. Hence we obtain an embedding

of unitary duals.
If w e W\ WY, and there is no w® € W} satisfying

w’-v=-v and w’ -Q=0Q,
then there are at least two fine K-types m; and 7o such that
(459) ’(/Jﬂ'l (w) = 0m [w] = —0Om, [w] = —’(/12(11}).

Because the operators Ayr, (w,d,v) and A, (w,d,v) have opposite sign, the Lang-
lands quotient LE (6, v) is not unitary.
4.7.1. Ezample: Sp(2n,R). Let G be the real split group Sp(2n,R). Then
K =U(n) and M = (Z3)". There are (n+ 1) W-conjugacy classes of M-types: the
spherical M-type
do = trivial

and the nonspherical M-types

5P:(+7+7"'7+7_7_7"'7_) p=1n
n—p P
Recall from section 2.6 that Wy = Ws, = W, while W(?p = Cy—p X D, and

W, = Cr—p x Cy, for p > 1. The Rj -group is 2, and indeed 6, is contained into
two fine K-types:
pp(+) =(1,...,1,0,...,0) = AP(C")
N——— ——
p n—p
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and

fp(=) = (0,...,0,—1,...,—1) = [AP(C™)]*.
——

If p=1...n, we will assume that the last entry of

51

V:(a17a27"'7an)

is nonzero and that p is even. Under these assumptions, the principal series X (6, /)
has a unique irreducible subquotient and there exists w € W(?p mapping P into P

and v into —».

The case of Sp(2n,R) is very special, because every relevant Ws-type can be
matched with a petite K-type (via ¢, < p). The matching is as follows:

relevant W (C,,)-type 9

spherical petite K-type such that 1, = v

(n— k) x (k) (2,...,2,0,...,0)
——
k
(n —k, k) x (0) (1,...,1,0,...,0,—=1,...,—1)
—— ———
k k

relevant W(Cp—p x Cp)-type ¢

nonspherical petite K-type such that ¢, =1

(triv) @ [(a, p — a) x (0)]

(1,...,1,1,...,1,0,...
——

(triv) @ [(p — ¢) x ()]

c n—p
[(n_p_c) X(C)]@(t’l”“}) (17 '71705 707_17"'5_1)
———
n—p—c c

[(e,n—p—c)x (0)] @ (triv)
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To prove that the K-types in these tables are actually petite, we observe that they
all appear in the tensor products

prp)@p-(p)= > (L,...,1,0,...,0,=1,...,-1),
2a+b=2p a b n—a—b

pr(p)@ppk)= > (2....,2,1,...,1,0,...,0).
2a+b=2p a b n—a—>b

Because p4(p) has level 1, every summand of these decompositions has level at
most two and is automatically petite. We get another set of petite K-types by
changing all the signs to minuses, i.e. by passing to the dual.

The existence of this matching between relevant Ws-types and petite K-types
containing § allows us to draw the following conclusions.

o If & = Jp, let H be the affine graded Hecke algebra corresponding to
W (defined as in section 3.3). Then the spherical Langlands quotient
L%(80,v) is unitary only if the spherical Hecke algebra-module L (v) is
unitary.

e If § = J,, assume that a, # 0 and p is even. Let H? be the affine graded
Hecke algebra corresponding to WY (defined as in section 3.3). Then the
nonspherical Langlands quotient L% (8,,v) is unitary only if the spherical
Hecke algebra-module LE° (v) is unitary.

4.7.2. Remarks. So far we assumed that the principal series X(d,v) had a
unique irreducible subquotient. We conclude this section with some brief remarks
on the general case.

The dual R-group Es acts simply transitively on A(J), so the number of fine
K-types containing § is equal to the cardinality of Ry (recall that Rs is an abelian
group, isomorphic to its dual). Two fine K-types occur in the same irreducible
subquotient if and only if they lie in the same orbit of Ry () (the annihilator of
Rs(v) inside ]/%\5) Every subquotient contains the same number of fine K-types,

equal to the cardinality of Ry (r). We conclude that there are exactly #ﬁffw
5

irreducible subquotients. It is easy to see that Ry (v) is the Kernel of the restriction
map

Rs — Rs(v), X = X|Rrs)-
(Since the groups are abelian, all irreducible representations are one-dimensional,
so this is map is well defined and surjective.) Hence
R; —

# irreducible subquotients = #——— = #R;(v) = #Rs(v).
Ry (v)

Now suppose that Rs(v) is not trivial. Then the principal series X (d, v) contains
several irreducible subquotients, and the intertwining operator A, (w,d,r) has a
block diagonal structure (with one block per subquotient). The blocks are in one-
to-one correspondence the set of orbits of Ri (v) in A(6).

If p is petite, the operator A,(w,d, ) matches the operator Aip; (w,v) for
the quasi-spherical module X’(v) for the extended graded Hecke algebra H' corre-
sponding to Ws (c¢f. section 3.7). The operator A’ ;(w, v) also has a block diagonal

structure, with one block per character of Rs(v).
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We note that there is a one-to-one correspondence between blocks of A, (w, 4, V)
and blocks of Aip: (w,v). Equivalently, there is a bijection between orbits of Ry (1)
in A(§) and characters of Rs(v): fix a base point us in A(J) (i.e. a fine K-type
containing ¢) and identify A(d) with R, via p +— 1. The set of orbits is then

—

identified with %, which we know is isomorphic to Rs(v).

Then, to check the signature of the Hermitian form on a petite K-type pu
occurring in the subquotient L(d,7)(us), one can look at the the signature of the
appropriate block of the Hecke algebra operator A’ ;(w, v). Similarly for the other

subquotients (but an issue with the normalization may arise).

5. Spherical unitary dual

In this section we describe the spherical unitary modules, with real infinites-
imal (central) character. To distinguish between the real and the p-adic case, we
will denote by L¥(x) and L¥(y) the corresponding spherical modules for G(R),
respectively Hecke algebra H, and similarly for all related notation.

5.1. Parameters. To every x € hr we attach uniquely a nilpotent G-orbit
O(x) in g as follows. Consider

(5.1) g1y ={r€d:ad(x)(x) =a}, Goy={g€G:Ad(g)(x)=x}.

It is known that G , acts with finitely many orbits on g ,, and as a consequence,
there is a unique open orbit in g; . Let O(x) denote the G-saturation of this open
orbit. For the classification and relevant facts about nilpotent orbits in complex
Lie algebras, we refer the reader to [Car| and [CM].

Let O be a nilpotent G-orbit in §.

DEFINITION 5.1 (1). The O-complementary series are the sets
(5.2) CS%(O) = {x : L"(x) is unitary and O(x) = O}, in the p-adic case,
(5.3) CS*(O) = {x : L*(x) is unitary and O(x) = O}, in the real case.

When we want to refer to both sets simultaneously, we will just use the notation

CS(0).

The spherical unitary parameters are the disjoint union of the corresponding
complementary series Li5CS(O).

Fix a Lie triple {&, h, f} in O. Let 3(¢, h, f) denote the centralizer in § of ¢, h, f.
Then the orbit O(x) can be described differently. By [BM1], the orbit O(x) is the

unique one satisfying the conditions:
(5.4) (1) wx = h/2 + v, for some v € 3(¢, h, f), and
(2) O(x) is maximal with respect to condition (1).

Clearly O(h/2) = O. In fact these parameters are special, they are instances of
Arthur parameters.

DEFINITION 5.2 (2). The modules L¥(h/2) and L®(h/2) are called special
unipotent.
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The conjectures in [Ar] suggest that the special unipotent parameters should be
unitary. In the Hecke algebra case, there exists the Iwahori-Matsumoto involution
I M which preserves unitarity and takes the special unipotent modules to tempered
modules. The unitarity of the corresponding group representations when G is p-adic
is then implied by [BM1].

In the real case, the unitarity of special unipotent modules is proved in [Bal]
for split classical groups. This is beyond the scope of this exposition, and we refer
the reader to section 9 in [Bal] for details.

Returning to the O-complementary series, we see that C'S™(O) contains at
least one element, h/2, corresponding to the special unipotent. In fact, when O is
a distinguished orbit, the conditions (5.4) imply that h/2 is the unique element of
CSH(0).

5.2. 0-complementary series. The basic case one needs to compute is when
O is the trivial nilpotent orbit. The parameters y, which we will assume dominant,
such that O(x) = 0 are precisely those such that

(5.5) (&, x) # 1, for any o € AT,

In the (adjoint) p-adic case, these parameters correspond to the modules which
are both spherical and admit Whittaker models, in other words, to the irreducible
principal series X (x).

It is clear that the operators A, (wo, x) in section 3.4 are isomorphisms in any
open region of the complement of the hyperplane arrangement given by (5.5) in
the dominant Weyl chamber in hg. Due to the Hermitian condition, we may only
consider x lying in the (—1)-eigenspace of wpq:

(5.6) Eo = {x € br : wox = —x}.
Consequently, these operators have constant signature inside any such open

regions, and we see that C'S(0) is a union of open regions intersected with Ej.
Let Cy denote the fundamental alcove:

(5.7) Co={x€bhr:0<(a,x) <1, forall a € II}.

Any open region conjugate to Cy by the affine Weyl group is called an alcove.
The following result is well-known. We will regard C'S(0) in this section as a
subset of the fundamental Weyl chamber, i.e. we will only consider dominant .

LEMMA 5.3. (1) Con Ep € CS(0).
(2) Every open region contributing to C'S(0) is bounded.

Part (1) is implied by the fact that X (0) is irreducible and unitary. Part (2)
is a signature calculation. In the Hecke algebra setting, one can easily show that
A, (wo,v), with p the reflection W-representation, can only be positive definite in
the bounded regions.

The first result is the determination of the 0-complementary series. The proof
for classical groups is in [BM3] and [Bal], with a different proof in [BC3], while
for exceptional groups it is in [Ci] for Fy and [BC1] for Eg, E7, Es. Earlier, for
type A, this result was obtained in [Vol] in the real case and [Ta] in the p-adic
case, while for G, it is part of [Vo2] for the real case, and [Mul] for the p-adic.

THEOREM 5.4. The 0-complementary series CS(0) is formed of:
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A. CoNEy;
B. Co,‘
C,D. 2["/2 alcoves intersected with Ey, where n is the rank of the group;
G2. 2 alcoves;
F4. 2 alcoves;
E. 2 alcoves intersected with Eq for Eg, 2% alcoves for E;, and 2* alcoves for
Eg.
In explicit coordinates, in type Cy, or Dy, if x = (v1,...,Vn), with wox = —X,
the set C'S(0) is formed of the parameters satisfying the following condition: there
exists an index © such that

0< < <y <1—=viq <Vig1 <---<v, <1, and between any v; < Vji1,

(5.8)
i < j<m, there is an odd number of (1 —1;), 1 <1 <.

The explicit description for the exceptional types is in section 5.5.

In the p-adic case, the proof has two components:

(1) in any region which has a wall of the form (&, x) = 0, for some simple
coroot ¢, one knows by unitary induction the signature of the operators
Ag(wo, v) on every W-type 1.

(2) any open region for which all the walls are of the form (&, y) = 1, for
a € AT, cannot be unitary. One can use a signature argument here, for
example in the classical cases one can show that the signature of the opera-
tor Ag(wo, X), where ¢ = (refl) + Sym?(refl) is indefinite (see [BC3]). For
E; and Eg, a different argument is used in [BC1], namely it is shown that
any such region must have a codimension two edge given by two coroots
which form an As, and by a simple signature argument, the parameter
cannot be unitary in such a case.

Explicit calculations showed that in fact in all cases, classical and ex-
ceptional, a parameter y is in C'S(0) if and only if the operator Ag (wo, X)
is positive definite for ¢ = (refl) + Sym?(refl), but we do not have a con-
ceptual proof of this fact for 7 and Eg. However the outline above gives
conceptual proofs in all cases of the fact that x is in C'S(0) if and only if

(5.9) A]S}I(wo, X) is positive definite for all relevant W-types .

In the real case, the same result holds by the following extra argument:

(3) by (5.9), the unitary spherical and generic parameters for G(R) are a
subset of C'S(0);

(4) any x € CS(0) has the property that (&, x) # m, for all roots a € AT,
and all m € Z¢. Therefore the spherical minimal principal series X (x)
in the real case is irreducible as well for all x € C'S(0);

(5) also in the real case, any xy € C'S(0) can be proven unitary by irreducible
deformations and unitary induction.

5.3. We record next the precise description of the O-complementary series
(that is, the generic spherical unitary parameters) for simple exceptional split
groups. We use the Bourbaki simple roots in type E. To simplify the notation, we
will write & < 1 instead of (&, x) < 1 in the description of the unitary regions.
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5.3.1. G2. The parameter is x = (v1,v1 + vo, —2v1 — 12), with v; >0, v > 0.
The 0-complementary series is:
(1) ag < 1, and Gy, Gy > 0.
(2) Gy < 1,05 >1, and ¢&q > 0.
We use the coroots &y = (2/3,—-1/3,-1/3), a2 = (—1,1,0), a = (0,1,-1),
a5 = (1,0,—1), and &4 = (1/3,1/3,-2/3).
5.3.2. Fy. The parameter is x = (v1,v9,vs,v4) assumed dominant. The 0-
complementary series is:
(1) oy < 1, and a1, Qg, g, Gy > 0.
(2) (oo < 1, cvog > 1, and &y, &g, iy > 0.
We use the coroots &3 = (1,—-1,—-1,—1), az = (0,0,0,2), &3 = (0,0,1,—-1),
d4 = (O, 1, —1, O), and d24 = (2, 0, O, 0), d23 = (1, 1, 1, 1), dgg = (1, 1, 1, —1).
5.3.3. Eg. In W(Es), the longest Weyl group element wy does not act by —1.

Therefore, we only consider dominant parameters x such that wox = —x. In coor-
dinates,
vy — V2 V1 — V2 vy — V2 vy — V2 vy + 2
=( 5 — V3, D) — Va4, D) + v4, D) + vs, 5
vi+ve vi+V2 V1t UV2
1 - - )
(5.10) e mne

The 0-complementary series is:
(1) ase < 1, and a1, g, A3, Gy, a5, ag > 0.
(2) Q34 < 1, g5 > 1, and &, &g, &g, s, g > 0.
5.3.4. E7. The parameters are x = (v1, V2, V3, V4, Vs, Vg, —V7, V7), assumed dom-
inant.
The 0-complementary series is:

(1) g3 < 1, and &g, Go, s, Ay, &5, g, a7 > 0.
( ) dg1 <1, dg2 > 1 and aq, o, ay, s, dg, a7 > 0.
(3) asg < 1, as9 <1, ago > 1 and &y, &g, Ay, dg, a7 > 0.
( ) As3 <1, dsq <1, @55 <1, ass > 1, ds7 > 1 and &y, a3, a5 > 0.
( ) Que < 1, Gur < 1, dug < 1, dyg < 1, das0 > 1, as1 > 1, a5z > 1 and
do > 0.
(6) sz < 1, 59 <1, ase > 1 and aq, &g, Ay, a5, ag > 0.
(7) Qg9 < 1, a3 <1, 54 <1, G5y > 1, as > 1 and ag, dy, a5 > 0.
(8) Qa7 < 1, dug <1, dug <1, 53 <1, a5 >1, ase > 1 and do, a4 > 0.
5.3.5. Es. The parameters are x = (v1, 12, U3, V4, Vs, Vg, V7, V), assumed domi-
nant.
The 0-complementary series is:

(1) 120 < 1 and &y, &g, iz, Ay, a5, g, a7, ag > 0.

(2) A113 < 1,60014 < 15 Q15 > 1 and &, Gy, Oy, Gg, 7, (g > 0.

(3) Q109 < 1,60010 < 15 Gg11 > 1,4012 > 1 and as, (s, Qg, G, (g > 0.

(4) Qg1 < 1,99 < 1,097 < 1,008 < 1; cg5 > 1,696 > 1,101 > 1 and
Gz, g > 0.

(5) Qoo < 1,091 < 1,092 < 1,697 < 1; Qgg > 1,695 > 1,096 > 1 and
G, diz > 0.

(6) g < 1,090 < 1,91 < 1,690 < 1; dugg > 1,694 > 1, g5 > 1, cigg > 1 and
ap > 0.



the 0-complementary series is as follows.
Eg.

Es.

(16)

UNITARIZABLE MINIMAL PRINCIPAL SERIES

G, &5 > 0.

Q104 < 1,60010 < 15 Qo7 > 1,00112 > 1 and as, Gy, Oz, G, (g > 0.
Q104 < 1,68005 < 1,006 < 1; o7 > 1,08 > 1 and o, Gy, (7, g > 0.
d118 < 1; G119 > 1 and @y, G, iz, Ay, a5, g, g > 0.

Qg7 < 1,110 < 1; dyp1 > 1,112 > 1 and ag, Ay, as, &g, oy > 0.
Qo7 < 1,105 < 1,106 < 1; (101 > 1, G108 > 1 and s, dy, dg, ay > 0.
A1 < 15 dqp7 > 1 and &, (g, A3, Oy, g, (7, (g > 0.
Qo7 < 1,098 < 1,106 < 15 dryo1 > 1,102 > 1 and o, Gy, Oz, G > 0.

Qg7 < 1,98 < 1,099 < 1; crgg > 1,101 > 1,102 > 1 and &g, duy, és > 0.
Qg7 < 1,608 < 1,099 < 1,0700 < 1; @101 > 1,002 > 1,a703 > 1 and

a4 < 1; G112 > 1 and Ay, 3, Ay, A5, Gg, A7, (g > 0.
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5.3.6. Roots for type E. The notation for the positive coroots which appear in

Gigq = %( 1,1,-1,1,1,-1,-1,1)
dge = 5(1,1,1,1,1,—1,-1,1)
due = =(—1,1,-1,1,1,—1,—1,1)
(ug = i(1,—1,—1, 1,-1,1,-1,1)
50 = i(—1, —1,1,1,1,-1,-1,1)
Aso = i(1,—1,—1,—1, 1,1,-1,1)
Asa = i(—1,—1,1,1, 1,1,-1,1)
56 = i(1,1,1, ,—1,1,-1,1)
dsg = i(1, 1,1,-1,1,1,—1,1)
6o = %(1, 1,-1,1,1,1,—1,1)
dg2 = 5(—1,1,1,1,1,1,-1,1)

dgg = =(1,-1,1,1,1,1,—1,1)

dg1 = i(1, 1,1,-1,-1,1,1,1)

g = i(—1, 1,1,1,1,1,-1,1)

dgs = %(1,1,—1,1, 1,1,1,1)

Qg7 = —€7 + €3

dgg = 2(1,-1,1,1,-1,1,1,1)

Q101 = —€g 1 €3

d1o3 = +(1,-1,1,-1,1,1,1,1)

d105 = %( 1,1,1, 1,1,1,1,1

Qo7 = —€4 + €8

Qo9 = —€3 + €3

(111 = —€2 + €8

Q113 = €1 + €3
Q115 = €2 + €3
Q117 = €4 + €3
G119 = €6 + €3

Q35

Q7
Qa9
Q51
Q53
Q55
Q57
Q59
Q1

joxt
=)
&

Il

2(-1,-1,1,1,1,-1,-1,1)
2(-1,1,1,-1,-1,1,-1,1)
65—|—66
(-1,1,-1,1,—1,1,—1,1)
(1,1,1,1,1, 1,—1,1)
(-1,1, - 1, 1,1,1,-1,1)
(-1,-1,1,-1,1,1,—1,1)
(-1,-1,-1,1,1 1, 1,1)
(1,-1,1,1,1,1,-1,1)
—€7 + €8
(1,1,-1,1,1,-1,1,1)
(-1,-1,-1,1,-1,1,1,1)
(1,-1,1,1,1,-1,1 1)
(-1,-1,-1, - 1,1,1,11)
(-1,1,1,1,1,-1,1,1)
La1,1,-1,-1,1,1,1,1)
%( 1,1,1,1,-1,1,1,1)
—€5 + €3
11,-1,-1,1,1,1,1,1)
i(—1,1,—1,1,1,1,1,1)
i(—1,—1,1,1,1,1,1,1)
111,10
—61—|—68

€3 + €3

€5 + €3

€7 + €3
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5.4. O-complementary series. In this section we state the main theorems
as they follow from [Bal], [BC1].
5.4.1.

THEOREM 5.5 ([Bal],[BC1],[Ci]). Fiz O a nilpotent G-orbit in § and a Lie
triple {¢,h, f}. Let x be a (hyperbolic) semisimple element such that O(x) = O,
and which we write as x = h/2+ v, with v € 3(&, h, f). Then

(5.11) x is in CS™(O) if and only if v is in CSH(“é"h’f))(O),

unless O is one of the following orbits:

o A +AV1 in Fy,

L] A2+3A1 m E7,

L] A4 —|—A2 —|—A1, A4+A2, D4(a1) —|—A2, Ag —|—2A1, A2 +2A1, and 4A1 m
Eg.

The explicit description of the complementary series is in section 6.

In the case of the exceptions, unless the orbit is 44; in Ejg, the complementary
series is smaller than the one for the centralizer, and for 4A4;, it is larger.
5.4.2.

THEOREM 5.6 ([Bal],[BC2]). A spherical module L*(x) is unitary if and only
if the operators A]S}I(wo, X) are positive semidefinite for all relevant W -types 1.

5.4.3. We record the results for the spherical principal series of a split real
group.
THEOREM 5.7 ([Bal],[Ba2]). Every relevant W-type v appears as a W sub-
representation of the (V#M)* space of a petite K -type (1, V,,).
The construction of petite K-types was explained in section 4.
COROLLARY 5.8. For every nilpotent orbit O, one has
(5.12) CS*(0) c CSH(0).
5.4.4. We have already seen in section 5.2 that in fact CS®(0) = CS#(0).
THEOREM 5.9 ([Bal]). If G(R) is split classical, then
(5.13) CS*(0) = CSH(0),
for every nilpotent orbit O.

In addition to the unitarity of the special unipotent representations already
mentioned in section 5.1, in order to establish this theorem, [Bal] needs to analyze
the irreducibility of parabolically induced representations (see section 10 in [Ball).
One of the ideas which makes this tractable is a combinatorial parameterization of
the spherical representations, which we recall next.

5.5. Strings. In this section, we give a description of the parameterization
of the spherical dual as in [Bal], section 2, by means of a generalization of the
multisegments or strings introduced for GL(n) in [Ze].

To every parameter x, one attaches a multisegment, so that the orbit @(X) and
the decomposition x = h/2 4 v used in the previous section can be read off easily.
These multisegments arise naturally in the setting of the geometry for the Hecke
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algebra. More precisely, they parameterize the unique open Goyx—orbit in g1 (see
section 5.1.)
Let [a] = (a1,...,ax) be a set of numbers.

DEFINITION 5.10. We call [a] an increasing (respectively decreasing) string if
—a;—1 + a; =1 (respectively a;_1 —a; = 1) for all 4.

We will explain next how one builds from y: the multisegment, the orbit (’)(X),
the middle element & and the parameter v in the centralizer 3(¢, h, f). Recall that
for simple classical types the complex nilpotent orbits @ are parameterized by
partitions as follows:

e partitions of n, when g = sl(n, C);

e partitions of 2n, with odd parts occurring with even multiplicity, when
g = sp(2n,C);

e partitions of 2n+1, with even parts occurring with even multiplicity, when
g =so(2n+1,C);

e partitions of 2n, with even parts occurring with even multiplicity, when
g = so(2n,C). In this case, when the partition is very even, i.e. all parts
are even, there are two distinct orbits corresponding to it.

5.5.1. G of type B,,. We partition the entries of the character x = (v1,...,vn)
into subsets A, where 0 < 7 <1/2 and

(5.14) A, ={vi:vior —v; =1/24 7(mod Z)}.
There are two cases 0 <7 < 1/2 and 7= 1/2.
When 0 < 7 < 1/2, form A, = A, U (—A;). We partition A_ into a disjoint

union of increasing strings M;fl, e Mjl and decreasing strings M_y,..., M,
where M j ;=—M_; as follows. Remove the smallest entry, say —a in AZ and place
it in MffT, and the largest entry a and place it in M; . If a — 1 appears in AL,

remove it from A’ and place it M and similarly, remove 1 — a and place it in
M_ . Continue with a —2,a — 3,... until this is not possible. This completes the
construction of M:l. Then repeat the process with the remaining entries in A’ to
construct MfQ, MT%, etc. Once this is finish, every pair (M};, M) adds:
(1) a pair (I;,1;), where [; = length(MTin) = length(M_;)) to the partition of
O(x); .
(2) the entries [I;] = (—=(l; — 1), —(l; = 1)+ 2,...,(l; = 1)) to h (this is the
middle element of the principal orbit in gl(l;));
(3) the entry |v;|, where v;(1,...,1) = M:i —1/2[l;] to v.

We give two examples of this process. For example, if 7 = 0 and Ay =
(0,0,1,1,1,1,2,3,3,4,5), then M, = (—5,—4,—3,-2,—-1,0,1), Mg, = (—4,-3),
and Mgfg = (=1,0,1). Of course, always, M, = —Mjl This means we add to
the partition of O(x) the entries (2,2,3,3,7,7). To h we add (—1,1), (—2,0,2) and
(—6,—4,-2,0,2,4,6), and to v we add 7/2, 0, and 2.

If 7 =1/4,and Ay /4 = (1/4,1/4,3/4,5/4,5/4), then M;fl =(-5/4,-1/4,3/4)
and M}, = (=5/4,—1/4). This adds the entries (2,2, 3,3) to the partition of O(x).
To h we add (—1,1) and (—2,0,2), and to v we add 3/4 and 1/4.

Now assume 7 = 1/2. Form again A'l/2 = Ay U (=Ay2). We only construct

+

increasing strings M, 2,00

i = 1,£ in this case. Remove the smallest entry b in A] /2
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and place it in MlJr/2 ;- Continue with b+1,b+2,... until this is not possible. This

concludes the construction of M1+/2 1~ We repeat the process with the remaining

entries in A /20 until we remove all of them. Any two strings M, . and M,

1/2i 1/2,j
such that MT, = —M

/2, J contribute:

1/2,5
(1) a pair (k;, k;), where k; = length(MlJr/m.) = length(MlJr/QJ.) to O(x);

(2) the entries [k;] = (—(ki — 1) — (ki = 1)+ 2,..., (k; — 1)) to h;

(3) the entry |v;|, where v;(1,...,1) = M;r/h. — 1/2[k;].

Remove them from the list of strings and repeat. If the number of strings
was odd, there is one remaining string at the end, say M1+/27 w- We call this string
distinguished. The motivation is that the positive part of this string is 1/2 the
middle element of a distinguished nilpotent orbit in a symplectic complex algebra as
in [CM]. Add the partition corresponding to that orbit to O(x). The contribution
to h is twice the positive part of M;?M7 while there is no contribution to v.

For example, if A/, = (1/2,1/2,1/2,3/2,3/2,3/2,5/2,5/2,5/2,7/2), then we
extract five strings: M., | = (=7/2,-5/2,-3/2,-1/2,1/2,3/2,5/2,7/2), M), , =
M}, 5 = (=5/2,-3/2,-1/2,1/2,3/2,5/2), M, , = (5/2), and M, ; = (=5/2).
Then the distinguished string is M;L/QJ. Its positive part is (1/2,3/2,5/2,7/2),
which is 1/2 the middle element of the principal nilpotent orbit in sp(8). It adds
(8) to O(x), (1,3,5,7) to h, and nothing to v. The other four strings add (6,6) and
(1, 1) respectively to O(x). Their contribution to h are (=5, —3, —1,1,3,5), and (0),
and to v, they contribute 0, respectively 5/2.

In conclusion, if our y where the disjoint union
(5.15) x =AU A UA s,

with A, as above, then we rearrange the entries of the nilpotent orbit increasingly,
e.g.

(5.16) O(x) = (1,1;2,2,2,2;3,3,3,3;6,6;7,7;; 8),

and h and v are permuted accordingly. We separate the distinguished part by ;;
and the groups of identical entries by ;. After this arrangement

(5.17) v=1(5/2;3/4,7/2;0,1/4;0;2;; ).

5.5.2. G of type C,,. The algorithm of forming strings is the same as the one
for B,, except that A, = A, U (—A;) U {0}), and the special case is 7 = 0. For
7 = 0 we apply the algorithm as in the case 7 = 1/2 for B,,, and the distinguished
string corresponds to a distinguished nilpotent orbit in so(2k + 1,C). In the case
0 < 7 < 1/2 the algorithm is identical to 0 < 7 < 1/2 in B,.

5.5.3. G of type D,,. The algorithm of forming strings is the same as the one
for B,, except that the special case is 7 = 0. For 7 = 0 we apply the algorithm as in
the case 7 = 1/2 for B,,, and the distinguished string corresponds to a distinguished
nilpotent orbit in so(2k,C). In the case 0 < 7 < 1/2 the algorithm is identical to
0 <7< 1/2in B,. There is a minor complication when the parameter belongs to
a very even nilpotent orbit which we ignore here. We refer the reader to section 2.7
in [Bal] for the details of this case.
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5.6. Testing unitarity. Once the decomposition of a character y into strings
is completed as in section 5.5, testing unitarity by theorem 5.5 is easy.

Let assume that from a character (spherical parameter) x we obtained in section
5.5 the strings and the parameter v for the centralizer 3(€, h, f) Let us assume

5.18 O)=(1,...,1;2,.... 2.5 k... ki [A]),
(5.18) (x) = ( k. ki [A])
201 205 28y
vV = (Vl,la'";Vl,ll;VQ,lv"'7V2752;"';Vk,17"'7Vk,lk;; )7

where ¢; > 0, i = 1, k, and the conventions for notation are as in (5.16) and (5.17).
Moreover, we may permute the entries in v between any two consecutive ;’s to be
increasing.

The type of the centralizer 3(¢, h, f) is well-known (see [CM] or [Car]). It is a

product of types By,, Dy, or Cy,, depending on the type of G. Then one checks if
the corresponding entries (v;1,...,v;¢,) in v satisfy the conditions in (5.8) for the
corresponding (dual) type.
Example. If (O(x),v) are as in (5.16) and (5.17), then § = sp(32, C), and 3(¢, h, f)
has type C7 x Dy x Cy x Dy x C1, in the same order as (’)(X) is written, and where
by Di we mean a one-dimensional torus. We test the corresponding v;’s against
(5.8) (for a torus Dy, the only unitary parameter is 0):

v centralizer | unitary?
(5/2) 4 no
(3/4,7/2) Dy no
(0,1/4) Cy yes
(0) Dy yes
(2) 4 no

In conclusion, x is not unitary.

5.7. Maximal parabolic cases. In the next sections we give a sketch of some
of the ideas involved in the proofs of the results stated in section 5.4. We will be
concerned with theorems 5.5 and 5.6, which are proved in [Bal] for classical split
groups,[Ci] for G5 and Fy, and [BC2] for types E. The method for proving theorem
5.5, but not the statement about relevant W-types, was used for the first time in
[BM3] for classical split groups.

Recall that we are in the setting of the affine graded Hecke algebra H = Hg.
The method consists in a double induction:

(a) an upward induction, by the rank of the group G, and
(b) a downward induction, in the closure ordering for nilpotent orbits O in g.

In this scheme, one determines the 0-complementary series last. We have seen
in section 5.2 that there is an alternate method for finding the 0-complementary
series directly.

As remarked in section 5.1, there is nothing to do for distinguished orbits O.
Therefore, the first basic cases to do are when the nilpotent O is parameterized
in the Bala-Carter classification by the Levi component of a maximal parabolic
subalgebra. We call them mazimal parabolic cases.

Let us assume therefore that the Lie triple {é,h, f} of O is contained in the
Levi subalgebra m of a maximal parabolic subalgebra p = m + 1 C g. The graded
Hecke algebra corresponding to m, which we denote Hj,, is naturally a subalgebra
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of H. Let x = h/2 + v be the character as before. Note that 7/2 defines a special
unipotent representation Lys(h/2) for M.

LEMMA 5.11. With the notation as above, assume that v is dominant with
respect to the roots in n. Then L(x) is the unique irreducible quotient of

(5.19) X (M, h/2,v) = Ind¢ (La(h/2) @ Cy).

We refer the reader to [Bal] (also [BM3]) for the proof of this result. It is
proved using the Iwahori-Matsumoto involution and the geometric classification of
H-modules as it follows from [KL] and [Lul].

One knows that the module L(x) is Hermitian if and only if there exits w € W
such that

(5.20) wM =M, wh=h, andwv=—v.
If there exists such a w, we choose w,, to be a minimal element in the double coset

W (M)wW (M). Then one can define a generalization of the intertwining operators
from section 3.4:

(5.21)  A(wm,v): X(M,h/2,v) — X(M,h/2,—v), and
Ay (W, v) : Homyy (ar) [Vy + Lar(h/2)] — Homy(any[Vis = Lar(h/2)],

for every W-type (¢, Vi).

In section 6 of [Bal], these operators are computed explicitly for all relevant
W-types in the classical groups as in definition 3.9. One can reduce the calculation,
so that the only cases that one considers there are for h the middle element of the
principal nilpotent orbit on m. In those cases, the dimension of the Hom spaces in
equation (5.21) is always 1. That makes Ay (wym, V) a scalar, which is normalized
so that it is +1 when ¢ = triv.

Example 4.6.1. Let us assume that G is of type B, 1. Then g = sp(2n + 2k, C),

and we consider O = (k, k,2n), sothat y = (3.2,...,n— é,—k Liw,. ;1—1-)
and m = sp(2n,C) x gl(k,C). The calculation in [Bal] gives:
relevant W-type Ay (W, V)
L+ ki
(n+k—m)x (m) H %
0§j§m71n+5_]+y '
L ki E_ 5
(mon+k-myx ()| [ ——2—22.271""
0<jsma T3z TITV 5 mg Y

where 0 < m < k.
For example, when n = 1, k = 1, we are in the case sp(2) x gl(1) C sp(4).
The only W-types in the IndHC2 (triv ® C,) are 2 x 0, 1 x 1 and 11 x 0. Then

X = (%), v > 0. The operators are +1, gg::’ %

Since X (M, h/2,v) is irreducible at v = 0 in this case, we deduce that, in sp(4, C),
CS%((1,1,2)) = {x = (1,1/2) : 0 < v < 1/2}, which is identical with the 0-
complementary series of the centralizer of type A; of the nilpotent (1,1, 2).

On the other hand, if one considers n = 0, k = 2, we are in the case gl(2) C

sp(4). The only W-types in the IndHC2 (trive C,) are 2 x 0, 1 x 1 and 0 x 2. Then

1-v (1-v)
’1+ , and — )

This shows X (M, h/2,v), v > 0 if irreducible, it must be nonunitary. In this case,

and respectively.

X = (—% + v, % +v), v > 0. The operators are +1 respectively.
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we know that X (M, h/2,v) is reducible at v = 0. We deduce that, in sp(4,C),
CS%((2,2)) = {x = (-1/2+v,1/2 +v) : v = 0}, which is the same as the unitary
set for the centralizer, which is of type D1, i.e. a one-dimensional torus.

For exceptional groups, it is not true anymore that the relevant W-types appear
with multiplicity 1, even if we induce from the trivial representation of Hj,;. Explicit
calculations of the operators Ay (wym,v) are done in [BC2].

Example 4.6.2. Let us consider G of type Fs, O = Eg + A, so that m =
Eg+ A;. The character is x = (0,1,2, 3,4, —g, —%,4) +vwy, v > 0, where wy is the
fundamental weight corresponding to the coroot dé7. (Recall that we use Bourbaki’s
notation.) In this example, computing the determinants of Ay (w,,,v) turns out to
be sufficient. we give below the table with the relevant W-types which appear in
this case.

W-type | dim Hom-space Determinant of Ay (wy,, )
1o
8. 1 -
19 217 1T 9 5
35 3 (7*1’) (7*”)(7*”)(5*”)(5*”)
N EF 2T EF GG v
1122 2 (%*V)z(%*l’)(%*V)z(éfl’)(gfu)(%*”)
(,

(2 + 2 + (AL + )2
2 G- F -G -G -G -G -G -v)
(B +2F +0F + 902G+ 0G0 (G + (G +v)

84,

We plot the signatures of these determinants in a table:

T 3 5 9 1T 17 19
v 2 2 2 2 2 2 2
8, |+ + + + + + + + + + + + + 0 -
3%, |+ + + + + 0 — 0 + 0 — 0 + 0 +
84, |+ 0 - 0 4+ 0 — 0 + 0 + 0 — 0 -
12, {+ + + 0 - 0 + 0 — 0 — 0 + 0 +

Since X (M, ;L/2, v) is irreducible at v = 0, we conclude that, in Eg, C'S(Fs +
A1) ={x:0<wv<1/2}, which is identical with the 0-complementary series of the
centralizer which is type Aj.

An example of a maximal parabolic nilpotent orbit with torus centralizer in Ej,
and therefore with the unitary set formed only of v = 0, is © = D5 + A,. Similar
tables as above are available in that case, but we skip the details here.

Remarks. There are three important remarks to be made which were assumed
implicitly in the examples above:

(1) The reducibility points of the induced module X (M, h/2,v) for v > 0
are known a priori, by different methods (see [BC1] and the references
therein). Therefore, we can compare with the explicit calculations of
operators Ay (wpm, ), and see that the relevant W-types do not miss any
reducibility points.

(2) The reducibility of X (M, h/2,v), at v = 0 is known by geometric consid-
erents ([KL]).

(3) Whenever X (M, h/2,v) is reducible at v > 0, the spherical quotient is
parameterized by a larger nilpotent @’ O O. Therefore, whenever one
is concerned with the orbit O, these reducibility points do not need to
be considered. The unitarity of the corresponding modules was already
checked in our inductive procedure.
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We summarize now the main consequence of these types of calculations.

PROPOSITION 5.12 ([Bal],[BC2]). Assume O is a mazimal parabolic nilpotent
orbit. Then a spherical module parameterized by x such that O(x) = O is unitary
if and only if the intertwining operators are positive semidefinite on the relevant
W -types.

We remark that one can obtain the unitarity results for maximal parabolic cases
more easily if the constraint of working with relevant W -types only is removed. This
is the approach of [BM3] and [BC1]. In there, one obtains the complementary
series by checking the signature of two W-types which are Springer representations
for O and for an orbit O’ consecutive to O in the closure ordering.

5.8. Induction. In this section, we exemplify the inductive step in the proof.
We are still in the setting of the affine graded Hecke algebra. The main idea is as
follows: assume we start with a parameter y = fz/ 2+ v associated to O, where O is
not a maximal parabolic nilpotent. Let M and X (M, h/2,v) be as in lemma 5.11.
One knows explicitly for which values of v the module X (M, h/2,v) is reducible.
If v = 1y is such a value (and vy is dominant with respect to the roots in 1), then
the spherical module L(x1), where x1 = fL/2 + v1, is attached to a nilpotent orbit
01, with the property that

(5.22) 01D 0 and O, #O.
By induction, we already know if L(x1) is unitary or not.

LEMMA 5.13 (1). Let x(t) = h/2 4+ v(t) : [0,1] — b be a continuous function,
such that x(t) = xo and x(1) = x1. Assume that X (M, h/2,v(t)) is irreducible for
0<t<1and X(M,h/2,v1) is reducible.

If L(x1) is not unitary, then L(xo) = X (M, h/2,1y) is not unitary as well.

This well-known criterion for nonunitarity can be applied therefore, and it is
the main tool for ruling out nonunitary parameters. Of course, in general, there are
many delicate combinatorial issues that arise; in the classical cases, one needs to
choose carefully how to deform parameters y = fz/ 2+ v. In the exceptional groups,
another complication arises: there are cases (e.g. in O = 24, C Eg) of parameters
X = Xo, which turn out to be nonunitary, but in all possible deformations as in
lemma 5.13(1), the modules L(x1) are unitary. In those cases we apply some ad-
hoc signature arguments.

The second (again well-known) criterion which we employ is the following com-
plementary series method.

LEMMA 5.14 (2). Let x(t) = h/2 4+ v(t) : [0,1] — b be a continuous function,
such that x(t) = xo and x(1) = x1. Assume that
(a) X(M,h/2,v(t)) is Hermitian and irreducible for 0 <t <1, and
(1) X(M,h/2,v1) is unitarily induced, i.e. X(M,h/2,v) = Ind%i/ (Varr),
where M’ is a Levi component, Vyp is a Hermitian spherical module for
Hpyr.
Then L(xo) = X (M, h/2,vy) is unitary in He if and only if Vg is unitary in
Hpy.
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Since, by induction the unitarity of Hj;-modules is known, we can apply this
criterion. This is our main criterion for proving the unitarity of modules L(x).

Example. To illustrate this discussion, we conclude the section with a simple
example. Consider O = (1%,2) in sp(6,C), so m = gl(1)? x sp(2). We write
X = (v1,v2,1/2), where by conjugation with the Weyl group, we can assume
that 0 < vy < 1vq. The centralizer has type Cs in this case. The lines where
X (M, h/2,(v1,15)) becomes reducible are drawn in figure 5.8. In this picture,
the solid lines denote unitary spherical parameters, while the dotted lines denote
nonunitary parameters. The reducibility lines (in the Hecke algebra case) are:

e v =1/2, 1y =1/2: O(x) = (2211);

e v =3/2, 1y =3/2: O(x) = (411);

o vy =1: O(x) = (222).

On the lines 5 = 0, and v; = 1o, the module is unitarily induced from a

spherical module parameterized by (211) in sp(4, C), respectively (11) in gi(2,C).

/’/
L7 v =2
7/
4 7 7
H H 7 7
Nilpotent (21%) in sp(6,C) , ,
7/ 7/ —
, ,or vg =1
7 7
7 7
7 7

7 7

7 7
7 7 vo 3
- 2

7 /‘
2 7 (é é)
3 | 7 2’2
7 | 7
7 7
7’ | 7’
s | s
7 7
7 | 7
Z | Z

7/ | 7/ 1
1 1Y 4 vy = 3

2

FIGURE 2. Example: O = (21%) for the Hecke algebra of type C3
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6. Lists of unitary spherical parameters

In this section, we give tables with the explicit description of the spherical
unitary parameters for split p-adic groups as in theorem 5.5. By theorems 5.7 and
5.9, these lists also describe the spherical unitary dual for split real classical groups,
and, by [Vo2], also for G5. For real split Fy, Eg, E7, Eg, the tables represent the
only spherical parameters which could be unitary, and it is natural to expect that,
in fact, this is the spherical unitary dual in these cases as well.

6.1. Examples of classical groups.

6.1.1. A4.
Table 5: Table of spherical unitary parameters for A4
@ X unitary v
(5) (_27 _1707 172)
(32) (—1,-1/2,0,1/2,1)
(311) (—1,0,1,—v,v) 0<v<1/2
(221) | (-1/2=v,1/2 —v,0,—-1/24v,1/2 + V) 0<rv<1/2
(21%) (—1/2,0,1/2, —v,v) 0<v<1/2
(1% (=v2, —v1,0,11,12) 0<vs <1y <1/2
6.1.2. By.
Table 6: Table of spherical unitary parameters for Ba
O X unitary v
(8) (1/2,3/2,5/2,7/2)
(62) (1/2,1/2,3/2,5/2)
(611) (v,1/2,3/2,5/2) 0<v<1/2
(44) (=3/24v,—1/2+v,1/241v,3/2+ V) v=0
(422) (-1/24+v,1/241v,1/2,3/2) 0<v<il
(4211) (v,1/2,1/2,3/2) 0<v<1/2
(41%) (v1,v2,1/2,3/2) 0<u1 < <1/2
(332) (-14+v,v,141,1/2) 0<v<1/2
(3311) (—1+I/1,I/171+l/1,l/2) 0§U1<1/2,0§I/2<1/2
@2 | (=1/2+vi,1/2+v1,—1/2+v2,1/2 + 1) 0<vi <ra<1/2
(2°11) (=1/2 4 11,1/2 4+ v1,v2,1/2) 0<1 <1/2,0< vy <1/2
(2214) (IJ1,IJ2,—1/2+IJ3,1/2+IJ3) IJ:;ZO, 0§U1§V2<1/2
(21%) (v1,v2,v3,1/2) 0<v < <wz<1/2
(1%) (v1,v2,v3,v4) 0<m <<y <1/2
6.1.3. Cy.
Table 7: Table of spherical unitary parameters for Cy
@) X unitary v
©) (1,2,5,9)
(711) (v,1,2,3) vr=>0
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@ X unitary v
(531) (0,1,1,2)
(522) (-1/24v,1/2+1,1,2) 0<r<1/2
(441) (=3/24v,-1/24+v,1/24+1,3/2+ V) 0<r<1/2
(514) (U17l/2,1,2) 0<<m<l—-—n
(333) (-1+v,v,140,1) 0<rv<l
(331°) (=1 +wvi,v1, L +vr,00) =0 0<w<1
(32211) (=1/2411,1/2 + v1,10,1) v =0, 0<1 <1/2
(31%) (v1,v2,v3, 1) v3=0, 0<11 <1 <l—1
(241) (—1/2-|—1/1,1/2+U1,—1/2+U271/2+I/2) 0§I/1§I/2<1/2
(2215) (—1/2+V171/2+I/171/271/3) OSU1<1/27 0<im<rs<l—rs
(19) (v1,v2,v3,14) 0<v1 < <3<y <1-us
0<r<m<<m<<l—m<m<l—-n

6.1.4. Dy.
Table 8: Table of spherical unitary parameters for Dy

9] X unitary v
(71) (0,1,2,3)
(53 (0,1,1,2)
(51%) (v,0,1,2) 0<v<l
(44)+ (=3/2+v,-1/24+v,1/24+v,3/2+v) 0<v<1/2
(44)— (3/2—v,—-1/2+v,1/241v,3/2+ V) 0<v<1/2
(3311) (1/17—1+U271/2,1+I/2) v1 =0, vr2=0
(317) (v1,v2,0,1) 0<vi <wm<l-un
CH+: | (—1/24+ 1,172 +v1, —1/2 +v2,1/2 + 1) 0<v,v2 <1/2
(24), (1/2—U1,1/2+U17—1/2+I/271/2+I/2) 0§I/1,V2<1/2
(221%) (—1/2 4+ v1,1/2 + va,v3,14) 0<v1 <1/2, 0< 1] <vg < 1— o]
(1%) (v1,v2,v3,v4) 0< || << <m<l-u

0< || <ra<rs<l—rva<wa<1l-— |1

6.2. Exceptional groups. The tables contain the nilpotent orbits @ # 0 in
the notation of [Car] (the case O = 0 was recorded in section 5.3), the Hermitian
infinitesimal character, and the coordinates and type of the centralizer.

The nilpotent orbits which are exceptions are marked with % in the tables.
The complementary series for them are listed after the tables. For the rest of the
nilpotent orbits, an infinitesimal character x is in the complementary series if and
only if the corresponding parameter v is in the O-complementary series for 3(@)
The parameter v is given by a string (v1,...,1), and the order agrees with the

way the centralizer 3(O) is written in the tables. The parts of v corresponding to

a torus Ty or Ts in 3(O) must be 0, in order for y to be unitary. In addition, if v
corresponds to Aj, the complementary series is 0 < v < %, while the notation A{
means that it is 0 < v < 1. If a string (11, ..., v,) of v corresponds to type Ay, the
last k — [g] entries must be 0 in order for x to be unitary. For example, in the table

for Eg, for the nilpotent A4 + Aj, the v-string is (11,19, v3) and the centralizer is
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As + Ti. This means that the unitary parameters are those for which v3 = 0 (this
is the Ty-piece), vo =0 and 0 < vy < % (this is the 0-complementary series of As).

There is one difference in Eg due to the fact that we only consider Hermitian
spherical infinitesimal characters y. In this table, the v-string already refers to the
semisimple and Hermitian spherical parameter of the centralizer. For example, the
nilpotent As + A; in Eg has centralizer Ay + 17, and the corresponding x has a
single v. This v corresponds to the Hermitian parameter in the Ay part of 3(0), so

it must satisfy 0 < v < %
6.2.1. Go.

Table 9: Table of parameters (O, v) for G2

[ X 3(0)
Ga 1,2,-3) I
Ga(ar) (0,1,-1) 1
Ay (17—%4-1/7—%—1/) Ay
Ay (—% —|—l/,% +v,—2v) Ay

6.2.2. Fy.

Table 10: Table of parameters (O, v) for Fy

o X 3(0)
Fy (5.5.3,3) 1
Fi(a1) (3:5:2:3) 1
Fi(as) (3:3:3:3) 1
Cy (3, 5:3) Ay
Bs C+v,-34+v,2,1) A°
Fi(as) (3:3:3.3) 1
C;;(al) (l/7 %, %, %) A1
Ai+A | G+H¥2+8,-24+5-34+Y) A
B2 (1/171/27 %, %) 2A1
A1+ Ao (%—0—21},1/,—1—0—1/,%) Aq
As (o425 144 4 144 G-
As Gtvtw,—s+v,—5+w,3) [ At
*Ap + Ay (V1,5 +vo,—5 + 12, %) Ay + Af
Ay (i+ve,vi—ve, 2 +us,—2+w3) | Ba+Th
Ay (vi,v2,v3,3) Cs

F4 exception:

A+ A {n+2n< %, vy < %}U{2I/2—V1 > %,VQ <1}

6.2.3. Es.
Table 11: Table of Hermitian parameters (O, v) for Es
O X 3(0)
Eo (0,1,2,3,4, 4, —4,4) 1
Fo(a1) (0,1,1,2,3,-3,-3,3) 1
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O 1 1 3 3 5X 5 5 5 3(0)
Ds (3.2:9:9:9: 79,75, 3) £i!
Es(as3) (0,0,1,1,2, -2, —2,2) 1
D5(a1) 1T 7 3 1 5(i75£7%75%75_%7_%7%)1 I 1 i 1 1 Tl
As Coopopnp=pon ) 4ve 9575 753) | A
A4+A1 (0757571757—57—575) T1
Dy (0,1,2,3,v,—v, —v,v) As
A4 (_27 1707172707070) U(%7%7%7%7%7_%7_%7%) AlTl
Da(ar) (0,0,1,1,1,—1,—1,1) T
As + Ay (_%’_%727_37_i7_£7_% %)—’_V(%?%’%’%?%?_%?_%v% ATy
2A2+A1 (307171_%73_%7%7_%7 % %)+V(070717 717 17 171) Al
1% 1% 1% v 1% 1% 1% 1%
de G220 0000 HG G 5, e g a2 g) | Bl
Ao 4:42141 (17—17'17—'1&171—117—;7z)1+ly(—1§7§17 517)5757—'57—575) AéTl
2 2 T 59959 9537 93953 93 99195 2
(Q vy 2v1+tvo gul%rug 221/14?1122_2%1 Vg 2_2u1+1/2 2v1+vo
A A 217217 12071 217121 ; 1211112 17 211 AT
2+ A1 (_5757 5 Uy 57_57_575)+V(§7§7§7§7§7_§7_§7§) 241
Az (0,-1,0,1,0,0,0,0) 4 (==, ==, 242
*V1+V2 *V1+U2 vitre —vidve —vitvo V1+V2)
2 2 2 ? 2 ) 2 ) 2
3A1 (0717 27 ;70707070)—’_(0 0 U17V27V17_V17_V17V1) A2A1
24, -1, ;,0 0,0,0)+ BsTy
(*V1+V2 *V1+U2 V1+V2 vitve vi _vi V1 ﬁ)
2 . 2 27;1;2 V21LV2272
Ay e (2727000000)++(IT+7T+7 . As
12 2+U3 1 2+U37 1227_ 1227_ 12 27 12 2)
6.2.4. FEr.
Table 12: Table of parameters (O, v) for E;
o X 3(0)
FEr (0,1,2,3,4,5,— 1—27) 1
Er(a) (0,1,1,2,3,4, -2 T 1
E7(a2) (0,1,1,2,2,3, —1? %) 1
E-(a3) (0,0,1,1,2,3,—2,2) 1
Fs (0,1,2,3,4,—-4,-4,4) +1(0,0,0,0,0,1, -1 1) Af
Dsg (0,1,2,3,4,5,0,0) + v(0,0,0,0,0,0,—1,1) Aq
Es(ar) (0,1,1,2,3,-3,-3,3) +1(0,0,0,0,0,1,—%, %) Ty
E-(a4) (0,0,1,1,1,2, -7, g) 1
Dg(ar) (0,1,1,2,3,4,0,0) + ~(0,0,0,0,0,0,—1,1 Ay
A6 (_%7_%7_%7_%7%7%7_57%)—'_]/(%7%7%7%7%7%7 171) A{
Ds + Ay (0,1,2,3,-2,-2,-2,2) +v(0,0,0,0,1,1,—1,1) Ay
E7(CL5) (070717171727—%7%) 1
D¢ (a2) (0,1,1,2,2,3,0,0) + v(0,0,0,0,0,0,—1,1) Ay
1T 4 3 1 5 9 1 1 1T 1 I 1T I T 3 3
As+A | (-t 5555 753) | A
Ds (0,1,2,3,-2,-2,-2,2) +11(0,0,0,0,1,1, —1,1) 24,
+12(0,0,0,0,—1,1,0,0)
Ees(as) (0,0,1,1,2,-2,-2,2) +1(0,0,0,0,0,1, -1, %) At
Ds(a1)A; (0,1,1,2,-2,-1,-2,2) +1(0,0,0,0,1,1,—1,1) Al
(As) (-3, 2’7—;7;7;,3, ,0) 4+ 11(0,0,0,0,0,0, —1, 1) A A%
+V2(%7% % 5757%70 0)
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[ X 3(0)

Ay + Ay (0,1,2,-2,-1,0,—1,1) + v(0,0,0,1,1,1, -3, 2) Af

(As5)” (2,-2,-1,£,£,5)0,0) + 1(0,0,0,0,0,0, -1, 1) G-

+1(=5:3:3:5:5:3: 3 3)

Ds(a1) (0,1,1,2,3,0,0,0) + :(0,0,0,0,0,0, —1, 1) ATy
+12(0,0,0,0,0,1, -3, 3)

T e R TN A C I N
12(0,0,0,0,0,1, -1 1)

D+ Ay (0,1,2,3,—%,3,0,0) +11(0,0,0,0,— 3, —3,—3, 3) B
+12(0,0,0,0,%,1, -2, 1)

A3 Ax Ay (0,1,-2,-1,0,1,—2,2) +1v(0,0,1,1,1,1,-2,2) Al

Ay (0,-2,-1,0,1,2,0,0) 4+ 11(0,0,0,0,0,0,—1,1) AT

R R RN I R N R NER)
As + A (0,1,2,-1,0,1,0,0) + 11(0,0,0,0,0,0, —1,1) ATh
+u2(0,0,0,1,1,1,0,0)

Dy (0,1,27371/2 V1,V2 + U1, — U3,I/3) Cs
Da(a1)Aq (0,1,1,2,—-1,2,0,0) + (0,0,0,0, v, 2, —11, 1) 24,
Az + 24, (0,1,—3,—1,2.2,0,0) + (0,0, v, v2, v2,v2, —v1,11) 24,

D4(a1) ( , 11 27V2—I/3,l/2+l/37—y1,l/1) 3A,
(As + Ar) (0,1,2,0,—%,2,0,0) +(0,0,0, 2v2, v3, v3, —v1,11) 3A;
3
4

1,2 1
= = 2 =
245 + A (2, —1.2, -2 1.2 -1 D +un(, -1, —1,1,1,1,0,0) 24,

272 2
(Az + Ay)” (2,-2.5.5,-3,2,0,0+ Bs
(_%7 V_217 1’21 , %7 Vagl’z V3*“2 _1/3+1/27 V3+V2)
Ao + 3A; (0,17—170,—1,0,—57§)+u1(0 0,1,1,1,1,-2,2) Go
+12(0,0,0,0,1,1,—1,1)
245 (-3.3,-5,-3.%,—3,— 3, §)+u1(0 0,1,1,1,-1,—1,1) | GaA;
+v2(3: 5555~ 3. ~3:3) $13(0,0,0,0,0,1, -3, 3)
Ag (0,1,2 1/171/271/371/4) BgA1
*As + 24, (0,1,—1,0,1,0,0,0) + (0,0, v2, va,v2, V3, —v1, 1) A12A7
As + Ay (1,0,1,0,—%,3,0,0) + (0,0,0,0, v2, v2, —v1,v1) AsT)
ORI T (YA W S o )
4A4 (0,17—%7%,—%,%7070)4-(070 V3, V3, V2, V2, — U17l/1) Cs
Ao (1,07 17070,0,070) (070 0,0,v2 — 3,9 + U37—U1,I/1) As
L L 1) 000,118, )
(3A1), (—%,% —%7%,—%,%,070)—"—(1/171/171/271/271/371/37 va,va) | C34A;
(3A1)" (3.2,—3.%,—%,2,0,0) + (—va,va,v3, V3,02, V2, —11, V1) Fy
241 (0,1, 01, v2, U3, Va, —V5, Us) BaiAq
Ay (V1+V2;V3*V47V1+U2*V3+V4 vi—votratrg *V1+V2+V3+V47 Dsg

2 2 2
_1 —vs+ve 1 *V5+V6 V5+V6 vs+ve
2 + 2 72 + 2 2 ? 2 )

E7 exception:
As +2A,. Threereglons {O<y1< 0<<1,0<3 <1, y1_|_31’2_|_”% <3}
{0<um <1 0<y2<10<y3<1—u1+3“2+“*<2,V1+3ﬁ—— 3} and
{0<m<i0<mm<l,0<ys< 2245 >3 432 w3y

6.2.5. Eg
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Table 13: Table of parameters (O, v) for Eg

9] X 3(9)

Fs 0,1,2,3,4,5,6,23) 1
Fs(a1) (0,1,1,2,3,4,5,18) 1
Fs(a2) (0,1,1,2,2,3,4,15) 1
Fs(a3) (0,0,1,1,2,3,4,13) 1
Fs(as) (0,0,1,1,2,2,3,11) 1

E- (0,1,2,3,4,5,— 1, 1) + 1(0,0,0,0,0,0,1,1) Ay
Es(by) (0,0,1,1,1,2,3,10) 1
Fs(as) (0,0,1,1,1,2,2,9) 1
Fr(a1) (0,1,1,2,3,4,— 2, 2) +1(0,0,0,0,0,0,1, 1) Ay
FEs(bs) (0,0,1,1,1,2,3,8) 1

D+ (0,1,2,3,4,5,6,0) + (0,0,0,0,0,0,0,2) Ay
Fs(as) (0,0,1,1,1,2,2,7) 1
FEr(az) 0,1,1,2,2,3, —7,—)—0—1/(0,0,0,0,0,0 1,1) Ay
Fs + Ay (0,1,2,3,4,—2,—-1,4) +1(0,0,0,0,0,0,1,1,2) A
D7(a1) (0,1,1,2,3,4,5,0) + (0,0,0,0,0,0,0,2) T,
Es(bs) (0,0,1,1,1,1,2,6) 1
Ex(as) (0,0,1,1,2,3, -5, %) +1(0,0,0,0,0,0,1,1) Ay
FEo(a1)A (071,1,2 3,—2,-2,3)+1(0,0,0,0,0,1,1,2) Ty

4 | C¥-E-3-L-LiLDvGiilLifD | o

Fs 0,1,2,3,4, —4, —4,4) + 11(0,0,0,0,0,1,1,2) Gs

+12(0,0,0,0,0,0,1,1)

DG (0,1,2,3,4,5,1/1,1/2) B
Ds + A 0,1,2,3,-3,-2,—1,2) +1(0,0,0,0,1, 1,1, 3) Ty
Fe(a1) (0,1,1,2,3,-3,-3,3) +12(0,0,0,0,0, 1, 1,2) Ay

+11(0,0,0,0,0,0,1,1)
Fr(as) (0,0,1,1,1,2, -1, g)+ v(0,0,0,0,0,0,1,1) Ay
e T e R B R S S N
De(a1) (0,1,1,2,3,4,0,0) +1(0,0,0,0,0,0, —1,1) 24,
+(0,0,0,0,0,0,1,1)
Ag (—3,-2,-1,0,1,2,3,0) + v2(3, 3,3, 3: 3+ 5> 3 3) 24,
LV T T T N 18
Fs(ar) (0,0,0,1,1,1,1,4) 1
Ds + A, (0,1,2,3,4,—2,1,0) +11(0,0,0,0,0,0,0,2) 24,
+11(0,0,0,0,0,1,1,0)
Fr(as) (0,0,1,1,1,2, —g, 2)+1(0,0,0,0,0,0,1,1) A
Es(az)A; (0,0,1,1,2,-2,—-2.,2) + 1(0,0,0,0,0,1,1, 2) Ay
Dﬁ(ag) (07 1,1,2,2, 3, —v1 + 2,11 + 1/2) 2A,
Ds(a1)Asz (0,1,1,2, -2, -2 -2 2)+1(0,0,0,0,1,1,1,3) Al
As + Ay ;-5 -1.-3.13.5 3, 7) +»(=1,0,0,0,0,0,0,1) 2A;
ACENRERNR)

As+ As (0,1,2,-3,-3,-3,5, 1) +v(0,0,0,1,1,1,1,4) Ay

Ds (0,1,2,3,4,v1,v2,v3) Bs
Fo(as3) (0,0,1,1,2,—2,-2,2) +11(0,0,0,0,0, 1, 1,2) Gs

+1/2(0, 0,0,0,0,0, 1, 1)
Dy + A (0,1,2,3,-1,0,1,0) + 12(0,0,0,0,1, 1,1, 3) Ay
+21(0,0,0,0,0,0,0,2)
x« Ay A Ay (0,1,-2,-3,—2,2,2,2)+v(0,0,1,1,1,1,1,5) Al
Ds(a1)A; (0,1,1,2,3, -2 + va, 2 + 12,211) AfA,

71
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Table 13 — continued from previous page

9] X 3(9)
A (3-3-%32300+nl555555"53) |G
+12(0,0,0,0,0,0,—-1,1) + v3(0,0,0,0,0,0,1,1)
* Ay + Ag (-3,3.-2,-2,-3.3.5, %)+u2(1,1,07070,0,070) 24,
v1(0,0,1,1,1,1,1,5)
Ay 424 (0,1,-2,-1,0,1,2,0) + v1(0,0,0,0,0,0,0,2) ATy
v2(0,0,1,1,1,1,1,0)
Ds(a1) (0,1,1,2,3,v3,v2,11) As

243 (0,1,2,-3,-2,3,3,0) +12(0,0,0, 3,3, 3,3, 1) B

A+ Ay (0,1,2,-3,-1,-1,-1,1) +12(0,0,0,0,0,1,1,2) ATy
+11(0,0,0,0,0,0,1,1) + v3(0,0,0,1,1,1,1,4)
D4(a1)Az (0,1,1,2,-1,0,1,0) + v1(0,0,0,0,1,1,1, 3) Ao
+12(0,0,0,0,0,0,0,2)
Di+ A (0,1,2,3,—%,3,0,0)+ Cs
(0,0,0707 V1, V1, —V2 +U3,I/2+I/3)
Az As Ay (0,1,-2,-1,0,1,—%,3) +11(0,0,1,1,1,1,-2,2) 24,
+12(0,0,0,0,0,0,1,1)
Ay (0,-2,-1,0,1,2,0,0)+ Ay
(va, —v1 + v2,v3, V3, V3, V3, U3, 11 + 12)
As 4+ As (O, 1,2,—-1,0, 1,0,0) + (O, 0,0,v3,v3, U3, V1,IJ2) BT,
Da(a1)Ar [(0,1,1,2,—2,2,0,0) 4 (0,0,0,0,v1,v1, —va + v, 12 +v3) | 3A;
Az +2A; (0717—57—%,%,%7070)4-(0 0, U17U1,I/1,I/17U27l/3) A1 B>
24, +2A, | (0,1,-3,-3,3,-1,0, §)+V1(0 0, g,_%,_g,m,%) Bo
+12(0,0,%,3,3,0,0,3)

Dy (0, 1,2,3,v3 —va,v3 + V4,01 — V2,1 + IJ2) Fy
Dy(ar) (0,1,1,2,va,v3,v2,11) Dy
As + A, (0,1,2,—%7% 0,0,0)+(0 0,0, 1/17U17I/2,I/37l/4) A1B3

242 + A 0,1,-2,-2,3,-2.—%,3) +11(0,0,1,1,1,-1,-1,1) | A:1G>
—&—1/2(0,07070,0,17172)+1/3(0 0,0,0,0,0,1,1)
24, (—2.2,-2,-3,3. -3, -5, ) +11(0,0,1,1,1,—-1,-1,1) | 2G:
+v2(3,3,3: 33— 3 — 3 —)—1—1/3(0 0,0,0,0, 17172)
+v4(0,0,0,0,0,0,1,1)
*Ag + 344 (0717—1,0,—1707—%7%)—1—1/1(0,07171,1,17—272) G2A;
+15(0,0,0,0,1,1,—1,1) + v3(0,0,0,0,0,0,1, 1)
A3 (071,2,U17U2,I/3,I/47U5) B5
* Ao + 241 (0, 1,—1,0,1 O O 0) (0 0 IJ1,IJ1,Z/1,IJ2,IJ3,Z/4) A1Bg
Ay + Ay (1,0,1,0,—3,3.,0,0)+ As
(—V5,I/57U57U47V37U37—U2 + v, +11)
x4 Aq 0,1,-%,5,-3,3,0,0)+ Cy
(0,0,v1,v1,v2,v2, —V3 + va, V3 + V4)
Ao (V1*V2;V2+V4 *V1+V2*V3+V47 *V1*V22+V3+V47 Es
V1+V2;V3+V47 14 ke VG V55V571+ V5;V67V5+23V6)

3A; (%,%,—%,%,—% % 0, 0) (—va,va,v3,v3, 02,02, —v1,101) | FuAs

+v5(0,0,0,0,0,0,1,1)

241 (0,1,v1,v2,v3, V4,5, U6) Bs

Ay (1’1+V2+1/3*V47 vy Jer;V?,+V47 Vl*“erVe,Jruzl7 *V1+V2+V3+V4 E-

2 2
—vs—vet2vy 1 + —vstrve 1 + —vs5+ve V5+V6+2V7)
2 ? 2 2 ) 2 2 ?
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Es exceptions:

A4+A2+A1{OSV<%}

Ds(a1) + A1. Two regions: {0 < vy < %,2V1+V2 < %}, and {0 < vy < 1,211 —v9 >
2.

Ay + Ay Tworegions: {0 < vy < %,5U1+U2 <2}, and {0 <1y < %,5V1—U2 > 2}
A5+ 3A;. Four regions: {3v1 4215 < 1,0 < w3 < %}, {21415 <1 <3v1412,0 <
vs < 3,314+ 20 +13 <3} {20 + 12 <1 <3 +12,0< 13 < 5,31+ 10+ 13 <
%<3I/1—|—2V2—V3}, and {2V1—|—I/2<1<3V1—|—V2,0§I/3<%,3V1—|—2V2—I/3<
%<3V1+V2+V3}.

Ao+ 2A4. Seven regions: {0 < 1y < Livs+uvy < 1,301 + 12 +v3 + 14 < 3},
{0<im <lLvs+wm <L,3n+rva—v3+1vs <3<3v1—1va+rvs+um}, {0<1y <
Livs+wvs < 1,31 —va—vs+vs >31{0< 1y < Livs+uy < 1,31 +vo+vg—vg >
3}, {0 < < Lvu+wv > Lvw+rvs < Ly < 1,3v1 +1vo0+v3+vg < 3},
{0<um < Livwm+wvs >Limwm+rvs < lvg < 1,311 —va —vg + 14 > 3}, and
{Ogyl<1,V2+V4>1,V2+V3<1,V4<1,3V1+V2+V3—V4>3}.

4A;. Two regions: {0 <11 <v—-2<w3 <1y < %} and {v1 + vy < Liva+ 13 <
1,V2—|—I/4>1,—V1—|—V3—|—V4<%<I/1—|—I/3—|—V4}.
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